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Abstract: The essential goal of this work is to suggest applying the multi-dimensional Sumdu
generalized Laplace transform decomposition for solving pseudo-parabolic equations. This method
is a combination of the multi-dimensional Sumudu transform, the generalized Laplace transform,
and the decomposition method. We provided some examples to show the effectiveness and the ability
of this approach to solve linear and nonlinear problems. The results show that the proposed method
is reliable and easy for obtaining approximate solutions of FPDEs and is more precise if we compare
it with existing methods.
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1. Introduction

Several phenomena explain the fractional differential equations in engineering and
science disciplines such as control theory, physics, chemistry, biology, economics, mechan-
ics, and electromagnetics. In theoretical physics, it is commonly very important to search
and build clear solutions of linear and nonlinear partial differential equations (PDEs).
Thus, the solution allows researchers to comprehend the physical phenomena. Various
properties of solutions for nonlinear pseudo-parabolic equations, including generalized
Caputo fractional derivatives, can be found in [1]. The convergence of the mild solution
of the pseudo-parabolic equation to the solution of the parabolic equation was proved [2].
The pseudo-parabolic equation occurs in numerous fields of applied mathematics physics,
such as the heat diffusion equation and fluid mechanics; see [3,4]. The authors in [5]
applied two different method schemes to solve nonlinear pseudo-parabolic equations.
The authors in [6] have proved the well-posedness of some linear and nonlinear mixed
problems with integral conditions. The solution of the pseudo-parabolic equation has
been studied in diverse articles, including those that concern exact and approximation
methods, for example, the three-dimensional Laplace Adomian decomposition method [7],
the double Sumudu-generalized Laplace decomposition method [8], the double Laplace
decomposition method [9,10], the three-layer difference method [11], and two approxi-
mation methods [12]. The generalized Laplace transform was first proposed in [13] and
subsequently applied to solve certain nonlinear dynamical models with non-integer or-
der in [14]. The time-fractional Navier-Stokes equation was studied in [15] by using the
double Sumudu-Generalized Laplace Transform Decomposition Method. The purpose of
this study is to generalize the pseudo-parabolic and we discussed some theorems for the
multi-Sumudu-generalized Laplace transform. In addition, three examples are offered to
check our method. We discover that the multi (SGLTDM) is helpful to obtain the solution of
singular pseudo-parabolic equations in comparison to the current methods in the literature.
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This paper is separated into the following sections. In Section 2 are some basic defini-
tions of Sumudu-generalized Laplace. In Section 3, the definitions of multi-dimensional
Sumudu-generalized Laplace and theorems on the Sumudu-generalized Laplace are stud-
ied. In Section 4, the singular (m + 1 — D) fractional pseudo-parabolic equation is solved
using the multi-dimensional Sumudu-generalized Laplace decomposition method. In
Section 5, a singular (n + 1 — D) coupled pseudo-parabolic equation is solved using the
proposed method. In Section 6, a conclusion of our research work is provided.

Some observations: Throughout this study, we apply the following initialism:

(1) (GLT) instead of “generalized Laplace transform”

(2) (MST) instead of “multi Sumudu transform”

(3) (SGLT) instead of “Sumudu-generalized Laplace transform”

(4) (DSGLT) instead of “double Sumudu-generalized Laplace transform”

(5) (TST) instead of “triple Sumudu transform”

(6) (TSGLT) instead of “triple Sumudu-generalized Laplace transform”

(7)  (MSGLT) instead of “multi Sumudu-generalized Laplace transform”

(8) (MSGLTDM) in place of “multi Sumudu-generalized Laplace transform” decomposi-
tion method.

2. Some Important Ideas of Sumudu-Generalized Laplace

Here, we will start with some necessary definitions and properties of the fractional
(SGLT) and (DSGLT).

Definition 1 ([12]). If ¢(t) € C([a,b]) and a < t < b then the Riemann—Liouville fractional
integral of order o is given by

B9 = oy [ =07 Mp(mae ()

Ja

where & € (—oo,00), and I7, indicates of the left Riemann—Liouville fractional integral of order o.

Definition 2 ([16]). The Riemann—Liouville derivative of fractional order o wheren —1 < o <n
is defined by

1 d\" rt —o—
D _ / _ \n—o-1 ’ 2
a+lp(t) r(n _ 0_) (dt) B (t l) IP(T)dl ( )
where Dy, indicates the left Riemann—Liouvill derivative of fractional order .

Definition 3. The Caputo time-fractional derivative operator of order o > 0 is given by

1 t m—o—10"p(x,7)
T(m—o) f()(t_T) ot dr,

?¢(x/t)_{ m—1<o<m

m
M , for m=ceN

for more details, see [17-20].

Definition 4 ([21]). Let g(u1,v) be a continuous function of two variables i, t; then, the (SGLT)
of g(u1,v) is given by

S Gulg(u1,v)] = G(p1,9) / / ¢ g (g, v)dpy dv,

where py,v >0, Sy, Gy indicate to (SGLT); py and s are complex variables.
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Definition 5 ([8]). Let g(y1, 2, v) be a continuous function of three variables; then, the (DSGLT)
of g(uq, pia,v) is denoted by

_M_H_ v
S2Gy(g(p1, 2, v)) = G(p1,02,8) / / / e M1 P25 g(uy, po,v)dudpadv,  (3)

where the symbol Sy G, denotes (DSGLT) and p1, p2 and s are named complex variables.
Definition 6 ([8]). The inverse (DSGLT) of the function G(p1, 02, s) is denoted by
s 1G 1 c 1 ra4ico  pq p 1 rcHico  pp p 1 rd+ico G p
_ — - 0 o s
2 G [Gloup29)] = 5= /a_l,w e dpr5— /C_l,oo ef2dpr5— / o, Gloup2,5)ds
where S;ngl denotes to inverse (DSGLT) with respect to p1, 02 and s.

3. Multi-Dimensional Sumudu-Generalized Laplace Transforms (m + 1 — SGLT)

Here, we provide some definitions and theorems of (MSGLT). In the following defini-
tion, we extend Definition 5 to m + 1 dimensional.

Definition 7. Let g(u1, H2, 43, -+ , fhm, V) be a piecewise continuous function on the interval
[0,00) X [0,00) x [0,00) X + -+ X [0,00) X [0,00); the (MSGLT) comes in the form

SmGy(g(0,v)) =@ = s”‘/---//efﬁfﬁ"*f’imfég((),v)d;tldyz o dppdv,
0 00

where
0= Wi, U2, U3, -+ /]’lm/w = G(Pl;PZ/P3/ e /Pmrs)
the symbol S, Gy indicates to (m +1— SGLT); and p1, 02,03, - - , Pm and s are complex variables.

In the following definition, we extend Definition 6, to m 4 1 dimensional.

Definition 8. The inverse (m +1 — SGLT) of the function G(p1, 02,03, - ,Pm,S) is accorded by

—1,~-1
S Gs @ = g, pa,pz, -+ fm,v)
1 c1+ico  py 1 cp+ico 5:5 1 d+ico
= — ef1du —/ e du —/ es Ads,
27 /cl_ioo Y o cp—ioo "271i Ja—ico

where @ = G(p1,02,03,** ,0m,3), and S;;'G; 1 denote inverse (m + 1 — SGLT) regarding
p1/p21p3r' c rpm and s.

Theorem 1. If the (DSGLT) of the function f(uy,uz,v) is defined as SyGe[f (y1, p2,v)| =
F(p1,p2,5), then the (DSGLT) ofw is as follows:

5.6, [af (ﬂgvyz,V)] _ F(Plfspz's) — 8"Sa[f (1, 42, 0)]. @)

Proof. By applying the definition of (DSGLT), we obtain

SzGu[af(yl"uz'V)] _ 1 //377%7% s“/e %73(}!1,}12/ )dl/ dprdpa;
ov P2 ) / v
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by computing the integral inside the bracket, we obtain

[ee)

— al,—% *© a—1 —¥
5 v = s [e f(yl,,uz,v)}o +s /e f(pa, po,v)dv
0

1
= _Saf(.ull VZ/O) + EF(Vl/ ]’lZ/ S)/

Sa/e_gaf(ﬂlfﬂzfv)d
0

hence,
. P o0 o0 __L_L
5,6, | )] o s / / ¢ BB F(jun, o, 0)dpindn
v p102
00
1 0o 0 Cnom
/ / e 1 P2F(uy, po,s)dprdpn
PlPZS 00

sac, [l

1
5 = Flp1,02,5) = s"F(p1, p2,0).

Thus, the proof of Equation (4) is completed. [

In the following theorem, we generalize the above theorem.

Theorem 2. If the (MSGLT) of the function {(p1, Uz, U3, - - , hm, V) is denoted by ¥ (p1, p2,
03, ,Pm,S), then the (MSGLT) ofw is presented by

(e (af(l’lll,ufbyfir' * /,ufrZIV)> o SmGV(f(,uerZII’l?)/' c /lev))
mYJyv -

ov s

=5"Su(f (1, w2, s, -+, pim, 0)),
where S, G, pointing to (MSGLT).

Proof. One can easily prove this theorem by using the above theorem. [J

The (TSGLT) of fractional partial derivatives is given in the following theorem.
Theorem 3. The (TSGLT) of the partial derivatives yujpapsipy is described by

83
S3Gylpipapzpy] = P1£;2P3 aplapzaps(P1P293‘1’(P1,P2,p3,5))

83

ap18p28p3

—p102035" (p10203%¥ (01,02, 03,0)), 5)

Proof. By taking the partial derivative based on p; for Equation (21), we obtain

0 - "—1+"—2+—+—)
2 (5:G - / / / Ay duadysdy,
apl( 3Ge[v]) 01 o oroap’ pvdprdundys

/”2_;'_]‘34'_V>< 00 1 _Mn )
s ——e P1Y,d durdusdv, 6
/ /0 10203 Jo aprp S At a2t ©
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where S3 denotes to (TST) by calculating the derivative inside the bracket in above equa-
tion, and we obtain

v 1[%4]61;4 /oo lu e Pllpdu
3. 1 = 1= 1
v 0 p% pl v
"

© 1 M
— _ o, d 7
/0 P3 e " yudin @

*1
— —e Pry,duq;
e

substituting Equation (7) into Equation (6) gives us

9 (5G| // m)/ml 0 oy | dpadisd
- —Hie A v
31 73 [¥]) pzp3 0 p%lil Yudpy |dpdps
ﬂz +143 4 ) /00 1 A
—e P1,d duorduszdv, 8
/ / 0253 ( 0 P P #1) Hadps )
by taking the partial derivative with respect to p, for Equation (8),
92
aplap (53 V[IIJV])

H K v e
— / / J j+§> / 13,11137%1/11/‘1}42 d]’lld,uzd]/l:’,dl/
aPz p203" 0 03
V3+ ) /*00 l
s —e Ppydyy | dpydpadusdv 9
3P2<// PzP3 (o 0} l/}”z) H1dp2aps ) )

and therefore, Equation (9) becomes

aZ
901902
/"l /"1 /”3

- \eta EJri) vAduqdusd d1/>
p1P2(P192P3/ / / Ppapudpdpadps
o oo ﬂ+7+1473+7)
b / / / e diiydyind dv)
P1P2 <P1P2P3 o Jo Jo PYvdprdprdps

< /oo/OO/OO _ ﬂ ﬂ p—-‘rf) dus dund d)
e 3 y
Ple p10203 Jo Jo Jo popvdprdpsdus

PZ<P1P2P3/0 /0 /0 i %+)”1wvdﬂldyzdﬂ3dv>; (10)
10

( 3 V[¢V])




Axioms 2024, 13,91

6 of 22

in a similar way, applying the partial derivatives concerning p, for Equation (8),

a3
= (S3Gu ¢y
aPlapzaps( 3Gulinl)

- P2P2P2 <P1P2P3/ / / nta %+)V1V2V3l/’vdﬂldﬂzdﬂ3dv)
102 3
o peo (Mt FLS v
20303 (P1P2P3/0 /o /0 ¢ N >V1V24’vdﬂldﬂ2dﬂ3dv>
1 2

2 ( /oo /oo /OO e_ ﬂ-i-* P3+>],[3lljvdy1dy2d743dv>
P1P2P3 p1p203 Jo Jo Jo
00 (o) o F1+F1+M +V) >
e (P] 1 d d d dl/
PlPZPB (szps/o 0 /o Yvdpdpodpys
0 oo oo L Myl
/ / / el tntnts >V3V2¢vdﬂ1dyzdy3dv>
0
o0 o0 o0 Vl
e AR ) o dndpad m)
Plpzp3 (P1P2P3/O /o /0 popydprdpzdps
(¢S] [e) co ﬂ ﬂ P73+7>
3 duqdurdusd
2( 0 /0 0 © uapspudprdpadys V>

91P2P3 P10203
_ Ll Ll v
/// ot >y11pvdy1dy2dy3du>. (11)

By arranging the above equation, we have

S—

P1P2P3 (P1P2P3

aplaa:zaps(53cv[¢v]) = p%plgpgsst[mmthu}—p%p%mSg, Gy [ p2tpy]
+p1p 202 553Gy [patpy] — 102 p S3Gy[pzipy]
o p%p% S3Gy[uspapy] + PleP S3Gy (2]
7%&%%QWWWA mmm%gmw” (12)

By rearranging Equation (12), we proof Equation (35):

83
S3Gylp1piapspy] = p1pszp3 aplap29p3(PlPZPS‘Y(PerZIP&S))

83

—p102038" (010203¥ (01,02, 03,0)),

001002003
O

In the next theorem, we apply an (MSGLT) to a fractional partial derivative.

Theorem 4. The (DSGLT) of the fractional partial derivative piq ‘uzDE 1 is achieved by

92
SuSuGojmmDly| = B (¥ (01, p25)) (13)

_ 02
—p1028" ﬁﬂm(mpz‘i’(mr%o))/

Proof. Applying the partial derivative with respect to p;for Equation (3), we have
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;m(sulsyzGu[DglpD - 8p1/ / /0 plpz )Dﬁwdﬂldﬂzdv

KR! 5 )
= —e PID d dusdv, 14

computing the partial derivative inside brackets as follows:

L R DPydy, = / I e A DPyd
0 90101 vy 0 (p?yl P%) v

o0 _"
= [ me Dy (15)
0 0

(o) 1 _ﬂ ‘B
— —e M Dywdu,.
/0 p%e vipdpg

Putting Equation (15) into Equation (14), we obtain

] © 1
S Sz Go [ DY / / | —sme” 7 Dy ) dpad
01 (m 2 v l/J (O plﬂle 4 M1> padv
}‘2 [e] 1 M /5
/ / / 26 " Duipdpn |dpadv; (16)
0 01
the partial derivative with respect to p, for Equation (16) is calculated as the following:
82 B - © 1 _m B
ap18p2 (SMSHva [thp}) B ap2 </ /0 PZ </0 E}ME f1 Dvl/)dM)dedv)
e B[ e oty |ty a7
KN (e vParL Japav,
and therefore, Equation (17), becomes
0? B o 8
v _ +5
9p10p02 (Smsyva {DVIPD 0202 (P1P2 / / / 2" 141112D wdyld‘uzdv)
p
D durdypdv
P192(1Pz/ / / vpapdpn )
e h S Dyyduydpsdv
P1P2(1P2/ / / H2Dvipdindpz )
( /oo /oo /oo 112 D/5 dus dund > (18)
— e ¥
" 0202 \ p1p2 H1 Dy pdprdpr
thence,
8p18p2 (SH] SVZGV [Dvw}) = T%p% Sﬁl SHZGV {,”1,”21)1/ lp} + 7p1p2 5}41 SHZGV [Dvw}

1
8,84, Gy liaDPw| — ——5,.S,. Gy | i DP ). (19)
PlP% H1°2H2 V[VZ v'ub} p%Pz H12H2 v[?‘l Vl/)}
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By rearranging Equation (19), we obtain

, O
S Su Gu {VWZDEIP] = p;g ap 302 (p102¥ (p1,02,9))
—p1025" P —— (102 (p1,2,0)).

91902
The proof is complete. [

The generalization of the above theorem is given by the following form.
The (MSGLT) of the Dglp(m, Mo, 13, -+, hm, V) is described by

SwGy | ADE (i1, iz iz, o, V)]

N éamA(Sva(lP(VLFZ/ H3, - /lev)))
sB 001002003 - - OPm
IMA
_SDL*BJrlA
001002003 - OPm

Sm(ll)(]’lll Ha, Uz, - - - /ym,o))

where
AN = pipopuz - - Pm, A = P10203 - P

4. Singular (m + 1 — D) Fractional Pseudo-Parabolic Equation

In this branch of the paper, we will discuss the procedure of (MSGLDM) for solving
the m + 1- dimensional pseudo-parabolic equation.
Problem 1: Let us acquire a plan for the solution of a multi-dimensional pseudo-parabolic
fractional equation subject to the initial conditions.

19 P 1 92 oY
Dﬁ = < >+ ( )+ s 7 7ty V),
W= L \Faw) T a1 g, ) b i)

0 < p<1 (20)

with the following conditions:
lp(l’llr VZ/ l’l3/ ttty VMI 0) = fl (Vl/ VZ/ ,143/ ttty ]/lm)/ (21)

where } " M 30 (yl 0 ) is called Bessel’s operator and f (1, po, i3, - - - , m, v) and f1(p1,
Mo, U3, -+ , Um) are known functions. To solve Equation (20), we apply the next steps:

Step1: Multiplying both sides of Equation (20) by H #j, we have
]_

m m a
[Tmbe = YTz (n5h)

]
m m 32 al[J
+ZHP‘]ayav(% ayl)+]ljyj ]/il,,'l/lz,,'l/l3,"',}lm, )) (22)

Step 2: The method involves using (MSGLT) first for both sides of Equation (22), using the
differentiation property of the (MST) and the initial condition mentioned in Equation (21)
and employing Theorem 5, and we obtain
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o (¥ (s, ) =
aplaPZapm 01,02, P3, 7 Pm, aplapzapm

am
B (OSuGi|F(u1, 12, U3, ) oV
3P13pz---8pm( elf (n1, 2, pis i, V)])

b
43 sva ZH%%< q’)

i=1j=1
j#i

(QSmlfr(p1, p2, 3, -+ pm)])

sP 092 op
+3 SuGy 2]‘[;4]8}1 s (yl o ) (23)

i=1j=1
j#i

where Q) = p10203 - - - Pm-

Step 3: By applying the integral for of Equation (23), from 0 to p1, 0 to pp, - - -, 0 to p,;; with
respect to p1,02, - - - , Pm, respectively, and dividing the outcome by (2 , is achieved

(PLPZ/PS/ o Pm,S )

zx+1 01 on o
- QS 7 7 7ty d oo d
/ / (8p18p2 p ( n[fl(PH M2, 13 :um)])) 01 Om
L& sﬁ 2 On o 05,6l ) ,
ah o Gpapapn OSG rsias, = st v)) ) dor - don
1 P1 "Pn Sﬁ m. m P} )
+—/ / *s,,G () P
Q Jo o Q" ;EP‘J% Mi g o1 dom
L J#
1 P1 On Sﬂ m. m 82 o)
L J#
Step 4: The series solution of the singular (m + 1 — D) pseudo-parabolic equation is
given by:
lP(P‘l/ Ho, U3, - ,],lm,l/) = Z #’n(ﬂlfﬂzz Uz, - ,erv), (25)
n=0

Step 5: By taking the inverse for both sides of Equation (24) and with the assistance of
Equation (25), we obtain
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Z¢m(5rV)
m=0
= f1(9)
[sB ren On o"
—1g-15 [ s
oG d /0 (aplam...3pm(QSva[f(V1rﬂ2rﬂ3/ ,#mIV)]))dm dpm}
1 [~ on [ 5P memeg oY
+ 57167 7/ / *5,,G ( 4 ’") doy---d
wCa ) | asnGy Eﬂ”fam M o p1 - dom
L L j#
Ls-lg-t l/m.../p" fs G ilm‘[ az< aq””) dov---d
L J#
where 6 = py, 2, p3, - - - , m, and in light of the first approximation, we have
Yo = filp,po,us, - pm) +
g[S " 0S,G doy---d 26
15206 G 1 [ (Soraneap OSnGuF G b, g v)]) dor-=-dpw |, 26)
Let us take, in this case, the rest of the terms in the form of
g |1 e on | sP nom9 o
— 1-1] Z L . Zrm
¢m+l *Sm Gs Q/O /0 QSva ;g%ayi (Vl 8;41') dpl dpm
j#i
e | L[ L 506 | 3T o= (1 22| oy - - (27)
mGs 1 q 0 q°omey b V]ayiav Hi i P1 Om | -

It is provided that the inverse of (MSGLT) with respect to p1,02, -, pm and s of
Equations (26) and (27) are determined. Now, let us consider the following example using
the (TSGLT) decomposition method to solve parabolic partial differential equations

1 o 1 o
Dby L s
v 11 o (Vl lp]/l) 12 0t (V2 ¢Hz)
1 9 (2 2 o).
+Pi3 s (M3 Puy) +cosv (Vl 13 V3) sinv
0 S ,1’111;12/]’[3/t < 00, 0< ﬁ S 1/ (28)

subject to the initial
P2, 3,0) = (4} = 18— 13), (29)
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By multiplying Equation (28) by 1 o3, we have

papasDIY = papia (i i), + s (2 ), + papa (43 s o,

2 e 10
tupaus |1 = op + = o -
3 3 3 v
- (Hlﬂzl&% ~ Malips — Hs#zﬂl) Vogr g T (30)

On using (TSGLT) first for both sides of Equation (30) and applying the differentiation
property of double Sumudu transform and the initial condition stated in Equation (29),

we obtain

aS

v ot 2 2 2
Spropaap; P1eea) ¥ (or P2, p35) s (691 603 — 603

S3Gy
Plpzps ( )

14 (suc+ﬁ+1 _ U3 gutps )

_ (3'[0% _ 3|p% _ 3|p§) (Sa+/3+2 _ St’t+ﬁ+4 4 Sﬂé+,3+6 . ) (31)
where
A= ]’12]’[3(;41 lpﬂl)yl + Vll‘?)(.”Z l/JVZ)yz + }41}42(}13 lpﬂ3)y3

By running the integral for of Equation (23), from 0 to py, 0 to p2 , 0 to p3 with respect
to p1, 2, p3, respectively, and dividing the results by p1p203, we obtain

lI[(pl/ 02, P3/5) = S“Jrl <2P% - Zp% — 210%) + 4p1p2p34 (S‘X+Ig+1 — Sa+/3+3 + SD‘+:B+5 ... )
- <2P% — 205 — ZP%) (S”‘JrﬁJr2 —gtBtd | gatpre )

+ ﬁﬁﬁssmmdd (32)
010203 Jo Jo Jo P10P203 v prap2aps

Therefore, the solution is received by using the inverse (TSGLT) for Equation (32) is

B p+2 pr4

¢= (k- -n) *4(1/3! Fran ey )
yB+1 VB+3 YB3

‘(”%‘”%‘”§)<<ﬁ+1> _(ﬁ+3) +<ﬁ+5>!"”>

p1 o2 o3 gP : _
do1dpad
/ / / P1P2P3 [”2.”3 (Vl l[Jm ) il ) 01402 p3_

/Pl/Pz/P3 sh ( gb)_)ddd_
P1P2P3 V1V3 H2 Yy, o | p1402 P3_

ﬂﬁﬁsﬂm ( )yddﬂm
p1pzp3 3G | M2 (M3 Yus) , | JAP14p02 P3)-

+5;1G,1

<

Pl P2P3

+5;1G1!
2 e P192P3

+5,1G,!

010203
By performing Equations (26) and (27), we obtain

B B+2 B+4
po = (#%—#%—#%)H(;!—(;+2)!+(g+4>!—---> (34)
JBH1 JB+3 JB+5
_(V%_V%_V%X(ﬁ“)! T Bra T (Bro) ‘)
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and

/Pl /Pz /Pa sP (SSGV[V2V3(V1 #’nm)m})dpldpzdp%

010203

P1 P2 [P3 Sﬁ SG L
/ / / PlP2P3 3 V{MM(”Z anyz)MD p1dp2 Pg]

B
/Pl /Pz /Ps S S3Gv [,ul,uZ (}43 any3) deldmdp?)]; (35)
010203 3

— S—1G—1 |:
¢H+1 3 S p1p2p3

+5;1 4[
3 PlpZP3

ng[
010203

as described by the (TSGLT), the following component is obtained: at n = 0,

p1 P2 (3 SP
" ’ p1p2p3 P192P3( ’ [Vzlls(lil %”1)#1}) P1402003

+S 1 1|: /PI/PZ/P3 Sﬁ |: lp :|)d Py :|
e Plpzp3 S3Gy | pa s (p2 Oyz 1| )de1dp2dp03

PlePs
S5 16-1 [ /PI/PZ/P3 sB SG{ . Dd o }
| 919293 p1o2pz \ 0 12 (3 o), | ) dordpadps
01 02 03 S’B 1/2 1/4 1/6
B S_lc_l{ bk (SG {4 ( ot )Dd doad }
3 P10203 Jo Jo JO P1P203 3o HiHsH2 o1 gl 6! p1402403
. 4 vB yB+2 B4
- (ﬁ!_(ﬁ+2)!+(ﬁ+4)!"">‘

By the same way at n = 1, one can obtain

/P1 /Pz /Ps s (San[ﬂzﬂa(m 411#1);11})@1@2@3}

lPZ S3—1GS—1 |:

p1p2p3 P10203
p1 2 o3 gP
+5165[ /// e ddd]
P1P2.03 p1p2p3 5 [V1V3(V2 ‘Pluz)m]) p1dp2dp3
+551G;! [ /Pl/PZ/P3 5B G[ (39 )])ddd]
P1402P3 010203 53Gv [pH2 (M3 P1y, 1] )d01d02403
= S71g 1{ /Pl/Pz/Ps sB (536, 00)prdoad }
B > 010203 p1p2p3 3-v 01402403
= 0.
Likewise, let n = 2:
Y3 =0

By adding all the terms, we obtain

Y(p,po,pst) =o+ 1+ + s+,

Therefore, the solution of Equation (28) can be expressed in the following form:

B B+2 B+4
Py, po, s, t) = (V%*V%*V@ +4<1'[;! - (131/_._2)! + (‘31/_|_4)! )
B+ B3 Y5
‘(V%‘Vﬁ‘f‘%)((ﬁﬂ)l B3l T Brs) ‘)

Vﬁ Uﬁ+2 Vﬁ+4
- (ﬁ!_(ﬁ+2)!+(ﬁ+4)!_”')



Axioms 2024, 13,91 13 of 22

By putting B = 1, we obtain the exact solution in the form of

8
2 2 2 1% 14 14 1%
(“1‘“2‘”3)(1‘z'+4|‘a*sf'")

YO pav) = (=18 = 1) cos(v).

$(p1, p2, i, v)

In the forthcoming problem, we use the proposed method for the linear pseudo-
parabolic equation.

Problem 2: Consider the following linear singular (3 + 1 — D) pseudo-parabolic equation
subject to the initial conditions.

P 1 92 o
Dﬂ ( ) ( ! ) 4 It ’ 36
" 121”1 Kz +121 wi it \M gy ) TS mept) (36)
and
W(u1, p2, 143,0) = f1(p1, pa, 43) 7

By carrying out the former method, the principal approximation is introduced: by

vo = filp,po,ps) +

+s—1G—1[ ! /pl /'pz/p?’(@)d doyd } (38)
375 |pp2es Jo Jo o P1ap26ps |

sP 03
~ M2Hs Ip10p20p3
and hence, the remaining terms are described by

’ _Slcl[ 1 /pl/pz/p3< a SG[A])d d d}
n+1 3 s 010203 Jo 0 0 010203 3Ly 01402003

where

(H1p2u3S2Gy [f (1, w2, 13, v)]),

+S‘1G‘1{ ! /pl/pz/m( il SG[F})d doyd } (39)
278 | pipaps Jo Jo Jo \prpaps 2 p102003 |
where
alP") ( alP”) < alP”)
A = )y +
V2V3<H1 i " H1p3 | M2 2 " Hip2| U3 i3 "
_ 0P Iy
F = jous <141 am>ylv+}41]13 (}12 2 >I42V (40)

We study the following example to demonstrate the relevance of this approach to
nonlinear problems.

Example 1. Consider the following linear time-fractional pseudo-parabolic equation

31 9 dw 21 92 dw
Dfw = Z.,<l‘i,)+2<%‘>

=1 Hi Ophi O =1 Hii Opiov o
+ (#12 - #5) Hae' — 4(#12 - u%)e”
0 < pppo,p3,v<o, 0<BLI, 41)

under the following conditions:

(g, 2o 3,0) = (1 = 13) 1, (42)
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By utilizing the suggested approach and Theorem 3, we have
B B+1 B+2
— 2 _2\,2 v v v
av = (= @)1t ot )
B VB VB2
a2 — 2 (V ) 43
(=) (& ot e+ )
and
1 P1 (P2 (03 sh
w :slcl{ [ ( $5G A)d dpad }
n+1 3 Ug 010203 Jo 0 0 010203 3 V[ ] 01402403
+S‘1G‘1{ ! /m/pz/p3( il SG[F])d doyd ] (44)
273 Lpip2ps o Jo Jo \prpaps ™" prapatps |

where A and | are defined in Equation (40). We started by n = 1, we have

1 o1 P2 [P3 B

w :slcsl[ / / / ( 53Gy[A )d dpad ]
1 ’ P1P2P3 o Jo p1p2p3 3Gv[Ao] |dp1dpadps
' WVWWT SG,1 o) dprdparpa

P1P2P3 o Jo p1p2p3 3Gl o] |ap1a02a03

/Pl /Pz /P3 SG >d o ]
P1P2P3 o Jo Jo Plpng 3G £1402403

1 1 P11 [P2 [P3
=5,'G; / / / S3Gu[Y] )dp1dpadps|,
p10203 Jo Jo Jo 010203

B VﬁJrl Vﬂ+2
v — a2y 2(1 VP ”>
HS(F‘l K2 Vlﬂz) + Bl + (B+1)! + (B+2)! *

W yB+1 JB+2
=4 =) (5 Gt Gt )

=5,1G;!

where

hence,

Similarly, at n = 2, we obtain

o S_lG_l{ : /m/pz/p3< o SG[A]>d dpyd }
’ 3 P10203 Jo Jo Jo p1p2p33’/ 1 p1a02a03

+S_1G_1[ 1 /pl/m/ps( ! SG[F])d dpod }
2 p10203 Jo Jo Jo p1p2p33” 1] |4p1402403

wy = 0, CLJ3IO, LU3:0,

Hence, as reported by Equation (25), we have

B B+1 B+2
i) = (ﬂlz_yg)yg<l+2+(/5v+1) +(/3V+2)!
2 Wan" yB+2
( (B+1)! (ﬁ+2)!+”')
an" yB+2
”)(/s+ B+ 1) (ﬁ+z)!+”’)
W an" B2
w(pr, p2, Pz, v) = - u + tEI T Bt

+ )
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Putting B = 1, we obtain the solution of Equation (41) in the following form:

w (1, po, 3, v) = (m2 - V%) H3e.

5. Singular (n + 1 — D) Coupled Pseudo-Parabolic Equation

The basic analysis of the (MSGLTDM) is illustrated, to denote its showing and high
precision by considering the general time-fractional coupled singular (n + 1 — D) pseudo-
parabolic equation of the form

B _ 1 9 ( a(p> no1 92 ( a(P)
D a Wi O e + u: 5 +w+ 4 ARy (TP %

v E{waw rm Zy v \M f(u, 2 tn, V)
Diw = —s—(pis— |+ + ¢+ U, -, v), (45

' ;P‘iaﬂi i Zy oprov \Map; ) 7Y 8(p1 12 Jn, V), (45)

under the following initial conditions:

(P(]’ll/ l’lZI e /V}’l/ 0) = fl (l’llr VZ/ e /,Un)/
W(]l], I’IZ/ e /Vn/ 0) = gl (,u]/ I’IZ/ e /VV!)/ (46)

where f(p1,p2, - pn,v), §(p1 B2, i, V), fr(pa, v, - pin) and fo(p1, po, -+, ),
are given functions; by using (n +1 — SGLT), this method involves the next steps.

Steps 1: Produce both sides of Equation (45) by H 1, the outcome in the next equation,
=1

n 2

B, _ 84))

D —

]1]1”] He zzl]qyf < aﬂz) EHHJBMV< "oy
J#i j#i

+f[#jw +f[ﬂj(f(m,uz,~ V)

n n aw
[Trple = ZH”’HM( ayz)+ZH”]8;4ﬁV<ﬂlau>

j=1 i=1j=1 i=1j=1
i i
n n
+ 11+ T1mi@(r p2s - i) (47)
j=1 j=1

Steps 2: By utilizing (n +1 — SGLT) and both sides of Equation (47) and (n — SGT) for
Equation (46), we obtain

o" o
—————A(¥ (01,02, ,on,5)) =" —=————(AS S,
001002 - - - 9Py (¥ (o1, 02 Pn,$)) aPlaPZ"'E)Pn( nlf1(pa, p2 tn)])

a]’l
‘37 DRI
+s 001002 - - - AP (ASnGt[f (1, 2, - -+ pin,v)])

sP ( 0 )
+ —5,G
A " V<ZX;]I—‘[V]8PIZ #lq)

sP non 02 0
+25,G < 2 )

A nJv ;gy]aylav l’ll aqu)
J#i

sP [
+ KsnGv H‘ujw (48)
Lj=1
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and
L o
7Aq) 4 7ty ﬂ/s :Sa+17 ASn 7 ;0 S Un
Spnops - aopy (P12 o)) Sorpn -~ apn ASnlg1 (2 i)
ai’l
+sP— 2 (AS,G o v
31902y A5Gt pnv)])
ow
— 516 ( )
' V(zzljl_hlja% "o )

sh 22 02 dw
+ 75,6 ( )
AT izlgyfay,-av Hi o;
j#i

sP n

Steps 3: Using integral for both sides of the Equation (49), from 0 to p, 0 to po, - - -,

with respect to p1, p2, - - - , pu, respectively, we obtain

b (/pn(aplapzn s <A5nLﬁ<V1fﬂz,~--,ynn>)dp1---dpn
7/ / (amapz,,,p(ASnGv[f(Hl/Vz,m ,yn,v)])>dp1 - -dpy

A0 L b

tx+1

T(pLPZ/ o /Pn/

i=1j=1
1 r~ On 515 non 92 9
A A5G : i 5 dpy - d
A/o 0 ATV l;gyjayav (“I/lz aﬂqu)) 01 On
VEal
1 1 On Sﬁ n
A/o /o (A ”VHP‘J‘U>P1 on
and

0¢+1 01 On P
(I)(PlIPZ, A ,pnl = / / <aulau2 (ASHGV[gl(,ulr}lZI' .. rVn)]))dpl .. dpn

S/3 9
/0 (aulauZ...aun(AS Gulg(p1, p2, -+ ,yn,v)])>dp1 - dpy

l>

1 P1 On 5,8 n n 9 aw

i=1j=1
L J#
1 01 On S,B n o n 82 dw
YA E (02
AJo 0 A Cnv lzzlg‘uj 8;11-81/ Hi a‘ui 01 On
J#
1 01 On Sﬁ n
]:

(49)

0to px

(50)

(51)
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Steps 4: The series solution of Equation (45) is confirmed by

(12, V) =Y @u(pa 2, i V),
n=0

w(l’llr VZ/ e /,u'rlfv) = Z w'rl(ﬂl/ I’lZI e /]/lnz U)/ (52)
n=0

Steps 5: By applying inverse (n + 1 — SGLT) for both sides of Equation (50), Equation (51)
and using Equation (52), we obtain

[e9)

Y oz, V) = filpa, pia, - pin)

n=0
+571G71 _f /ul-“/u,, ain(AS Gu[f( ) ) )d
" LA Jo 0 aplapzapn nGv | (1, H2, s Hns 01 0
_1 01 On Sﬂ n o n a a
“lg-1| = 2 9 OPn
e -A/O /0 <ASHGV<;]'=1P[] Hi <Vl 3#i>>>dpl dpn]
+5,1G.1 l/pl.../p” fsc fﬁ 0 Opn o
R AW/ o | AT izlj:lyfayiav o P1-aPn
L i#i
_ _ _1 "P1 On S/S n
+Sn1G5 1 _A/O .. /0 (ASHGV Lllijn]>dpl .. 'dPn]

and

Y wn(pr pa, - V) = 1M1, M2+ S in)
n=0

+51G;! _Sﬁ/pl /p” " (AsGusl ) dor -
n Us LA Jo 0 Ju10Uy - - - Oy, nGv S\ U1, H2, s Un, V 01 On

1 /o on [ sP o 0 dw
—1~-1
507G K/o /0 A nGv ZH%W(% a;:) ap -~ dpu

1 [m on | P dw
—1~-1
estatz ) k| ESe Zﬂl”@ﬂw(”a/o o den

i=1j=1
1 [ P1 Pn
+85,16.! A/ [ (s

L J#
By matching the left- and right-hand sides of Equation (53), we obtain the following

n
Hﬂjﬁon] )dpl T dPn]
terms:

vo = filp, pa, - un) +
1Gr A nIv 7 7 sy )d d Vl:|/
b5t [ [ [ (G S Gelf g i) oo )

and the remaining terms ¢,,.1, n > 0, are obtained by
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1 (o Pn UL d 0
1 2 9 [y, CPn
Pn+1=5; G A/ /0 (A "Gv<lz,-_1y’am i am>>>dm dp"]
1 re1 on | sP non 92 ]
“1g-1| 2 [T s , 9P
50 Gs A/o /0 A i;g”famav (;41 8;41-) Aprdpn
L j#i
a1 e pu (5P L
+Sn Gs Z/0 /0 ZSHGV 1 Hjwn dp1 dpn ’ (54)
and
wo = 1M1 H2, e in)
B ro1 "On "
—1,~-1|5"
45316 5 [ [ (G S Gulmps pa) Jdordp, 5)
similarly, the remaining components, w1, n > 0, are denoted by
1 P pn | sP non 0 dw
_ ¢ 1p,~-1] % s gy
W1 = Su G A/o /0 Ao ,;jlly]aﬂi (Vl 3#1’) A1 dpn
j#i
11 l/pl,”/p” dwn
+5,°Gs A Jo 0 lzlﬂl’ljay v Hi 3}11' dpl dpn
j#i
P1 On
+s,;1csl E / / < 5,Gy Hy](pn])dpy--dpn], (56)

Thus, we check the applicability of our approach for solving the fractional coupled
pseudo-parabolic equation; the next example is investigated at n = 3.

Example 2. Time fractional coupled pseudo-parabolic equations are given by

31 9 o9 301 92 9
oo = i3 Ewe )
vy ;uiaui rm 121.”1 aov \M s
3 3 2
B 1 8( 8w> 1 0 < aw>
Dyw = (=) +Y —— (i =—=) — o, 57
! g%aﬂi i gmamav Miow )~ 7 ©7)
where
0§V1rﬂ2/ﬂ2/v<oor 10<B§1
under the initial condition
(11, 12, 112, 0) M — W5 — 13,
w(p1, o, 42,0) = pi— s — 3. (58)

By utilizing the suggested method and Theorem 3, we obtain the following components:
po=(1-13-1), wo=(14—u3-1),

and the remaining terms, ¢, 1 and w, 1 n > 0, are denoted by
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Pnr1 = A

> =
S—

}T‘
o\

?
/—\

)

m
:

()

<
’~ N
\ 2
t

QJ‘Q)
F

| v
=[S
< S
N—
N———
N————
e}

—

_Q

i)

&y
=

1 01 On Sﬁ n o n 82 )
“1g-1| = - i ) OPn o
+5: G & /O A5G| L1 nmg, 5, (yz e ) dpy - - dpy

ﬂj‘l’n] )dm - -dpn]; (59)
1

1 ,~—1 1 01 P2 [P3
P1=55"Gs p1p2p3/o /0 /o (¢)dp1dpadps

—l—SlGl{ 1 /Pl/P2/P3( \dordoad }
3 s p1p203 Jo Jo Jo 17)ap1a02a03

/Pl /Pz /Pz( sP 5G| ])d y ]
w 7
proes Jo Jo Jo \prpaps "2t HIH2HIC0] JAR1G02AS

_ 53—1 Gs_l l:
where

sP 0 3900) 0 ( 99o > 0 < aq,oﬂ
= S3Gy — Rk [ +
4 1P’ {Vzmayl (7/‘1 oy ) THE g, \ H2 kg -\ B g0

T P10203 o mmaﬂ av \/" o yly?’aﬂ v \"? o, BM #1}428]1 v\ 3us o3

and

_ SG[ a( aw) a( awo) a< awoﬂ
X 010203 3Gy #z#aam H1 ) V1V3aﬂ H2 an Iimzay Us e

L sP { 02 ( 8w>+ 02 ( aw)+ 02 ( awoﬂ
010203 S3Gv ””‘38;4 av \ M1 ou ””‘33;1 av \ 1?2 ou W’Zay av \/? o3
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w _S_lG_l[ 1 /Pl/PZ/Ps( Vdprdoxd ]
P 010203 Jo Jo Jo X)EP16P2603
1 01 P2 [P3
Iy N
3% e b b (T)dp1dp2dps

—SlGl{ 1 /Pl/PZ/P3( s 5,Gil ])d o ]
355 | pwpaps Jo Jo Jo \prpaps 2Tt HIHRHSPOL JEPIA02EPS |/

therefore,

p1 o2 o3 gP
- Se [ / / / S3Gy doydoad }
. * [ p1p203 010203 > (V1V2V3 (F‘ — 15— PI3)) p1dp2dp3

=-55'G;" [(2101 ~2p3 — P3>5“+ﬁ+1]
o1 = (1 —ﬂ%—uﬁ)r(ﬁtil),

1 p1 P2 (P3P
w;=-5.G / / / $-G 23— 2\ dordood }
1 3 Vs L?lpzps 01023 3 v(ﬂlﬂzﬂa(yl 125 ;43)> 01dp2dp3

p1 o2 (s gP
_5_1_1{ .- 3—2ddd]
37 | p1p2p03 p1p2p3 V1V2V3(V1 12 P’a)) £1402403

w1 == (V — 43— ﬂs)m

atn=1,

_S_1G_1{ /Pl /.pz/m s 53Go [Eldprdpad }
2T P1P293 p1p203 " P1ap2003
45t _1[ /Pl/‘PZ/PS sP 53Go [cldordpad }

2 G p1p2p3 s> p1dpadps

p1 P2 P3P
-5 1G [ / / / $3Gy 1020301 ]dp1dpad }
* Lo1paps P10205 Prp2pscn]dprdpzdos
where

sP d 84)1) d < 8<p> 9 ( 3901)]
- 556y [ias 2 (1, 201
T "{”zysam(“l aun ) G \F2 Gy ) T2 55\ B

= o (5 ) s (15 ) o (o 57 )|
¢ 010203 S3Gv ””‘38;4 av \ M1 ou ”1”33;4181/ K2 oy ”Wzaylau Hs o3

1 P1 P2 [P3 sﬁ 1/.3
—slcl[ / / / sc( 232 )d dond }
¢2 3% A pips Jo Jo Jo pipaps 3Gy Vlliz#s(?il |25 V3)1"(ﬁ+1) 01402403

= 53—1Gs—1 [(Zp% o 2p% . 2p5)5a+2ﬁ+1],
2B
(222
$2 = (1’[1 AuZ ]/l?)) 1—-(2'8_’_1)/
and likewise, .
2
(222
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in the same manner, at n = 2, we have
3p
_ (.2 2 2 v
P3 = (Vl Ha 11’13) F(3ﬁ+1)’
3p
_ (.2 2 2 v

Applying Equation (52), the approximate solutions are thus given by

B
v
(P(.”lr H2, I’l3/1/) = (V% - "Ll% - :u%> o (V% N ]’l% B I/‘%) m
26 3p
2 2 2 v 2 i -
+(]/11 —Hz—ﬂa,)m - (141 —P‘z_VB)m

48 58
2 2 o2\ V" (a2 2 o2\ VT

and
p
14
W, 2 3, v) = (ﬂ%-ﬂ%-ﬂ%)-(ﬂ%—uﬁ—ué)m
28 3
22 2 v (2 2 2 v
+(o =1 V3)r(zﬁ+1) (1 =13 ”3)r(35+1)
48 58
2,2 N _ VO (2 o o2\ VT
+<V1 125} V3)F(4,B+1) (Vl 125} V3)1“(5/3+1)
At B = 1, the above solution becomes
1/2 1/3 1/4 2 2 2
¢(H1, H2, H3, V) = Qo+ @1+ @2+ 3+ = e TR TR TH (VI_VZ_.”3>
1/2 1/3 1/4
w(ﬂlfﬂzlﬂsﬁ)=w0+w1+w2+w3+"'=(1—V+2,—3,+4,—"')<V%—V%—H§>/

and hence, the exact solution is determined by

oGz, v) = (=18 —18)e ™, @l mapa,v) = (18— 3 =15 )e ™.

6. Conclusions

In this study, the solution of the fractional generalized pseudo-parabolic was provided
by employing the MSGLTDM. This method is a mixture that contains the multi-dimensional
Sumudu-generalized Laplace transform and the Adomian decomposition method. We
show the validity and ability of this technique through offered examples, indicating its
ability to approximate solutions for various problems. Furthermore, some of the theorems
of the properties of our method are introduced. The result suggested in the previous parts
indicates that the multi-Sumudu-generalized Laplace transform decomposition method
(MDSGLTDM) handles different difficult problems that existing methods cannot solve.
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