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Abstract: This paper proposes a solution to model fractional behaviours with a convolution model
involving non-singular kernels and without using fractional calculus. The non-singular kernels
considered are rational functions of time. The interest of this class of kernel is demonstrated with
a pure power law function that can be approximated in the time domain by a rational function
whose pole and zeros are interlaced and linked by geometric laws. The Laplace transform and
frequency response of this class of kernel is given and compared with an approximation found
in the literature. The comparison reveals less phase oscillation with the solution proposed by the
authors. A parameter estimation method is finally proposed to obtain the rational kernel model for
general fractional behaviour. An application performed with this estimation method demonstrates
the interest in non-singular rational kernels to model fractional behaviours. Another interest is the
physical interpretation fractional behaviours that can be implemented with delay distributions.
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1. Introduction

Integral operators with power-law-based kernels are usually used to model fractional
behaviour of a physical origin [1-3]. This is the case with the fractional order integration
operator defined with the Riemann-Liouville definition [4]

Pu(®)] = w3 Jo g = fypu(t = Du(t)dT

t (1)
= JonpL(t)u(t — T)dT = npL(t) * u(t)

which involves a power law kernel 7p;(t) = t7~1/T(v). This power kernel can also
be viewed as the impulse response or the Green function of the fractional integration
operator. This operator is then used to define more complex models such as pseudo-state
space descriptions or fractional differential equations or often used to capture fractional
behaviours [5-7]. In a general way, we will say that a system exhibits a fractional behaviour
if its time or frequency response can be fitted by a power law behaviour in a given time
or frequency range. More precisely, as shown in [3], this power law behaviour can be
highlighted using spectral density and autocorrelation functions of the system input-

Copyright: © 2024 by the authors.

output signals.
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However, the above cited kernel is singular in the sense that it tends towards infinity
as the time tends towards 0. As explained in [8], the definition of fractional operators
with singular kernels leads to cumbersome mathematical expressions and the consequent
Attribution (CC BY) license (https:// complications in the solutions of the fractional order differential equations [8]. This class
creativecommons.org/licenses/by,  ©Of kernel is also the origin of several limitations associated with fractional-integration-
40/). based models that have been described in the literature (initialisation issues, infinitely
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small and high time constants, infinite memory length, etc.) [9-13]. It is for these reasons
that some authors have suggested definitions of fractional operators using non-singular
kernels [14-17], as this class of kernel permits most of the above-mentioned limitations to
be solved.

But when it is realized that fractional behaviours (those produced by physical phe-
nomena) and fractional models are two different concepts, since the former designates
a property of a physical system and the latter designates a model class, among a set of
model classes that capture fractional behaviours, then a whole new field opens up, covering
(among other things) the search for new models intended for fractional behaviours, the
study of these new models’ properties, and the search for new identification methods. Some
studies conducted from this perspective have already been reported in the literature [18,19].
The present paper pursues this line of inquiry.

In this paper, we propose to model fractional behaviour without using fractional
calculus and without resorting to a frequency representation of the models and of their ap-
proximation. Classically and in practice, modelling fractional behaviour using a fractional
model identified from time data requires the following steps:

- Select a fractional model represented by a transfer function or a pseudo state space
description with a given complexity (and thus a set of associated parameters);

- Approximate the fractional operators in this model to obtain an equivalent integer
system or a truncated series that permits time simulations, which often leads to a very
high-dimensional integer model;

- Implement a minimization method to find the model parameters that reduce the error
between the response model response and the data.

To use the resulting optimal model (for simulation, control, etc.), the high dimensional
approximation previously mentioned is again used.

In this paper, we model fractional behaviours using integral operators with rational
kernels, which will have the following two advantages:

- Inamodelling approach, the approximation step previously mentioned is avoided
and replaced by the discretization of Equation (1), which is simplified as the proposed
rational kernel is not singular, contrary to #py(f) in Equation (1);

- In comparison to degree n polynomials, the approximation by a degree n rational
function produces a very small approximation error.

As an example of the latter claim, one can mention Newman’s theorem [20], which
shows that the function |¢| can be approximated on [—1, 1] by rational functions of degree

n with an error O (e’K\/E> , whereas it is known that an error larger than K/n takes place

with degree n polynomials.

Moreover, for the power law function {7, it is demonstrated in the paper that a
particular distribution of zeros and poles in the rational kernel allows an accurate fitting
on a time domain range, with a very low number of parameters and fewer frequency
oscillations in comparison to a distribution of exponential functions as conventionally used
in the literature [21-27].

The paper is thus organized as follows. Section 2 deals with the approximation of
the power law kernel Kt ™" by a rational kernel with a particular distribution of poles and
zeros. The advantages of such an approximation are highlighted, which justifies their
use to model fractional behaviours. Section 3 gives the Laplace transform and frequency
response of these kernels. Some improvements in the kernel definitions are also proposed.
In Section 4, the proposed kernel class is used to model a fractional behaviour. The goal of
this section is not to propose a robust identification methodology, but to show the efficiency
of the proposed class of kernel using only a nonlinear optimization algorithm. In Section 5,
we show that the rational kernels considered can also be represented by a distribution of
delays, which is close to physical phenomena such as diffusion, adsorption or aggregation,
which are known to produce power law (or fractional) behaviours. For these phenomena,
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the delays in question are the times required by the reacting agents (atoms, molecules,
people, etc.) to diffuse up to a given abscissa, to absorb or even to aggregate.

2. Power Law Kernel Approximation with a Rational Kernel

In this section, we consider the approximation of a pure power law function of the form
() = K™ 2)
Applying a decimal logarithm to the function #, (t) leads to:

log(17v(t)) = log(K) — v log(t). 3)

We propose to approximate #, (t) by the rational kernel

H]'I\il (tt/ +1>
j i
N ] ]
s (4 +1)

The decimal logarithm of the function #(t) is

n(t) =G

t t
log(77(t)) = log(Co) + jzil log<t, + 1) — 2;111 log (t + 1) (5)
j ]
Att =1, according to (2),
(1) =K (6)
and, according to (4),
H]':1 (tl/ + 1)
1(1) =Co : 7)
(1)

Co=K—rl—£L. ®)

Figure 1 represents the terms #,(t) = log<:, + 1) and 77,(t) = — log(tij + 1) from
j

Equation (5) for t; = t; = 1 as a function of log(t). This figure shows that for t > (t; = 1)

and t > (t; = 1), the functions 7(t) and 77, (t), respectively, tend towards lines of slope of
1 and —1. Based on the work of Manabe [21], Oustaloup [24] and Charef [26], the function
defined by Equation (3), whose slope in logarithm is —v, can thus be approximated by an
alternation of functions 7, (t) and 7, (t) and by imposing the appropriate values of t} and t;.

Figure 2 shows how the functions 7,(t) and #,(t) are interlaced to obtain the desired
slope, assuming that it is required to approximate Equation (2) on the time interval [}, t;,].
It is moreover assumed that the times t;» and t;, which enter into the definitions of 7 () and
11p(t), meet the following equalities:

~~

log(a) = log (t;) —log(t;) and thus & = é ©9)
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(10)

b1
!
£

,) and thus =

i

log(t;11) — log(

log(n7)

(11)

log(t'j+1) —log(t';) and thus r = ap =

log(tj41) —log(t;) =

log(«) + log(p)

101 Lo 10' 10 100 10
Time (s)

102

ti = 1, as functions

’
]

+ 1) for t,

t
tj

— log(

+ 1) and 77,(t)

i3
7
g

log (

Figure 1. Functions 7, (t)

of log(#).

Figure 2. Interlacing of function 11,(t) and 1, (t) (blue line) used in the algorithm for the approximation

of an affine function of slope v (red line).
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If an amount of N functions 7, (t) and #,(t) are used in the approximation, then using
Figure 2, the following equality holds:

N(log(a) +log(B)) = log(t;) — log(t;) and thus (ap)N = N = t (12)

So that function (2) and its approximation have the same slope, the values of times ¢;
and t; must be meet the following equalities:

A A
— = —vand ——— = -1 (13)
log(a) +1og(B) log(a)
that can be combined into:
log () = v thus a = (ap)". (14)

log(a) +log(B)

The efficiency of the above approximation method is illustrated by Figures 3 and 4 for
the power law function (2) with v = 0.5 and K = 10. The following parameters were also
used in this application, N = 7, t; = 1073, t;, = 10%, and the following steps are followed:

1. Computer = "\’/% =10;
2. Computesx =r" =3.162and g = 1 = 3.162;

3. Compute 1%’1 = t; x /B = 5.6234- 1072 and the other t; and t; using Equations (9)
and (10).

3 R ] Ty

2.5

log(n,(t)) 7
log(n(t)) : approximation

0.5 &

log(n,(t) ) and log( #(t) )

102

101 100 | .....1.-01 1¢ 10° 10 | m“105
log of time (s)

-1.5

104 103

Figure 3. Comparison of log(7(¢)) and log(#, (t)) with a logarithmic time scale.
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Figure 4. Comparison of #, (t) and 7 (t).

As in the works of Manabe [21], Oustaloup [24] and Charef [26], the kernel and the
recursive relation we propose thus permit a power law behaviour to be fitted in a given
time range, where [21,24,26] fit it on a frequency range. The interest in working directly
in the time domain will appear in the modelling application of Section 4, as usually data
produced by a real system to model are time data.

The analysis carried out in this section permits us to conclude that the new kernel (4) we
propose can be viewed as a serious candidate for extensions of fractional operator definition
as those in [28-31]. Perhaps the operators that will be formed with this class of kernels
will not be able to be qualified as fractional derivation or integration operators in the strict
sense. But, as stated in the introduction, the primary objective is to have operators capable
of realistically taking into account the memory of real fractional behaviours without falling
under the cost of the limitations mentioned in the introduction.

3. Laplace Transform and Frequency Response of the Obtained Rational Kernel
A frequency representation of kernel (4) can be obtained after its partial fraction
decomposition, which can be written as follows:

N aj ) N 4t
nt)=Co+y —L—~=Co+) . ) (15)
211(é+1) =1 (t+t))
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Let F(s) be the Laplace transform of the time function f(t), namely F(s) = [;° f(T)e "
dt = L{f(t)}, with s being the Laplace variable. As [32,33]:
£d 1V R (sb) with Eiy (x) = / " (16)
t+b ! ! N X 4
then, by analogy,
C
L{nt)} = =0 +Z ~, ajt;e”iEiy (st;). (17)
Note that for Re(x) > 0 [33], so we also have:
Ei T [ 18

See Appendix A for the evaluation of Eij(s), if s = jw (frequency response). Figure 5
shows the Bode diagram of #(jw) for the same example as in Section 2.

140 T T -60 T T
-65 8
i 7ot -
o | e
= [0}
< 1 & 75y g
] =
0] | o
-80 F 8
| 85 1
-60 L ! -90 L L
10 10° 108 10 100 10°
Frequency (rd/s) Frequency (rd/s)

Figure 5. Bode diagram of Laplace transform of function #(t).

A comparison is now proposed between the approximation 7 () given by Equation (4)
and the well-known [21-27] approximation based on a recursive distribution of the expo-
nential that is defined in the time domain by:

1<0+2 aje rfwl (19)

The inverse Laplace transform of the relation of Equation (19) is given by:

N s
Ko 1= (1 i “’;)

X(S): S Hjlil<1+wij)

(20)

with
Wi =rw'jwj =r"w,.
This comparison is shown in Figure 6, in which parameters v and N are, respectively,
chosen equal to 0.3 and 7 for Equations (17) and (20). For a fair comparison, the two

(21)
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Gain (dB)

approximations must cover the same frequency range. The parameters K, r and w’; in
Equation (20) and Cy, r and t; in Equation (17) are thus defined by:

C'o = 0.773,t; = 2.2387 x 10~3 5, r = 10 for Equation (17),

Ko = 0.522,w; = 1.1115% 10~ * rd /s, r = 9.8 for Equation (20).

A comparison with the fractional order transfer function

v
S
Hp (1 * U,)
Hp(s) = —7—v- (22)
(1+2)
h
with Hy = 0.5, w; = 45 x 107 rd /s, wy, = 550 rd /s is also shown in Figure 6.
140 T T -60 T T
120 1
| -65 b
100 Rational
Fractional
sor Exponential i 70 F B
60 - 1 >
40t 1 @ 751 .
S I |
o
20 —
-80 :
oh ]
-20 1 Rational
851 Fractional ]
40 F B Exponential
-60 . L -90 .
10 10° 10° 10° 10° 10°
Frequency (rd/s) Frequency (rd/s)

Figure 6. Comparison of the rational approximation (17), the exponential approximation (20) and the
transfer function (22).

This figure shows that:

- The gain diagrams are similar for the three functions;

- The rational function leads to slower phase changes, mainly in high frequencies (but
the impact on the time response is low as the gain is very small in this frequency range);

- The phase oscillations are much less pronounced with the rational function than with
the exponential sum.

Other fractional behaviours can be obtained by adding an extra pole ty 1 = rfy in
Equation (4). The corresponding Bode diagram is given in Figure 7 and there exhibits a
constant behaviour in low frequency.

The behaviour at the low corner frequencies can be made more abrupt by adding an
exponential function in Equation (4), which becomes:

Hjl\il (; + 1)
0 j et
N
% (4 +1)

The decimal logarithm of function 7(t) is defined by

OTe 23)

t t t
log(1(t)) = log(Co) — ln?il()) + ]-l\il 10g<t4 + 1) - Zszl log<tj + 1). (24)
]
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Partial fraction decomposition of Equation (10) leads to:

N aj —a
n(t) = c’0+2j:1t711 e (25)
(£+1)
As
—at
£d S b = el (t(a +5)) (26)
(5+1)
then,
C (a+9) £
L} = S0+ L e B ((a +5)) (27)

The corresponding Bode diagrams are given in Figure 8.

120 T T 0 T T

-20 1

-30 1

B)

Gain (d
Phase (°)

-50 1

-60 1

-80 | N

-90 L L
10° 10° 10° 10 10° 10°
Frequency (rd/s) Frequency (rd/s)

Figure 7. Fractional behaviour with a constant asymptote in low frequency.

T T 0 T T

10 1

=20 1

30 F N

-40 b :

Phase (°)

-50 1

-60 1

70 F N

-80 7

. . 90 . .
108 100 108 10710 10 10° 10°
Frequency (rd/s) Frequency (rd/s)

Figure 8. Bode diagram of function (22).

Kernel (23) is particularly interesting in a modelling context. Most of the phenomena
modelled are of the low-pass filter type, which justifies the presence of the exponential term
in (23) (the inverse Laplace of a low-pass filter is an exponential function). With this kernel,
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the rational part in (23) is thus used to model the difference between the behaviour to be
modelled (possibly fractional) and the low-pass behaviour provided by the exponential
function. The next section shows the efficiency of kernels (4) and (23) to model fractional
behaviour.

4. Kernels and Model Parameters Estimation

In this section, kernels (4) and (23) are used to model a fractional behaviour produced
by a fractional transfer function supplied by a pseudo random binary sequence. We
propose an algorithm to estimate the parameters used in the definition of the kernels with
a nonlinear optimisation method. Other algorithms, especially for the computation of the
kernel samples from a system input/output dataset using a least square method, will be
presented in another paper.

4.1. Fractional Behaviour to Be Modelled
The data modelled in this part are produced by the fractional model:
Sl
05 0.5 0.5 ’
(1) (5 +1) (1 +1)

The Bode diagram of transfer function (28) is shown in Figure 9 and highlights a
fractional behaviour over a frequency band of five decades.

H(s) =5 (28)

N
o
|

1
N o

Magnitude (dB)
A
(=)

1
o

Phase (deg)
S

-60 . s .
10 102 10 107 10

Frequency (rad/s)

Figure 9. Frequency response of this model (28).

To generate data that will be processed in the sequel, transfer function (28) is supplied
by the pseudo random binary sequence of Figure 10a. Such a signal is currently used
in a modelling context as its frequency content is almost constant over a wide frequency
range. The time response, denoted Y (t), is obtained though the approximation of the
transfer function (28) using a nine poles and zeros distribution of each s’ operator over

the frequency range {10’3 rd/s, 10° rd/ s] , leading to an approximation with a very large

dimension: with 35 zeros and 36 poles. The transfer function output is represented by
Figure 10b.
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0.04- -
0.02-
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£
o
-0.02
-0.0 .
L -0.06- 1
L L 1 1 1 1 L 1 1 -O.GL, 1 1 1 1 1 1 1 1 1
0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Time(s) Time(s)
(a) (b)
Figure 10. Pseudo random binary sequence (a) applied to model (28) and its time response (b).
4.2. Nonlinear Optimization to Obtain Model Parameters
The input/output data set generated in Section 4.1 is then used to find the parameters
of model (29) in which the kernel #(t) is defined by (4) or (23). The goal is not to develop a
robust identification methodology, but just to show that the kernels in Equations (4) and
(23) are able to model a fractional behaviour.
The kernels
bot> + byt +1 byt2 + byt +1 _ b33 + byt? + byt + 1
Mo () = 5 —— () = 5 ————e “and gy () = —5—— (29)
catc +c1t 4+ ¢p ot + ¢t +¢g c3t° + et 4+ c1t 4+ ¢g
are thus considered. To find the set of five, six and seven parameters {a, by, by, b3, co,c1,¢2,c3}
depending on the kernel considered, a nonlinear Levenberg—Marquardt optimisation
algorithm is used to minimize the criterion:
1 «N, 2.
€q = ﬁZk:l (Y(KT,) — Yestim; (kT.))" i € {1,2,3}. (30)
S
where N; is the number of samples and Y, (kTe), i € {1,2,3} is computed according
to relation ,

Yeain () = [ 1o (¢ = T)u(r)ar Q)
after integral discretisation in which the kernel involved is 774, (t). The parameters and the
criterion values obtained are given in Table 1. As the optimization domain defined by
Equation (3) is not convex, there is a risk with this parameter estimation method that the
minimization algorithm will become stuck on a local minimum.

Table 1. Parameters associated with kernels 74 (t) and criterion values.
a bl bz b3 () c1 Cy Cc3 Eqi
Hay (1) 1.329 x 107 57.44 0.1121  1.604 x 10°  4.827 x 10° 3.952 x 107
a,(t) 02018 2.188 x 10>  2.046 x 10% 0.1031 2.003 x 10>  8.891 x 10° 2.056 x 10~7
Has (1) 3.683 x 10° 8747 x 10° 2.247 x 10°  0.0843  1.059 x 108 2.768 x 1019 2.709 x 1011 3.484 x 1078

The signals Yo, (f) and Y(t) are compared in Figure 11, which also shows the
modelling absolute error. This figure reveals the ability of kernels such as (4) or (23) to
model fractional behaviours with a small number of parameters.
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Figure 11. Comparison of Y (£) and Yo, (1) @) Yestimy (£), () Yectim, (£), (6) Ystims (1) and associated
absolute error.

5. Physical Interpretation and Realisation

Using Equation (16), an interpretation of the kernel in terms of delay distribution is
possible. According to Appendix A, Equation (16) is indeed valid in the frequency domain,
namely if s = jw. The following approximation is thus possible:

) 0 ,—jC ) —jwb(1+kAu)
jwb / e A ~ jwb\ e )
e, T e A (32)
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This relation can be rewritten as:
pfob /1 ” e_?b g~ Y —el_flir:. (33)
This result can be applied to Equation (15), thus making it possible to write:
n(jw) ~ ]% AR % (34)

This relation clearly highlights that the kernel # () can be approximated by a series of
delays, which can be compared to the analysis made in [34]. In [34], a probabilistic interpre-
tation of fractional operators leads to their approximation in terms of delay distribution. It
was shown that the approximation of fractional operators in terms of the distribution of
exponential functions (or poles and zeros distribution) struggles to explain a large number
of physical phenomena producing fractional behaviours. In these phenomena, such as
diffusion, adsorption or aggregation, the fractional behaviour is produced by the stochastic
behaviour of a large number of agents (atoms, molecules, people, etc.) that evolve in a
constrained space to achieve a common goal (cross a material section in the case of dif-
fusion, find a place on a surface in the case of adsorption, cling to a cluster in the case of
aggregation, etc.). The delays characterise the time necessary for these agents to reach this
objective and the coefficient which accompanies this delay characterises the density of the
agents concerned.

This physical interpretation is now illustrated in the case of water diffusion. As shown
by Figure 12, the medium is assumed to be constituted of channels of various lengths.
Before the water hits the medium, the channels are assumed to be empty of fluid. When
the fluid pressure P(t) appears at the input side of the medium, it creates a flow inside the
channels such that the total flow at the output side, denoted Q(¢), is the sum of the flow
produced by each channel, denoted Qi (t):

Q(t) = Y, Qk(b). (35)

Input side

Quitput side

JOESWNG
k

Figure 12. Interpretation in terms of time delay distribution of the fractional behaviour produced by
diffusion phenomena.

Each flow Q(t) depends on the pressure P(t) and on the inverse of the hydraulic
resistance Ry of each channel. Moreover, due to the difference in the length of the channels,
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each flow Qg (t) reaches the output side with a time delay Ty depending on the channel
length, thus leading for each Qy(t) for the relation:

Qult) = R%P(t 7). (36)

and thus for the total flux: .
Qt) =), R DT (37)

If Qo denotes the steady state value of the flow Q(f) when P(t) is a unit step, then
with such a modelling approach, it can be said that the coefficients 1/(QwRy) can be
viewed as the probability of having a delay in duration Ty in the fractional behavior
produced by the diffusion phenomena. More physically, 1/(Qe Ry ) can be connected to a
distribution in channel length and to the probability of finding the corresponding channel
in the studied system.

6. Conclusions

In this paper, fractional behaviours are modelled using convolution models involving
a rational kernel. If the fractional behaviour is a pure power law function, a particular
rational kernel made of recursively linked poles and zeros permits an accurate fitting on
a time domain. This fitting solution is similar to the well-known one commonly used to
approximate the behaviour of a fractional integrator in the frequency domain. But it is
observed that the time domain solution here proposed produces less significant gain and
phase oscillations for the same number of parameters (zeros and of poles). An identification
method is also proposed in this paper to find the rational kernel parameters in the case
of any fractional behaviour (not a pure power law function), making it possible to work
directly in the time domain. It is applied on data generated by a fractional transfer function
supplied by a pseudo random binary sequence. The interest in the proposed rational
kernels is highlighted by this application. The rational kernels that we have used also
permit a physical interpretation of the modelled phenomena. Using Laplace transform, it is
shown that the rational kernels studied in the paper can be realised by a series of delays.
This realisation is close to the probabilistic interpretation of the fractional behaviours made
in [3,34], with a physical meaning in relation to phenomena such as diffusion, adsorption
and aggregation, which are known to produce fractional behaviours. This work is an
additional illustration that fractional behaviours can be modelled using tools other than
those involving fractional calculus.

The authors also have to now consider additional real-life fractional behaviour in
order to clearly identify the limits of the use of non-singular rational kernels in modelling
situations and to consider possible significant changes over time in the modelled system
behaviour or possible nonlinearities. The authors also intend to develop other parameter
estimation algorithms and thus discretisation strategies [35]. We also want to develop
tools to analyse the properties of the convolution models (such as the one given by Equa-
tion (31)) involving rational non-singular kernels in terms of stability, controllability and
observability.
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Appendix A. Appendix Evaluation of the Exponential Integral on the Imaginary Axis
According to [32], the exponential integral function is defined by [33]:

0 o—(
Eiy(x) = / %dé with |argx| < 7 (A1)

where x = z + jw. The integral converges if the upper limit is coe/* [36], and is independent
of a as long as —% <a< % Let ¢ = j7, and then Equation (A1) becomes

) eij

Ei1(z + jw) = / dat, (A2)
w—jz T
and thus )
Eiy(z + jw) = / cos() g _j / sin(T) g (A3)
w—jz T w—jz T

Introducing sine and cosine integral function with |argx| < 7, respectively, is defined
by [33]:

Ci(x) = /x ” @aﬁ and Si(x) = /0 ! Si”T(T) 4t with — /x ” Si”T(T) dt = Si(x) — g (A4)

Equation (A2) becomes for z = 0
.y . (e s
Eii(jw) = —Ci(w) +](SZ((U) - E)' (A5)
This last relation permits us to evaluate the frequency resulting from of Eiq(s), with s

being the Laplace variable.
For z = 0, Equation (A3) also becomes the following:

[e9) (e ) . 00 ,—]T
Eir(jeo) = | Mdr—j/ ST gy -/ i (A6)
w T w T w T
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