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Abstract: Taking into account the effects of the immune response and delay, and complexity on
HIV-1 transmission, a multiscale AIDS/HIV-1 model is formulated in this paper. The multiscale
model is described by a within-host fast time model with intracellular delay and immune delay,
and a between-host slow time model with latency delay. The dynamics of the fast time model is
analyzed, and includes the stability of equilibria and properties of Hopf bifurcation. Further, for the
coupled slow time model without an immune response, the basic reproduction number Rg is defined,
which determines whether the model may have zero, one, or two positive equilibria under different
conditions. This implies that the slow time model demonstrates more complex dynamic behaviors,
including saddle-node bifurcation, backward bifurcation, and Hopf bifurcation. For the other case,
that is, the coupled slow time model with an immune response, the threshold dynamics, based on the
basic reproduction number R, is rigorously investigated. More specifically, if 7%8 < 1, the disease-
free equilibrium is globally asymptotically stable; if ﬁg > 1, the model exhibits a unique endemic
equilibrium that is globally asymptotically stable. With regard to the coupled slow time model with
an immune response and stable periodic solution, the basic reproduction number R is derived,
which serves as a threshold value determining whether the disease will die out or lead to periodic
oscillations in its prevalence. The research results suggest that the disease is more easily controlled
when hosts have an extensive immune response and the time required for new immune particles to
emerge in response to antigenic stimulation is within a certain range. Finally, numerical simulations
are presented to validate the main results and provide some recommendations for controlling the
spread of HIV-1.

Keywords: multiscale model coupling within- and between-host dynamics; immune response; basic
reproduction number; stability and bifurcation; periodic oscillation

MSC: 34K20; 37N25; 92B05; 92D30

1. Introduction

Acquired immune deficiency syndrome (AIDS), caused by infection with the human
immunodeficiency virus (HIV), has been one of the deadliest and most persistent epidemics
in humankind since the reporting of the first AIDS cases in 1981 [1]. It is well known
that the common pathways for transmitting HIV include engaging in sexual intercourse
with the infected individual, mother-to-child infection, sharing of injecting equipment, and
exposure to contaminated blood in healthcare settings [2]. The signs and symptoms of
HIV differ based on the stage of the infection. During the early stages of HIV infection,
individuals may exhibit no symptoms or flu-like symptoms such as fever, fatigue, sore
throat, swollen lymph nodes, and skin rashes. As the infection progresses to the chronic
phase, there may be no clinical symptoms for several years, but the virus continues actively
assaulting and debilitating the immune system during this stage. This is why HIV is often
referred to as a silent infection. In the final stage of infection, individuals with HIV develop
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AIDS, wherein the immune system is severely impaired, resulting in a range of symptoms
and opportunistic infections. As of the end of 2022, there were an estimated 39.0 million
[33.1-45.7 million] people living with HIV, including 1.5 million [1.2-2.1 million] children
(0-14 years old). HIV remains a significant global public health concern, having claimed
the lives of an estimated 40.4 million [32.9-51.3 million] individuals to date [3]. This is a
reminder of the need to take appropriate preventive measures for effective HIV control.

To gain a deeper understanding of AIDS/HIV mechanisms and develop more effective
control strategies, numerous scholars have utilized mathematical models to investigate this
disease. For example, McCluskey et al. [4], concerned that each HIV-infected individual
has the potential to progress through multiple stages of infection before reaching the ad-
vanced stage of AIDS, proposed an HIV/AIDS model with multiple stages of infection,
in which the infected individual is divided into different infectious groups. In the study
conducted by [5], researchers focused on the varying transmission abilities of individuals in
different stages of infection, and a nonautonomous stage-structured model was developed
to simulate the spread of HIV/AIDS between hosts. In addition, mathematical modeling of
HIV/AIDS based on within-host dynamics are increasingly being used to obtain a com-
prehensive view of the HIV-1 viral infection. As in the mid-1990s, an introductory model,
including both healthy and infected cells as well as free virus particles, was developed by
Perelson et al. [6] to study the virus—cell interactions, which laid a foundation for HIV-1
infection modeling. The immune response is the body’s defensive response to alien or
mutated autologous components, which play a vital role in eliminating or controlling
the disease during viral infection [7]. As a result, work on HIV-1 infection models that
focus on the relationship between immune responses and invading pathogens has been
developed and progressed considerably. For example, since the role of humoral immunity
is crucial and cannot be replaced within the broader scope of human immunity [8,9], some
scholars have incorporated humoral immunity into a basic HIV-1 virus model [10,11]. This
is based on the B cells, which are produced by antigenic stimulation and are specifically
programmed to kill viruses.

For many infectious diseases, such as tuberculosis, measles, AIDS, and so on, follow-
ing sufficient exposure to the disease-causing agent, the susceptible individual becomes
infected but is not yet capable of transmitting the infection to others, and the disease
incubates within the body for a certain period of time until the exposed individual becomes
infectious, and this time between infection and becoming infective is called the latent
period. Capturing this feature, the introduction of the delay, 7, or exposed class, E, in mod-
eling the dynamics of infectious diseases has received widespread consideration [12-14].
In particular, Tipsri et al. [15] focused on examining a SEIR (susceptible, exposed, infected,
recovered) model that incorporated a saturated incidence rate and discrete delay in three
different cases. Their theoretical analysis revealed that introducing a time delay in the trans-
mission term could potentially disrupt the stability of the system, and periodic solutions
could be generated through a phenomenon known as Hopf bifurcation when utilizing the
delay as a bifurcation parameter. In [16], Jiang et al. proposed a SEIRS model with two
delays (where one delay is the length of the immunity period and the other delay is the
latent period of the disease) and the general nonlinear incidence rate, to discuss the the
impact of delay on the disease transmission dynamics.

Additionally, delay has also been incorporated into within-host virus models to in-
vestigate HIV-1 infection more accurately [17-19]. For instance, to characterize the time
required for the infected cells to produce new virions after viral invasion and the time
needed for the adaptive immune response to emerge to control viral replication, intracel-
lular delay and immune delay were introduced by Pawelek et al. [20]. And their results
suggest that incorporating the intracellular delay into the model does not affect the stabil-
ity results, but introducing the immune delay generates diverse and complex dynamics.
Lin et al. [21] extended the classical HIV model by adding cell-to-cell transmission and
intracellular delay, and established the threshold dynamics that were determined by the
immune-inactivated reproduction number, R, and immune-activated reproduction num-
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ber, R1. In fact, when HIV invades the body, it takes time for both the infection and the
immune response to occur. Thus, Yang et al. [22] incorporated two discrete delays into
an HIV model, respectively, modeling intracellular delay and immune delay. Conclusions
show that immune delay, 1, will change the positive equilibrium from stable to unstable
and cause population oscillations.

As we all know, when the virus enters the human body;, it replicates and survives with
the help of the host cell, destroys host cellular tissues, and than induces an innate immune
response. The complex interactions between the virus and host cells directly affect the
infection severity of the host. Then, the susceptible individual becomes infected after close
contact with the infected individual and the disease transmission between hosts begins.
That is to say, two of the important processes in transmission of viral infectious diseases
are the immunological process concerning the virus—cell interactions at the individual level
and the epidemiological process of disease transmission at the population level [23]. Yet,
traditional infectious diseases models are often focused on one of these two processes.
In fact, numerous researchers have shown that the higher the viral load in the host is,
the greater is ability of the disease to spread from host to host [24,25], implying that the
within-host and between-host dynamics are not independent but interrelated. Initially, re-
searchers introduced a nested modeling approach to simulate the evolutionary dynamics of
host—parasite interactions [26-28]. Since then, several attempts have been made to integrate
the dynamics of pathogen progression within a host with those of transmission between
hosts in the context of infectious diseases. For instance, Feng et al. [29-31] proposed a
coupled model that links the cell-parasite interaction and the between-host infection via
the contaminated environment to analyze the transmission of Toxoplasma Gondii, and
found that backward bifurcations can be generated by coupled models. Recently, in or-
der to understand the connection between pathogens, hosts, and the environment better,
Wang et al. [32] developed a multiscale model to analyze the dynamics of COVID-19, and
assumed that the person-to-person transmission rates depend on the viral load within
the human body, and the within-host viral load depends on the environmental pathogen
concentration, which enables two-way coupling of micro within-host and macro between-
host dynamics. It should be noted that, for some environment-driven infectious diseases,
scholars have effectively integrated both micro and macro models bidirectionally [29-32].
However, for HIV, it remains unclear how to reflect the impact of host-to-host transmission
on viral loads within the hosts, or how to build a bridge that can be coupled from epidemi-
ological models to viral dynamics models. Under this incentive, Xue et al. [33] proposed a
bidirectional coupling HIV-1 model with standard incidence, in which the entry of viruses
from infected individuals into the within-host system is based on the fact that the virus can
be transmitted through direct contact with HIV-positive individuals and AIDS patients.

The purpose of this paper, motivated by the above works, is to discuss the impact
of immune response and delay on the multiscale HIV-1 model coupling within-host and
between-host dynamics. The subsequent sections of this paper are organized as following.
In Section 2, the virus infection model with humoral immunity, intracellular delay, and
immune delay in the host, and the disease transmission model with latency delay between
hosts, are proposed at fast and slow time scales, respectively. In Section 3, some properties
and important results of the virus infection model are given. In Section 4, the positivity and
boundedness of solutions for the coupled slow time model without an immune response
are discussed, and criteria on the existence and local stability of equilibria are established.
In Section 5, we further study the coupled slow time model with an immune response.
The basic reproduction number is calculated, the existence and stability of equilibria are
studied, and the uniform persistence of the model is obtained. In Section 6, the stability of
the periodic solution for the coupled slow time model with an immune response is analyzed.
The basic reproduction number is defined and the global dynamics are illustrated in terms
of this value. In Section 7, numerical simulations are conducted to explain the main findings
further, and a brief summary is provided in the last section.
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2. Model Formulation

Following the transmission process of HIV-1 at the host level, the total number of
hosts at time ¢ is divided into four classes: susceptible, S(t), exposed, E(t), HIV-positive,
I(t) (individuals without clinical symptoms), and AIDS patients, A(t) (individuals that
have developed clinical symptoms). Inspired by the studies [32,33], it is assumed that
the transmission rates and disease-induced mortality of infectious individuals depend on
the viral load, V, within the host, thereby embedding micro virus dynamics into macro
epidemic dynamics. Supposing that infectivity is saturated with an increasing number of
infectious individuals, a represents the inhibitory effect exerted by the infected individuals,
which determines the level of infectivity saturation. In addition, based on the transmission
characteristics of HIV, assume that susceptible individuals first undergo a latent period
after infection, which is described by a delay 7, before becoming infected. From these, a
between-host disease transmission slow time model reads

ds(t) c1B1(V)I(t) + caBa(V)A(H)

T S e wy Y el OB SOF
dE(H) _ afi(V)I(t) +caBa(V)A(H)

dr : 11+a([(t)—iz-f21(t)) S(8) — wE(t)

_api(M)I(t — 1) + cpa(V)A(t — T)
1+a(I(t—1)+ A(t—1))
dI(t) c1B1(V)I(t — 1) + c2B2(V)A(t — 7)

= dta(i-n+A(-n) U D e avle,

= CI(t) = (p+62(V))A(H).

S(t—1)e M7, 1)

dt

All the parameters in Model (1) are nonnegative constants, and their biological inter-
pretations are provided in Table 1.

Table 1. The biological interpretations of parameters in Model (1).

Parameter The Biological Meanings

Ay Total birth /recruitment rate of hosts

o e The mean number of contacts with individuals who are HIV-positive and those with
152 AIDS, respectively

B1(V), B2(V) Transmission rates of HIV-positive individuals and AIDS patients, respectively

U Natural mortality of hosts

T Latent period of virus in vivo

e T The surviving rate of infected individuals during latent period T

¢ Transfer rate from HIV-positive stage to the AIDS patients stage

51(V), 62(V) Disease-induced mortality of HIV-positive individuals and AIDS patients, respectively

Remark 1. The transmission rate B;(V) (i = 1,2) is assumed to satisfy p;(0) = 0, B;(V) >0,
Bi(V) >0, B!(V) < 0. One of the simplest function forms for B;(V) is B;(V) = a;V; other
forms for B;(V) include B;(V) = % and B;(V) = a;V1(0 < g < 1), where a; and b; are
positive constants.

Next, taking into account the infection process of HIV-1 at the individual host level,
let T(s), T*(s), V(s), and B(s) denote the densities of susceptible cells (healthy cells or
uninfected cells), infected cells, viral load, and B cells at time s in the host, respectively. For
HIV, in order to construct a bridge coupling the macro level to the micro scale, investigate
the effect of disease transmission on the dynamics within the hosts, motivated by the works
of [33], where we suppose that the viral load in the host can increase by directly contact with
infected individuals, which is characterized by saturation incidence. Humoral immunity
plays an essential role in the whole human immunity [34]. In fact, after the virus enters
the human body, it does not immediately stimulate the production of B cells; therefore,
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based on [21], the immune response with time delay 1, is considered. According to the
assumptions above, a within-host HIV-1 infection fast time model takes the form

dZS) = Ac — 1 T(S)V(s) — kaT(5)T*(5) — T (),
dTJS(S) = (aT(s —m)V(s =) + 12T (s = 1) T"(s = 10))e "™ — (e + )T (s),

2)

=0B(s— 1)V (s — 1) — {B(s).

Similarly, all the parameters of Model (2) are nonnegative constants, and their biologi-
cal interpretations are given in Table 2.

Table 2. The biological interpretations of parameters in Model (2).

Parameter The Biological Meanings

A¢ Recruitment rates of healthy cells

K1, K2 Infection rates of virus-to-cell transmission and cell-to-cell transmission, respectively
He Natural mortality rate of cells (healthy cells and infected cells)

T Intracellular delay (see [21] for more detail)

e M The probability of surviving the time period from s — 7; to s

O Disease-induced mortality of infected cells

N1, 12 The quantity of virus that HIV-positive individuals and AIDS patients release

during each contact

[4 The quantity of viral particles generated by each infected cell
q The number of viral particles killed by each B cell

Ho Virus clearance rate within the host

o Production rate of new B cells stimulated by antigen

(o) The time required for antigenic stimulation to generate B cells
I Death rate of B cells

Remark 2. The flowchart of Model (1) and Model (2) are shown by the Figure 1. In addition,
the multiscale model is characterized by two distinct time scales, denoted by t and s, respectively.
The former represents the transmission time at the population level, while the latter represents the
evolution time at the individual host level. Typically, the virus—cell dynamics within the host occur
on a faster time scale than those between hosts. Therefore, s is a faster time scale than t (see [29-31]).
Without loss of generality, we suppose that s = et (0 < € < 1), where € is a small positive constant.

|
_____ v _
Ir | (b + 8T (5) A
| (yng(mwn‘ | KT(s =)V (s —1,)e "
N | KT (s —7)T (s —7)e " uT(s)
| AN
| N N |
| N
[ &1 : N P
| | N
= | | AN

: > I(t) ——— k=45 oB(s—1,)V(s—1, @

NI+ B NAC=D) g T |

l+a(I(t—7)+ ju —7)) w+sNI@) | YV (s) £B(s)
! ]
Between the host Within the host

Figure 1. A flowchart for the multiscale Model (1) and Model (2).

Since the second equation of Model (1) is decoupled from the other equations, in the
analysis below, it suffices to study the following between-host model
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ds(t) c1B1(V(s))I(t) + caPa(V(s)) A(t)

T 1+1x(()22(t)) S() —ws(t),

) _ (v EN(ZIth—):)CjﬁjE _S)T))j‘(t‘”s(tr)e—m(y+g+51(V(s)))1<t), ©
A g1~ (u+ sV A,

3. Analysis of the Fast Time Model

In the fast time Model (2), assume that, for HIV-positive individuals, I(#) is a constant
I and, for AIDS individuals, A(t) is a constant A, where I = A = 0 means there is no
possibility of viral transmission through direct contact with infected individuals, and I,
A > 0 represent that the virus in the process of contacting infected individuals. And we

denote % = O(I, A). Hence, Model (2) becomes the following isolated within-host

virus infection model

dgis) — Ac =11 T(s)V(s) — kaT(s)T*(s) — ucT(s),

%S(S) = (1 T(s —1)V(s — 1) + 12T (s — 1) T*(s — 1) )e "™ — (pe +8c)T*(s), ”
ng) = O(I, A) + pT*(s) — qB(s)V(s) — oV (s),

di@ = 0B(s — 1) V(s — 1) — {B(s).

Let Tmax = max{t, 2} > 0, then we define C([—Tmax, 0},R‘i), equipped with the
suitable sup-norm, as the Banach space of all continuous functions ¢ = (¢1, P2, ¢3, ¢p4) :
[~ Tmax, 0] — Ri. From the biological background of Model (4), the initial condition for
any solution is given by

T(8) = ¢1(9), T*(8) = ¢2(8), V(8) = ¢3(9), B(9) = ¢a(8),

$i(8) >0, 8 € [~Tmax, 0], $1(0) >0, i =1,2,3,4, ©

where ¢ € C([—Tmax, 0], Ri). It can be proved by the fundamental theory of functional
differential equations [35] that Model (4) has the unique solution (T(s), T*(s), V(s), B(s))
that satisfies the initial condition (5). Regarding the nonnegativity and boundedness of
solutions for Model (4), we can state the following result.

Theorem 1. Under the initial condition (5), the solution (T(s), T*(s), V(s), B(s)) of Model (4) is
nonnegative and bounded for all s > 0.

Following the approach in [21], the proof of nonnegativity and boundedness of solu-
tions is straightforward and is omitted here.

Remark 3. Theorem 1 indicates that the biologically feasible region

HeT
0= {(T,T*,V,B) ERi:T_i_eycﬁT* < &IV_FEB < pAc+e llc@)(I,A)}

e o eteT pe min{py, O}

is positively invariant for Model (4). Therefore, in what follows, we only consider the solutions with
initial conditions within the region Q).
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3.1. Feasible Equilibria and Basic Reproduction Number

In this section, we are dedicated to exploring the existence of equilibria and the
reproduction number for Model (4). For I = A = 0, the immune-inactivated repro-
duction number, Ré" , and the immune-activated reproduction number, RY, are defined,

respectively, by
Ry — PRt BNy pw Ry _
.MCVU(VC +4c) 14+ M’R}U
opAce Fe 70

The existence of equilibria of Model (4) in the case of I = A = 0 has been investigated
in [21], and here we can summarize the following results.

Lemma 1. Assume that | = A = 0 in Model (4), then the following statements are valid.

(i) Model (4) always has infection-free equilibrium Uy = (T, 0,0,0), where Ty = Ac/ pe.

(ii) IfRY{ > 1, Model (4) has an immunity-inactivated infection equilibrium Uy = (Ty, T}, V4,0),
where

To Mol P
h=—--, I =——F"—(R{y-1, V=——""—(Rj-1).
1 Rg] 1 K]p+K2ﬂy( ) 1 K1P+K2]/lv( 0 )
(iii) If RY > 1, except for Uy and Uy, Model (4) also has an immunity-activated infection
equilibrium Uy = (T, Ty, Va, By ), where

Ac 1= Lpy By, 2

T, = ,
2 k1 Vo + %215 + pc paz po

and By is the positive real root of the following equation

B2+ <2K2§.”v +K18p+ Opepo  opAceTHT ) ) (Kzgﬂ% + 1 lppo + UP‘CP]/‘U) (1-R¥) =0.

x20q  (ne+00)2q K202

For I, A > 0, Model (4) has no infection-free equilibrium, and the immune-activated
reproduction number for Model (4) is defined by

. 200(1, A) + ap(—b1 + /02— 4b2>

2uyg ’

where
(e +6c) (K10 + peo)et<™ — Acipo Akl

b= K2 (pe + Oc )oehen ;b= o (pe + O )oeen”

The existence of equilibria for Model (4) in the scenario where I, A > 0 can be obtained
based on the reproduction number Ry, as shown below.

Theorem 2. Assume that 1, A > 0 in Model (4), the following statements are valid.
(i) If Ry <1, Model (4) only has an immunity-inactivated infection equilibrium Ut (Tl, Tl* W, 0),

where Tl, Tl*, and Vl are given below. Furthermore,

lim al(Tlr Tl*’ ‘71,0) =

Up(Tp,0,0,0), RY <1,
A,I—0F

Ul(Tl,Tl*,Vl,O), R(z)u > 1.
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(il) If Re > 1, except for Uy, Model (4) also has a unique immunity-activated infection equilib-
rium, ﬁz(fz, Tz*, Vs, Ez), where T», TZ*, Vy, and B, are given below. Furthermore,

Uy(To,0,0,0), Ry <1,

Allin}ﬁ Ux(To, T3, Vo, By) = { Uy (Ty, T}, V1,0), RE >1,RY <1,
A=
Uy(Tp, T5,V2,B2), Ry >1,RY > 1.

Proof. Firstly, when I, A > 0, the equilibrium u = (Tl, Tl* , \71,0) satisfies the
following equations
Ac =1 TiVy — 1 Th T — Ty =0,
(Klflvl + Kzflfl*)eiﬂcn — (}lc + 55)Tf = 0, (6)
O(I, A) + pT} — Vi = 0.

We directly obtain

. Ti e KT ~ ILA T*
AC yCT1>€ , ‘/1 _ ®( 7 ) + p 1 , (7)
He+ ¢ Ho

7r =

and T; is a solution of the following quadratic equation
le + a1T1 +a; =0, (8)

K1®(I,A)
Hoptc R

2
where a1 = — T (1 + ng, + ) <0,ap = %—%U > 0. By calculation, Equation (8) has

two real roots

~ 1 ~ 1
T1+:2<_a1+\/m> >0/ Tl—zz(_al_\/a%_TaZ> >0’

with a% —4a; > 0. Further, it is easy to verify TH > % > T;_. Hence, Model (4) has a

unique immunity-inactivated infection equilibrium, u, = (Tl, Tl*, Vi, 0), with

= 1 / 2 =~ O, A)(pc+0c) + p(Ac — l/lch)efych = (Ac— P‘ch)eiym
T1 = < ai {11 4112), Vl = ]x{v(yc +5c) , Tl = ‘Z/lc +5C .

Secondly, when I, A > 0, we obtain

T, = Ac = (pe +5C)T2*emn, Vo = g/
He v

and T; satisfies T;2 + by T; + by = 0. Solving this equation, we obtain two real roots

~ 1 ~ 1
Ty, = 2(b1+\/b%4b2) >0, T)_ = z(blq/b%zlbz) <0,
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with b% —4by > 0. For the positive equilibrium, Uy, it should satisfy Ta, Tz* , Vs, B, > 0.

Thus, if Ry > 1, Model (4) has a unique immunity-activated infection equilibrium, U, =
(To, T5, Vo, By), with

~ ~ 1 ~ A
szg, Tf:(—blﬂ/b%—z;bz), T)=—— € ,
o 2 k1 Vo + kT3 + pic

- 200(1, A) + Up(—b1 + /b2 — 4b2) - zwg'

2q¢

The proof is finished. [

3.2. Stability of Equilibria and Hopf Bifurcation

In this section, we with the global asymptotic stability of feasible equilibria and the
existence of Hopf bifurcation of Model (4). To facilitate our discussion, we introduce the
function p(x) = x — 1 — Inx. Note that p(x) > 0 for x > 0 and d’é—(;) =1- % Moreover,

o(x) = 0if and only if x = 1. On the global asymptotic stability of U; and Uy, the following
result is established.

Theorem 3. Let I, A > 0in Model (4),

(i) if Ry <1, the immunity-inactivated equilibrium, Uy, is globally asymptotically stable;

(il) if Ry > 1and 1 = 0, the immunity-activated infection equilibrium, Uy, is globally asymp-
totically stable.

Proof. We focus, firstly, the stability of equilibrium Uj. To this end, we choose

Luw=:ﬁp(?9>*”mﬁﬁp<T“®>'meﬂaﬁp(2§x>*Kﬁ“alfnp<TwﬂV@ﬂ>d”

1 T; pTy 1 TV
x1 T, V- ~ o~ [ T(x1)T*(x KT Vi[5
+ BT 0Ty [ JALJAZdM+iL;i/ B(xy)V (x1)dxs.
UPTl 5—T TlT{‘ p 1* S—Ty

Calculating the time derivative of L1 (s) along the positive solution of Model (4) yields

ch;s(S) - —xﬁﬁlp(_[f;)) —K1T1‘71P<T*(S)Vl) —K171‘71P<T(S_Tl)V(S_ﬁ)T{F)

”Tl*V(s) Ty Vi T*(s)
— 1Ty T p (TT(*;)> - Kﬁﬁf,J(T(S _%)TT(S - n)) n gq;‘;?*vl (Rw — 1)B(s)
1
S)— ;)2 K T,V S V
Ll %(S)Tl) + ;T%ll/l(a(I,A) (2— Vél) - V‘&)

Therefore, under the assumption R, < 1, we have dLC%S(S) < 0. Additionally, it

can be easily verified that T(s) = Tj, T*(s) = T, V(s) = V;, and B(s) = 0 when
dLy(s)

—4:~ = 0. Consequently, the singleton {U,} is the largest compact invariant set in

{(T(s), T*(s), B(s), V(s)) € R% : d%gs) = 0}. Therefore, by aNpplying LaSalle’s invariance
principle, the immunity-inactivated infection equilibrium, Uj, is globally asymptotically
stable when Ry, < 1.
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Now, we turn to the conclusion (ii). For equilibrium Uy, one defines

()5} BB )

2 T2* pTZ* Vz (7'PT>$< Bz
_ s - S *
+ K1T2V2/ p(W)dxl + K2T2T2*/ Y w dx;.
s—Tq LV, s—T TQTZ*

Calculating the time derivative of L, (s) along the positive solution of Model (4) yields

da(s) (T -BP o (B o (TR oo (Te-m)Ve—m)f
i S o VA (Té)) _K1T2V2p< Tz*v(s>2> _K1T2V2p< BT 2>
Ty (fé)) _KZTZT;p<T(s —%)TT(S —n)> + K;TTZYZ@U,A)( - vg) - V‘%).
2

Thus, we have dLZ( ) <0,and equality holds if and only if T(s) = Tp, T*(s) = T3,
V(s) = V5, and B(s) = B2. Consequently, the smgleton {U,} is the largest compact invari-
ant set in {(T(s), T*(s), B(s), V(s)) € R% : dL2( = 0}. Therefore, by applying LaSalle’s
invariance principle, the immumty-activated equilibrium, Uy, is globally asymptotically
stable when Ry, > land 7, = 0. O

Remark 4. For Model (4) with I = A = 0, it is easy to verify the global asymptotic stability of Uy,
Uy, and Uy, respectively, by constructing

T(s T T Ty [3
Lo(s) = Tp< <o)) + el (5) + ";vov<s)+ ‘72[003(5) + ”7’:*0/ B(x)V(x)dx
—

[T V) + T @) T ()
J5—1
and same Lyapunov functionals as in Theorem 3. Thus we omit here.

Next, our focus is on examining the necessary and sufficient conditions for Hopf
bifurcation to take place at Uy. The characteristic equation of (4) at U, is

A + Cg/\3 + Cz/\z +CiA+Co+ (Dg)\B + Dz/\z + DA+ Do)e—(ﬂc-‘r/\)ﬁ

_ _ _ _ _ _ _ 9
+(E3A® + ExA% + E1A + Eg)e ™2 + (BA% + FIA + Fy)e en—(m+m)d —

where

= K1 Vo + K2 T5 + 2pc + 6c + By + po + §, By = —0Va(pe +8) (k1 Va + 12T + pe) — oVapin (51 Vo + 52Ty + 2pc + 0¢),

(k1 Va + 12T + pe) (e + 6c) + (k1 Va + 12T 4 2 4 6¢) (qBa + po + ) + C(qBa + o),

= (qB2 + o + 0) (1 Vo + k2T + pic) (e + 8c) + £(qB2 + po) (k1 Vo + k2 T3 + 241 + 5c),

CO = C(qgg + }40)(1{1‘72 + K2T2* + ‘Mc)(}lc + 5c), D3 = —K2T2, Dz = —Ksz(]/lc + qu + Uy + é) — pKlfz,

D

= —12Tape(qBa + po + ) — priTalpic + ) — CrkaTa(gBa + po), Do = —{xaTapic (qBa + po) — {pki Tapic,

Es = —0Va,Ey = —aVa(x1 Vo + k2T + 2pc + 0 + pho), Eo = —oVape (1 Vo + 12T + e) (e + 6c),
B =0V T; F = UVszfz(Plc + po) + U'VZPMTZ/ Fy = UVZTZVC(KZVU +x1p).

For 7, > 0, we will categorize the stability analysis of U, into two cases, respectively.

Casel: gy =0and » > 0.
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Equation (9) is, in this case, reduced to
A 4 P3A3 + PoA? + PIA + Py + (Q3A% + QoA2 + Q1A + Qe M2 =0, (10)
where P; = 63+D3,P2 = CQ+D2,P1 = Cl+D1,P0 = Co+D0, Q3 = E_3,Q_2 =E+ 5,

Q1 =E1+F, Qo= Eg+ Fy. Let A = iw be a purely imaginary root of (10), and substituting
A = iw into (10) and separating the real and imaginary parts, we obtain

(Q30® — Qi) sin(wn) + (Quw? — Qo) cos(wm) = w* — Pyw? + By, a1
(Q3w0® — Q1w) cos(wm) — (Qaw?® — Qo) sin(wty) = —P3w® + Prw.
Squaring and adding both above equations lead to the following equation
Wb + G6w6 + G4w4 + sz2 + Go =0, (12)

where G6 = 1332 — Q% — 2152, G4 = ]322 + 2150 + 2Q1Q3 — 2151133 — Q%, Gz = 1312 + ZQOQZ —
2PyP, — Q3, Gy = P? — Q3. Let u = w?, then (12) is equivalent to

f(u) = u* + Geu® + Gyu? + Gou + Gy = 0. (13)

If Gy < 0, then it can be observed that (13) must have at least one positive root. This
is because the function f(u) satisfies f(0) = Gg < 0 and lim,_, f(1) = +o0. Therefore,
there exists a value ug € (0, +o0) such that f(uy) = 0. Furthermore,

(1) = 4u® 4 3Geu® + 2G4u + G,. (14)
Let v = u+ % , then Equation (14) becomes v® + mov+ny, = 0, where
n = 1G3 — 13—6@(2,, ny, = 31—2(?2 - %G_6G4 +Gy. LetA = () + (%)’ andj = 7_1?\@,
then
n n . n ) n
o = y_;wm j—; o L N L I/

. . 3Ge .
v3:]2\3/"22+\/5+]</"22\/& up == % =123.

Applying the method described in [36], we can obtain the following result regarding
the root distribution of Equation (13).

Lemma 2. For polynomial Equation (13),

(i) if Go < 0, then Equation (13) has at least one positive root;

(ii) if Go > 0and A > 0, then Equation (13) has a positive root if and only if u; > 0 and
flur) <0;

(iii) if Go > 0and A < 0, then Equation (13) has a positive root if and only if there exists at least
one u* € {uy, up, uz}, such that u* > 0and f(u*) <O0.

If the conditions in Lemma 2 are invalid, then Equation (13) does not have any positive
root. This implies that Equation (10) does not have purely imaginary roots. Furthermore,
U, is locally asymptotically stable for all delay 7, > 0. As a result, the existence of Hopf
bifurcation is not possible.

We now assume that one of the conditions in Lemma 2, which guarantees the existence
of positive roots for Equation (13), is true and that Equation (13) has k¢ (1 < kg < 4) positive
roots. Let uy, k =1,. .., ko be the positive roots of (13), then Equation (12) has positive roots
wy = /ug. For a given wy, the corresponding critical value of delay 7, is
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1 arccos (w,‘f _ Pzw% +Po)( _2w,% — Qo)+ (*P?WI% + pl“’k)(Qs“’;% — Qqwy) + 2jr
Wk (Q3w]% - Qlwk)z + (QQ(AJ]% — Q0)2 Wy ’

)
=
Il

j = 0,1,2,.... Then +iwy are a pair of purely imaginary roots of (10) with
T = T2(]]2. Define

TS = TZ(% = min{rz(ljk)|k =1,2,...,ky,j=0,1, }, Wy = Wy, Up = U,

Let A(1) = a(7) + iw(7) be the root of Equation (10) at T = 13 satisfying a(7)) = 0
and w(rg) = wy. Similar to the proof in [14], the transversality condition at 7o = Tg will be
verified. Differentiating both sides of (10) with respect to 12, we obtain

(d)\) L 4 43PAr 4 2DA+ Py 30572 +20,A + Oy n
dn o )\()\4 + P3/\3 + 152/\2 + 151)\ + po) /\(Q3A3 + Qz/\z + Ql)\ + Qo) A

From Equation (11), one has
(Qswi — Qrwo)? + (Qawh — Qo)? = (wj — Pawf + Py)? + (Pywp — Pyawy)?.

dA

45

0

Then, evaluating ( )71 atp =T, (i.e. A = iwp) and taking the real part, we obtain

Re ( dA ) - _ 4wS+3Gewd + 2G5+ Gy f(w})
dn e |  (Qswd — Qrwo)? + (Qewd — Qo) (Qawy — Qrwp)? + (Qew? — Qo)?’
Therefore,
. [d(Re(r , da ! o o
a0 Y (e8] 1) -t

Based on the aforementioned analysis and the Hopf bifurcation theorem presented
in [37], we can conclude the following result.

Theorem 4. If all the conditions in Lemma 2 are not satisfied, then U, is locally asymptotically
stable for all T > 0. If one of the conditions in Lemma 2 is satisfied, then U, is locally asymptotically
stable for T, within the interval [0,7). If one of the conditions in Lemma 2 is satisfied and
f'(ug) # O, then the transversality condition holds, and Model (4) will undergo a Hopf bifurcation

at Uy when v = TZO.
Case2: 7y >0and ©» > 0.

We take 1, as the bifurcation parameter and assume the purely imaginary root of
Equation (9) to be A = i@ with @ > 0. By following the same computational process, it is
clear that

{H1 cos(wm) — I sin(@n) = 113, (15)

IT; sin(@ty) + I, cos(@wty) = Iy,
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F1(@) + F2(@) cos(@wty) + F3(@) sin(@ty) =0, (16)

where

F1 ((I)) = —C% + E% + 2COC_2 — 2E_0E2 — D%Eizym + F12672;4¢T1 + 2D0D2€72#CT1 — 2150132872;4({1)(;]2

N

+ (—ZC_O — C_% + E% +2C1C3 —2E1E3 — D§672y5'r1 + F22€72VCT1 + 2D1D3872H5T1)d)4
+@° + (26, + B} — C} — D3 ™™ ) @ + B — Cf + Fle 2™ — Dfe 2™,
Fz(d)) = (2D2 — 263D3)€72HC'{1(D6 + (—ZDO — 2C1D3 — 2C_2D2 + 2C3D1 + 2E_2F2 — 2E3F1)€72ycr1d)4
+ (ZC_QDz — 2C1D1 + ZC_ZDO — 2EOF2 + 2E1Fl — 2E2F0)€72V671 @? + (ZEQFO — ZCOD())eizyETl,
F3(@) = 2D3872H5T1637 + (ZCQD3 —2C1Dy +2C>Dq — 2C3Dg + 2E1F, — 2E,F; + 2E3F0)€72HJ16(~J3
+ (—2D1 —2CyD3 +2C3D, — 2E3F2)672HJ] @® + (2C1D0 —2CoDy + 2EoF; — ZElF_‘())EiZHCﬁ(IJ.
DenoteI'(@) = F 1(@) + F 2(@) cos(@ty) + F 3(@) sin(@Ty ). Obviously, img ., ['(@) =
+o0. Further, if [(Eg + Fy)? — (Co 4+ Dy)?|e~2#<T + (E3 — C3)(1 — e~2#T1) < 0, thatis, I'(0) < 0,

then Equation (16) has ko1 <ky<8) positive roots @y. For each @y, there is a corresponding
critical value of delay 7 shown as

i 1 IT;115 + TT,I1 2jmT
’L’2(]k = — arccos % + zn, =0,1,2,....
4 Wy H1+H2

Let 7 = TZ(%)O = min{rz(]2|l~< = 1,2,...,7(0,]' =0,1,.. .}, and let @y = cb,;o be the root

of (9) with 73 Differentiating/both sides of (9) with respect to T2, we obtain

dr\ ! _ 473 + 3(_:3)\2 +2CA+C + [(3D3/\2 +2D5A + Dl) — Tl(D3/\3 + Dz)\2 + DjA + Do)]E
dn, N AA% + C3A3 + CoA2 + CiA + Co + (D3A3 + DA% + DiA + Do) E|
2E3)\2 + ZEQ/\ + El + [2132/\ + Fl -7 (Fz)\z + Fl/\ + Fo)]E T

A[E3A3 + EpA2 + Eq1A + Eg + (A2 + FiA + Ry)E] A

-1
where E = ¢~ (#+M)7 Then evaluating (é%) at m = 75 (i.e. A = i@y) and taking the

real part, one has

7

] _ Ci+Du+En+Fn
= 2 2
=T All + Bll

where
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Fiq

= G308 — C1@} + (D3 — D1@3)e <™ cos(@oty) + (Do — D@3 )e H<™ sin(@oy),

— Co@} + Co@w — (D3@§ — Dy1@3)e MM sin(@o1y) + (Do — Da@d)e <™ cos(@oty),

= {—3E3d)5 +E+ [Fl - ’L'1<F0 - de)é)]eimﬁ cos(@omy) + (215267]0 - 71F2@0)67””T1 Sin(dJoTl)}

X [Egd)é — El(ZJ% — Flw(z)e_”le COS((TJ()Tl) ( 0o — dejg)e_“”l Sin((fJoTl)],

= {2E2(U0 + (Zan)() — T1F1CLJ0)€ fea COS(a)OT ) [Tl (F() — FZ(I)(%) — Fl]e—Hch sin(d;oﬁ)}

X [Eo(ﬂo - E_Q(IJS + (Fo(IJ() — Fz(f]3)€7ym cos(@oty) + Fl(IJ%eimTl Sin((IJ()Tl)} ,

= {3E_3(Z)(2) —C1+ [3D3w0 Di+m7 (DO — Dzwz)]e*””ﬁ COS(GJQT]) + [Tl(Dld)O — ng)g) — ZDQCDQ](?*VCH

x sin(@o7y) } [C}d)é — C1@% + (D3@§ — D1@§)e <™ cos(@ot) + (Do — Do )e <™ sin(@oty)],
{43 — 2Co@0 + [11(D1@g — D3@;) — 2Dadgle #<™ cos(@oty) + [11 (D2 — Do) + Dy — 3D3@gle <™

x sin(@o) } (@] — Co@y + Co@ — (D3@g — D1@3)e <™ sin(@pt1) + (Do@o — Da@3)e <™ cos(@ot1 )]

Therefore,

sign { d(Re(A))

de

-1
} = sign { Re (dA>
=T dn

Based on the above arguments, we can derive the following results.

=T,

] } = sign{C11 + D11 + En1 + F1 }-

Theorem 5. For Model (4), given that 7y > 0 and 7, > 0, if T(0) < 0 and sign{Cy; + D11 +
E11 + Fii} # 0, then Uy is locally asymptotically stable for all T, € [0, T, ), and unstable for

T > T,. Additionally, Model (4) undergoes a Hopf bifurcation at U, when T = ;.

3.3. Direction and Stability of the Hopf Bifurcation

In this section, we will employ the standard form theory and the central manifold
theorem presented in [38] to analyze the direction of the Hopf bifurcation and investigate
the stability of the bifurcating periodic solution in Model (4) with respect to 7. It is always
assumed that Model (4) undergoes a Hopf bifurcation at U, whent > 0and & = 7.
Based on the biological context, it is useful to assume that 77 < 75, where 1, € [0, T5).

Let 7, = 75 +fi, fi € R, then Model (4) will generate Hopf bifurcation at U when
fi = 0. Denote £(s) = (%1(s), 2(s), #3(s), %a(s))T € RY, %1(s) = T — Ty, Ta(s) = T* — T,
%3(s) = V — V,, %4(s) = B — By, normalizing the delay s — (5), then Model (4) can be

transformed into dx(s)
%(s . o
- Lu(%) — f(f1, %),

where maps L; : C — R*and f : R x C — R?, respectively, are given by

Lo(9) = (55 + 1) (Nig(0) + Nag (2 = )+ Nap(-1) ),

—x11(0 )4’3( ) — x2¢1(0)¢2(0)

) ke M Ty ( T1)473( L) + xpe ety (=
—51473( )¢4(0)
op3(—1)pa(—1)

)2 (=

(17)

)

7
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where ¢(6) = (¢1(6), 92(6), $3(6),¢4(6)) € C, and

—K1‘72 — K2T2* — Ue —KZTZ* —K1‘72 0
N, = 0 —(pn +9¢) 0 0 /
0 p —qB2 — o —qV2
0 0 0 -
0 0 0 0 00 O 0
_ (K1\72+K272*)e*VCT1 Koy The HeTl g The HeT () [0 0 © 0
N2 = 0 0 0 o'™M=loo o o
0 0 0 0 0 0 0By, oV

Hence, from the Riesz representation theorem, there is a 4 x 4 matrix function (6, i) :

[—1,0] — R® whose components are bounded, such that Lz(¢) = fi)l dn(6,7i)¢(0) for
¢ € C. In fact, we can choose

(3 + 1) (N1 + N2+ N3), 6 =0,
(3 + ) (N2 + N3), AS [_;10)
76, 1) = : (18)
(TZ* +ﬁ)N3/ 9 S <_1/ *1)/
T
0, 6 =—1.

For any ¢ € C([—1,0],R*), the adjoint operator, A, of A(0) is defined by

dg(0) 0 [-1,0),
A(yp =4 99 me={;~) eeii%
[ anene@,  o=o0 o) -

Then, Model (17) is equivalent to the following operator equation

dz;(6)
ds

= A(ji)xs + R(fi)%s,

where %;(0) = %(s + ) for @ € [—1,0]. For any ¢ € C([0,1], (R*)*), define
- ) L€ (01),
A*lp(l) = 0
[ woe-n,  1=0,

and a bilinear inner product is defined by

- 0 9 -
(1), 9(0)) = §0)p(0) [ [ §(—0)dn(0)p(@)az, (19)

where 7(0) = #(6,0). We assume that +iw; 7, are eigenvalues of A(0), and the other
eigenvalues have strictly negative real parts. Hence, they are eigenvalues of A* as well.

If g(6) = (1,42,43,94) " €®“27 is the eigenvector of .A(0) corresponding to eigenvalue
iw; Ty, then A(0)g(0) = iw;t5q(0). From (18) and the definition of .A(0), we have
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a1 Adip a3 0 1 0
s a2 axn axm 0 7,1 _ |0
Tz - '
0 a3 azx au | |4, 0
0 0 a43 044 q4 0
where aln = Z(UZ + K1V2 + Ksz + We, 12 = K2T2, a1z = Ksz, ay — (K1‘72 + KzTZ) -
ay = 1w2 — K2T2€ X1+ - e + O¢, ax3 = —K1T2€ X, x = 1255} + zw21'1, azp = —p, a3 =
iwy + qu + Yy, 34 = qu, Ag3 = —0Boe 2% gy = iw; — oVhe @3 4 7. Therefore, we
can obtain (0)T = (1,92,43,94)T, where
(w5 4 pe)e _ kpliw; +pc)e™@iws + Vo + 10T + 3
12 iw; + pe + ¢ ’ K1 (lw; + pc + (5c) K1 T2
0Bae ™2 [y To (il + pe)e ™1 — (iws + pie + 6c) (il + k1 Va + 10T + yc)}

e KlTZ(sz +Vc +5 )(1(,()2 —(TV2€ ZwZTZ —|—€)

Similarly, according to (18) and the definition of A*, if ¢*(I) = D(1, g3,493, 95 )e w373 ig
the eigenvector of A* corresponding to eigenvalue —iw; 75, we further have

7 = K1 Vo + Kz"fz* + e — w3 7 = (pe + 6c —iws — Kzfze’?ﬂ)(;q% + K2".I~"§ + e —iw3) N % To
2 = = = 3= 7 T !
(K1Va + 12Ty )e 11 p(x1 Vo + K2 T3 Je=X1 p
0 = qK2T2‘72(K1\72 + KZTZ*) X qu(yC + 6. — — ko Toe X1) (11 Vo + Ksz* + pe —iwy)
4 - .

p(oVae 2% — 7 4 ZOJZ)(K1V2 + 12 Tj Je~ X1

In order to guarantee (g*(I),q(0)) = 1, the value of D needs to be determined.
From (19), one has

. 0 0 _ . . -
(0 (1),9(0)) = DO, 5,35,00) (192 90,00) = [ ["D(L,g5,85, ) €035 dn(6) (1, 92,0, 90) T3 g
=D [1 + q205 + 93G5 + qady + Tgre X (xq ‘72 + Ksz* + Q2K2T2 + q3K1 Tz) + T;q_ze_iwgl—z* (qga'gz + Q40"72)} ,

where D and Jr (k =2,3,4) are the conjugates of D and 9 (k = 2,3,4), respectively. Thus,

1
4 . _ _ _ _ . - -

D= |1+ ) Gigi + rgoe 02T (V) + 10Ty + Gora Tp + 31 To) + 75 44€'22 (§30 B + q40'Va)

=2

4

where gy (k = 2,3,4) are the conjugates of qi(k = 2,3,4), respectively.

Next, attention is focused on the coefficients for determining the Hopf bifurcation
direction and the stability of the bifurcation period solution, which, according to the
algorithm given in [39] and similar argumentation process in [40], are given by
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820

811

802

821

273D | K145 — 122 + K1303¢ 2 + ko3¢ N2 — 47530 + Fiqaqace 23|,

7D { — K103 — K143 — K22 — K2q2 + (K133 + k14305 + K220 + Kag2dp Je ™

— 4039304 — 4037394 + 7309304 + 130344 |,

21D [ — K13 — Kol + K Jpze TR o qe MU IHET — g3qq5 + G40 0304¢ 42 } :

T;D{ — 2 W (0) — ki Wiy (0) — k1 s Wiy (0) — 2k145 W1 (0) — 22 WP (0) — k2 W) (0)

+ 740 [203W4) (—1)e T 4 WG (—1)e 5T gL (—1)eET 4 294 W] (—1)e T | — ko, Wiy (0)
~ 2292 Wy (0) + 3¢ ™ [27(1 Wiy (;2:1 ) T 4 W) (T2*> ST 4 gy W) (;2:1) ¢l

+ 2K1!]3W1(}) <_:l ) e*"“’ﬁﬁ -+ Q_szl(f) < _1—1 ) efiwﬁ'fl + K2W2(§) <_:1> eiwf‘fl + KZ‘?ZWz(é) <_1—1) eiw;q
) L) L) L)

#2000l (2 )ern | — gia 20w 0)+ g 0) + 4 0+ 207 0)] .
with

Wao(6) = 1820 (0)ei 30 4 goz*q( 0)e wWiTe | F,p2iwiT0

w3 Ty w3,
W (9) zg11 ( ) iw3 Ty 0 + gll -( ) —zw;TZ*Q_’_E
u T wir " w1 v

where E; and E; can be calculated as follows, respectively

cn aip a3 0 —x1(q3 + §3) — x2(q2 + 72)
E, |2 2 o3 0 | _ o (er(g3 +G3) +x2(q2 + g2)JeH<™
0 asx c33 a3 —q(394 + q374) ’
0 0 cg3 cy o (7394 + 9344)
b1 aip a3 0 —K143 — K242
E by by by O P (K1q3 + K21]2)€7X1
. —
0 ax by axn —q9344
0 0 b43 b44 0qs q4€_2iw; o

where by = 21(/.)2 + K1‘72 + Ksz + U, by = (K]Vz + K2T2) X2, byy = 210_)2 — K2T2€_X2 +
He + Oc, bog = _Kl T2€ X2, xo = U + 2zw21'1, b33 = 21w2 + qu + }lv, by = —(TBzE 2lw2T2

by = 21&12 — 0'V2€ 2wy T 4 ’,c11 = K1V2 + K2T2 + Mo, €21 = (K1V2 + KzT*)e peTf ,Cop =
—Ksze BT 4 e + 0, co3 = —K1Toe T, c33 = qBy + o, a34 = qVa, ca3 = —0Bo, cag =
—0V; + {. Therefore, we can calculate the following values:

g2’ | g _ Re{¢(0)}
S R Ry
B—2Refc(0)), Tp— -0} Z;zzlmmrz )}

c1(0) = T *(811820—2|81 =
2

Based on the preceding analysis, we can derive the following result.
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Theorem 6. If i > 0 (2 < 0), then the Hopf bifurcation is a supercritical bifurcation (subcritical
bifurcation); if p < 0 (B > 0), then the bifurcated periodic solution is stable (unstable); if T, > 0
(T, < 0), then the period of bifurcating periodic solutions increases (decreases).

4. Dynamics of Coupled Slow Time Model without Immune Response

In this section, we investigate the scenario where there is no immune response present
in the host, that is, B(s) = 0 in the within-host virus infection model (4). Further, in order
to establish a meaningful coupling between the within-host model and the between-host
model, we give attention to the case I, A > 0 in Model (4). Therefore, it is assumed that
Rw < 1in the following discussion. Since the immunological process occurring within the
host is much faster than the epidemiological process occurring between hosts, we always
suppose that the state of the fast time model has reached its stable equilibrium while the
state of the slow time model is without further change. Hence, based on the the stability of
equilibrium U, one can assume that viral load V(s) — V; ass — co. Let V = V; in Model
(3), then we have the following model

ds(t) c1B1 (V1) I(t) + caBa (V1) A(#)
S N Am) S0 O
dI(t) _ Clﬁl(vl)IO—T)+C2ﬁ2(Vl)A(t ) (t—T)Ein
dt 1+a(I(t—1)+ A(t—1)) (20)
—(p+E+a()I(),
O 21ty — (e + s A),
with the initial condition
S(e) = ¢1(e) >0, I(0) = ¢3(0) >0, A(0) = ¢a(e) =0 1)
0 €[-7,0], ¢1(0) >0, ¢;(0) >0,i=3,4,

where ¢ = (¢1,¢3,¢4) € C([—7,0],R3). Clearly, Model (20) has a unique solution
(S(t),I(t), A(t)) satisfying the initial condition (21), according to the fundamental the-
ory of functional differential equations.

On the nonnegativity and ultimate boundedness of solutions for Model (4), the follow-
ing result is straightforward.

Theorem 7. Under the initial condition (21), any solution (S(t), I(t), A(t)) of Model (20) is
nonnegative and ultimately bounded for all t > 0. Particularly, limsup,_, (S(t — ) + I(t)e!" +

A(t)el'™) < %,for allt > 0.

We denote the between-host reproduction number for Model (20) as follows

il (@1P1(V1) (i 4 52(V1)) + 22 (V1)E) Ape ™
° p(p+6(V)(p+¢+0(V1)) '

Denote Sy = % and let

~ c1B1(V1)Spe T R c2B2(V1)5Soe HT

T ptetav) TP (wra()(u+E+a ()

Remark 5. Clearly, R is the basic reproduction number for the disease driven by the HIV-positive
individual, and Ry is the basic reproduction number for the disease caused by the AIDS individual.
Then we have RS = Ro1 + Roz.
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4.1. The Existence and Stability of the Disease-Free Equilibrium

Obviously, Model (20) always has a disease-free equilibrium Ey = (Sp,0,0), and the
following result is on the local stability of Ey.

Theorem 8. For any T > 0, E is locally asymptotically stable if R} < 1 and unstable if R > 1.

Proof. The characteristic equation of Model (20) at Ey is

(A+ ) [(A = e1pr(VA)Soe™ N7 4+ &+ 61 (V1)) (A + i+ 62(Va)) — cafa(V2)ESoe™ 07| =, (22)

Clearly, (22) has a negative real root, Ay = —p, and other roots are determined by

G(A) i= (A —c1r(Va)Soe™ FHNT 4+ &+ 81 (V1)) (A + p+ 82(V4)) — c2Ba(V4)ESpe™ VT = 0.

This yields from the above equation that

A A Y S h)

Now, we claim that all roots of G(A) = 0 have negative real parts for Ré‘ < 1. Ifitis
invalid, then there exists a root Ay = xp + iy, with x, > 0. For this case, it is obvious that

Ro1 + RS

—=— 41| > e 2", — 41| > .
‘H+§+51(V1) ’ u+02(V1)

M
i+ 02(V7)

It follows that

(Grermm ) Grem )|

due to the fact that 7?,’8 < 1. This contradicts to (23). Thus, if Ré‘ < 1, all roots of
Equation (22) have negative real parts, indicating that Ey is locally asymptotically stable.
Conversely, if R} > 1, we have G(0) = (u+ &+ 01(V1)) (1 +62(V1))(1 — R}) < 0 and
G(A) — +ooas A — +oo. It should be noted that G(A) is a continuous function with
respect to A. Consequently, Equation (22) has a positive real root, indicating instability
of Eo. O

7

A

—)\2'[' 2 h

e ——Rp+R )
(V+52(‘/1) ! 0

4.2. The Existence of the Positive Equilibrium

Due to the limitations of research methods, it is often challenging to perform a theo-
retical analysis of the existence of a positive equilibrium when the viral load-dependent
transmission rate is subject to a saturated incidence rate, and disease-induced mortality
depends on the viral load. Therefore, we consider the scenario where S;( \71), i=1,2,
satisfying the conditions as outlined in Section 2, and the disease-induced mortality d;(V;)
1M T+~6217~2A

1+a(I+A)
inactivated infection equilibrium, U, of Model (4) can be written as

are replaced by positive constants ;, i = 1,2. Leti; = , then the immunity-

7, = Bl +80) + plAc—pch)e™ ™ g (Ac— peTh)en
Ho(pe + 0c) S He + Oc ’

= T 1 i { 1 mp ]2 4
Ti=3 |1+ 55+ — |1+ =5+ - —.
1= ( RY " popcRY \/ Ry woucRy Ll RY




Axioms 2024, 13, 147 20 of 41

Letij; = c1p1 (Yﬁzgj%(vl)g, then the equilibrium, E, can be written as
g M-+t S1)er T i VaApGe T 7o Yol Mt
7z () +twpti+a) (atu)(p+i+a)

Further, i1 can be described by 1, that is

~ (cim (p + 62) + compl) Apijae ™ HT

N Gt e+ 0) (8 +01) + algia (& + B)e ™
Thus, V; = V4 (). According to i, = ap 1(‘1/%:2%(‘/1)‘4, we have

- (c1B1(V1) (1 + 62) + c2Ba(V1)§) A ™™
W2+ ) (u+02)(u+ ¢+ 1) +arp(p+ ¢+ dp)e T

Let

(c1p1(Va(y2)) (1 + ) + coPo (Vi (y2)))Ane ™™ (24)

H(y2) = (o + 1) (4 62)(u+E+01) + alpya(u + &+ 0y)e 1T

then 15 is a solution of H(y,) = 0. Subsequently, our objective is to determine the number
of positive real roots of H(y,) = 0 by examining the characteristics of the function H(y5).
It can be demonstrated that
<O,RY>1,RE<1,
—1=R{-14 >0,RY >1,RE > 1,
-1, Ry <1,

(c1B1(V1)(u +02) + coPfa(V1)E) Aye T

_ )
H(0) = u(p+062)(u+ ¢ +61)

and H(co) < 0. The derivative of H(y;) is

dH(y2) _ Ape M ()
dy2 [+ 1) (u+62)(n+¢+ ) +alyy2(p+ &+ G)e M2’
where
F(]/2> = (V+(52)C1d/2‘(/‘1/1> +€c2dﬁj‘(/‘l/1> d‘g;]ﬁ) [(yz +,11)(]1+52>(]1+€+51) +04Ahy2(;4+§+52)e y'r] (25)

— [(pt 4+ 82)c1B1(Vh) + EcaPa(VD)][(pt + 82) (1 + &+ 61) + alhy, (u + &+ 52)e HT].

dH (yz)

It is clear that the sign of can be determined by analyzing the properties of the

function F(y7). So, we first examme the characteristics of the function F(y,). The derivative

of F(y,) is
~ ~ ~ 2
dF yz /31( 1) dB2(V1) | d2Vi(12) d?g1(V1) d?B2(V1) | | dVa(y2)
5 1) — L+ —
{ (e + av; 6e2 av; dy? et d)a dv? ce2 dv2 dy>

X [(2+u)(u+6) (4 +61) +apy2(p+ &+ 6)e *7] <0,

with
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1| 2k +Kyp x1pTo (1 + 7w+ yv’;}fﬁg) o
B 2uy | Kopo +K1P 2 ’
;LU(]’[C + 5C)Rg]eﬂcr] (1 + %87 + Hv’;lcyfllzzou) - RAS;
__ Map(p ) (A S+ ) [em (i +02) +eayplle™™
[(y2 +u)(p+02) (p+ & +01) +arpy2(p+ &+ a)e#t2 = 7
dVi(y2)  dVi(y1) dyi(y2) 50 d*Vi(y2) _ d*Vi(n1) {dyl(yz)r+ dVi(y1) d?y1 (y2) <0
- 4 2 - 2 2 4
dyz dy> dy3 dyj dy> dyy dy3
2
~ 1 K1Y1
d’v; (11) _ PHic 1_ (1 + RY + mng{) <0
d 2 2 1 K1Yy 2 4 ’
M et oo Ty (14 e+ i) - [ (U ) A
Pya(ya) _ =201 +02) (4 + E+ 61)el™ + ah(p + &+ 8) [ Anpt (1 +82) (4 + E + 1) [evm (i +62) +eamal] _
dy3 T [(y2 + ) (4 62) (4 + & + 1) + apya(p + & + Ga)e #7)3

It is evident that F(y;) is a monotonically decreasing function, and F(y,) — —oo as
Y2 — +o00. Consequently, if F(0) > 0, as y, increases, the function H(y;) initially increases
and then decreases. In this case, if H(0) < 0 and Hmax > 0 hold, the equation H(y;) = 0
will have two distinct positive roots. If H(0) < 0 and Hmax = 0 or only H(0) > 0 hold,
there will be a unique positive root. Additionally, if F(0) < 0, the function H(y,) will
always decrease. In such a scenario, if H(0) < 0, there will be no positive roots for the
equation H(y») = 0. However, if H(0) > 0, there will be only one positive root. Based on
the aforementioned analysis, we can establish the following result regarding the existence
of positive equilibria for Model (20).

Theorem 9. Let H = H(y,), F = F(y,) are defined in (24) and (25), and

Hmax 1= maxy, c[o,+e0) H(Y2),

(i) for RY >1land RE <1,
(a) if F(0) > 0and Hmax > O, then two positive equilibria, Ey and E,, both exist;
(b) if F(0) > 0 and Hmax = O, then a unique positive equilibrium, E, exists;
(¢) if F(0) < 0o0r Hmax < 0, then a positive equilibrium does not exist;

(i) for RY > 1and R > 1, a unique positive equilibrium, E, exists;

(iii) for Ry <1,
(a) if F(0) > 0and Hmax > 0, then two positive equilibria, Ey and Ey, both exist;
(b) if F(0) > 0and Hmax = 0, then a unique positive equilibrium, E, exists;

(¢) ifF(0) < 0o0r Hmax < 0, then a positive equilibrium does not exist.

4.3. The Local Stability of the Positive Equilibrium

In this section, we are concerned with the local stability of equilibria provided in
Theorem 9. Since it is hard to verify the stability evaluated at a positive equilibrium in
Model (20) due to the complexity of the functions B;(V) and §;(V) (i = 1,2), we therefore
suppose that §;(V) = a,;V, 6;(V) = é;,i = 1,2, where 4; and ¢; are positive constants. The
same assumptions are adopted as in [33].

Theorem 10. Suppose that Model (20) admits that a unique positive equilibrium, E, exists, which

is locally asymptotically stable if I o

v 1/ 7/ 7/ ;
oy > max{ V], V] } where V] and V] are given below.

Proof. The characteristic equation of Model (20) at Eis
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A+m+w)A+p+E+0)A+pu+8) — (p+E+6)A+p)e [(c1a1\717+ czazﬁlﬁ) (1 o+ E))} B
X {(/\ fu+ 52)T[c1a1 (V{If(l +al+A)+ 1+ M)) + cza‘z(Vl’lﬁ(l +a(l+A) - le)}
+§T[clal (V{AT(1 +a(l+A) - aTVl) +c2a2(171’AA(1 ta(l+A)+ 1+ aT))} } =0, (26)

where

_amVi I+ iV A o Y(Cﬂ?l(l +aA) — Czﬂzvég) _ Y(Cziyz(l +al) — C11710£T)

1+a(l+A) = 1 (1+a(T+A))2 roTla T 1+a(I+A)2
1 K191
y= L1 fpTo 1- Ry ¥ oy
o 2]/1'0(]46 + (Sc)joeycrl 1 1 K111 2 4
( + TSJ + P[UHCR(IJU) - Tg

Due to the fact that &I = (u + 5)A, Equation (26) becomes

4500+ e [MOBATEBAR) (g g )] Ol
1+ DL(I =+ A) I [ Clﬁlvll + Czﬁzle
e | ala@m Vil + @ Vi A) TR T~ &I
+ (U4 E+)A+u)e —= = —(e1m V] I+ coap Vi A a— ——
(n+¢+01)( 1) [ 1 +a(i+A) (1 11, 202V, ) VLI + i VA 27)
c2ﬁ2171/\ﬁ

+ A+ u)(p+E+061)e +A+m+pu)A+pu+E+6)A+u+6)

C1§1‘717+ Czﬁzlev
— A+ ) (pHEF)A+u+a)e T =0.

Now, we claim that all roots of (27) have negative real parts. If not, there is a root
A3 = x3 + iy3 with x3 > 0. In this situation, it is obvious that

As+m—+pul > As+ul, [Az+u+&+é|>lp+é+da, 1> ‘e”ﬂ

aV; 7T s
m > max{V], V] }, it follows that
a(c1i Vi1 + cada V1 A)
1+a(l+A)
DC(C1{71‘71T+ Czﬁzvlg)
1+a(l+ A)

A+pu+o)T
C1ﬁ1‘71T+ C2ﬁ2‘71Av
&I
C1ﬁ1‘71T+ Czﬁzvlg
Czﬁzvl)\g
C1L71‘71T+ C2ﬁ2‘71g

'(y FEHO)(A+p)e T [ ~ (amV T+ eV, A)

F(p+E+6)(A+p)e T _ (clalV{AT+ czazﬁ{Aﬁ)

FA+m A A+ p+EH6) A+ p+8) + (p+E+8) A+ p)e T

SIA+u) (4 E4+0)A+pu+8)e

7

which contradicts to (27). Consequently, given that all roots of Equation (27) have negative
real parts, it can be deduced that E is locally asymptotically stable. [

Remark 6. Theorem 9 indicates that Model (20) may have no, one, or two positive equilibria under
different conditions, respectively. However, it is difficult to check analytically the stability of the
coexistence of multiple positive equilibria, so some numerical simulations are conducted to confirm
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the corresponding stability for different cases. And we find that Model (20) may exhibit complex
dynamic behavior, including backward bifurcation and Hopf bifurcation.

Remark 7. It should be pointed out that if the disease-induced mortality, 5;(Vy), varies based
on the viral load, rather than being replaced by positive constants, then the existence and sta-
bility of positive equilibria in Model (20) become more complicated, implying more complex
dynamic behavior.

5. Dynamics of Coupled Slow Time Model with Inmune Response

In this section, it is assumed that the immune response plays a role in the host and 1,
the delay of the immune response, in its stable interval [0, 75 ). When I, A > 0, the dynamics
of the virus in the host satisfies d‘égs) =0O(I,A) + pT*(s) —qB(s)V(s) — uuV(s). And we
always assume that R > 1and Ry > 1 in the analysis below. Furthermore, considering
that the viral infection process within the host occurs at a much faster rate compared with
the disease transmission process between hosts, and based on the stability of the equilib-
rium, Uy, derived from Theorem 4, it can be assumed that the state (T(s), T*(s), V(s),B(s))
of the fast time model has reached its stable equilibrium (T2, Tﬁ*, Vs, Ez). Therefore, the viral
load, V = \72, in vivo is a positive constant, and Model (3) can be written as

ds(t) _ c1B1(Va)I(t) + capa(Va) A(t)
A =N T T am e Ay S RS,
d1<t) _ Cl.Bl(VZ)I(t — T) + CZﬁZ(VZ)A(t — T) S(t _ T)eiHT
dt 1+a(I(t—1)+ A(t—1)) (28)
—(p+E+a()I),
W20~ a1t) — (u+ (W) A,
with the initial condition
5(0) = ¢1(0) >0, I(0) = ¢3(0) = 0, A(e) = ¢a(e) =0, 29)

0 € [-7,0], $1(0) >0, $;(0) >0, i =3,4,

where ¢ = (¢1, ¢3,¢4) € C([—7,0],R%). It is obvious that Model (28) has a unique solution
(S(t),I(t), A(t)) satisfying the initial condition (29). Regarding the nonnegativity and
boundedness of solutions for Model (28), we can draw a result similar to that of Model (20).

Theorem 11. Under the initial condition (29), any solution (S(t),I(t), A(t)) of Model (28) is
nonnegative and ultimately bounded for all t > 0. Particularly, we also have im0 (S(t — T) +
I(t)el'™ + A(t)elT) < %,for allt > 0.

_For the sake of brevity, we denote ‘81(\72) = B, [32(172) = By, 01(Va) = & and
92(Va) = 95, and the between-host reproduction number for Model (28) is defined by

(c1B1(p +d2) + c2B2g)Spe H*
(n+02)(n+¢+0)

Rl =

5.1. The Existence and Stability of the Equilibria

Compared with Model (20), it is easy to show that the existence of the various equilibria
of Model (28) is straightforward, and we can summarize the results as follows.

Theorem 12. If ﬁg < 1, Model (28) only has a disease-free equilibrium, EO = (50,0,0); if
ﬁg > 1, except for Ey, Model (28) also has a unique endemic equilibrium, E* = (S*,I*, A*),
where
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g M+ C+ o)+ (i o) (pt o) pp+02) (R —1)
po(p+ &+ 02) +c1fi(p+02) + 2ol po(p+ &+ 02) +c1fi(p +02) +cafag’

Cpa(p+E+6) + a1 Bi(p+6) + cfal’

Since the proof of local asymptotic stability of Ey is identical to Theorem 8, we omit it
here. Then for the global stability of Ej, we have the following result.

Theorem 13. For any T > 0, the disease-free equilibrium, Eq, of Model (28) is globally asymptoti-
cally stable if Rl < 1.

Proof. Define

Lo(t) = il + () + f; [ SEUE) LePrllg5)qs

it 1+a(I(3) + A(5))

@B i) o _ ™ . _ cfi(pto)tapst
where fi = S TG s) 0 2 = e 8= et s)

derivative of Ly(t) along the positive solutions of Model (28) yields that

. Calculating the time

dLo(t) _ e (c1pil(t) + cap2Alt)) (~h 5(t)

- 01+ a(I(t) + A(t))

at S - so) < e (1 Bl(F) + caPaA(E)) (Rl — 1).

Therefore, under the assumption ﬁg <1, we have dLgt(t) < 0. Additionally, it can be

easily verified that S(t) = Sp, I(t) = 0, and A(t) = 0 hold when dZC(l,t(t) = 0. Hence, the

singleton {E} is the largest compact invariant set in {(S(t), I(t), A(t)) € RS : dzc?t(t) =0}.
As aresult, by employing LaSalle’s invariance principle, we can conclude that Ey is globally
asymptotically stable when R < 1. This completes the proof. [

Further, on the local asymptotic stability of E*, the following result is established.

Theorem 14. For any T > 0, the endemic equilibrium, E*, is locally asymptotically stable if
RE> 1.

Proof. The characteristic equation of Model (28) at E* is

Clﬁll* + CzﬁzA*
A
( A Ay

+;4>(A+y+€+51)(/\+;4+52)—(/\+;4)(;1+§+51)e)‘T

(30)
" [c2Bo(1+al*) —acy By I'[GI" + [c1f1 (1 + aA”) — acofp A[(A + i+ 62) 1" 0
(1+0((I*+A*))(C1ﬁ11*+€2‘32A*) ’
Note that {I* = (u + J,) A*, Equation (30) becomes
I* A*
pp QP T ebe AT N e ) A 4 8) — A+ W) (A E ) A+ e
1+a(l* + A%) -

+(A+y)(ﬂ+é+5l)e“(( ofl’ oAyt o)l capoA >=o.

J’_
T+a(I*+ A%))(c1prI* + 22 A*)  c1frI* + c2fr A*
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Now, we make the claim that all roots of Equation (31) have negative real parts. If
this is not the case, then there exists a root Ay = x4 + iy4 with x4 > 0. In this situation, if
Rg > 1, it is obvious that

C]ﬁll* + CzﬁzA*
1+a(l* +A%)

Ay +

+y‘ >|A+ul, M+p+c+a|>p+c+a], 1> ‘e*“f

This yields from the above inequalities that

<A4+y><y+¢+él>e—M((

Cl,Bll* + C2,52A*
1+ a(l* + A¥)

>|(Ag+u)(p+E+01)(Ag+ p + Gp)e M7

0(61*+06(A4+‘1/l+52)1* C2132A4A* )
T+a(I* + A%))(c1fiI* + c22A*)  c1fi]* + cofrA*

+(/\4+ +V)(A4+ﬂ+§+5l)()\4+#+52)

This contradicts Equation (31). Therefore, we can conclude that all roots of Equation (30)
have negative real parts, indicating that E* is locally asymptotically stable. The proof is
completed. O

Remark 8. In this section, almost complete conclusions about the dynamics of the coupled slow
time model (28) have been established. Specifically, Eq is globally asymptotically stable if 7@5 <1,
and, zfﬁg‘ > 1, the unique endemic equilibrium, E*, is locally asymptotically stable. In fact, E* is
globally asymptotically stable if ﬁ’a > 1, which will be verified in numerical simulations. Howeuver,
the construction of a suitable Lyapunov functional to prove the global asymptotic stability of E*
remains an interesting open problem.

5.2. Uniform Persistence

We are now proceeding to analyze the uniform persistence of Model (28). To do
so, let us denote S(t,0), I(t,0) and A(t, 0) as the solutions of Model (28) with an initial
function ¢ = (01,02, 03) € C([—7,0],R3). For any t > 0, we define (S;(0), I;(0), At (0)) =
(S(t+6,0),I(t+6,0), A(t +6,0)), 0 € [—7,0]. Furthermore, let X := {(01,02,03) €
C([-7,0LRY) : 02 # 0,03 # 0},0X := C([~7,0, R} ) /X = {(e1,02,03) € C([-7, 0], R} ) :
02 =0, or 93 = 0}. Then, we can draw the following conclusion.

Theorem 15. Assume that R}, > 1, then there exists a constant ¢ > 0 such that solution S(t, o),
I(t,0), A(t, 0) of Model (28) with initial function ¢ = (01,02, 03) € X satisfies liminf; ;e S(t, 0
> ¢ liminfi 0 [(t,0) > ¢ liminf; o A(t, 0) > &

Proof. Considering the solution u(t,0) = (S(t,0),1(t,0), A(t, 0)) of Model (28) with the
initial condition (29), we can derive the following expression from the first equation of
Model (28)

BU) _ py— (Billt,0) + B2l 0) + WS(E0) > Ay~ ((ﬁl +pa)Tt+ ﬂ)SM)‘

24
(Br+B2) Apt+p?’
which implies that S(t) exhibits uniform persistence. It is evident that the set X serves as an

invariant set for Model (28). Define W, = {0 € C([—7,0],R3.) : (S¢(0), I:(0), At (0)) € 9X,
Vt > 0}. Let Wy = {Eg}. It is obvious that Wy C Ugyew,w (o), where w(go) represents the
w-limit set of solution (S¢(00), It(00), At(00)) with the initial value u(0) = gy. Given any
0 € W, it is observed that (S¢(0), It(0), At(0)) € W, for all t > 0. Consequently, I(t,0) =0
or A(t,0) =0.

According to the comparison principle, we have liminf; ,. S(t,0) >
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dL(t,0) _

(c1B1(p + 62) + c2B28) (c1B1I(t, @) + c2B2A(t, 0))

If I(t,0) = 0, then, we have A(t,0) = 0, by means of the second equation of Model
(28). Therefore, Model (28) is reduced to

ds(t,0)
dt

= Ay —uS(t Q). (32)

From (32), we can obtain lim; . S(t,0) = So. Thus, w(0y) = {Eo}.

If A(t,0) = 0, then by examining the third equation of Model (28), we can derive that
I(t,0) = 0. In a similar manner, we can also obtain (32), thus lim;_,« S(t,0) = Sp, which
further suggests that w(gp) = {Eo}. From the foregoing discussion, we can easily see that
Wo D Ugyew,w(0o)- Consequently, Wy = Uy ew,w(0o)-

Next, we prove that K*(Eg) N X = @, where K’(E) is the stable set of Eo By contra-
diction, assume that there exists a ¢ € X such that lim;_,e u(t, 0) = Eg. Since R > 1, there
is a sufficiently small ¢ > 0 such that

(c1B1(p + 02) 4 c2B28) (So —€)e T
(u+02)(n+¢+01)(1+2ue)

—-1>0.

Hence, with this chosen value of ¢ > 0, there exists a t* > 0 such that S(t,0) > Sp — ¢,
I(t,0) < e, and A(t,0) < ehold for all t > t*. Define

L(t,0) = fil(t,0) + LA(t Q) + f3 /t; Cﬁi(( )(Jr) CZM‘(L‘S) S(5)ds.

Then lim; ;o L(t,0) = 0. When t > t*,

dt

(u+o)(u+é+o1)A+a(lto)+A(ta))
(Cl,Bl (,‘M + &)+ Czﬁzg)(so _ S)ef;rr

f(tlg) — (c1B11(t, 0) + c2B2A(t, 0))e'T,

(1 +62) (p+ ¢ +01) (1 + 2ae)

— 1) (c1B11(t, 0) + c2B2A(t, 0))e!".

Obviously, dL(t’Q) > 0 for all + > t*, which implies that L(t,¢) is an increasing

function on t > t*, and hence lim;_ L(£, 0) # 0. This is a contradiction. Thus, we obtain
K°(Ep) N X = @. According to the theory of persistence for dynamic systems, it is clear
that for each ¢ € X there exists a positive constant, ¢, such that liminf;_,. S(t,0) > ¢
liminf; o I(t,0) > &, liminf; , A(f,0) > e. Consequently, the positive solutions for
Model (28) exhibit uniform persistence. The proof is finished. [

6. Dynamics of Coupled Slow Time Model with Immune Response and Stable
Periodic Solution

In this section, we investigate the slow time model with an immune response in the
host, where the delay, 12, does not play a role in its stable interval until a stable periodic solu-
tion guaranteed by < 0 occurs in Model (4). In this case, the state (T(s), T*(s), V(s), B(s))
of the fast time model has reached its stable periodic solution. Therefore, f1(V(s)) =
a1V (s) = a1V (et) := B1(t) is the periodic function with period w. Similarly, B,(V(s)) :=
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Ba(t),61(V(s)) := 61(t), 62(V (s)) := b(t) are also periodic functions. And thus, Model (1)
can be written as follows, a periodic system,

dS(t) _ , _api(tlt) + b (A

Tar h T+a(I(t) + A(D) (5) = 1S(®).
dE(t)  cpfi(t—1)I(t —7) +c2fo(t — T)A(t —T) .
- T l—l—oc(I(t—T)jj(t—T)) S(t—m)e” ™ —pE(®)
c1f1(H)I(t) +cafa(t)Alt) S(1)
1+ a(I(t) + A(t)) ’ (33)

dI(t)  cifi(t—1)I(t —T) 4+ cofo(t — T)A(t — T) .

T Tl AT S(t=m)e”

—(u+g+a(t)I(),

20— a1 - (e &) A0,

Since the S, I, and A equations in Model (33) are independent of the variable E, it
suffices to study the following model

aS() _ a0 + espa(t)AQ)
T w0 B Rl

d(lj(tt) _ apu(t —12&(51@7_) ;L)Ciﬁjg’; - z))‘)q(t Z DSt — )T — (4 &+ 8 (1)I(E), (34)
WA 1)~ (e +-aa(e) A,

Here, B1(t), B2(t), 61(t), and d5(t) are w-periodic, continuous, and positive functions.

6.1. Basic Reproduction Number

We now apply the method developed in [41] to derive the basic reproduction number,
Ro, for Model (34), and then give a characterization of R. Letting I = A = 0 in Model
(34), one obtains

ds(t)
—— = Ay, — uS(t).

T n— pS(t) (35)

As a result, Model (35) admits a unique globally asymptotically stable equilibrium

%, that is, Model (34) exists as a disease-free periodic solution, Ey(t) = (S*(t),0,0), with

periodic w, where §*(t) = % After linearizing Model (34) at Ey(t), we derive the periodic
linear equations as follows

déi(:) = 21 (D)I(t— ) + X2 () A(t — T) — 23()I(D),
dA(t) -
=g = a1 —xs(HA®),

where x1(t) = c11(t — T)S*(t)e T, xa(t) = c2Ba(t — T)S*(t)e M7, x3(t) = u+ &+ 61(t),
x4(t) = & x5(t) = p+ 6»(t). Define C = C([—7,0],R?) and C™ = C([-7,0],R3). It can
be established that (C,C*) forms an ordered Banach space, equipped with the maximum

norm and the positive cone C*. Let v = (v1,v;) : [~T,5) — R? be a given continuous
function with ¢ > 0. We define v; € C as v:(0) = (v1(t+0),v2(t +6)), forall t € [0,7),
6 € [-1,0]. Let

. xl(t)1/71(—T)+X2(t)l/J2(—T) . X3(t) 0
sy = (10N R ) o= o)
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where F : R — £(C,R?) and V(t) is a continuous 2 x 2 matrix function on R.

Let C,, be the ordered Banach space of all continuous and w-periodic functions from
R to R?, equipped with the maximum norm and the positive cone C; := {v € C, : v(t) >
0,Vt € R}. According to [41] (Section 2), we define

Lo](¢) = /O°°c1>(t,t _S)F(t — §)o(t — 5+ -)ds,

forallt € R, v € Cy, then L : C, — C,, is a linear operator. And the evolution matrix
d(t,5),t > § satisfies

%cb(ts) =-V()®(t,35), Vt>35 and®(535) =1, V5€R,

forall 5 € R, where [ is the 2 x 2 identity matrix. Therefore, one can easily deduce that

—f;x (r)dr
d(t,3) = (e ’ 0 )

0 o Ji xs(r)dr
And the exponential growth bound of ®(t,5) is defined as
& (P) = inf{a Dt +5,8)] < Me®, IM > 1, Vs ER, t > o}.
Note that || ®(t +35,5)| < max{e” (FHE+! o= (1+2)1} then
@(®) < —min{p++01, p+o},
where §; = mine(g,,{01(t)}, 62 = mine (g, {62(t)}. Therefore, F(t) : C — R? is positive

in a way that can be interpreted as F(t)C* C R2, —V(¢) is cooperative, and &@(®) < 0.
And one can calculate

e s (b 8oy (-5 — 1)+ xa(t— S)oa(t—5— 1)) 4.
[Lo](t) = /0 ( IO 50 (1 9 ds

e Jiseexs(dr (e (4 =5+ 1)o1(t—8) + 0ot =5+ 7)ot —5))ds
2 e sy (1 — 5)oy (¢ - 5)ds

/ K(t,5)0(t —5)ds, Vi€R, v=(01,0) € Ca,
0

where, if 5 > T, then

7

K(t §) _ e~ fLHTXS(”)del (t — 3+ T) e~ fft,s’ﬂxB(”)d”xZ(t - T)
,8) = o ftt_§x5(7)drx4(t _ §) 0

and if § < T, then

o 0 0
K(t’s)i g_fri§x5(")drx4(t_§) 0/

According to [41], we have Ry = r(L), where r(L) represents the spectral radius of L.

Let P(t) be the solution maps of (36), thatis, P(t)ip = us(¢), t > 0, where u(t, ) is the
unique solution of (36), with ug = ¥ € C([—7,0],R?). Then P := P(w) is the Poincaré map
associated with (36). Let r(P) be the spectral radius of P. By the arguments shown in [41]
(Theorem 2.1), we have the following conclusion.

Lemma 3. The sign of Ro — 1 is the same as the sign of r(P) — 1.
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6.2. Threshold Dynamics

In this subsection, we aim to analyze the global dynamics of Model (34) with respect
to Ro. Let Z = C([—7,0],R3), ZT = C([-7,0], R%), then the following Lemma 4 holds.

Lemma 4. For any ¢ € Z%, there exists a unique nonnegative bounded solution, u(t, ), of
Model (34), with ug =  for all t > 0. Moreover, Model (34) gives rise to an w-periodic semiflow
Q) =u : ZT — Z7, that is, Q()Y = u(y) for all t > 0, and the semiflow Q := Q(w)
possesses a strong global attractor.

Proof. For any = (¢, ¢, ¢3) € Z", we define

Ay~ B AR 1.(0) — jupa 0)
fty) = | AP S (—0)e I — (i T+ 81(1) s (0)
E3(0) — (u + 02(t)) 4 (0)

As f(t,) is continuous in (¢,9) € Ry x ZT and Lipschitz in i on all compact subsets
of Z™, it can be inferred from [35] (Theorems 2.2.1 and 2.2.3) that Model (34) admits a
unique solution, u(t, ¢), on its maximal interval, [0, oy ), of existence with initial condition
ug = .

Let ¢ = (1, ¢, ¢3). If ;(0) = 0, i € {1,2,3}, then f;(t,¢) > 0. By employing [42]
(Remark 5.2.1 and Theorem 5.2.1), for all ¢ € [0, 0y ), the solution, u(t, ), of Model (34) is
unique with initial condition uy = y fulfilling u;(y) € Z*. Define

_ . _ [0 aaPi(8)¢3(5) + caPa(5)Pa(S) | o\ s
X = {gbec([—r,o],Ri).@(O) _/4 ! 11H3(¢3(§)+2;4(§) 45 b1 (5)et ds}.

It can be readily deduced that, for any ¢ € X, (33) has a unique nonnegative solution,
v(t, ¢), which satisfies the initial condition, vg = ¢, for all t € [0,0y). Let N(t) = S(t) +
E(t) + I(t) + A(t). Consequently, S8 — A, — uN(t) — &, (8)I(t) — 52()A(E) < Ay —
uN(t), for all t € [0,0y). Hence, S(t), E(t), I(t), and R(t) are bounded on t € [0, 0y). It
implies that oy = +o00 [35]. Then we have

dN(t)

A uN(t) — 81 ()I(t) — 8o () A(t) < Ay, — uN(t), t>0. 37)

Thus, the global stability of S*(t) for (35) and the comparison argument imply that the
solutions of Model (33) with initial values in X, and hence Model (34) in Z™, are ultimately
bounded and exist globally on [0, +o0). Consequently, Q(t) : Z+ — Z™ is point dissipative.
It is worth noting that, for all t > 7, Q(f) is compact [35]. By applying the results of [43],
we can conclude that Q := Q(w) has a strong global attractor in Z*. O

The solution maps of (36) on Y := C([—7,0],R;) x R, are denoted as P(t). The
Poincaré map associated with (36) on Y is represented by P := P(w). The spectral
radius of P is denoted as r(P). Based on similar arguments presented in [44]
(Lemma 3.8), it can be concluded that 7(P) = r(P). Furthermore, it can be shown, in
accordance with [35] (Theorem 3.6.1 and Lemma 5.3.2), that P(t) is strongly positive and
compact on Y for t > 37. Selecting an integer 1y > 0, such that ngw > 37, we can use [38]
(Lemma 3.1) to deduce that A = r(P) > 0. Here, A represents a simple eigenvalue of P
with a strongly positive eigenvector, while the modulus of any other eigenvalue is smaller
than r(P). By referring to the proof of [45] (Lemma 1), we can conclude that the following
result holds.

Inr(P) Inr(P)

Lemma 5. Let i = —_— = —_—, then there is a positive w-periodic function o(t) =

(91(t),02(t))T such that v* (t) = o (t) is a positive solution of (36).
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dI(t)

Ay

Next, the threshold condition that determines disease extinction will be explored.
Theorem 16. If R < 1, then Eq(t) is globally attractive for Model (34) in Z.

Proof. For the case of Ry < 1, one obtains 7(P) < 1. Let Pr denote the Poincaré map of the
auxiliary model described below

dfii(tt) = (c1f1(t = T)I(t = T) + c2fa(t = T)A(t — 7)) (S*(t) + €)e™ ", .
dgp EI(t) — (u+62(1) A(t),

Since lim,_,¢+ (Pe) = r(P) < 1, we can fix a sufficiently small constant, € € (0, %),
such that r(P.) < 1. According to Lemma 5, there is a positive w-periodic function
Oe(t) = (01e(t), D2e(t)) such that vi(t) = efe'.(t) is a solution of (38) on C*, where
fle = lnré]Pe) < 0. For any given ¢ € Z*, letv(t, ) = (S(t), I(t), A(t)). In view of (37) and
the global stability of $*(t) for (35), it follows that there exists a sufficiently large integer,
ny, such that nyw > tand S(¢) < §*(t) + ¢, for t > nyw — 1. Thus, for t > nyw, we have

dilitt) < (a1pr(t = T)I(t— 1) + c2falt — T)A(t — T))(S*(t) + €)e 17,
d‘zigt) < CI(t) — (u+62(1)A(2).

Therefore, according to the comparison theorem stated in [42] (Theorem 5.1.1), one
has (I(t), A(t)) < Kvi(t) = Kefe!t(t), for all t > njw, with constant K > 0 satisfying
(I(t), A(t)) < Kvk(t) fort € [nmw — T, nw]. And hence, lim;_,o (I(t), A(t)) = (0,0). More-
over, by using the first equation of (34), we have that lim; . S(t) = % This completes
the proof. O

According to the epidemiological concept, if Rg < 1, the number of infected people
tends to zero over time, and the disease is extinct. Conversely, the disease-free periodic
solution is unstable, namely, no matter the initial state of infection or small the number is,
the disease is persistent and eventually becomes endemic.

Let Xy = {lp (lpl,#Jz, 1/13) e Zt: l/)z(O) > 0 and 1103(()) > 0}, Xy = Z+\X0 = {l[] =
(Y1, 92, 93) € ZT : (0) = 0 or 3(0) = 0}. Then the following conclusion holds.

Theorem 17. If Ry > 1, then Model (34) admits a positive w-periodic solution E(t)(S(t), I(t
A(t)). Further, there is a constant, ij > 0, such that the solution u(t,p) = (S(t),1(t), A(t))
Model (34) with € Xy satisfies lim; 0o (1(t), A(t)) > (77, 7).

),
of

Proof. In the case where Ry > 1, we have r(P) > 1. Recall that Q(t)p = us(y) fort > 0,
where Q := Q(w) represents the Poincaré map associated with (34). Considering the
structure of (34), we can see that Q(#) Xy C X holds for all ¢ > 0. In order to establish the
uniform persistence of Q in terms of (X, 0Xy), let Ps be the Poincaré map of the auxiliary
model given below

dt

dA(1)

dt

= #(1+2 5) (@fr(t =)t = 1) + c2fa(t = T)A(E = 1)) " — (u+§ + 01 () 1(¢),

(39)

= CI(t) = (p + 62()) A(H).

Since lims_,+ r(Ps) = r(P) > 1, we can fix a constant, § € (0, IL”) such that r(Ps) > 1.
In addition, there exists a function, 5(t) = (015(t), 025(t)), so that v}(t) = efs'0s(t) is a

solution of (39) on C*, where fi; = h”(P(s) > 0.
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di()

Given M; = (5%,0,0), where $*() = S* and ¢(8) = 0 for all § € [—T,0], it fol-
lows that Q(t)M; = (S*,0,0) holds for all t > 0, and Q(M;) = M;. Moreover, since
limy_pr, (Q(H)¢ — Q(£)M;) = 0 uniformly for t € [0,w), there is a function, § = §(5),
such that

QWY -~ QWM <6, te 0], - M <.

Claim 1. limsup, ., [|Q"(¢) — M1|| >4, forall € X.

Assuming the claim is false, there exists ¢ € Xy such that limsup,,_, [|Q"(¢) —
M;|| < é. This implies that there is an integer, n, > 1, such that ||Q"(¢) — M1 || < é for all
n > ny. Now, consider any t > npw and write t = nw + t/, where n > ny and t' € [0, w),
we obtain ||Q(t)¢ — Q(t) M| = ||Q(¥)(Q"(¢)) — Q(¥')M;|| < é. Itis easy to see that

’S(t,q))—/;h <5, 0<I(te), Albg) <6, t>nw.

Therefore, for any t > nyw + 7, I(t, ) and A(t, ) satisfy

dA

- ﬂﬁhgz};fs) (11t =T)I(t = 1) + cofo(t = T)A(t = T))e ' — (u+§+61(8)1(t),

> CI(t) = (p +02(£)) A(H).

(40)

where I(t) := I(t,¢) and A(t) := A(t, ¢). Since Q(t)Xy C Xy for all + > 0, we can
choose a small enough v > 0 such that (I(t, ¢), A(t,9)) > voi(t) = vels'ts(t), for all
t € [nyw,nyw + t|. According to comparison theorem [42] (Theorem 5.1.1), one has
(I(t, @), A(t, @) > velstps(t), forall t > npw + T. Thus, limy—e I(t, ) = lim;—,e0 A(t, @) =
00, a contradiction. Therefore, Claim 1 is valid.

This claim implies that M; is an isolated invariant set for Q in Z* and the intersection
W* (M) N Xp is empty, where W* (M) denotes the stable set of M; for Q. Let My := {¢ €
9Xo : Q"(¢) € 90Xy, Vn > 0}. For any given ¢ € My, Q" (¢) € 90X, for all n > 0. Therefore,
I(nw, ) = 0or A(nw, ¢) = 0. Since, for all t > 0,

dI(t)
Sdr

dA(t)

> (et g+, o

> —(p+02(t))A(t).

We conclude that, if I(ty) > 0, or A(tp) > 0 for some ¢y > 0, then I(f) > 0 or A(f) >0
for all t > ty. It implies that I(t,¢) = 0 or A(t,¢) = Oforall t > 0. If I(t,¢) = O for
each t > 0, according to the first and third equations of (34), we see that A(t,¢) — 0 as
t — oo, and thus S(t, ) — S* — Oas t — oo. If I(tg, ¢) > 0 for ty > 0, the second equation
of (34) implies

a5

t —
I(t, ) > I(ty, p)e JaFTEFAENE - g

forall t > t. Hence, we can conclude that A(t, ¢) = 0 forall t > ty. Using the first and third
equations in (34), there holds that A(t, ¢) — 0as t — oo, which results in S(t,¢) — S* — 0
as t — co. So one can establish that w(¢) = M; for any ¢ € M, and M; cannot form a
cycle for Q in 0X,. Based on the acyclicity theorem for uniform persistence of maps (refer
to [43] (Theorem 1.3.1 and Remark 1.3.1)), it follows that Q : ZT — Z™ exhibits uniform
persistence regarding Xp.

Observe that, for any integer n with nw > 7, Q" = Q(nw) : Z+ — Z* is compact.
By [43] (Theorem 3.5.1) and [46] (Theorem 4.1.1), there exists an equivalent norm for Z
such that, for any t > 0, the map Q(t) acts as an a-contraction on Z. Therefore, it can
be inferred from [43] (Theorem 1.3.10) that the map Q : Xp — X possesses a global
attractor Yy, and, within this attractor, Q has a fixed point denoted by ¢* € Y;. Then,
u(t,9*) = (S(t, %), I(t, v*), A(t,¥*)) is an w-periodic solution of (34). And S*(¢) > 0,
I*(£) >0, A*(t) > 0.
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We claim that there exists some t* € [0, w] such that S*(¢*) > 0. If this statement
does not hold, it would imply that S*(t) = 0 for all t > 0, because of the periodicity of
S*(#*) > 0. Consequently, based on the first equation in (34), we would have 0 = %,
which leads to a contradiction. Since

ds () c1fi(B)I*(t) + c2fa(t) A*(t) "
a = _( AP0 A D) “‘)5 ()

we can conclude that $*(t) > 0 for t > t*. Due to the periodic nature of S*(t), it follows that
S*(t) > 0 for all t > 0. By utilizing the third equation in (34) and the fact that I*(t) > 0 for
t > 0, one can deduce that A*(t) > 0 for t > 0. Consequently, (5*(t), [*(t), A*(t)) serves
as a positive w-periodic solution of (34). Furthermore, by making an argument similar to
the proof in [45] (Theorem 5), the practical uniform persistence can be obtained, i.e, there
exists 77 > 0 such that lim e (I(t,9), A(t,¢)) > (77,177). The proof is finished. O

7. Numerical Simulation and Discussion

In this section, some numerical simulations are performed to explain our theoretical
results and examine the effect of delay and immune response on the transmission of
HIV-1 using the Runge-Kutta method in software MATLAB. More specifically, numerical
simulations will be fulfilled for three examples: the first one considers the transmission
dynamics of the coupled between-host model without an immune response, the second case
considers the coupled slow time model with an immune response, in which the immune
delay is in its stable interval, and the third example is dedicated to discuss the impact of the
stable periodic solution formed in the host as a result of the immune delay on the disease
transmission between hosts.

For the convenience of numerical simulations, we also take B;(V) = a;V, §;(V) = ¢;
(i =1,2), as mentioned in Section 4.3 for the first example, and take ;(V) = a;V, 6;(V) =
6;V (i = 1,2) for the last two examples. And the parameter values for the within-host
model were obtained from [11,21,47]. For the between-host model, the parameter values
were derived from [33].

Example 1. The dynamics of the coupled slow time model, where the fast time model is without an
immune response.

In Model (4), we choose parameters as follows: A, = 900, x; = 8.75 x 1077, kp =
3.75 x 1077, e = 0.0129, 5. = 0.52, p = 80, g = 0.053, yip, = 0.4,0 = 0.1 x 107>, = 0.68,
1 =10,c0 =53, =04 x 1074, 7, =04 x 1074, 0 =55 x 1075, 1y = 0.8, » = 3.5. By
the direct calculation, one has R, = 0.4812 < 1. As shown in Figure 2a,b, fll is globally
asymptotically stable, which coincides with the conclusion (i) of Theorem 3.

(@) (b)
"
, =10
Z V\ “ 10°
o 5
o 10 20 3 40 50 60 70 80 90 100
5000 ‘ 4
= k/\ ] 3
° =
o 10 20 3 40 S0 60 70 80 9 100 =, J
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z s l 1 >
= i /
nO 10 20 30 40 50 60 70 80 20 100 0 -
15,000 ~
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Z 1000 - P
o 5000 ~—_ 2000

o 10 20 30 40 50 60 70 80 90 100 - -
T*(s) o o T(s)

Figure 2. The existence and stability of the immunity-inactivated infection equilibrium, Uy, of
Model (4) when Ry, = 0.4812 < 1: (a) the existence of Uy; (b) the stability of ;.

Further, taking the parameters Aj, = 2500, y = 0.0045, 41 =9 x 1072, 4, =9 x 10711,
0 = 02,6, =025 1 =5, and { = 0.66, we can calculate R = 1.0001 > 1 and
Rg = 0.4152 < 1. Therefore, Model (20) has two positive equilibriums, El and Ez, as stated
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in Theorem 9, where one is unstable, and the other is locally asymptotically stable. As
depicted in Figure 3a, the solutions converge to either the disease-free equilibrium or the
positive equilibrium, depending on initial conditions. However, when Aj; = 1900 and other
parameters are fixed, as in Figure 3a, we obtain R = 1.0001 > 1 and Rg = 03155 < 1.
In this case, we find that the solutions with a lower initial value converge to the disease-
free equilibrium, whereas the others with a higher initial value may oscillate periodically,
which can be observed in Figure 3b. Next, we just change the values of parameters as
Ay = 2000, A, = 998, and other model parameters are chosen, as in Figure 3a, and we
obtain R = 0.9995 < 1, and the dynamical behavior is shown in Figure 3c. What is
more, if we tack A, = 990, then R = 0.9915 < 1, which corresponds to Figure 3d.
Clearly, the stability of equilibria given in Figure 3c,d are similar to those in Figure 3a
and b, respectively. These show that the system may exhibit more diverse dynamics,
except for the backward bifurcation, and the basic reproduction number, R, no longer
serves as a threshold condition determining disease persistence or extinction. Lastly, let
ay = 9 x 107, A;, = 1800, with other parameter values unchanged in Model (20). By
numerical calculations, we obtain R¥ = 1.0001 > 1 and R" = 11.8351 > 1. Therefore, from
Theorem 9, Model (20) has a unique positive equilibrium, E. And Figure 3e illustrate that
E is globally asymptotically stable. However, if we take A; = 1800 and fix other model
parameter values as above, then the basic reproduction numbers R = 1.0001 > 1 and
Rg = 5.0528 > 1 can be obtained. In this situation, as shown in Figure 3f, Model (20) has a
positive periodic solution.

(a) (b)
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Figure 3. Dynamics of the full system with different cases, where the different colored lines represent
= 1.0001 > 1and R} = 04152 < 1,
where I(t) may tend to zero or to a constant value, which depends on the state of the infected
individuals at the initial moment; (b) Ry = 1.0001 > 1 and Rl = 0.3155 < 1, where I(t) may
tend to zero or may show cyclic oscillatory behavior and the model admits a Hopf bifurcation;
(0 RY = 0.9995 < 1, which is similar to (a); (d) Ry = 0.9915 < 1, which is similar to (b);
(e) Rg = 11.8351 > 1 and Ry = 1.0001 > 1, the existence and global asymptotic stability of
the endemic equilibrium; (f) RS = 5.0528 > 1 and R = 1.0001 > 1, the existence of a positive
periodic solution, which implies delay induces the Hopf bifurcation.

the trajectories of I(t) with different initial values: (a)
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It is noticed that the existence of equilibria concluded in Theorem 9 and their stability
revealed in Figure 3a—f may indicate the existence of saddle-node bifurcation, backward
bifurcation, and Hopf bifurcation for our coupled slow time model (20). That is, Model (20)
has bistable attractors for Rg < 1 (or R§ < 1), and a unique stable positive equilibrium
for Ry > 1and Rg > 1. These are shown in Figure 4a,b, in which the number of infected
individuals at positive equilibrium is expressed as a function of RY¥ and R}, with the black
solid curve, red solid curve, and blue dashed curve representing the locally asymptotically
stable, conditionally stable, and unstable equilibrium, respectively. Especially, Figure 4a
shows that the model has two positive equilibria, E; and E», in which one is conditionally
stable and the other is unstable for Rj,. < Rf < 1, and has no positive equilibrium for
Rg < Rpe. This implies that the threshold value for disease eradication is not R =1,
but R = Rj. = 0.252. That is to say, the infectious disease may become extinct until
Rg < Rpe. And starting from R’S = R}, with the increase of Ré‘, Model (20) undergoes
saddle-node bifurcation at Ry, = 0.252, forward Hopf bifurcation that changes the stability
of the positive equilibrium, El, from unstable to stable, and backward bifurcation at R" = 1
in turn. When R} > 1, Model (20) has a unique conditionally stable positive equilibrium,
E, which exhibits different dynamical behavior under different values of Rg. That is,
it is globally asymptotically stable for larger Rg, but loses stability for smaller Rg, and
the solution of the model oscillates periodically around it. These complex phenomena
highlight the challenges in the control of disease. Similar to the situation revealed in
Figure 4a, Figure 4b shows that complex dynamic behaviors can exist for Rf < 1, and the
lower bound of the threshold condition for disease control is R = Ry = 0.99838. This
suggests that between-host disease may still persist, resulting from contact with infected
individuals, even though the virus can be cleared within the host. The parameter values
used in Figure 4aare @] = 3 x 10714, 4, =2 x 10714, x; =8.75 x 1078, x, = 3.75 x 1078,
pe = 0.0129, 1 = 0.8, Ac = 500, 6 = 0.52, p = 80, ¢ = 0.053, ppy = 0.4, c = 0.003,
¢ = 0.068, c; = 10, co = 5.3, 71 = 0.00004, r7, = 0.00004, » = 0.00009, A, = 2000,
01 = 0.00055, 6, = 0.85, T =5, c; = 1000, c; = 80, ¢ = 0.2, and & = 0.000005. In Figure 4b,
parameters have the same values as in Figure 4a except that a; = 3 x 10714,

(a) (b)
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Figure 4. Illustration of the bifurcation diagrams, where T is a function of Rg and R, with the black
solid curve, red solid curve, and blue dashed curve representing the locally asymptotically stable,
conditionally stable, and unstable equilibrium, respectively. (a) When Rf > 1, changing Rg, the
saddle-node bifurcation occurs at Rj,, = 0.252. For Rg € (R, 1), there are two positive equilibria,
where one is conditionally stable and the other is unstable; for Rg > 1, there is a unique conditionally
stable positive equilibrium. (b) Changing RB" , the saddle-node bifurcation occurs at Ry, = 0.99838.
The existence and stability of the positive equilibrium for Rf € (Ruwe, 1) is the same as that of the
situation R’S € (Rpe,1).

Example 2. The dynamics of the coupled slow time model, where the fast time model has an
immune response.

Now, we choose the values of parameters in Model (4) as follows: A, = 900,
k1 = 8.75x 1077,k = 3.75 x 1077, . = 0.0129, 5. = 0.52, p = 80, g = 0.053, yp, = 0.5,
o = 0.002, ¢ = 068 ¢ = 10, c; = 53, 51 = 0.00004, 1, = 0.00004, « = 0.000055,
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71 = 0.8, o = 2.8, then the immune-activated reproduction number R, = 19.0010 > 1 and
T, = 3.22 can be calculated. Therefore, the fast time model (4) has a globally asymptotically
stable immunity-activated infection equilibrium, l~12, from Theorem 3, and 172 = =z = 340.
These are shown in Figure 5a,b.

Further, we let A;, = 2500, 1 = 0.0095, 4, = 2.07 x 10710, 3, = 1.07 x 1019, §; = 0.05,
6p =035 1v=05¢ =09, a =055, and replace the 172 = 340 in the coupled slow time
model (28), then ﬁg = 0.3103 < 1. And Theorem 12 suggests that the Model (28) has a
unique equilibrium, Ej, which is globally asymptotically stable. Our numerical simulations
confirm this result, as shown in Figure 6a,b. Next, if we take A;, = 5000, y = 0.009,
i =92x10719 3, =92 x10719, 6 =0.05,6, =022, T =5,& = 0.15,and « = 0.02,
then 7%78 = 10.7084 > 1. As depicted in Figure 6¢,d, the solutions originating from various
initial values converge to the unique endemic equilibrium, E*. Thus, the global asymptotic
stability of E* stated in Remark 8 would be reasonable. Clearly, if immune cells are
stimulated to produce, that is, humoral immunity is involved in host defense mechanisms,
and the immune delay, 1, is in its stable interval, then whether the infectious disease
between hosts is extinct simply depends on whether ﬁg is less than 1.
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Figure 5. The existence and stability of immunity-activated infection equilibrium, Uy, of the fast time
model (4) when Ry = 19.0010 > 1: (a) the existence of Uy; (b) the stability of U,.
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Figure 6. The dynamics of the coupled slow time model (28) with an immune response: (a,b) the
existence and stability of Ep when ﬁg = 0.3103 < 1; (c,d) the existence and stability of E* when
R =10.7084 > 1.

Example 3. The transmission dynamics of the coupled slow time model, where the fast time model
has an immune response and stable periodic solution.

Taking the same parameter values as Figure 5 in the fast time model (4), except for
T = 3.4 > 157 = 3.22 (that is, the delay 1, is not in its stability interval, for more details see
Theorem 5), as shown in Figure 7a, the infection equilibrium, U,, of Model (4) is unstable.
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And the plots in Figure 7b—d show that the solutions starting from a different initial value
gradually move away from U, and eventually converge to a stable limit cycle.

In Section 6, we discuss in detail the dynamics of the coupled slow time model in the
presence of a stable periodic solution for the fast time model (4). Since the exact expression
for the periodic solution (T(s), T*(s), V(s), B(s)) of the model is not available, we obtain
an approximate expression for V(s) by function fitting. This is shown in Figure 8a, where
V(s) exhibits a periodic oscillatory behavior when s is sufficiently large, which is exactly
the starting point for our search for this periodic solution. Fortunately, one can observe in
Figure 8b that the red curve described by function

f(s) = ag+ ay cos(sw) + by sin(sw) + ap cos(2sw) + by sin(2sw) + a3 cos(3sw) + bz sin(3sw)

+ ay cos(4sw) + by sin(4sw) + a5 cos(5sw) + bs sin(5sw) + ag cos(6sw) + bg sin(6sw)
+ ay cos(7sw) + by sin(7sw) + ag cos(8sw) + bg sin(8sw),

where ay = 425.6, a1 = —253.2, by = —3124, a, = —40.24, b, = 128, a3 = 36.29,
by = —6.733, a5 = —5.112, by = —7.529, a5 = —1.208, bs = 1.705, ag = 0.441, by = 0.1249,
a; = —0.00434, b; = —0.1035, ag = —0.02095, bg = 0.003557, w = 0.3099, is established
through the software MATLAB, which fits almost exactly with V(s).

(a) (b)

o 100 200 300 400 500 600 700 800 900 1000
s

(c)

150

100 /7"""";7"""

50 e
™) o 1000 B(s)
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Figure 7. The dynamics of the fast time model (4) with 7, = 3.4 > 7, = 3.22 and 7y = 0.8, where the
infection equilibrium, Uy, is unstable and the model (4) exists in a stable periodic solution: (a) the
time series charts of T(s), T*(s), V(s) and B(s); (b) three-dimensional phase diagram of (T, T*, V);
(c,d) the stability of the periodic solution.

In the following simulations, we take Aj; = 1000, # = 9.0 x 1073, 4; = 2.0 x 10719,
i) = 1.0x10719, 5, =35x1072, 86 =85x10°, 1t =5¢ =06, a = 85x 1073
and € = 0.01 in Model (34). And the estimations for the periodic parameters are given
by Bi1(t) = a1 f(et), B2 = axf (et), 61(t) = é1f(et), and d(t) = d»f(et). Using the above
parameter values and the direct method presented in [48], we can calculate Ry = 0.6685 < 1.
In this case, the HIV-positive individuals, I(t), and the AIDS individuals, A(t), tend to
0, which can be noticed in Figure 9a,b. The plots mean that the disease eventually goes
extinct, which is exactly what Theorem 16 describes. However, if we take Aj; = 2500,
a; =20x1078,4, =1.0 x1078,5; = 3.5 x 1073, 6, = 8.5 x 1073, with other parameters
values unchanged, then Ry = 7.4711 > 1. As ensured by Theorem 17, a positive w-periodic
solution, E(t) = (S(t),I(t), A(t)), exists for Model (34) under this scenario. And the plots in
Figure 9c¢,d illustrate that the disease will persist and exhibit periodic fluctuation eventually.
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Figure 8. Periodic solution fitting: (a) the time series of V(s) of the fast time model (4); (b) the function
fitting of periodic solution V(s), where the curve formed by the black dot represents the time series
of V(s), and the red represents the fitting curve.
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Figure 9. Long-term behaviors of Model (34), where the blue, red and black lines represent the
trajectories of S(¢), I(t) and A(t), respectively. (a,b) The existence and stability of the disease-free
periodic solution Eg(t) when Ry < 1. (¢c,d) The existence of the positive periodic solution E(t) when
Ro > 1.

What is more, with the effect of delay 7, the contact rates, c; and ¢y, on the positive
periodic solutions in the case of Ry > 1 are demonstrated in Figure 10. The plots in
Figure 10a,b suggest that the amplitude and period of the periodic solution of the slow
time model (33) vary with delay. More specifically, in an infection cycle, for the number of
HIV-positive, I(t), as the latency delay increases, the time of the first peak is delayed and
the intensity of the outbreak decreases, while the time of the second peak is earlier and the
peak increases. However, for the number of AIDS patients, A(t), with the increase of delay,
the time when A(t) reach the peak is advanced, and the peak is reduced. The contact rates,
c1 and ¢y, rates have a more significant effect on the distribution of infectious individuals
than latency delay. As the contact rates decrease, although the moment of peak arrival and
the peak value of I(t) do not change significantly, the duration of the high run of infected
cases decreases dramatically, and the peak value of A(t) decreases dramatically.
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Figure 10. The influence of main parameters on the infected individuals I(#) and A(t) for Model (33)
when Ry > 1: (a,b) the effect of the latency period 7; (c,d) the effect of contact rate cy; (e, f) the effect
of contact rate ¢5.

8. Conclusions

In this paper, a multiscale dynamical model based on the nested modeling approach
to describe the transmission of HIV-1 is proposed. The model is described by a within-host
virus infection fast time model with intracellular delay and immune delay, and a between-
host disease transmission slow time model with latency delay. The two models are coupled
bidirectionally by enhancing the generation rate of the virus in the host, which is based
on the fact that the viral load will increase by direct contact with infected individuals,
and introducing between-host parameters that explicitly depend on the within-host viral
load. In addition, given the intricacy of the HIV-1 transmission process, in this model, we
divided infected individuals into HIV-positive individuals and confirmed AIDS patients,
and introduced saturation incidence, which makes theoretical analysis more challenging
but realistic. This is one of the highlights of this article. In addition, the results suggest that
the immune response in the host has a great influence on HIV-1 transmission between hosts.
After the virus invades the human body, if humoral immunity does not work or has a weak
effect in the host, the theoretical analysis and corresponding numerical simulation results
in Section 4 show that backward bifurcation and Hopf bifurcation could occur. That is to
say, even if the basic reproduction number is less than 1, the disease may persist or erupt
periodically between hosts, which undoubtedly poses many challenges in controlling the
spread of this epidemic and makes it difficult to treat the disease effectively. When hosts
have an extensive immune response and the time required between viral appearance and
the production of new immune particles is short, the results obtained in Section 5 indicate
that the spread of disease between hosts will be easy to control. In the presence of an
immune response, the basic reproduction number, ﬁg, can be less than 1. If it is possible to
reduce the contact rate with infected individuals, increase the production rate of B cells, and
prolong the latent period of infected individuals, the epidemic can be effectively controlled.
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However, if the time required for new immune particles to emerge in response to antigenic
stimulation exceeds a certain range, which is entirely possible for the mechanism of HIV
infection, then the disease persists between hosts in periodic outbreaks when R is greater
than 1, as can be concluded from Section 6. This is another highlight of this paper and
something that has not yet been discussed in existing multiscale infectious disease models.
In the event of a disease outbreak, it can be more difficult to control the spread of the disease
once it has sustained periodic outbreaks, compared with a situation where the disease
becomes endemic over time. Therefore, taking effective therapeutic measures to maximize
the inhibition of viral replication, shorten the time that antigenic stimulation needs for
generating B cells, and improve immune function is the treatment goal of AIDS. Globally,
more than seventy percent of people living with HIV have undetectable or suppressed viral
loads as a result of antiretroviral treatment, meaning they have a zero or negligible risk of
transmitting HIV to their sexual partners [49].

In order to analyze the effects of immune response and delay on HIV-1 transmis-
sion, factors such as population heterogeneity, social networks, and population mobility
influencing the HIV-1 transmission are ignored in our paper. For example, population
heterogeneity is an important influencing factor in epidemics, since people of different ages
have different behavioral capabilities; therefore, a multiscale model bidirectional coupling
within- and between-host dynamics with age structure is worth investigating. Moreover,
in reality, all individuals are not homogeneously mixed and the probability of an infected
individual coming into contact with others is quite different. Thus, multiscale models for
characterizing the communicable disease transmission on complex networks are also to be
considered in future work.
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