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Abstract: The purpose of this paper is to investigate the existence and multiplicity of nontrivial
solutions with the ¢,-Laplacian for the discrete 2n-th order periodic boundary value issue. To support
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1. Introduction

We will study the following nonlinear periodic boundary value problems of order 2x:

n

L (DA (gp(Akx(t — k) =

(P) { & ' g(t,x(t)), t€[LN]g,
A'x(—(n—1)) =

Ax(N—(n—1)), i€[0,2n—1]z,

where N > n is an integer, ¢, (s) = [s|P2s, 1 < p < oo; the forward difference operator
A is defined by Ax(t) = x(t+1) — x(t), A% (t) = x(t), Alx(t) = A~1(Ax(t)) fori =
1,2,3,...,2n;and g : [1, N]z x R — R is a continuous function, i.e., for any fixed ¢ € [1,N],
a function g(t, .) is continuous.

The x : [-(n —1),N + n]z — R fulfills (P), and it is the standard definition of a
solution of (P).

Consider the following 2n-th order p-Laplacian functional differential equation as a
discrete analog of (P).

" k k
Lt (w(2)) - seso 1o

x@0(0) = x0 (1), ie0,2n—1]z

Discrete nonlinear equations are crucial for describing a variety of physical issues,
including nonlinear elasticity theory, mechanics, engineering topics, artificial or biological
control systems, neural networks, and economics. For more information, see the citations
provided by W. G. Kelly and P. D. Panagiotopolos [1,2]. According to the monographs
cited by F. M. Atici et al. [3-6], some authors have studied the existence and multiplicity of
solutions to some discrete p-Laplacian problems in recent years.
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It is common knowledge that critical point theory and variational approaches are
useful tools for investigating the existence and variety of answers to a broad range of
problems. In particular, El Amrouss and Hammouti showed the existence and multiplicity
of solutions for the following problem

{ —Dop(Ax(t—1))) = f(t,x(t)), t € [1,N]gz,
x(0)=x(N+1) = 0,

where N > 1.
In [7], Dimitrov obtained the existence of at least three solutions to the following problem:

N (gp(8°x(t—2))) +agy(x(t)) = AM(t,x(t)), t € [L,N]z,
x(0) = Ax(—1) = A’x(N) = 0,
Agp(8°x(N =1))) = ug(x(T+N)),

where «, A, and y are real parameters and f and g are continuous.
In [8], Saavedra and Tersian proved the existence and multiplicity of solutions for the
following equation

n—1 . .
N (@p, (A" x(t—2))) + ; aid" (@p, (A" x(E 1)) ) + (=1)"V (£) gy (x(1))
= (=1)"Af(t,x(t)), t € [1,Nlz,
and the boundary condition

Alx(—i) = Ax(N+1)=0, i€ [0,n—1]z,

where N > 1is a fixed positive integer, n < g is a positive integer, a; > 0, @, (s) = |s|Fi~2s,
1< p; <ooforie [1,n—1]y Visa N-periodic positive function, and f is continuous
function about the second variable.

From the point of view of orders for equations, the earliest outstanding work comes
from the research team of Yu and Zhou [9]. In recent years, our group has also done further
generalization and expansion without the p-Laplacian; our methods have mainly included
the topological degree theory and fixed point theorem, see [10,11].

The existence and multiplicity of nontrivial solutions to the discrete 2n-th order
periodic boundary value problem with the ¢-Laplacian have been thoroughly examined by
a large number of researchers employing a range of approaches and strategies. Refs. [10-13]
is a recent work on this topic that the reader should consult. For instance, the following
issue was researched by the authors in [12],

) { —A(]Au(t— 1)[PE=D-275(t — 1)) = o(tu(t)), tel[l, Nz
u(0)=u(N+1)=0

by using the variational principle and critical point theory, some existence and multiplicty
results of an anisotropic discrete nonlinear problem with variable exponents were obtained.

Inspired by the above literature, in the present paper, we will investigate the existence
and multiplicity of nontrivial solutions to a discrete 2n-th order periodic boundary value
problem with ¢,-Laplacian; as far as we know, discrete cases are anaylzed less than
continuous cases.

The main results of our problem involve two main theorems. Here, using a kind of
variational method together with the Linking Theorem, we show that the problem admits
at least two solutions. We also point out that our hypotheses here are more general under
the previous conditions.



Axioms 2024, 13,163 3 0f 15
We consider the following linear eigenvalue problem:
—1)fA%*x(t—k) = Ax(t), t€[1,N]z,
oty [ COEER) = Ax(), e (LN, o
Ax(—(k—1)) = Ax(N—(k—1)), i€[0,2k—1]z,

where k € [1,n]z and A € R. The following theorems are the main points of this paper:

Theorem 1. Let n > 1 be a positive integer and k € [1,n]y. If N > 2k + 1, then the problem
(P(gk)) has exactly N real eigenvalues )\](-k), j € [0, N — 1]z, which satisfies

k) _ x i+k _
A Ch+2 Y (-1)'Cy cos( 1, j€[0,N—1]z,
i=1
k k .
A = AR je LN =1
Remark 1. Put
Aihe = max{A, j € [0, N —1]z}.
4k if N is even,
We will see later that Aﬂfgx = k . i(N—1)

Ck +2 ¥ (—1)Ci* cos(™{—), if Niis odd.
i=1

Theorem 2. Let n > 1 be a positive integer. Assume that

/2
(Hy) vy exists with v > (d(N,p))" ¥ f (/\gf;xy such that lim inf min PSUZ) > 7y, where
=1 EES TP

N2/ p e,
~ J¢ 8(t,s)dsforall (1,2) € [1,N]g x Randd(N, p) = {N-<p-z>/zp, pe 2|
G(t,z)

12]7 =0

(Hp) lim
z—0
N

(H3) Y G(t,x(t)) > 0 forany x € Hy such that x = (a,a,...,a)T € RN, with
t=1

Hy ={x:[-(n—1),N+n]; — R|Alx(~(n—1)) = Ax(N—(n—1))}, ()

wherei =0,1,2,3,...,2n — 1.
Then, the equation (P) admits at least two nontrivial solutions.

Example 1. Takethe function g : [1, N]z x R — R given by
t
e
————(1+pln|z|)|z|P~%z, |z| >1,t€[1,N]z,
In(t+1
gtz = MEFU T
— |z < .
n(t 1) |z|P~1z, |z| <1,t € [1,N]z

we have,
ot

—C (]zlPIn|z| + 1), |zl > Lt €[1,N]g,
G(tz) = In (t+1) p

W\ZIPH, z| <1,t € [1,N]z.

N
we obtain lim inf min pcl;z(‘l;;z) = o0, lim Gltz) _ Oand Y G(t,x(t)) = 0 forany x € Hy
2|0 te[LN]g =0 2] =1

such that x = (a,a,...,a)T € RN,

Then, G satisfies the conditions (H;), (Hz), and (H3).
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The article is structured as follows. Several introductory lemmas are found in Section 2.
Sections 3 and 4 provide proof of the main findings.

2. Preliminary Lemmas

In this study, we take into account the vector space Hy as specified in (2).
Hy has the inner product (.,.) and the norm ||.|| as follows:

N N 1/2
(xy) =Y x(y(t), lx]l2= (Z{ |x(f)|2> forall x,y € Hy.

t=1

Furthermore, we define the norm ||.||, on Hy by:

N 1/p
[x[[p = <Z|x(t)|’g> for any x € Hy.
=1

By the Holder inequality, we have

C-(N, p)llxll2 < [Ixl, < CT(N, p)l|x[l2 forany x € Hy, 3)
where
—(p=2)/2p
ctNp) = 4N ,opeL2 c (N =Y o pell2,
1, p € 12,00, N=(P=2)/2p p €12, 00].

Remark 2. [t is evident that we have for any x € Hy,

x(n) = x(N +n).

Clearly, since Hy is isomorphic to a finite dimensional, it is an N-dimensional Hilbert
space. We understand that x = (x(1),...,x(N)) € RN can be extended to the vector

(x(N-(n-1)),x(N—(n—1)+1),...,x(N),x(1),x(2),...,x(N),x(1),...,x(n)) € Hy
when Hy = RN,
Lemma 1 (see [14]). Set x(t) be defined on Z. For any k € N* we have
k
Afx(t) = Y (-1)FClx(t+i), teZ
i=0

where the symbol CL is used to denote a binomial coefficient.
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Lemma 2. Set n € N*. For any x,y € Hy, we have:

N N
L oot =)a'y(t =) = (D" Lo (85t =) y(t), ke Lz ©)
t=1 =

Proof. For k =1, using y(N) = y(0) and Ax(N) = Ax(0), we have

™M=

N
Y op(Ax(t—1))Ay(t—1) = — ) A(pp(Ax(t—1)))y(t).

t=1 t=1

Assume that (5) is true for k € [1,n — 1]z, and we aim to prove that is also true for k + 1, i.e.,

p (A x(t = (k+ 1)) Ayt — (k+1))

T Mz

= <—1>k+1 3 85 (g (8 x(t — (K + 1)) ().
t=1
By using this equality y(N +1) = y(1) and

Ak((pp(Ak+1x(N - k))) = AF ((Pp(Ak+1x(_k)))’

we obtain

ZA’““( (A5 Tx(t = (k+1))) )y (1)
= A (@p(A XN = k) )y(N +1) = A% (@ (A x(—k)) )y (1)

N
= L& (on(8™Tx(t = k) ) Ay(t)
=—2M( (AT (e — k) ) Ay(H)

= (-1 Z @p (8 x(t — k) Ay (t — k)
t=1

(1Y g (Mt (k+ 1)AR Yy — (k4 1)),
t=1

This implies

i p (A x(t — (k+1))) A y(t = (k+1))
t=1

(DY A (g (85 x(t (1)) )y(0)

t=1
The evidence is conclusive. O
For x € Hy, let ¥ be the functional denoted by

1 N n N
==Y Y IaFx(t k)P = Y G(t,x(t)), (6)
— t=1

t=1k=1
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It is easy to see that ¥ € C!(Hy,R) and
N [ n ‘ %
Y(x)y=)_ [Z @p (A x(t— k))A y(t—k) —g(t,x(t))y(t)] foranyy € Hy. (7)
t=1 k=1

By Lemma 2, ¥’ can be expressed as

t=1 | k=1

N [ n
Y(x)y=)_ lZ(—l)kAk<q)p (Akx(t — k))) —g(t,x(t))] y(t) forany y € Hy.

Finding the solution to the equation (P) is the same as discovering the critical point of
the function Y.
We denote B, is an open ball in E with radius p and center 0 .

3. Spectrum of (Pék))

We take into account the linear eigenvalue issue (Pék)) as stated in (1).

Definition 1. Setn € N* and k € [1,n]z. A € R as an eigenvalue of (P§) if x € Hy \ {0} exists
such that:

N N
Z(—l)kAka(t —k)y(t) =AY x(t)y(t) foreveryy € Hy. 8)
t=1 t=1

To demonstrate Theorem 1, initially, we have three auxiliary findings.

Lemma 3. Set n € N* and k € [1,n]y. The eigenvalues of (Pék)) are exactly the eigenvalues of
matrix My, where My is symmetrical for N > 2k 41 is:

mo my My e My My Mpgy Mpgp oo MN_(yg1) MN—n MIN_(n-1) e mN-—2 MN-1
MN-1 mo myp o Mu—p My My My oo : : MN—n T MN-3 MN-2
MN—2 MN—_1 Mg --- My_3 My My My - . : : o MN—4 MN_3
Mk =
1) ms3 my my_—1 mo my
my my m3 my-—2 MN-1 mo / NxN
with
— iitk :
m; = (—1)'Cy", i€[0,klz,
mi:O, le[k+1,N—(k+1)]Z,

m; = (~1)N7ICHH i e [N—k N - 1]z
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Proof. Set n € N*, k € [1,n]z, and x,y € Hy. Clearly, there is a bilinear and symmet-
ric form

Tyt (u,0) — Y (=1)FaZx(t — k)y(t),

1=z

t=1

A symmetric matrix My from the Riesz theorem exists that has the property
T'v(x,y) = (Myx,y) forallx,y € Hy. 9)
Thus, the problem (Pék)) and the matrix My have the same eigenvalues.

We will now calculate the matrix M. Through Lemma 1, we have

(Mex,2) = 3 (~1)*A%x(t — K)x(t)
t=1
N 2k o
=Zl<—1>" O( D2 Chx(t —k+1i) | x(t)
t= i=
= %(—1)’%(1‘ —K)x(t) + (=D (t — (k—1))x(t) + ... + (=1)1CE Tx(t — 1)x(t)
t=1
+Ch2 () + (—D)'CEx(t+ 1)x(t) + ... + (=DFCFx(t + k)x(t)

I
™M=

Cha®(t) +2 x (—1)ICE () x(t+1) +... +2 x (=1)FCFx(t)x(t + k)

T
A

N
) +2x (=D)ICET Y x(t)x(t+1) +... +2x ( Zx x(t+k).
=1

g»
1=
><

Thus, we conclude that

Clz(kk 1 (71)11((:]2(]?1 .”k 1 0 (71)kC§1]§ .“k 3 (71)1C§2—;
(fl)lczzr C3 (71)1C2;r 0 (71)3C2;r (fl)zczzr
o o i o T
0 : ‘
M = .
0
(_1)kcl2<k : 0 : (—1)1C]2<}j1 (—1)2C§;2
: (71)3C%‘;3 CIZCk (71)1C]2(:1
Coiegt e o e e T

The proof is finished. [

Remark 3. In the Equation (9), if we replace y with x, then

< Mpx,x > = i(—l)kAka(t —k)x(t)
=1

N
= Y |akx(t = k)2, Vk € [1,n]z.
t=1

Thus, My, k € [1,n]z, are positive semidefinite.
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Let L be the following matrix:

0 1 0 0
0 :
o --- - |
10 - 0 0.y

It is easy to verify this using some calculations,

My = moly +m L+ Tﬂsz +...+ mN,lLNil
=R(L), (11)

N-1 .
where R(z) = Y m;z'.
i=0

Lemma 4. The matrix L complies with the following rules:

(1)  The eigenvalues of L are w; = dN ;e [0,N —1]z.
(2) L is diagonalizable on C.
(3) E(wy) =span(Yy), 1 € [0, N — 1]z, where E(wy) is the wj-eigenspace and

Y, = (1,wl,w12,...,wl(N_1))T.
Proof. (1) The characteristic polynomial of L is

Pr(z) = det(L — zIy)

-z 1 0 --- 0
0
- 0
0o -+ o 1
1 0 -+ 0 =z (N)

-z 1 0o --- 0 1 o -+ -+ 0
0 -z
Pu(z) = | ; o  HEDYIx]
. . . 1 0
0 - 0 =zl 0 0 —z 1y
= (=2 + ()M
= (-DN@EV -1).

However, the following is the set of L’s eigenvalues:

2mr

Uy = {wl =N le [O,N—l]z}

(2) We know that L is diagonalizable on C since the eigenvalues of L are simple.
(3) LetY = (y1,y2,-..,yn)T € CN.Since LY = (y2,Y3,Y4,---,YN, Y1), we obtain
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Y2 = w1
Yys = wiy2
Y e E(a)l) = Ker(L — OJZIN) — =
Yn = WiYn-1
Yyi = WiYn
<= Y espan(Y;), € [0,N —1]z.
O
Remark 4. (1) The eigenvectors of L form a basis B = (Yo, Y1,..., YN—1)-
(2)  The expression for the matrix L is:
L=PDP}, (12)
with
1 0 0
0 w1
D= ‘ Wy
. 0
0 0 wn-1/ yun
and
1 1 1 1
1 w1 (%] WN-1
p= |1 @i Wi ,
N-T N1 (I\}—l)
1 w W, Wn_1') NN

where P is the invertible matrix from B to By.

Lemma 5. Let n € N* and k € [1,n]z; Sp(My) and Sp(L) are the Spectrum of the matrices My

and L, respectively. Then matrix My is diagonalizable and

Sp(My) = {R(A) | A € Sp(L)}.

Proof. Let n € N* and k € [1,n]z. Itis clear that the matrix M is diagonalizable. From

(12), it is easy to see that

L' = PD'P~! forany! € [0,N —1]y.

Again by (11) and (13), we have

where
R(1) 0
0 R(wr)
R(D) = ' R(w)
0 0.

(13)

(14)
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Thus,
Sp(My) ={R(A) [ A € Sp(L)}.
O

Proof of Theorem 1. Letn € N*, k € [1,n]z and )L](k),j € [0, N — 1]z be the eigenvalue of
M. According to Lemma 5, we obtain

k)

A](. — R(w)), (15)
27 N-1 )
where w; = ¢'N and R(z) = Y m;z".
Therefore,
N-1 ‘
= Z m;w;
i=0
k . N1
= mgy + Zmiw} + ) ;e
i=1 i=N—k
Since w]N_i = ;; and my_; = m; foranyi € [1, N — 1]z, we obtain

(k) S
— 1
)\]- = mg + Eﬂ’liwj + iZmiw}
= =
k . y
:mo—l—Zmi[w;—l—w}}

27ij
k J
= CZkHz; )icik co ()" (16)
Again using (16), we conclude that forall j € [1, N — 1]z
271i
)\() =Ch+2 Cl+kcos—Nf'
5 g AN - )
=ck +2 Z 1) Citk cos(ami — 27
i=1 N
_ )
= /\]. .
O
Remark 5. It is simple to see:
@ A =o.
k
2 AN, =min{Aj € 1N~ 1)z} = C§ +2 1 (~1)'Ci* cos (%),
i=1
4k if N is even,

(3) Al =max{Al,j € [0, N=1]z} =

ck +2 Z (— )iCé;k cos( m(ll\\],_l) ), if N is odd.

i=1

Let
V = {x € Hy| Afx(t —k) =0, (k,t) € [1,n]z x [1,N]z}.
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Then,
V={xcHy|x=(aa,..,a)T, acR}.
Let Hy =V W.
Lemma 6. Let p € |1,00[ and k € [1,n]y; then,
(1)
() V2 1p < 3o (A
(d(N,p))p</\m.m> [x][h < Y |A"x(t —k)|P  forany x € W. (17)
=1
(2)
N B K p/2
Y A% (t = k)P < (@d(N,p) F(Mna) %l foranyx e Hy,  (18)
=1

where
N=2/20, pe]1,2],

d(N, p) = {N_(p—Z)/ZP, pE }2,00[

Proof. (1) It follows from (3) that

N P2 N
)P (Z |AFx(t — k)2> Z k)|P forany x € Hy.
=1 =1

Thus,

N
(C(N, p))P ((Myx, x))P? < Y |AFx(t — k)P
t=1

Therefore,
(k) \P/2 Ak
(c,(N,p))r’(Amin) Ix[2 < Y |Akx(t —K)|P forany x € W.
t=1

Using again (3), we obtain

C-(N,p)\/(k p K
< —_ )P
<c+(N,p)> (Amm) x5 Z|A (t—k)P foranyxeW.
Which means that
(d(N,p))P(Aﬁﬁm) Ix Hp<Z|Ak t—k)|P forany x € W.
t=1

(2) From (3), we obtain

p/2
Z|Ak t—k)|P < (CL(N,p)) <Z|Ak (t—k ) for any x € Hy.
t=1

Hence,
N
Y. [aRx(t— k)P < (CH(N, ) ((Myx, x))P/2.
t=1

So,
N

/2
Y [akx(t— k)P < (c+(N,p))P(A£I’:gX)” x|} for any x € Hy.
t=1
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Again utilizing (3), we obtain
N + p
CT(N, K \P/2
t; |AFx(t —K)|P < ((:_EN,ZD (Afm)ix) |x[| forany x € Hy,

ie.,
Ak —p (40 P2
Y |Ax(t—K)|P < (d(N,p)) p(/\max) || x|/ forany x € Hy.
=1

The proof of Lemma 6 is complete. [
4. Proof of Theorem 2

1 (k) \P/? :
Proof of Theorem 2. From (H,), for ¢ = E(d(N,p))p Y (A ) thereisan#y > 0

min
k=1
such that
1

6,2 < g @N,p))” Y- (1) =P for (1) € (LN x 0 (19
k=1

Forany x € W and [|x||, < 77, we have |x(t)| < 7 forany t € [1, N]z.
Using Lemma 6 and (19), we have

12 N 1 n K p/2
¥(x) > ) Y A (k)P = = (@dN,p)” Y (ALL) )
[ P k=1
1 1 k) \P/2
> = p (k) P
2 55 @) X (M) 1
n /2
Take o = Zi(d(N,p))p Y (Afﬁgn)p 1P . Therefore,
p k=1
Y(x) >0 >0, Vxe€oB,NW. (20)

Additionally, we have established that constants ¢ > 0 and # > 0 exist such that
T|aB}70W > ¢. In other words, the Linking Theorem’s condition (¢1) is satisfied by Y.

We must validate all of the Linking Theorem'’s additional assumptions before we can
use it to improve critical point theory.

From (Hj), R > 0 exists such that:

pG(t,z)
|z[P

>q—¢ for (t]z]) € [1,N]z x]R, 0],

where ¢ > 0 satisfies,

e <y —(@N,p) 7Y (M) @)
k=1
Therefore,
G(t,z) > ;(7 —¢)|z|P for (t]z|) € [1,N]z x |R, o0|. (22)

Moreover, by means of (22) and the continuity of z — G(t,z), c; > 0 exists such that

G(t,z) > =(y—¢)|z|P +¢c1 for (tz]) € [1,N]z x R.

==
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Thus, we have for any x € Hy

1 o /2 1
¥(x) < (@, p) P Y (M) Inllh =~ (v =) lxly — N
p k=1 b
n /2
< [(d(N,mrP (1) - - sﬂ Il = 1. @3
=1

Takee € 90BN W. Forally € Vand r € R, let x = er 4 y; one has

¥ < 3| @) 7 B ()" = (=) | e+ ol - eun
<N [(d(N,m)—” kz (A8)"* = (v =) |lre +yll} — N
=1
_ 1 C P —p v (4 (0) \P/? 2 2\P/?
= C-Np) @) Y (M) = (=) (P+WIB)" —an.
. —p & K \P/2 N
Since (d(N,p)) 7 ¥ </\£ngx) —(y—¢) <0and ¥(x) = — ¥ G(t,x(t)) < 0 for any

- t=1
x € V, then a constant Ry > 7 exists such that

¥(x) <0 foranyx € 0Q,

where B
Q= (Bg,NV)@®{er| 0 <r <Ry}

From (21) and (23), we obtain ¥(x) — —oo as ||x||, — co. Thus, ¥ is anti-coercive;
then, for any (PS) sequence (x;,) is bounded. It is clear that ¥ satisfies the (PS) condition
since the dimension of Hy is finite.

According to the Linking Theorem [15], ¥ has a critical value ¢ > ¢ > 0, where
= inf Y ,
¢ = infmax¥(g(x))
and B
I'={g€C(QHN): glag =idlag}

Let X € Hy be a critical point and ¥ (%) = c.

Consequently, the nontrivial solution to the problem (P) is X.
Since Y is anti-coercive and bounded from above, then ¥ has a maximum point
xo € Hy, ie., ¥(x9) = sup ¥(x).

x€HyN

The previous equality and (20) allow us to achieve

P(xg) = sup¥(x) > sup ¥(x)>0.
XEHyN x€dB;NW

Therefore, x is nontrivial solution to the problem (P).
Put
co = sup ¥(x) = O(xp).

xEHN

If xy # X, then we have two nontrivial solutions xy and x.
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Otherwise, suppose xy = X; then, cp = ¥(xg) = ®(X) = ¢, that is

sup ¥(x) = infsup¥(g(x)).
x€Hy gEFXEQ

Choosing ¢ = id, we obtain sup®(x) = cg. Since the option of e € 0By N W in Q is
xeQ
arbitrary, we can use —e € 0B N'W.

Similar to this, there is a positive number R, > 5 such that for any x € 0Qy, ¥(x) <
0 where B
Q1= <BR2 N V) S5) {—Ef’| 0<r< R2}

Thus, ¥ possesses a critical value c; > o > 0 by the Linking Theorem. Once more, ¥

has a critical value of ¢; > ¢ > 0, where ¢c; = inf sup ¥(g(x)),
€hyeQ,
and

I ={g € C(Q1Hn): glag, =idlag,}-
If ¢1 # cg, then the case is established.

If ¢y = co, then sup¥(x) = co. Due to the fact that ¥[30 < 0and ¥[5o, < 0, ¥

x€Q,
attains its maximum at some points in the interior of Q and Q;. However, QN Q; C V and

¥ (x) < 0forany x € V, which suggests that ¢y < 0, in contrast to ¢g > 0. The proof of
Theorem 2 is finished.

5. Conclusions

In our work, we used one critical paint theorem (the Linking Theorem) to obtain the
new results that ensure the existence of at least two nontrivial solutions to the problem
under discussion, namely, (P).

The discrete problem involving p-Laplacian has strong theoretical significance and
application value.

Furthermore, our problem’s use of the term g makes it more difficult to look into
the uniqueness and convergence of solutions. As such, we leave this subject as an open
question for specialists in this domain.
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