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Abstract: This manuscript aims to provide a new characterization of Sheffer stroke Hilbert algebras
due to their ideals and proposes stabilizers. In the setup of the main results, we construct particular
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1. Introduction

Sheffer stroke is a binary operation which was introduced by H. M. Sheffer in his
landmark paper [1]. This notion enables mathematicians to reduce and unify the number
of axioms and notations in algebraic structures, and it provides compact representations.
In the last three decades, Sheffer stroke has attracted remarkable interest from researchers
and is extensively applied to algebraic structures. In addition to the theoretical point of view,
Sheffer stroke has been utilized in numerous crucial research projects in the engineering
sciences. Conducting a quick literature review, one may easily find important applications
of Sheffer stroke in the design of chips. We refer readers to the interesting projects found
in references [2-6]. Motivated by the application potential of Sheffer stroke, scholars have
applied this binary operation in implicational algebras, ortholattices and Boolean algebras.
Undoubtedly, there is a vast wealth of literature on this topic and we refer to [7-9] as
particularly interesting papers.

As an algebraic counterpart of Hilbert’s positive implicative propositional calculus [10],
Hilbert algebras were proposed by Henkin and Skolem in [11] and employed in research
based on various types of logic. Hilbert algebras have been brought into the spotlight in
many papers and their main properties have been investigated. In a recent paper [12],
the authors studied the Sheffer stroke operation and Sheffer stroke basic algebra. They
presented the Sheffer stroke basic algebra on a given interval, named interval Sheffer stroke
basic algebra, and gave some features of an interval Sheffer stroke basic algebra, while,
in [13], Hilbert algebras and the relationship between Sheffer stroke and Hilbert algebras
was introduced. Subsequently, Sheffer stroke Hilbert algebras are being studied in brand-
new papers ([14-16]) due to fuzzy filters, fuzzy ideals with t-conorms and neutrosophic
structures. We shall highlight that establishing stabilizers for algebraic structures has
always been an interesting but gruelling task in theoretical mathematics. This objective has
been achieved in many papers regarding residuated lattices and BL-algebras (see [17-20]).
To the best of our knowledge, stabilizers of Hilbert algebras have not been handled so far.
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Thus, the main objective of this manuscript is to fill this gap by proposing Sheffer stroke
stabilizers of Hilbert algebras and improving the ongoing theory on this subject.

The organization of the manuscript is as follows: in the next section, we provide
background material on Sheffer stroke Hilbert algebras and ideals. In Section 3, we rep-
resent characterizations of Sheffer stroke Hilbert algebras due to ideals. We present the
main outcomes of the manuscript and propose stabilizers of Sheffer stroke Hilbert algebras
in Section 4.

2. Preliminaries

In this section, we give basic definitions and notions about Sheffer stroke Hilbert
algebras and ideals.

Definition 1 ([8]). Let & = (T, o) be a groupoid. The operation o is said to be a Sheffer stroke if it
satisfies the following conditions for all x,y,z € T.

(S1) xoy =yox,

(52) (xox)o(xoy) =x,

(83) xo((yoz)o(yoz)) = ((xoy)o(xoy))o

(54) (xo((xox)o(yoy)))e(xo((xox)o(yoy))) =

In Definition 1, a groupoid can be determined as a group with a partial function which
especially states a binary operation in category theory and homotopy theory.

Definition 2 ([13]). A Sheffer stroke Hilbert algebra is a structure (T, o) of type (2), in which T is
a nonempty set and o is Sheffer stroke on T, such that the following identities are satisfied for all
x,y,z€T:

(SHay) (xo((yo(zoz))o(yo(z02))))e(((xo(yoy))o((xo(zoz))o(xo(z02))))o

((xo(yoy))o((xo(zoz))o(xo(z02))))) =x0(xox)
(SHap) Ifxo(yoy) =xo(xox)=yo(xox),thenx =1y.

Lemma 1 ([13]). Let (T, o) be a Sheffer stroke Hilbert algebra. Then, there exists a unique 1 € T,
such that the following identities hold for all x € T:

1. xo(xox)=1,
2. xo0(lol)=1,
3. lo(xox)=1

Lemma 2 ([13]). Let (T, o) be a Sheffer stroke Hilbert algebra. Then, the relation x < y if and only
if x o (yoy) = 1is a partial order on T. Moreover, 1 is the greatest element of T.

Lemma 3 ([13]). Let (T, o) be a Sheffer stroke Hilbert algebra. Then, the following hold for all
x,y,z€T:

(Shb1) x < yo(xox)

(Shby) xo((yo(zoz))o(yo(zoz))) = (xo(yoy))o((xo(zoz))o(xo(z0z))),
(Shb3) (xo(yoy))o(yoy) = (yo(xox))o(xox),

(Shby) x0((yo(zoz))o(yo(zoz))) =yo((xo(zoz))o(yo(zoz))),

(Shbs) x < (xo(yoy))o(yoy),

(Shbs) ((xo(yoy))o(yoy))o(yoy)=xo(yoy),

(Shby) xo(yoy) < (yo(zoz))o((xo(zoz))o(xo(zoz))), and
(Shbg) if x Xy, thenzo(xox) g zo(yoy)andyo(zoz) < xo(zoz).

Lemma 4 ([13]). Let (T, o) be a Sheffer stroke Hilbert algebra with the least element 0, the greatest
element 1, and a unary operation x on T be defined by x* = x o (000) forall x € T. Then, the
followings hold, for all x € T:

1. 000=1andlol=0,
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2. 0*=1and1* =0,
3. xol=uxox,

4, x*=xox,

5. xo0=1,

6. (x*)* =x, and

7. xox*=1

Lemma 5 ([13]). Let (T, o) be a Sheffer stroke Hilbert algebra and < be a natural ordering
induced by this algebra. Then, (T,<) is a join-semilattice with the greatest element 1, where
xVy=(xo(yoy))o(yoy), forall x,y € T. If (T, o) is a Sheffer stroke Hilbert algebra with
the least element 0, then (T, <) is a meet-semilattice, and x Ny = ((xox) V (yoy)) o ((xox)V

(youy)), forall x,y € T.

Definition 3 ([13]). A nonempty subset £ of a Sheffer stroke Hilbert algebra (T, o) is called an
ideal if

(SSHI1) 0 € ¢,

(SSHI2) (xo(yoy))o(xo(yoy)) € bandy € Limply x € ¢, forall x,y € T.

Theorem 1 ([13]). Let ¢ be a subset of a Sheffer stroke Hilbert algebra (T, o) such that 0 € £. Then,
Cisanideal of T ifand only if x S yandy € Limply x € {, forall x,y € T.

3. Characterizations by Ideals

In this section, we characterize Sheffer stroke Hilbert algebras by ideals. Unless oth-
erwise specified, T denotes a Sheffer stroke Hilbert algebra, and T]} = (xo(yoy))o(xo
(y oy)) is briefly written.

Define a subset Ty, of a Sheffer stroke Hilbert algebra T by

Tx,y:{zeTzﬁﬁx},

forany x,y € T.

Lemma 6. Let S be a nonempty subset of T. Then, the following conditions are equivalent:

1.  Sisanideal of T.
2. S2OTxy,forallx,y €S.
3. H}o(yoy):1implieszES,forallx,yESandzeT.

Proof.

(1)=-(2) Let S be an ideal of T and x,y € S. Suppose that z € Ty,. Then, Yy) < X
By Theorem 1, ?y € S. Thence, z € S from (SSHI2).

(2)=(3) LetS O Ty, and X o(yoy) =1, forany x,y € S. Then, 5¥ <y & f o (xox) =
1< < x from Lemma 2, (S1) and (Shby). Thus, z € Ty, and so, z € S.

(3)=(1) Let S be a nonempty subset of T such that X o (yoy) = limplies z € S, for any
x,y € Sand z € T. Since (W) o(yoy) = 1 from (S1) and Lemma 4 (5), it is
obtained that 0 € S. Assume that Xy € Sand y € S. Since o (yoy) =1 from
(S1) and Lemma 1 (1) and (2), it follows that x € S.

O

Lemma 7. Let T be a Sheffer stroke Hilbert algebra. Then,

1. Toy=Tyn

2. Tx,l = Tl,x =T,

3. Ty=Tox={z€T:zxx},
4. T, =T,

5. Too={0},

6. 0€Tyy,
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7. ifx =y, then
(i) Tux € Tuy,
(i) Txu C Tyu
forallu,x,y € T.
Proof.
1. Sincez € Tyy < W Sx&s b7 4 <y & z € Tyx from Lemma 2, (S51) and (Shby), we
have Ty = Ty x.

2. Since z1 =101 =0<xand b2 < 1 from Lemma 4 (1) and Lemma 2, respectively, it
is obtained from (1) that Ty; =Ty, =T, forallx € T.

3. Sincez = % < x from (S2), Lemma 4 (1) and (3), it follows from (1) that Ty g = Ty x =
{z € T:zﬁx},(g)rallxe T.

. T1y={z€T:z1 =101=0<1} =T from Lemma 2 and Lemma 4 (1).

5. Tyo={zeT:z= 20 <0} = {0}, from (52), Lemma 4 (1) and (3).

6. Since0=101= w < x from (S1), Lemma 4 (1) and (5), we establish that 0 € Ty,
forany x,y € T.

7. Letx<xy.

(i) Then,zo (xox) < zo (yoy) from (Shbg), and

((zo(yoy))o(zo(yoy)))
(zo(xox)))o((zo(xox))

o ((zo(xox))o
z o
gzo (xox))o((zo(yoy))

(xox))))
(zo(yoy)))

o (

o (

= (o)
from (S1) and (S2). It is obtained from Lemma 2 that W < ﬁ, forall x,y € T.
Thus, z € Ty y = }%4 < u= ?f < }%4 S u=z¢€ Tyy and so, Tyx C Ty,
foranyz ¢ T.

(i) Tyu < Ty is proved from (1) and (7) (i).
O

Lemma 8. Let T be a Sheffer stroke Hilbert algebra. Then, Tyyy,u 2 Tx,u U Ty, forallu,x,y € T.

Proof. Since x < xVyandy < xVy, forall x,y € T, we arrive at Ty, € Trvyy and
Tyu € Trvy,u from Lemma 7 (ii). Therefore, Ty U Tyy € Tyvy,u, forallu,x,y € T. [

Example 1([13]). Consider a Sheffer stroke Hilbert algebra (T, o) inwhichaset T = {0,a,b,c,d,e, f,1}
has the Hasse diagram in Figure 1 and the Sheffer operation o has the Cayley table in Table 1:
Then,
Ta\/f,e =T, =T2{0,b} ={0}U{0,b} =Tse U Tf,e-

Figure 1. Hasse diagram of T in Example 1.
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Table 1. Cayley table of o on T in Example 1.
o 0 a b c d e f 1
0 1 1 1 1 1 1 1 1
a 1 f 1 1 f f 1 f
b 1 1 e 1 e 1 e e
c 1 1 1 d 1 d d d
d 1 f e 1 c f e c
e 1 f 1 d f b d b
f 1 1 e d e d a a
1 1 f e d c b a 0

Lemma9. Let T be a Sheffer stroke Hilbert algebra. Then, Txpny,u = Tx,u N Ty, forallu,x,y € T.

Proof. Letz € Ty, N Ty,y. Since z € Ty, and z € Ty, we obtain S < x and S <Y,
and so, S < xAy. Thus, z € Typyu. Thence, Tyy N Tyy C Txpyu, for all u,x,y € T.
Moreovet, Txpayu € Ty and Txpyu € Ty from Lemma 7 (ii). So, Txayu € Teu N Tyu,

forallu,x,y e T. O

Lemma 10. Let ¢ be a nonempty subset of T. Then, ¢ is an ideal of T if and only if for all x,y € T,
(SSHI3) x,y € Limpliesx Vy € ¢, and
(SSHI4) x < yandy € £ imply x € L.

Proof. Let { be anideal of T and x,y € £. Since% = % = Eyoy) cl=101=0€/
from (S1), (Shby), Lemma 1 (1), Lemma 4 (1) and (SSHI1), it follows from (SSHI2) that
Yﬁ € {, forany x,y € T. Since (x Vv vy = W € { from Lemma 5 and (Shbg), we have from
(SSHI2) that x V y € ¢, for any x,y € T. Also, (SSHI4) is obvious from Theorem 1.

Conversely, let ¢ be a nonempty subset of T satisfying (SSHI3) and (SSHI4). Since
0 is the least element of T, it is obtained from (SSHI4) that 0 € ¢. Let T}} €landy € ¢,
forany x,y € T. Then, x Vy = Yy) Vy € ¢ from Lemma 5, (S2) and (S3) and (SSHI3). Since
x < xVy,forany x,y € T, we obtain from (SSHI4) that x € ¢/, forany x,y € T. O

Lemma 11. Let T be a Sheffer stroke Hilbert algebra. Then, Txoy,y 2 Txox,u U Tyoy,u and Txoy,u 2
Txoxu N Tyoy,u, forall u,x,y € T.

Proof. Since xox  xoyand yoy < x oy from (S1), (S2) and (Shb,), it follows from
Lemma 7 (ii) that Txox,u € Txoyu and Tyoy,u € Txoy,u, and so, Txoy,u 2 Txoxu U Tyoy,y and
Troyu 2 Txoxu N Tyoyu, forallu, x,y € T. O

Example 2. Consider the Sheffer stroke Hilbert algebra (T, o) in Example 1. Then, Tyoe, = T1 4 =
T 2{0,a,b,c,d,e} ={0,a,c,e} U{0,a,b,d} = TqUTy,and Tyoeya =T =T 2 {0,a} =
{0,a,c,e} N{0,a,b,d} = Te s N Ty,

Lemma 12. Let ¢ be a nonempty subset of T. Then, € is an ideal of T if and only if (* = {z € T :
Sil € 0} is an ideal of T, for all u € T.

Proof. Let £ be an ideal of T, and ¢* = {z € T : %l € ¢} be a subset of T, forany u € T.
Since &’ = Eu ou)l =101 =0 € ¢ from Lemma 1 (2), Lemma 4 (1) and (5), (S1) and
(SSHI1), it is concluded that 0 € ¢*. Assume that Y}] € "andy € ¢*. Then, Xju € £ and
il € 0. Since (%l ) (Vi) = (yo (uou))(xo(uou)) = Xyu € £ from (S1), (S2) and (Shby),

we obtain X1l € ¢. Thus, x € ¢*. Hence, £* is an ideal of T.
Conversely, let # be an ideal of T such that ¢ be a nonempty subset of T, for any

u e T. Since 0 € ¢%, for any u € T, it follows that0 = 101 = iuou)l = m € { from
Lemma 1 (2), Lemma 4 (1) and (5), (S1) and (SSHI1). Suppose that <p? € fand s € /.
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Then, there exist W € (" and y € ¢%, such that ﬁ = % and s = W Since x € (* and

ST =7
(%) (Vi) = (yo (wou))(xo (uou)) = fx:ﬁu = ¢ € ( from (SSHI2), (S1), (S2) and (Shby),
we obtain p = xul € {, for any x € T. Therefore, ¢ is anideal of T. [

Example 3. Consider the Sheffer stroke Hilbert algebra (T,o) in Example 1. For the ideal
¢ =10,c}of T, tf ={0,b,c, f} is an ideal of T.

Theorem 2. Let ¢ be an ideal of T. Then, £* is the minimal ideal of T containing ¢ and u, for any
ueT.

Proof. Let ¢ be an ideal of T. By Lemma 12, ¢* is an ideal of T. Assume that z € /. Since
Silo(zoz)=%2 o (uou) = (uou)o(lol) =1 from (1), (Shby) and Lemma 1 (2), it is
obtained from Lemma 2 that i/ < z. Then, $il € ¢ which means z € ¢*. So, ¢ C ¢*, for any
ueT. Since il =101 =0 € ¢ from Lemma 1 (1), Lemma 4 (1) and (SSHI1), we have
u € f*, forany u € T. Let k be an ideal of T containing ¢ and u. Thus, S et Ck, for any
z € /", Since € kand u € k, it follows from (SSHI2) that z € k. Thence, £ C k, for any
ueg. O

Remark 1. Let {1 and 5 be two ideals of a Sheffer stroke Hilbert algebra (T, o). Then, {1 N {y is
always an ideal of T. However, {1 U U5 is generally not an ideal of T. If T = {0, 1}, then {1 U £y is
an ideal of T.

Example 4. Consider the Sheffer stroke Hilbert algebra T in Example 1. For the ideals {0,a,b,d}
and {0,a,c,e} of T, {0,a,b,d} N {0,a,c,e} = {0,a} isan ideal of T but {0,a,b,d} U{0,a,c,e} =
{0,a,b,c,d, e} is not an ideal of T since f ¢ {0,a,b,c,d,e} when <f—e> € {0,a,b,c,d,e} and
e€ {0,a,b,c,d,e}.

Lemma 13. Let ¢ be a nonempty subset of T. Then, ¢ is an ideal of T if and only if

(SSHI5) 0 € ¢ and
(SSHI6) % € tand Z € Cimply &2 € ¢, forall x,y,z € T.

Proof. Let ¢ be an ideal of T. Then, 0 € { is obvious from (SSHI1). Assume that W el
and yZ € {, for any x,y,z € {. Since ;):cz ?z = (yo(zo0z))(xo(zoz)) < X7/, from (Shby),
(S1), (52) and Lemma 2, it follows from (SSHI4) that xZ yZ € £. Thus, 52 € ¢ from (SSHI2).

Conversely, let £ be a nonempty subset of T satisfying (SSHI5) and (SSHI6). Suppose
that x S yandy € /, forany x,y € T. So, % = 101 =10 € fand% = (yol)o
(yol) = (yoy)o(yoy) =y € ¢ from Lemma 2, (SSHI5), Lemma 4 (1) and (3). Hence,
x = (xox)o(xox) = (xol)o(xol) = x0 € ¢ from (SSHI6), Lemma 4 (1) and (3).
Thereby, { is an ideal of T. [

Theorem 3. Let ¢ and k be two ideals of of T. Then,
= Vlifandonly ifu € ¢,

u < vimplies (" C (°,

¢ C k implies £* C k¥,

(k)" =Nk,

p(uou)o(vov) — (gu)v,

(éu)v = (),

(gu)u — pu

U C MY and 04N C 0PN,
O =land (' =T,

foranyu,v € T.

© 0N wh =
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Proof.

1. Let{" ={.Since il =101 =0 € ¢ from Lemma 1 (1), Lemma 4 (1) and (SSHI1),
we get u € (" = (. Conversely, let u € ¢. Since Sl o(zoz) = (uou)o %2 =
(uou)o(lol) =1 from (S1), (Shby) and Lemma 1 (1) and (2), it is obtained from
Lemma 2 that il < z,forany z € {. Then, Sil € ¢ from (SSHI2), and so, z € ¢*. Thus,
¢ C f*. Since il e £, forallz € /%, and u € ¢, it follows from (SSHI2) that z € /,
and so, ¢* C ¢. Hence, {* = {,forany u € T.

2. Letu < vandz € ¢*. Then, %l € (. Since ¥¢ < %l from (Shbg), (S1), (S2) and

Lemma 2, we have from (SSHI4) that £ € ¢ which implies z € £°. Thence, ¢* C ¢°.

Let/ C k,and z € ¢*. Then, Sl et C k. Thus, z € k*, and so, ¢* C k*.

4. Since Nk C fand ¢ Nk C k, it follows from (3) that (/ Nk)* C ¢* and ({Nk)* C k*.
Then, ((Nk)* C ¢ Nk". Letz € /* Nk". Thus, z € (* and z € k" which imply %l € ¢
and il € k. Since 5t € ¢N k, we obtain z € (/Nk)". Hence, ¢* Nk* C (£ Nk)",
and so, (¢ Nk)* = £* Nk".

5.  Since

@

= g(uou)o(vov) Z((M ° u) o (U o 0)5 c/

(57)u ~S{wen o) e
e

c (EM)U

from (S1) and (S3), it follows that £(#°®)°(vov) — (gu)o,

(gu)v — g(uou)o(vov) _ p(vov)o(uou) — (gv)u from (5) and (S1).

By substituting [0 := ] in (5), it is obtained from (S2) that (¢£4)* = ¢(new)o(ucu) — pu,

They are proved from (2).

O ={zeT:z=(zoz)o(z0z) = (zol)o(zol):%EE}ZEandfl ={zeT:

0=1o0l1= ? € ¢} = T from Lemma 4 (1) and (3), (S2) and Lemma 1 (2).
O

tete e

O ® N

However, ¢* C ¢° does not imply u < v, and ¢* C k" does not satisfy ¢ C k.

Example 5. Consider the Sheffer stroke Hilbert algebra T in Example 1. Then, a £ c when
¢ ={0,c} C 0" ={0,a,c,e}, foran ideal ¢ = {0,c} of T. Also, ] = {0,a} € k = {0,b,¢, f}
when ) = {0,a} C T =k"

Corollary 1. Let £ be an ideal of T. Then,

1. Nuer " =/Land
2. UueT‘gu =T,

foranyu € T.

Lemma 14. Let T be a Sheffer stroke Hilbert algebra. Then U(u) = {z € T : z < u} is an ideal
of T.

Proof. Since 0 is the least element of T, we have 0 € U(u). Let Xy € U(u) and y € U(u),
forany x,y € T. Then, W < uand y < u. Since

xo(uou) = lo¥il
(vo (wow)o((xo(uou))o (xo (uon)))
(uou)o?y2
(uou)o(lol)
1

from Lemma 1 (2) and (3), (51) and (S2), Lemma 2 and (Shb,), it follows from Lemma 2 that
x < u,and so, x € U(u). Thus, G(u) isanideal of T. O
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Lemma 15. Let T be a Sheffer stroke Hilbert algebra. Then,
1. U(0)={0}and (1) =T,

2. u=xvifandonly if 5(u) C U(v),

3. U((uowv)o(uowv))=0(u)N(v),

Proof.

1. Since Ois the least element and 1 is the greatest element in T, it is clear that 5(0) = {0}
and U(1) =¢.

2. Letu < vand z € U(u). Since z < u < v, it is obtained that z € U(v). Then,
U(u) C U(v). Conversely, let U(u) C U(v). Since u < u, for all u € T, we deduce that
u € U(u). Since u € U(u) C U(v), it follows that u < v.

3. Since (uov)o(uowv) < uand (uowv)o (uowv) 5 v from (S1), (S3) and from (1)
and (2) from Lemma 1, it is obtained from (2) that U((# o v) o (uov)) C U(u) and
U((uov)o(uowv)) C U(v). Afterall, 5((uov)o (uov)) C U(u)NU(v), forany u,v €
T. Assume that z € U(u) NU(v). Then,z g uand z 5 v. Sinceuov g zov g zoz
from (S1) and (Shbg), it follows from (S1), (S2) and Lemma 2 that z < (v 0 v) o (4 0 v).
Thus, z € U((uov) o (uowv)). Hence, 5(u) NU(v) C U((nov)o (uov)), for any
u,v € T. Therefore, 5((uov) o (uowv)) =U(u)NU(v), forany u,v € T.

O

Theorem 4. Let T be a Sheffer stroke Hilbert algebra. Then,
1. O(uAv)=0(>it)Nn0(9),

2. Uu)UB(v) CB(uVo),

foranyu,v € T.

Proof.

1. Itis obvious from Lemma 15 (2) that U(u Av) C U(u) N U(v), for any u,v € T. Let
z € U(u) NU(v). Then, z < uand z < v, and so, z < u A v. Thus, z € G(u A v), which
implies G(u) NU(v) € U(u Av), for any u,v € T. Thence, §(u Av) = U(u) NV(v),
forany u,v € T.

2. Itis clear from Lemma 15 (2) that U(u) UU(v) C U(u Vo), forany u,v € T.

O

Example 6. Consider the Sheffer stroke Hilbert algebra T in Example 1. Then, B(d) UU(f) =
{0,a,b,d} U{0,b,¢c, f} ={0,a,b,c,d,f} CT=0(1) =06(dV f).

4. Stabilizers

In this section, we introduce stabilizers in a Sheffer stroke Hilbert algebra.

Definition 4. Let T be a Sheffer stroke Hilbert algebra and W be a nonempty subset of T. Then, a
stabilizer of W is defined as follows:

~~
W ={ueT:%l=x(orfiX =u), vx e W}.
Example 7. Consider the Sheffer stroke Hilbert algebra T in Example 1. For the subsets
=~
W' = {a,d} and W? = {0,b} of T, the stabilizer of W' is W' = {0,b,c, f} and the stabi-
~=~

lizer of W2 is W? = T, respectively.

Lemma 16. Let W, X and W' (i € I) be nonempty subsets of T. Then,
B s

1. W C Ximplies X C W

2. /T\:{O}andﬁ:T,

7
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5 W =T xewl,

N A~
4. ﬂiEI Wl = ﬂ Wl and UiEI Wl = U WZ.
icl iel
Proof.
~~
1. LetWC Xandu € X .Then, il = x, for all x € X. Since W C X, we have W =1y,

A~ A~ =
forally € W. Thence,u € W ,andso, X C W .

2. Since we have from (S2), Lemma 4 (1) and (3) that %0 = (xol)o(xol)=(xox)o
~~ ~~
(xox) = x, forall x € T, itis concluded that 0 € T , which implies {0} C T .
~~
Letu € T . Then,ﬁ =x,forallx € T. Thus, 0 = 101 = il = u from
~~
Lemma 1 (1) and Lemma 4 (1), and so, u € {0}. Hence, T C {0}. Thereby,
—~—~
T = {0}. Also, it follows from (S1) and (S2), Lemma 1 (2) and Lemma 4 (1) that
~~
{0} ={uce T: 0 :iuou)l =101} =T, forallu e T.
N
3.  Since {x} C W, forall x € W, it is obtained from (1) that W C {x},forallx € W,
~ ~~ ~~
and so, W C N{{x} : ¥ € W}. Assume that u € N{{x} : x € W}. Then,
P ~~
u € {x},forall x € W. So, il = x, for all x € W, which implies u € W . Thus,

—~~ —~~ —~~ ~~
N{{x} :x € W} C W . Therefore, W =N{{x} :x€ W}

4. Since Njg; W' € W' and W' C ;e W/, for all i € I, we ascertain from (1) that
A~ —~ = = N~ — ~ =~

W' C (W and | JW' C W', andso, Nic; W C (\W and [JW' C Uie; W,
iel iel iel iel
- .
foralli € I. Suppose that u € () W', for any u € T. Then, Sl = x, forallx € Nicr W
iel
. hn
Since X1t = x,forallx € Wand i € I, it means thatu € W', foralli € I, and so,
= —~ hn A~ = hn
u € Nigg W . Thus, (VW' C Nic; W' . Hence, Niey W' = [|W'. Letv € Uie; W'.
icl iel
So, v € W', for some i* € I. Since 56 = x, for all x € W', it is clear that 56 = X,
forall x € U;e; W'. Then, v € | J W', which implies that U;c; W' C | JW'. Thence,
il iel

Uier W' ={J W'
iel
O

~~
Theorem 5. Let T be a Sheffer stroke Hilbert algebra and W be a nonempty subset of T. Then, W
is an ideal of T.

Proof. Since we obtain from (S2), Lemma 4 (1) and (3) that 50 = (xol)o(xol) =
= ~~
(xox)o(xox) = x, forall x € W, it follows that0 € W . Assume that 0 € "W and
NN =
ve W . Then, x(Id) = xand %0 = x, forall x € W. Since

W:%[: (vouv)(xo(uou)) = (uo(vov))(xo(vou))=x(Ud)=x

~~ ~~

from (S1), (S2), (Shby) and (Shby), it is obtained thatu € W . Hence, W isanidealof T. [
~

However, W is usually not an ideal of T when W is an ideal of T.
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—~ =
Example 8. Consider the Sheffer stroke Hilbert algebra T in Example 1. Then, {c,e} = {0,a,b,d}
is an ideal of T, yet {c, e} is not an ideal of T.

Corollary 2. Let T be a Sheffer stroke Hilbert algebra. Then,
~~
1. {1} = {0} and
PN
2. {1} C ¢, for all ideals ¢ of T.
Proof. Itis obtained from Lemma 1 (1) and (3), Lemma 4 (1) and Theorem 5. O

Definition 5. Let T be a Sheffer stroke Hilbert algebra, W and X be nonempty subsets of T. Then,
a stabilizer of W with respect to X is defined as follows:

—
W, X)={ueT:xANueX, forallx € W}.
—

Example 9. Consider the Sheffer stroke Hilbert algebra T in Example 1. Then, (W,X) =
{a,c,d, f}, for the subsets W = {b,e} and X = {a,c} of T.
Theorem 6. Let W, X, Wi and X' be nonempty subsets and ¢ be an ideal of T, for all i € I. Then,
1. ( ,X) =T implies W C X,
( )—TlfandonlyzféCX

( )
W C (w,e},

s Lo

Wi C X" and W2 C X2 imply (X", W'2) C (W, X"2),

— =
———
7. ({0} {0}) =

/—/H'
8 (W, ﬂX = Nier (W, X),
zeI
9. W UX Ulel )
iel
10. ({1}, X) =X,
—_—
1. ({1},{1}) = {1}.

Proof.
—
1. Let(W,X)=T.Sinceu=uAru € X, forallu € W, we obtain W C X.

s
2. If(4,X) =T,then ¢ C X from (1). Conversely, let £ be an ideal of T, such that ¢ C X,
and u € T. Since x A u <X x, for all x € /, it follows from (SSHI4) that x A u € £. Then,

—~ —~
xAu € X, forall x € ¢, which implies u € (¢,X). Thus, ({,X) =T.
3. Itis proved from (2).

=
4. Letuec W , foranyu € T. Then,ﬁ:x,forallxew. Sincex/\uzaﬁ:

¥ =101=0 € ¢ from Lemma 4 (1), Lemma 5, (S2) and (SSHI1), it is obtained that
—~ N~
u € (W,0), and thismeans W C (W, /).
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11.
O

Let Wi C X, W2 C X2 and u € (X", W"), for any u € T. Since x A u € W2, for all
x € X", itis concluded that x A u € X2, for all x € W'. Hence, u € (W', X"), and so,
—
(X", W) C (Wh, X"2).

N
Since {0} is an ideal of T, we ascertain from (4) that W C (W, {0}). Assume that

-~

—_——
u € (W,{0}), forany u € T. Then, x Au = 0, for all x € W. Thus, it follows from
(Shby), Lemma 4 (1), Lemma 5, (S1) and (52) that i = x, for all x € W, and so,

e N

~~ —— A~ ~~
u e W .Hence, (W,{0}) C W . Therefore, (W,{0}) = W .

——— =
({0}, {0}) = {0} = T from (6) and Lemma 16 (2).
Letu € (W, ﬂ X"). Then, x ANu € ;e X', forallx € W. Sincex Au € X', foralli € I

icl

Z —— ——
and x € W, we obtain that u € (W, X'), for all i € I, which implies u € N;c; (W, X").
Thus, (W, () X') € Nier (W, X*). Conversely, let u € ;¢ (W, X*). Since u € (W, X*),

il
foralli € I, it follows that x Au € X, foralli € T and x € W, which means x A u €
) —_——— —— —_———
Nie; X', for all x € W. Thence, u € (W,[]X'), and so, Nic; (W, X') € (W, X').
icl icl
/_/5 /—/H ' !
Consequently, (W, (] X') = Nier (W, X).
icl
f—’h.\l . .

Letu € (W, JX'). Then, x Au € U;e; X', forall x € W. Since x A u € X', for some

icl

! /—/H /—M
ip € Iand x € W, we have u € (W, X"), for some ip € I, and so, u € U;e; (W, X").
Hence, (W, U X") C Uier (W, X"). Conversely, let u € Uer (W, X"). Since u €

icl
— l ;
(W, X"), for some i, € I, it is concluded that x Au € X*, for some i, € [ and

. —
x € W, which follows x Au € J;c; X', for all x € W. Thereby, u € (W, U X"). So,
icl
—_—— —— —_— —_— l
Uier (W, X") € (W, [ X*). Thereby, (W, | X') = Uie; (W, X").
iel iel

—N—
({1}, X)={ueT:u=1Au € X} = X from Lemma 5, (52), Lemma 4 (1) and (3).

—_——
({1},{1}) = {1} from (10).

——

Theorem 7. Let X, W' and W? be nonempty subsets of T. Then, W' C W2 implies (W2, X) C

(WL, X).

——

Proof. Let W! C W2, and u € (WZ, X). Since x Au € X, for all x € W2, it follows that

—_—— —

——
yAu € X, forally € W!, which means u € (W?, X). Then, (W?,X) C (W}, X). O

The following example illustrates that the converse of Theorem 7 is not usually satisfied.
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—_—N—
Example 10. Consider the Sheffer stroke Hilbert algebra T in Example 1. Then, (W?,X) = @ C
——
{d, f} = (WY, X) but W' & W2, for the subsets X = {d, f}, W' = {a,b,c,1} and W? = {e}
of T.

—~
Theorem 8. Let ¢ be a nonempty subset and k be an ideal of T. Then, (¢,k) is an ideal of T.

Proof. Let/ and k be two ideals of T. Since we have from Lemma 1 (1), Lemma 4 (1) and (3),

Lemma 5, (S2) and (SSHI1) that x A0 = ﬁ =5t =101=0¢€k,forall x € ¢, it follows

—~~ —~=~ —~N~
that 0 € (¢,k). Assume that 7 € (£,k) and v € (£,k), for any u,v € T. Then, x A 0 ek
and x Av €k, for all x € £. Since

xA(uVo) = xA((uo(vowv))o(vow))
/\(ggo(vov))o(vov))

= xA(uv Vo)

(x/\%)\/(xAv)G]k

from Lemma 5 and (S3), and x A u < x A (1 V v), it is obtained from (SSHI4) that x A u € Kk,
—~ = ~
forall x € £. Thus, u € (¢,k). Hence, (/,k) isanideal of T. O

The following example shows that the converse of Theorem 8 does not hold in general.

—

N———
Example 11. Consider the Sheffer stroke Hilbert algebra T in Example 1. (];h)en, ({d},{0,a,1}) =
{0,a,c,e} is an ideal of T but {0,a,1} is not since b ¢ {0,a,1} when bl =0 € {0,a,1} and
1€{0,a,1}.

5. Concluding Remarks

This manuscript concentrates on Sheffer stroke Hilbert algebras and their main charac-
teristics. The main goal of this study is two-fold: as the first target, a new characterization
of Sheffer stroke Hilbert algebras is presented in light of the ideals. In this task, proper
subsets of Sheffer stroke Hilbert algebras are introduced, and it is shown that the proposed
subsets possess the relationship between lattice and set-theoretical operators. Secondly,
we define stabilizers of Sheffer stroke Hilbert algebras for their nonempty subsets and
underline their crucial properties. We enhance the theoretical results of the manuscripts
with many examples and elaborative discussions.

Regarding future work, we aspire to define various ideals of Sheffer stroke Hilbert
algebras by employing more compact and trivial subsets. In this vein, we will be able
to construct a comparative approach between different algebraic structures, and this will
result in the emergence of new aspects of Hilbert algebras.
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