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Abstract: Some fundamental properties of the Muckenhoupt class A, of weights and the Gehring
class G4 of weights on time scales and some relations between them will be proved in this paper.
To prove the main results, we will apply an approach based on proving some properties of integral
operators on time scales with powers and certain mathematical relations connecting the norms
of Muckenhoupt and Gehring classes. The results as special cases cover the results for functions
following David Cruz-Uribe, C. J. Neugebauer, and A. Popoli, and when the time scale equals the
positive integers, the results for sequences are essentially new.
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1. Introduction and Background

In this article, we employ the calculus on time scales to prove some properties of
Muckenhoupt and Gehring weights and some relations between them. The study of
dynamic equations and inequalities on time scales has been developed by Stefan Hilger
in [1]. The two books by Bohner and Peterson [2,3] have summarized and organized most
time scale calculus. A time scale T is an arbitrary nonempty closed subset of R, the set
of real numbers. The three well-known time scale calculus are differential calculus when
T = Z., differential calculus when T = R, and quantum calculus when

T ={q":n €Ny}, where g4 > 1.

We assume that a time scale T has the topology that it is inherited from the standard
topology on R, the set of real numbers. The backward and forward jump operators defined
on T are given by p(&) :=sup{n € T : 7 < ¢} and ¢(¢) := inf{y € T : y > {}, respectively,
where sup ¢ = inf T. We define the time-scale interval [a,b] 1 by [a,b] T := [a,b] N T. The
graininess function y for a time scale T is defined by 1(§) := 0(¢) — ¢ > 0, and for any
function ¢ : T — R, the notation 97 (&) denotes ¢(c(&)). Recall the following product and
quotient rules for the derivative of the product ¢ and the quotient ¢/ ¢ of two (delta)
differentiable functions i and ¢

Ao A
(¥e)® =g+ 979" = po° + 997, and (%)A —re-ye,

1
pe (1)
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where p¢” # 0,and ¢” = (¢ o 0). The (delta) integral is defined as follows: If $* (&) = ¢(&),
then the delta integral of ¢ is given by foé o(n)An == ¢(&) — ¢(0). The Cauchy integral

= fogqo(iy)my exists, 0 € T, and satisfies ¢*(&) = ¢(&), for & € T. A simple
consequence of Keller’s chain rule is given by (see [2])

S [ @+ (- IO A @), @

and the integration by parts formula on time scales is given by

[ @0 @r = @90l - [ 9@e* @ forabe T @

We say that i belongs to L* ([0, c0)T) provided that

1/a
lseomrm = ([ 10001 81) <0 if1 <<

Holder’s inequality on time scales is given by

/S p(n)p(n)Ay < (/S 1}?“(17)A17>1a<./5 goﬁ(ﬂ)An)é, @

fora >1land1/a+1/p =1and S C [0,00)y. We say that ¢ satisfies a reverse Holder
inequality if for « > S there exists a constant C > 1 such that the inequality

(é/sllf“(ﬂ)Aﬂ); <C<|;|/S¢’5(f7)An>éf ®)

holds for S C [0, o). The Jensen inequality for convex functions is given by

1 1
= IEE Ay 6
¢(|5|/5¢(11) 17) < 757 Js ¥lelm)an (6)
A special case of (6), when 1p(x) = x%, we have the inequality
(157 fomsn) < & [otona o
5] s PUDAT = T5] s ¢ VAT
fora < 0ora > 1,and fora € (0,1), we have that
(57 fotman) = 2 [orma ®)
5| s PUDAT = 15| s ¢ VDA

We assume that a weight 6 is a non-negative locally A-integrable weight defined on [0, co)p
and & > 1 be a positive real number and S C [0,c0)y and denote by |S| the Lebesgue
A-measure of S.

The non-negative weight 6 is said to belong to the Muckenhoupt class A, (C) for a > 1
and C > 1 (independent of «) if the inequality

1 L 1-a
m/Se( 17<C<|S|/91 ,7> : ©)

The weight 6 is said to belong to the Muckenhoupt class A;(C) if the inequality

|S|/ n)An < CO(x), forC > 1,forallx € S.



Axioms 2024, 13,98

30f25

The weight 6 is said to belong to the Muckenhoupt class A (C) if the inequality

(i o) fmgy) 2

The weight 6 is said to belong to the Gehring class Gg(K) (satisfies the reverse Holder
inequality) for B > 1 and K > 1 (independent of p) if the inequality

1 B 1
(|S/SG/5(;7)A;7)ﬁ < KE/SG(U)AU, (10)

holds for every subinterval S C [0, o). The weight 6 is said to belong to the Gehring class
Goo(K) if the inequality

x) < K|;| / 6(n)An, forK > 0and x € S,
S

holds for every S C [0, 00)1. The weight 6 is said to belong to the Gehring class G4 (K) if

the inequality
1 0(7) ( 0(7) ) )
exp| =7 log Ay | €K,
<|5| /5 w1 Js6mAn T\ 7 fs60n)Ay

holds for every [0, o). We note that when T = R, the class A, (C) becomes the classical
Muckenhoupt class A*(C) of functions that satisfy

5 ot <e(ig o) o

fora > 1and C > 1 (independent of a) and S C R. In [4], Muckenhoupt proved that if
1 < & < oo and 0 satisfies the A%-condition (11), with constant C, there exist constants 8
and C; depending on & and C such that 1 < f < « and 6 satisfies the AP-condition

(5|/ dt)(\s/Q al df)ﬁ_lﬂclr (12)

for every S C R4. Muckenhoupt’s result (see also Coifman and Fefferman [5]), which is
the self-improving property states that if 6 € A%(C), then there exists a constant e > 0 and a
positive constant C; such that § € A*¢(C;), and

A%(C) C A (). (13)

We note that when T = R, the class Gg(C) becomes the classical the Gehring class GP(K),

1 < B < oo, of functions that satisfy
< ’C<|5|/ (x)dx), (14)

(;I/s 0P (x)dx )

for £ > 1and every S C R,. Gehring in [6] proved that if (14) holds, then there exist & >
and a positive constant K; such that

|5|/ x)dx < IC1<|15|/S(9(x)dx>a. (15)

==
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In other words, Gehring’s result for the self-improving property states that if 8 € GP(K),
then there exist € > 0 and a positive constant Ky such that § € GF+¢(K), and then

GP(K) c GPFe(K,). (16)

The relations between Gehring and Muckenhoupt classes (inclusions properties) was given
by Coifman and Fefferman in [5]. In [7,8], the author proved that any Gehring class is
contained in some Muckenhoupt class and vice versa. In other words, they proved the
following inclusions

GP(K) c A*(K,), (17)

and

AM(K,) C GPL(K). (18)

For more details of the structure of the Muckenhoupt and Gehring classes of weights, we
refer the reader to the recent paper [9,10] and the references cited therein.

When T = Z., the class A,(C) becomes the classical Muckenhoupt class .A*(C) of
sequences. A discrete weight on Z; = {1,2,...} is a sequence ¢ = {#(n)}_; of non-
negative real numbers. The ¢}(Z ) space is the Banach space of sequences defined on
Zy4 ={1,2,...} and is given by

1/p
(7)) = { (De (r)[Pu(r) ) <oo}. (19)

A discrete non-negative sequence ¢ belongs to the discrete Muckenhoupt class A*(C) for
a > 1and C > 1if the inequality

(50 (3

holds for every | C Z,. A discrete weight ¢ belongs to the discrete Muckenhoupt class
AL(C) for a > 1and C > 1 if the inequality

a—1
Y 0 ( ) <, (20)

iA Y 8(k) < CO(k), forallk € J, (21)

|]| kef

holds for every subinterval JCZy and m is the cardinality of the set J. A discrete weight
8 is said to be belongs to the discrete Muckenhoupt class A?(C) for a > 1and C > 1 if the

inequality
Y o)y ot
fer kef

holds for every subinterval | C Z,. Arifio and Muckenhoupt [11] proved that if ¢ is
nonincreasing and satisfies (21), then the space d(9#"/F,B*) is the dual space of the
discrete classical Lorentz space

1/B
dw,m—{ |x||w—(zx W) <oo},

where x*(n) is the nonincreasing rearrangement of |x(n)| and p* is the conjugate of 8. The
class A%(C) has been used by Pavlov [12] to give a full description of all complete inter-

(22)



Axioms 2024, 13,98

50f25

polating sequences on the real line. In [13], the authors proved that if ¢ is a nonincreasing
sequence and satisfies (21) for C > 1, then for a € [1,C/(C — 1)), the inequality

—_

J

}| ) ﬁ(k)) Jfor ] C Z, (23)

kef

Y 8%(k) <G (

kef

holds for every subinterval interval J C Z.. We also note that when T = Z,, the class
Gp(K) becomes that the discrete Gehring class GP(K) of discrete weights that satisfy the
reverse Holder inequality

—_

. 5
(zwk)) < Kz Y 8(K),

’j|kef |T kef

for a given exponent > 1 and a constant KC > 1, for every subinterval | C Z,. In [14],
Bottcher and Seybold proved that if ¢ satisfies the Muckenhoupt condition, then there
exist a constant 6 > 0 and K; < oo depending only on & and ¢ such that the reverse of the
Holder inequality

1+e
Iy wtom < | Lyer] (24)
J kef ]| kef

holds (a transition property) for all e € [0,6] and all | of the form | J | = 2" withr € Zj.

The authors in [15] mentioned that what goes for sums goes, with the obvious modi-
fications, for integrals, which in fact proved the first part of the basic principle of Hardy,
Littlewood, and Polya [16] (p. 11).

Indeed, the proofs for series translate immediately and become much simpler when
applied to integrals, but the converse sometimes is not true.

In recent years, increasing interest has been paid to the study of properties of Mucken-
houpt and Gehring weights on time scales. For example, the authors used the tools on time
scales and proved the self-improving properties of the Muckenhoupt and Gehring weights
in [13] and proved some higher integrability theorems on time scales in [17]. Motivated by
this work, the natural question that arises now is:

Is it possible to prove some new properties of Muckenhoupt and Gehring weights
on time scales, which, as special cases, cover the properties of the continuous and
discrete Muckenhoupt and Gehring weights?

In this paper, we give an affirmative answer to this question. Our main results are
valid on different types of time scales, like T = Z,, T = R and the quantum space
T = {g" : n € Ny}. This paper is organized as follows: In Section 2, we state and prove
some basic lemmas that will be needed in the proof of the main results. Some fundamental
properties of the Muckenhoupt and Gehring classes on time scales are provided in Section 3.
In Section 4, we prove some essential relations between the norms (will be defined later) of
these classes on time scales. Our results as particular cases when T = R cover the results
following David Cruz-Uribe [18], Neugebauer [19], and Popoli [20].

Our motivation for proving these results is our belief of the great importance of
the applications of the fundamental properties of the Muckenhoupt and Gehring classes
in developing the boundedness of operators and extrapolation theorems on time scales.
The applications of class of functions of Muckenhoupt’s type have appeared in weighted
inequalities in the 1970s, and the full characterization of the weights w for which the
Hardy-Littlewood maximal operator is bounded on L}, (R) by means of the so-called the
Muckenhoupt Ap-condition on the weight w has been achieved by Muckenhoupt (see [4]).

The result of Muckenhoupt became a landmark in the theory of weighted inequalities
for classical operators like the Hardy operator, the Hilbert operator, Calderén-Zygmund
singular integral operators, fractional integral operators, etc. On the other hand, the
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extrapolation theorems following Rubio de Francia, that are announced in [21], and the
detailed proof given in [22], have been proved by the properties of A,-Muckenhoupt
weights. The integrability properties of the gradient of quasiconformal mappings of
functions has been developed by Gehring [6] in connection with the properties of weights
satisfying the reverse Holder inequality (Gehring weights).

2. Some Essential Lemmas

Throughout this section, we assume that a weight 6 is a non-negative locally A-integrable
function defined on [0, c0).

Definition 1. We define the operator Mgb, for any non-negative weight 6, by

1

(1 [ )ﬁ
Mg = (\s /59 man ), (25)

for any real number B # 0, where S C [0, 00).

We note that when T = R, and B = 1, the operator (25) becomes the integral Hardy
operator

MS(t) = %/Otf(s)ds, for t >0, (26)

which has been studied by Aririo and Muckenhoupt [23] on the space Lﬁ(RQ and the
characterizations of the weighted function u in connection with the boundedness of Hardy
operator (26) have been established. When T = Z_, and = 1, the operator (25) becomes
the discrete Hardy operator

1 n—1

Mg(n) = kz g(k), forn > 1. (27)
=0

The authors in [24] proved that the Hardy operator (27) is bounded in ¢}, (Z..) if and only
if u € A?(C). In the following lemma, we state and prove some basic properties of the
operator M 59, which will be needed in the proof of the main results.

Lemma 1. If 0 is a non-negative weight and «, B # 0 are real numbers, then the following
properties hold:

1) M_16(n) < M16(1).

(2) Mﬁ@(i]) > M16(n), forall g > 1.
(B) Mpgb(n) < M16(n), forall p < 1.
(4) Mq8(n7) < Mgb(n), forall a < B.

Proof. (1) By applying inequality (7) with « = —1 < 0, we have

<|15|/59(77)A17> B < ,;|/S91(77)A17.

(g/sf’l(v)mﬁ B < |15|/59(17)A17,

which is the desired result.
(2) By applying inequality (7) with « = § > 1, we have

<|;|/5¢9(17)A17)/5 < |;/595(11)&%

Then,
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Then,

1/B
51 A’7<(|s/9 A”)'

which is the desired result.
(3) Since B < 1, we consider the two cases: p < 0and 0 < B < 1.
(a) If B < 0, by applying inequality (7) with « = B < 0, then we have

<|§| /Sewmn)ﬁ <5 [

By taking into account that f is negative, we have

|15|/59(77)A17 > (‘;/Sﬂﬁ(n)Aﬂ)l/ﬁ~

(b) If 0 < B < 1, by applying inequality (8) with 0 < « = B < 1, then we have

(|.51|'/S;9(17)A17)/3 > |:15|/595(’7)A'7
57 feman = (g /Seﬁw)my)w.

This is the desired result.
(4) We discuss three cases: 0 < o < B, a < < 0,and e <0 < B.
(a)If0 < a < B, then B/a > 1, and hence using property (2), we have Mg /,0% > M6

That is,
1 P
— [ B > 7/9‘* A
<|5|/S (1) 77) = 751 Js (11)An

() "= (8 o)

(b)Ifa < B <0, thena/B > 1, and hence, using Property (2), we have /\/l,)(/ﬁ@’3 > M;6P.

That is,
(1/9a( )A)M /9
5] Js” VAT 1s]

Thus, by taking into account that j is negative, we have

(i Leman) " < (& froronan) ™

(c)Ifa < 0 < B, then a/p < 0, and hence using Property (3), we have M,,0F < M;¢F.

That is,
L [emar) <
S A) /9
<|8|/s D 9]

(é[j"‘(ﬂ)M)W < (é/sf)ﬁ(’?)A’?)

From these three cases, we obtain the desired result. The proof is complete. O

Then,

Thus,
1/«

1/a

Thus,
1/B

Lemma 2. Let B be a positive real number. If € Gg(K) for B > 1and K > 1, then Mg < KM,6,
and consequently, M ﬁB < KM,Bforallaw > 1.
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Proof. Since § € Gg(K), then for every interval S C [0,c0), for > 1 and K > 1, we

have that . 1/p .
<|S|/S(9ﬁ(;7)A17> §K<|S|/59(’7)A’7>‘ @8)

By the definition of the operator M p, (28) is written as
Mp < KM, 6. (29)
Furthermore, by Property (2) in Lemma 1, we have
M0 < M,0, (30)
for all &« > 1. By using (29) and (30), we obtain
Mg < KM,6, (31)
for B > 1and all « > 1. This is the desired result. The proof is complete. [

In the following, we prove some basic properties of the Muckenhoupt A,-weights and
the Gehring Gg-weights on time scales.

Lemma 3. If6 € Ay(C), and a > 1, then
M6 < Cexp(M;logh), (32)
holds.

Proof. Since 6 € A,(C) on time scales, for « > 1, we have

1 1 1 1-a
s feonsn <e( g [etman) @)

forall S C [0, c0). By applying Jensen’s inequality for the convex function (x) = exp(x)
and ¢ replaced by

T 080(n),

we have

exp(lla (|Sl|/slog0(17)A77)> < |;/Sexp<11l’élog9(17))A77

= 13 [ omman. (34)

The left-hand side of (34) can be written as follows:

exp(lilx (lé|/510g9(17)A17>> - <exp<|;|/slog9(q)m>>lla. (35)

From (34) and (35), we obtain

exp - log 6(17) An ﬁﬁi 075 (17) A,
(o0 (g7 fromeonan)) ™ < g |
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and then

eXp<|;|/Slog9(17)A77) > <|15|/5911“(77)A17>1“.

From (33) and (36), we obtain

|é|/59(11)A17 SCexp(é/slogG(ﬂ)AW)'

which is the desired inequality. The proof is complete. O

(36)

Remark 1. The lemma proves the inclusion of the Muckenhoupt classes Ay, for « > 1 in the

Ao-class.

Lemma 4. Let 6 be a non-negative weight and B be a non negative number. If 0 € Gg for p > 1, then

ex 1 0() 10( 601) ) ) oo
p<|5/5|15|f59(11)m7 B\ Jootnan ) ™) =

holds for all S C [0, o0).
Proof. If 0 € Gy for p > 1, then there exists K > 1 such that

B/(B-1)

((I;|/S9ﬁ(77)A77>1/ﬁ(|;/59(’7)N7>_1> <K

forall S C [0, )T, or equivalently

. o) B 1/(p-1)
1 7
(|S|/s<;fse<n>my> A”) =

Taking the limit in (38) as § tends to 1, we obtain

:
| L 0(1)
£= ;lm(|s/s<|ls|fse(;7)m> A”)

1/(B=1)

e 0(y) 0(1)
¢ p(ISI /s 1 Js (A bg(éfs 9(’7)A’1>Aﬂ>'

The proof is complete. [

(37)

(38)

Remark 2. This lemma proves the inclusion of the Gehring’s classes of weights Gg in the Gy-class.

3. Properties of Muckenhoupt and Gehring Classes

In this section, we prove some basic inclusion properties of Muckenhoupt and Gehring

classes on time scales.

Theorem 1. Let 6 be a non-negative weight and « and B be positive real numbers. Then, the

following inclusion properties of Muckenhoupt classes hold:

(1) Ay CAgforalll <a<p.
(2) Letl < a < oo, then Ay C Ay C Aw.
(3) Aco = UpcpAy with A = limy—y00 Ay and Ay C Nys1ha.
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Proof. (1) Assume that 6 € A,, then there exists a constant C > 1 such that for all
S C [0, 00)T, we have that

<|;ILG(”)A”> (|s Je= 1(17)A11>M <c.

Since 1 < a < B, we see that 1/(a —1) > 1/(B — 1), and then using Property (4) in
Lemma 1, we have that

M1 67H) = M 1 07 ().

Then, for all S C Sp, we obtain that

c > (@/59(17)&7) (|_1;|/59“11(11)A17>a_1
> (g fommn) (g o7 1(17)A17)ﬁ1,

which implies that 6 € Ag.
(2) Since 6 € A1(C), then there exists C > 1 such that for all S C Sy, we have

|5|/ 1)Ay < CO(p), forall j € S. (39)

By using (39), we have for all « > 1 that

(;' k 90%7) (|;1| J "“‘1(17>A’7)M_1
(m S1Js\ \TsT Js
) C<|ls|/59(ﬂ)m7> (1|/59<’7>A'1>_1 —¢,

which implies that 6 € A, and then A; C A,. Now, assume that § € A,, for « > 1. Then,
by applying Lemma 3, we have

c = <|15|/59(77)A17> [eXp(;/slogW)An)]_l
= (o1 heoman) e (7 1oz zon) |

That is, § € A, which implies A, C Ax.
(3) By Property (2), forany 1 < & < 00, Ay C Aw. Then,

U Ax C A (40)

1<a<oo

Conversely assume that 8 € A and assume, on the contrary, that forall1 < a < o0, 0 ¢ A,.
Then, for all 1 < a < oo, we see that

1

sup (é/f(ﬂ)An) <|15|/59“11(17)Af7>a_ = 0o,
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which, by taking the limit as &, tends to co implies that

sup (157 f00mmn ) (e (57 f108 ) ) =

This contradicts the assumption that 0 € A. Then, § € A implies that 8 € A, for some
1 < a < o0, and hence
be |J A

1<a<o0

Thus,
AwC | A (41)

1<a<oo
From (40) and (41), we obtain Ac = Uj<y<co Aa. By Property (2), forany a > 1, A; C A, then
A C ﬂA“.

a>1
The proof is complete. [

Theorem 2. Let 0 be a non-negative weight and « and B be non-negative real numbers. Then, the
following inclusion properties of Gehring classes hold:

(1) GgCG,xforalllgang.
(2) Geo CGp C Gy foralll <a < co.
(3) G] = Ul<ﬁ§oo Gﬁ,l < ‘3 < oo with Gl (9) = llmlgﬁl(;/g(g)

Proof. (1) If 6 € Gg(K) on a time scale, then there exists K > 1 such that forall S C [0, o),
the inequality

i 1/p 1
o1 LePman ) <k [etna, 4
(S|/S (1) 17) < Kigp s 00n)an (42)
holds. Property (4) in Lemma 1 implies that M0 < M6 for alla < B. Then, for S C S,

we have
1/B

(i Lemar) " < (& foronan) ™" )

Then, by substituting (43) into (42), we have

<|;|/59“('7>A17>1/“ < <|15|/56’3(’7)A77>1/ﬁ < Klél/sf)(’?)A’?-

That is, 0 € G,, which is the desired result.
(2) If 6 € G, then by the definition of G, there exists 0 < C < oo, such that for all
S C [0,00)T,

1
00n) < Crgr [L00n)n, @)

holds. Forall 1 < 8 < oo, by applying (44), we have

L [ ety e 6(17) Ay
<|5| /s ) S| /S

1/B
< <|é|/s<c|,_1;|/59(17)m7)ﬁ> <|15|/59(17)Af7>

1

C<é|/59(’7)A’7) <|15|/59(77)A17> =C.

-1

-1

IN
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Thatis, 6 € Gﬁ, and hence Gy C G/g and the inclusion (G/; C Gy are proved in Lemma 4.
This is the desired result.
(3) From Property (2), we have that Gg C Gy forall 1 < B < co, and then

U Gﬁ C Gq (45)

1<B<co

Conversely, let § € G; and assume, on the contrary, that § ¢ Gﬁ forall1 < B < co. That s,
forall B > 1, we have

B/ (B-1)

oo (g forman) " (5 foonan) ) e e

Taking the limit on both sides of (46) as  tends to 1, we have

o [ exol 2 6(n) 0(1) .
Sclom): ( P<|S|/ L Js00) °g<|;|fse<n>An>A”>>

This contradicts the assumption that 6 € Gy, which implies that 6 € Gg for some > 1
and then

Gc U G 47)

1<B<co

From (45) and (47), we have G1 = U;<g<coip- The proof is complete. [

Here, we prove some additional properties of the Muckenhoupt classes of weights on
time scales. We define the A,-norm of the weight 6 on time scales by

o= o (55 fowan) (g [0 onmn)

and we define Aj-norm on time scales by

We define the As-norm on time scales by

o= (4 o) o oo

and the Gg-norm is defined by

1 ey
[Gp(0)] := Sup l(|5|/9ﬁ(17)m7>ﬁ<|15|/SG(W)AU> T :

Theorem 3. Let 6 be a non-negative weight and « and B be positive real numbers. Then, the
following properties hold:

(1) 6 € A, if and only if o1 A, with {Aar(ﬂlf"‘/)} = [A,X(G)]”‘lfl, where o is the
conjugate of w.
(2) If6 € Ay, for 1 < a < oo, then for each 0 < € < 1 such that 6° € Ay 1.
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Proof. (1) From the definition of the class A, and since 1 —a' = 1/(1 — &) < 0, we have
for C > 1 that

with

This is the desired result.
(2)Letl <a<oo,0<e<landr =eax+1—¢ thenr—1 = e(ae—1) and by
applying Lemma 1 for € < 1. Then, we have

<|1S| /S 66(17)A;7> <|15| [5(95(17))7@’»”
- (b))
e(a—1)

< (o) (o om) e

hence, 6¢ € Agyt1—e. This is the desired result. This completes our proof. [

In the next theorem, we discuss the power rule for weights in the Muckenhoupt classes
on time scales.

Theorem 4. Let 1 < a < oo be a positive real number. Then, the following properties hold:
(1) If0 € Ay, then 0% € Ay, for 0 < o < 1, with [A,(0%)] < [Ax(6)]".

2) If6q,0, € Ay, then re Ay, for0<a <1, wit
01,02 € Ay, then 030} % € A ith
A (01637)] < [Aa(61))* [Au(62)]' .

Proof. (1) For0 < a« < 1and 8 € A, on time scales, we have 1/(a—1) > a/(ax—1) > 0,
and by Lemma 1 for &« < 1forall S C [0, c0), we have

(g1 Letmmn) (g forman)’
= (g Lo won) (7g ew—“w)An))“_l
- (R o) G o)
(;'/56(’7)N7> (é/ﬁﬁ(v)w)(“l)r <c,

thatis, 6% € A,, with [A,(0%)] < [Ax(6)]*. This is the desired result.

-1
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(2) Since 61, 6, € A,, on time scales, we obtain that

l a—1
— [ 0 9“ = A <, 48
and

a—1
H 5 e (,S| o5 <n>An) <0 @9)

where C;,C, > 1. By applying Holder’s inequality on time scales (note that 0 < a < 1)
with1/a > 1and 1/(1 — «) and using (48) and (49), we have

57 00 e ()

(é . el(ﬂ)AU) "‘ <|_1;| J 92(’7)A;7> o
(G o) ) (3 o))
1-a

= 61“621_“<<|;| /Sefl“wmn)a@; / 0, *(n)An)M) : (50)

By applying the Holder inequality on time scales with 1/« and 1/(1 — &) on the term

1 i 1—n
92 - )Al’],
IS\/

we have

&

1 _a 1o
a7 o0 002 ()

< (L Torsopmy) (L [efsonmy) 51
(Lgsl(’?)ﬂ)(sl/sz(ﬂ)n) - (51)
By substituting (51) into (50), and since 1 — a < 0, we have

1-a

1—ua
g7 et et oo < et g [ o ) ar]

- cl“czl—“[g [ nea =+ )“A”T )

This proves that 6;, 6, € A, implies that 0{‘6;*“ € Ay, for0 < a <1, with
|A2(05037)] < [Aa(61))* [Au(62)]"*
The proof is complete. [

Theorem 5. Let 6 be a non-negative weight and « be a non negative real number. If 0 € A, then

1
A erl—l'

Proof. Let 6 € A, then there exists a constant C > 1 such that the inequality

1 1 1—a
E/SG(U)AU < C<|S|/591/(1“)(’7)A’7> , (52)
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holds for all S C Sp. From Property (1) in Lemma 1, we have

-1
<|;|/59(1;7)A'7> < |15|/59(77)A'7,

and (52) becomes

(g om) s [

That is, % € G,/ _;. The proof is complete. [

Theorem 6. Suppose that 1 < a1 < ap < 00,0 < 6 < 1and 01,0, € Ay. Then, the following
properties hold:

(1) Ifa=day+ (1—0)ay, then

-0

(A (863 )] < [, 0] [ (62)], (53)

1-6)a/ay

< [Aay (01)]°%1 [y (62)] (54)

(1-0)a/ap
aaeme, ]

Proof. (1) Since 61, 6, € A,, then

Ay (6560370)

- (|é|/;9§5(77)9%—5(,7)m7) <|;|/5[9l15(17)9%_5(77)]'¥11A;7)a_1
- (I;I/sef(”)(’%ﬁ(”m’?) <|;|/39{“‘51(17)92”(‘1‘1®(77>Af7>m, (55)

forall S C [0,00)7. By applying Holder’s inequality on time scales with 1/6 > 1 and
1/(1 — §), we obtain

1 _
ERIOLNOLY
1-6

< (|,51|'/591(77)A77>5(;|/S‘92(77)A77) : (56)

Since 1 <1 <ap <00,0<6<1,(0<1—-0<1),wecan easily see that
a=0on1+ (1—0)ap >dag+ (1 —0)ag = a3 > 1.
and by using the fact that (1 — §)ay > (1 —J), we have
=01+ (1—38)ay >dm+1—-6=586wu;—1)+1,

and then
(e —1)/[6(aq —1)] > 1. (57)
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From (57) and by applying Hoélder’s inequality on time scales with (« —1)/[6(aq —1)] > 1
and (¢ —1)/[(1 — 6)(az — 1)], and taking into account that & = day + (1 — &)ap, we obtain

I =
‘Sl 6“ (’7)92a (U)AT]

< (ghoo

By using (56) and (58), (55) becomes

5w -1) (1-6)(ap—1)

Ta—1 1 % a—1
) (|5| s (n)An) . (58)

ha(001%)

- QQ/WwMYQ;/meYJ
(<|S| ) - (1 [ pm) ma?l))“

Kl;/s"lwmvy) (& [ (")A”Yll] ;

’ K@/ﬁzﬁmn) (L [o" <'7>An)“”]

Taking supremum over all S C [0, o), we obtain the desired result (53).
(2) Assume that 6,,6, € A,, then

A“(eﬁa/rxlg(l (Szx/az B <|5| /Géa/al 1 6)0(/042(’7)A]7>
1 Sa/ay (1=8)a/az ; 7 =L ol
q LA ey )
- (ISI/ o (et “Z(W)A’?)

_da —(1=6)a a—1
<|S| /Gala 1) aza 1) (77)A7’l> ) (59)

For0 < v =4éa/a; <1,wehavel — ¢ = (1 —J)a/ay, and hence (59) can be written as

1-0

Ay (676,77)

= (% foronss s (& [rmeoi=an) ™. e

By applying Holder’s inequality on time scales with exponents 1/ > 1and 1/(1 — ),
we obtain

<|15|/59Y(17)9§'*('7)A17) < <|18|/Sel(fi)AnY(';'/Séz(n)A'Ol_vf (61)
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and by applying Holder’s inequality on time scale with exponents (« — 1) /Y (oq -1)] >
and (« —1)/[(1 — ) (a2 — 1)] and taking into account that & = (— ) , we obtain

1 [ = =
g Lo e may

1 . (g 1) (1-7)(ap—1)
< (|S|/561“1 ()M

)Al(L;LéﬂffaonAn>“4. (©)

By substituting (61) and (62) into (60), we have

Aa (676,77

< Q;AmwMYQ;A%WMYﬂ

(0‘1 1) (1,72%12,1) a—1
(<IS| /GM > <|5| /Gazl A’7> )
0177
(5 L) (g Lo o)™ |
G o) & )

Taking supremum over all S C [0, 00)T, we obtain the desired result (54). The proof is
complete. O

Theorem 7. Let 1 < a < oo be a positive real number. Then, the following properties hold:
(1) If6y, 0, € Ay, then ef/fezﬂ—&)/“ €Ay fora>1,0<r<lwithd=(1- %)/(% - %),
and
{Aa(gf/rgz(lfﬁ)/tx)} S [AIX(Gl)](s/}’[AIX(GZ)](1*(5)/0(/
(2) 6 € Ayifand only if 6 and 0T are in Ac.

Proof. (1) Assume that 0y, 6, € A,, then
rall 1 [ s e
w6650 = (17 [ el
1 00/ ()= ()] o
|S| [ (17) 2 ('7)] * 17

—(1-5) a—1
- §/r 1 d) /a ra— 1 ai

forall S C [0,00)7. Note that0 < 6 < 1and §/r + (1 —J)/a = 1, then by letting y = /7,
wehave 1l — v = (1 —§)/«, and (63) can be written as

Al(670)°7)

= (5| /9”’ 6, 7(17)A77) <|1|/971(77)925‘117)(17)A17>a_1. (64)
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By applying Holder’s inequality on time scales with exponents 1/ > 1and 1/(1 —v),

we obtain
1 0 1—y
<|S|/591(77)92 (’7)A77>

< % 01(17) Ay ! % 02(17) Ay Hf (65)
S| Js S| Js

and

1 7o o
g Lo e may

< (jg for “’”A”)V(; Jros 1(’7>A’7>”' (66)

By substtuting (65) and (66)into (64), we have
w0l < (o fom) (% feamar)

(( Lo o) (i Lo mon))

- <<|;|/ o) (a7 oo ) 1>7

’ <(§|/592<’”A ) (1 fos” 1(’7)A’7>M>

Taking supremum over all S C [0, o), we obtain the desired result

1—y

[Aa(etf/rgz(l—@/lx)} < [Aa(gl)](s/r[Aa (92)](1—5)/(1.

(2) Using Property (3) in Theorem 1, since Ao = U1<y<c0 Au, it is clear that 6 € Ay,
for some & > 1, if and only if § € A. Now, we have by Property (1) in Theorem 3 that

6 € A,, if and only if 91_‘)‘/ = gl/(1-0) ¢ A . Thatis, (since A ; C A),0 € A, if and only
if /(1% ¢ A, The proof is complete. []

4. Some Fundamental Relations

In this section, we prove some fundamental relations connecting different Mucken-
houpt and Gehring classes.

Theorem 8. Let 0 be a non-negative weight.
(i) Forwa > 1, we have
[A2(671)* 7 < [Aa(6)] [Aa(07")). (67)
(ii) Forl < a <2, we have
(A (0)] < [Ap(05)]*. (©8)
(iii) For « > 1, we have
[A2(0)] < [Aa(6)] [Aa(07)]. (69)
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Proof. From Property (1) of Lemma 1, we have

<|15|/591(17)A77> B < |15|/59(17)A17,

forall S C [0, 00)7. Thus,

and hence

IN

< A(0)Aq(67),

By taking supremum over all S C [0, c0), we obtain (67). Also, for S C Sp, 1 < a < 2, we
havel < 1/(a —1) and Lemma 1 implies that

|51|/59(77)A77 < <|;|,/59“11(77)A17>a_1

hence

(& o) & o)
5] Js VAT qay Js O DA
1 1 1 -1 a1 1

< (= [e(m)a —/em A < [Ap(67T)]8 T,

< | (g Lermmn) (g Lemiman)| < asteery
Taking supremum over all S C [0, o), we obtain (68). If « > 1, assume that

[Ax(6)] {Aa(e”)] =C < .

By Property (1) in Theorem 3, we have [A,(0)] = [Ay (9% )]*~1, where a’ =a/(a—1), then

(fwtor] fruto]) " =c.

(a=1)

Replacing 6 with 61/ and & with &’ in (67), we obtain

[Aa((071)71)]¥ 1 < [A (071)] [Aw (05T)]

But (« —1)(a’ — 1) =1, hence
[A2(6)] < C.

That is, (69) holds. The proof is complete. O
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Theorem 9. Let 0 be a non-negative weight and « is a positive real number. Then,
max{[Aes (0)], [Aeo(6'~)]* 1} < [Au(0)] < [Aco(6)][Aeo (0 )]* . (70)
Proof. For a < B, we have A,(6) > Aﬂ(ﬂ), and thus
[Ax(60)] < [Aa(0)). (71)

Furthermore, for B < oo, we have

[Ap(0" )

= sup {(
SC[0,00)

= sup {(
SC[0,00)

fowmn) (. 9““I)“ﬁ')<n)m)ﬂl}al
/ )ﬂf1(|;/59(1a’)(1ﬁ’)(ﬂ)Aﬂ>(ﬁ1)(Ql)}
(o0 (5 Kot onn)”
(n)

= < Au(0).  (72)
) (B—1)(a—1)
sl (f Js )(\S\f"l“”ﬁ)(”) ")
Taking the limit in (72) as  tends to oo, we have
(A (6" )" < [Aa(0)). 73)

From (71) and (73), then

max{[Aee ()], [Aeo (@' )]* 1} < [Aa(6)].

Now, for the second inequality, we have

1 1 o a—1
ELWW)A’? (|5|[591 : (W)A77>
1 1 o p-1
= |5|/59('7)A’7<|5|/591 P (U)AU)
_ a—1
L[ g-d 1 1- =
X m/ﬁ (n)Any E/SG (n)Any : (74)
Since1 — Band 1 — B < 0, then by Lemma 1 for 1 — g/ < p’ — 1, we have
1 7“, 1 ,/
E/S(’l (17)A77(|5/591 P (U)AW)
1 ! 1 r_
m/sel " (U)AU<|5/59ﬁ 1(’7)A’7)
p-1

1 [ 0w ) ) b
- e <n>An(|5 Ja0-enra- ><n>m7) . 75)

By settingr —1 = (f—1)/(a — 1), we have

p)a

—B
a1

B—1
a—1

IN

S

: 1 a-1 g -1
r—1 B-1 & -1
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Hence, from (74) and (75), we have
1 1 , x—1
1 [Lotnan( g [ ana )
|S|/S ) '7<|S| (0" Ay
1 1 / B-1
< o fotman( s [eF apa )
y i / 9]—1)/ (”)Aﬂ (1 / 9(]—o¢/>(1_rl)(17)A;7) r—1 “*1.
S| Js S| Js
Taking supremum over all S C [0, o), we have the desired inequality
[Ax(0)] < [Ap(0)][Ar (01— )", (76)

Now, by taking the limit on the both of sides of (76) as B tends to co, we have
[A2(0)] < [Aco(6)][Aco(61 7 )]* .
The proof is complete. [

Theorem 10. Let 0 be a non-negative weight and o, v > 1 positive real numbers. Then, 0 €
Ay NGy ifand only if 6" € Ag, for p=r(a —1) + 1.

Proof. First, assume that § € A, NG, then 6 € A, and 6 € G,. That is, there exists a
constant C > 1 such that

<|;| /S 9(’7)A77> (é /S 9“11(17)&1)“1 <C, 77)

forall S C [0, 00)T, and there exists a constant K > 1 such that

(;/SGT(WAW)m < K(é‘/SG(W)AU) (78)

From (78), we see that

b o=y [

Since p=r(a—1)+1,thenl/(a —1) =r/(B— 1), and from (77), we have

(|;|/59(11)A17) (é/sf”rl(ﬂ)Anyl =C

Lo mm) <o (L fomar) (50)
S| Js S| Js

From (79) and (80), we see that

(157 Lerman) (5 /5<0’>”1<r;>An)ﬁ_l

CrKr<é|./;9(ﬂ)An>r 1|/;9(17)A17) =C'K,

then
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which implies that 6" € Ag. Conversely, since 6" € Ag for = r(a — 1) + 1, then there
exists C; > 1 such that

(157 Lernan) (5 /Sw’)ﬁ”l(nmn)ﬂl <¢

Since B —1 = r(a — 1), then

(i foman) (& fotman) ™ <,

and )
i/ef( ) (L [ o)A o (81)
|S| S UPIAY) |S| S /MIAY| —*1°
From (81), by using Lemma 1, we obtain
1
i/e’( yag)” > i/e( )A (82)
S[Js 7 RT) = s TE
From (81) and (82), we obtain
1 1 =1 a—1 1
(5|/59(17)A11> <|5|/59“ (W)An) <Cf, (83)

which implies that 6 € A,, and by using Lemma 1 with —1/(ax — 1) < 0, we have

<|15|/59(77)A17>a11 < @/ﬁ”(n)%

<|15| J 60%7) e (|§ Joe (v)M)al.

From this and (81), we obtain that

<|;|/59(17)A17) _1<|15|/597(17)A17>1 <cr
(|§| / 9r(11)A77)} <cr (fﬂ A ewm), (54)

which implies that 6 € G,. From (83) and (84), we obtain § € A, N G,. The proof is
complete. O

and

~

or equivalently

Theorem 11. Let a be a positive real number and 6 be a non-negative weight . Then, the following
properties hold:
(1) Ifl <r < oo, then

A (O]

m < [Gr(8)] < [An ()]

(2) If6 € Nao1Anthen1/6 € Nyeoo Gy

Proof. (1) From the definition of G,(6), we have for all S C [0, co)T that

(& [ertman) < (& feman).
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By multiplying both sides by ‘;—‘ [5077/@=D(57)An)*~1, for a < oo, we obtain that

<|15|/59’(17)A17) (lé|/59“-’1(17)m7>a_1
< [ernf(; feonan(rg /59”*’1(17)&7)7) . )

Taking supremum over all S C [0, o) in (85), we have
1 -1
sup| — [ 6" >< /0 )
(55 L) (55

a=1\ 7

1 —r o
Gy /9 A 7/(9“?1 A > ,

G (O)] sup<|s| ) ’7<|3| 0T (mAy )

[4(8)] < [G/O)] [A 20 (9)] -

r

H‘

or equivalently

As « tends to oo, we have that

Aoo or 1/r
which is the left-side inequality. For the second inequality, from the definition of [A, (8")]'/",
we have for all S C [0, o) that
1/r
1 1 1
(E Js 9r(’7)N7> B (m Js0"(mA ) (? Js 071 ( ) 36)
- =1

1
H f59(77>A’7 ﬁf50< AU(\S| fSGIX 1 ) ;7)

By Lemma 1 and since —r/(x — 1) < 0 < 1, we see that

|15|/59“"1(77)A77 > <|;|/59(17)Af7) 71

1

which implies that
<1

a—1 —

S ko)

Using this in (86), we obtain that

Loy /r N a1y 17
(Sssfs (|5|/ (g foctmn) )

Taking the supremum in (86) over all S C [0,00), we have [G,(0)] < [A,(0")]'/". Asa
tends to co, we have

[G#(8)] < [Aeo(6)]"".
(2) If 0 € MNy>1 Ag, then

% 65T (1) Ay HSC %/G(U)A’? 71/ (87)
IS| Js S| Js
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holds for all « > 1. From (87), by using Lemma 1, we obtain that

(s et )n) =i L)

Hence, (1/0) € G, forall0 <r =1/(a —1) < 00, we have 1/6 € N,. G;. The proof is
complete. O

5. Conclusions

In this paper, we proved some fundamental properties of the Muckenhoupt class A, of
weights and the Gehring class G, of weights on time scales. We also proved some relations
between them. The approach is based on proving some properties of integral operators
on time scales with powers and certain mathematical relations connecting the norms of
Muckenhoupt and Gehring classes. The results as special cases when the time scale equals
the real numbers cover the results following David Cruz-Uribe, C. J. Neugebauer, and A.
Popoli, and when the time scale equals the positive integers, the results can be obtained
directly from the above results. These results, to the best of the authors” knowledge, are
essentially new.
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