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1. Introduction

Let T be a non-uniform lattice in SL(2,R). By an automorphic representation of
SL(2,R), we mean a finitely generated admissible representation of SL(2,R), consisting
of T-invariant functions on SL(2,R) ([1]). Among all automorphic representations, L?
automorphic representations, i.e., subrepresentations of L?>(G/T), are of fundamental
importance. Since L? automorphic representations are unitary and completely reducible,
we assume L2 automorphic representations to be irreducible. By Langlands theory, L2
automorphic representations come from either the residues of Eisenstein series or the
cuspidal automorphic representations ([2]). Throughout this paper, we shall mostly focus
on irreducible cuspidal representations, even though our results also apply to unitary
Eisenstein series with vanishing constant term near a cusp.

Let G = SL(2,R) and 7 be an irreducible admissible representation of G. We say an
automorphic representation is of type 7 if the automorphic representation is infinitesimally
equivalent to 7r. In particular, we write L?(G/T) for the sum of all L2-automorphic
representations of type 7t. It is well-known that L?(G/T) is of finite multiplicity ([1]).
The main purpose of this paper is to study various L2-norms of the automorphic forms
at the representation level. In the literature, automorphic forms, the K-finite vectors in an
automorphic representation, are the main focus of interests. Our main focus here is the
L?-norms of automorphic forms, in comparison with (intrinsic) norms in the representation.
We hope to gain some understanding of various L?-norms of automorphic representation
as a whole, without references to automorphic forms. We believe this may lead to a better
understanding of the Fourier coefficients and L-functions.

Our estimates of L2-norms essentially involve two decompositions, the Iwasawa
decomposition KAN, and its variant KNA. The KAN decomposition is utilized mainly to
define Fourier coefficients and constant terms of automorphic forms. We give estimates
of various L2 norms of the restriction of automorphic representation to AN and the Siegel
set. The KNA decomposition, on the other hand, seems to be a potentially useful tool to
study the L-function associated with the automorphic representation. In this paper, we give
various estimates on the L2-norm of automorphic representation restricted to QA, with )
a compact domain in KN.

Our view point and setup are very similar to those of Harish-Chandra ([1]). The group
action will be from the left and the standard cusp will be at zero instead of co. Working in
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the general framework of harmonic analysis on semisimple Lie groups, Harish-Chandra
gave a very detailed account of the theory of cusp forms and Eisenstein series, mainly due
to Selberg, Gelfand and Piatetsky-Shapiro, and Langlands ([1]). Our goal here is quite
limited: we only treat the group G = SL(2,R) and we study various L?>-norms of auto-
morphic representations of type 71. Most of our results are stated in terms of automorphic
distribution ([3-5]). The reason is simple. There are two types of norms involved, one for
the automorphic forms, and one for the representation. Using automorphic distributions,
automorphic forms can be viewed as matrix coefficients of K-finite vectors and a fixed au-
tomorphic distribution. This allows us to compare norms of automorphic forms and norms
of the representation. These results will shed lights on the growth of the Rankin-Selberg
L-functions ([6,7]).

To state our results in a simpler form, let I' = SL(2,7Z). Fix the usual Iwasawa
decomposition G = KAN with N the unipotent upper triangular matrices. Let F be the
fundamental domain of G/T contained in a Siegel set. Recall that the L2-norm on the
fundamental domain is

da
Hf”%z(c/r) = /Jr |f(kan)\zu2;dndk.
We have
Theorem 1. Let 1 = P(u, %) be a unitary representation in the principal series (see Section 3.1

for the definition). Let H be a cuspidal representation in L>(G/T) . Then for any € > 0, there exists
a Ce > 0 such that

da
| 1f(kam) o S dndke < Cell I gy (¥ f € H).

For any e < 0O, there exists a Ce > 0 such that

da
2 € 00
| 1ftkan) o Shdndk < Cllfll 5oy (¥ f € H).

Here ug = R(u) and the norm ||| f| < up is defined on H*, smooth vectors in the representation in
H (see Equation (10) for the definition of ||| f|||).

Our theorem essentially says that every f € L?(G/T), is also in L?(F, ae‘fl—“dndk) for
every € > 0. In other words, the natural injection

L2(F, azi—adndk) DH — LA(F, ae%dndk)
is bounded for every € > 0 even though the natural map
L2(F, az%“dndk) — L2(F, ae%dndk)

is not bounded unless € > 2. In terms of the parameter €, there is a natural barrier at e = 0,
namely, as € — 0, the norms of these bounded operators go to infinity.

We shall remark that our estimates are true for all nonuniform lattices of any finite covering
of SL(2,R) (see Theorem 15). In addition, the first bound with € > 0 also holds for discrete series
D, (see Corollary 2). They are proved by studying the L2-norms of Fourier coefficients of the
automorphic distribution, defined in Schmid ([5]) and Bernstein-Resnikov ([3]). For the general
linear group GL(n,R), similar results should hold. The following problem is worthy of
further investigation.
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Problem 1. Let G be a semisimple Lie group, I an arithmetic lattice and S a Siegel domain. Find
the best exponents w such that

i:L2(G/T) — L%(S, a“%dndk)
is bounded. Here G = KAN is the Iwasawa decomposition.

Notice that if & = 2p, the sum of positive roots of gl(1n), the measure on the right hand
side is the invariant measure of G restricted to S. In this case, i is automatically bounded.
This shows that if a is “bigger” than 2p, i is also bounded. The problem is to find the
“smallest” « such that i is bounded. We shall remark that cusp forms will remain to be in
L*(S,a" %dndk) for any & since they are fast decaying on the Siegel set. Hence our problem
is about cuspidal representations, rather than cusp forms.

The second main result is an L2-estimates of f on QA where Q) is a compact domain
in G/A.

Theorem 2. Let I be a nonuniform lattice in SL(2,R). Suppose that the Weyl element w € T and
I' NN # {I}. Let H be a cuspidal automorphic representation of G of type P (iA, £). Let Q) be a
compact domain in KN. Let € > 0. Then there exists a positive constant C depending on €, H and
Q) such that

||f||L2(QA,ae%”dtdk) < CIlIfll—g (f €H7).
See Equation (10) for the definition of || f |-

We shall remark that in the KNA decomposition, the invariant measure is given by
dkdn%. Hence, the L2-norm here is a perturbation of the canonical L2-norm. In addition,
QA has infinite measure. The perturbation is needed because our theorem fails at € = 0.
At e = 0, the norm ||| f|| _¢ is the original Hilbert norm || f]| of the cuspidal representation.

There is no chance that || f|| 12(Q0A, 44 dr) CAN rEmain bounded forall f € H.

Throughout our paper, the Haar measure on A will be ‘fl—” We use c or C as symbolic
constants and ¢, to indicate the dependence on € and u.

2. Certain L2-Norm of I'-Invariant Functions
2.1. Setup

Let G = SL(2,R). Let

t
1>.teRL

(el

N:{nt:<

cosf) —sinf
K= {ko = ( sinf cosf ) H0[02m)}

— a 0 . +
A_{<0 a1>.a€R 1,
0 1

and w = ( 10
such that I' N N is nontrivial. Without loss of generality assume that

) € K. We call w the Weyl element. Let I be a discrete subgroup of G

TNN=N,={n:tepZ}

withp € NT,
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Let M = {£I} C K. Fix P = MAN, the minimal parabolic subgroup. Then the
identity component Py = AN. Fix %dt as the left invariant measure on an; € Py and d T‘fl—”
as the right invariant measure on Nta € Py. We shall keep the notion that any = Nra. Then

da 2 da da -2 da

T = a?t, t=a2T, ;dT dt —dt dT

Fix dk = d6 as the invariant measure on K. We write ¢ = kpan; for the KAN decomposition
and g = kgnra for the KNA decomposition. Fix the standard invariant measure

dg = azdt%dk de“ dk.

LetNTl = {nT:O <TK Tl}lle > OandNTl = {TITIO >T > Tl}lle < 0. Let
X1, = KN7, A equipped with the canonical measure dde%. Lete € R. For f € C(G/T)
or more generally L7 (G/T), we would like to estimate

HfHTl,e = ||f”L2(XT1,a€d7”dde)'
Here L? (G/T) is the space of locally square integrable function on G/T.

Leta; € RT. Let A = {a > a;} and A, = {0 < a < a1}. By abusing notation, we
simply use a € R as an element in A. Write

X(Ty,a1)* = KNy Az, P(Ty,a1)* = Np A
Write [ 12 x 1y e 2 1l o
2.2. Estimates on Hf”T],a;,e
Without loss of generality, assume T; > 0. Observe that
P(Ty,a1)  ={0<T<T,0<a<m}={0<a<a,0<t<a’Ty}.
We have

Proposition 1. Let f € L? (Py) such that f(xNp) = f(x) for a fixed period p € N*. Then for
any € € R,

zdt <1 agpir - ae%m?/o 2+e(| pa2J+1 / \F(any) Izdt—.
Proof. We have

Hf” P(Ty,a1)~ ue%ﬂdT)

- / fW@mm%#§
A A T

> [l [ I 20T

Here | x| is the floor function. The other direction is similar. [

For T; negative, we have a similar statement. Combining these two cases, we have

Theorem 3. Assume that f € L2, (G) and f(xNp) = f(x) for a fixed period p. Let ay > 0 and
€ € R. Then
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Joh'e

/ﬂ1 2|l 4 /Op |f(kant)|2dt%dk.

pa?

a2te ‘T1|J/ |f |2dt*dk<||f||T1u e_/

pa2 K Jo
2.3. Estimate on | f 1, o+ o

To estimate | f| 7, ot e We must utilize the Weyl group element w. We assume that

[fw)| = [f(x)]  (VxeG).

Leta € [ay,00). By the Iwasawa decomposition

T2 +1
nraw = k(T,a)npa, a = %, T =-T
and k(T,a) € K. This defines a coordinate transform from (T, a) to (T’,a’). Let (P(Ty,a1) ™)’

be the coordinate transform of P(Ty,a;) " w in terms of (T’,a’) coordinates. We have

1\2
(P(Ty,0)") ={-T1 <T'<0,0<d' < w}'
1
It is easy to see that
1. . T? +1
P(_Tll 71) g (P(Tl,al) ) - P(_ 1, ﬂl ) 7
and
JVT?+1
KP(—Tl,al)— C KP(Ty,a1) w C KP(—Tj, ;
1 1
Observe that
!/
M ar = (/2 1 1) (@) car
and
|f(knta)|* = |f(knraw)|* = | f(kk(T,a)npa’)|>.
We obtain

Proposition 2. Let f € L? (G), ay > O0and e € R. Suppose that f(xN,) = f(x) and
|[f(xw)| = |f(x)]. Then

12 g, (L)-—e S I o e < (VT +DEIANP Nz (e 20);

Tlr( a

(Tf +1)° £ L) S IF11% ate S ||f\|2 o (e <0);
T, (3 1, ’(\/7),

aq -

’

’

2.4. Estimates of || ||,

Choose a; = 1. We have

I e < MR e < VTRADNAR gy (€200

T+ D NI g ) e < I aee S IFIP () (€SO0

Combined with Theorem 3, we have



Axioms 2024, 13, 80

6 of 20

/K/Ol(aere_i_azfe)

Theorem 4. Let f be a locally square integrable function on SL(2,R) such that f(xNp) = f(x)
and | f(xw)| = |f(x)|. Ife > 0, then

Tl p 2 d a 2
Loga) ) 1fCkane) PatSEak < |1,

VT 2)
e I i 24494 € T+l 2-e,; 1 p 5, da
S/K/O a*t (L@J +1)/0 |f (kan)| dt;dk+(\/ﬁ) /K/O a (L@J +1)/0 |f (kany) [Pdt=dk.
Ife <0, then
// (@€ + T2+1)€ 27) pa2J/ |f (kany) |2dt—dk< I£13, e
3)

g/K/O a2 (| pa2J+1)/ | (kany) 2dt—dk~|—// a2 ¢( pa2J+1)/ |f(kant)|2dt%dk.

Ifp=1and T; = 1, we have

V2 _ 1 da
Ife<Ce [ [ w+aw4ummww7%

Notice that for 0 < a < v/2, [ ;] +1 < 5. Hence, we have bounded the norm of f on X;.
Generally, we have

Theorem 5. Suppose that f is a locally square integrable function on SL(2,R) such that f(xNp) = f(x)
and |f(xw)| = |f(x)|. Let € € R. Then there exists a positive constant cr, ¢ , such that

VT : p
||f||2Tl,e < CTl,e,p/K/O 1(aG—HfE)/O |f(kant)|2dt;adk.

Proof. We choose a positive constant ¢ such that

T T
Lp712J+1§cp712 (V 0<a<,/1+T2).

Then let c7, ¢, = cmax(2,1+ (M)e) N

Observe that the right hand side of our inequality involves an integral over a Siegel set.
However the measure on this Siegel set can be larger than the invariant measure a%ik%dt.
What we have achieved is a bound of ||f||r, by an integral on a Siegel set. In the next
section, we shall give estimation of the norms of f on A;l N/Np and on KA;1 N/Np.

3. Matrix Coefficients and Analysis on Py/N,

Now we shall focus on L? automorphic representations of type 7t where 7 is a principal
series representation. According to Langlands, L?> automorphic representations come from
either the residue of Eisenstein series or cuspidal automorphic forms. In either cases, the
restrictions of L? automorphic representations fail to be L? on Py/ Ny, when Py/ Ny, is equipped
with the left invariant measure. However if we perturb the invariant measure correctly, auto-
morphic forms will be square integrable. In this section, we will discuss the L2-integrability of
flp, with f € L>(G/T) with respect to the measure ae‘i—“dt. We will consequently discuss the
L?-norm on a Siegel subset. We conduct our discussion in terms of matrix coefficients with
respect to periodical distributions with no constant term. More precisely, the function f|p,
will be regarded as the matrix coefficient of v € H,; and a periodical distribution in (H*)~*.
Our view is similar to Schmid and Bernstein-Reznikov ([3,5]).
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3.1. Principal Series Representations of SL(2,R)

Principal series representations of G can be easily constructed using homogeneous
distributions on R? — {0}, namely, those

{f(rx) =r717"f(x), f(=x) = £f(x) | r e RT, f € C(R* — {0})}.

See for example [8,9]. In this section, we shall focus on the smooth vectors and the space
of distributions associated with them. Let (7r,,+, P(u, £)) be the unitarized principal
series representation with the trivial or nontrivial central character. P(u,+) includes
unitary principal series P(u, +) (with u € iR) and complementary series P(u, +) (with
u € (—1,0)U(0,1)). All of these representations are irreducible except P (0, —). In addition
P(u,£) = P(—u,+£).

Consider the noncompact picture ([9]). The noncompact picture is essentially the
restriction of f onto the line {(x,1) | x € R} C R?. We have for any ¢ = < a b >,

c d
fePu+),
s (§)f(3) = xsla = ex)la—ex| 1 F(ED)

a—cx

Here x_(x) is the sign character on R — {0} and x4 (x) is the trivial character. In particular,
we have

ms (g o )R =l T, @e R,
ms( gy ) =50

o (@) () = o (~20) (=2

xcosf + sinf
cosf — xsinf

).

There is a G-invariant pairing between P (u, £)® and P (—u, £)*. This allows us to write
the dual space of P(u, £)® as P(—u, £)~ .

Unless otherwise stated, P (u, +) will refer to the noncompact picture. The space
P (u, £)* will then be a subspace of infinitely differentiable functions on N = R satisfying
certain conditions at infinity.

cosf —sinf
u,t

sind  cosf )f(x) = x+(cos® — xsinf)|cos@ — xsin |17 f(

3.2. Matrix Coefficients with Respect to Periodical Distribution with Zero Constant Term

According to [3,5,10], every L? automorphic form of type 7 can be written as matrix
coefficients of an automorphic distribution and a vector in the unitary representation
7. Equivalently, in our setting, there exists a distribution T € P(u, £)~* such that the
automorphic forms of type 7t can be written as linear combinations of

fm(8) = (7u+(8)T, 0m),

with v, (x) = (14 xz)’% (%)% For P(u, +), the weight m can only be an even integer.

For P(u, —), the weight m must be an odd integer. If T is cuspidal, T has a Fourier expansion

*
T= Y bpexp2mixn,
nep—1Z,n#0

Here p is a positive integer and )_* denote the weak summation ([6,11]). We call such T a
periodical distribution without constant term. Our discussion is similar to [6].
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Let T € P(u,£)~ be a periodic distribution without constant term. We compute the
matrix coefficient formally:

(7t (ang)T,v)
=( Y a ' "bexp2mi(aix—t)n,v(x))

nep—1Z,n#0
S i by, exp(2mia 2 —271i )
nexp(27tia~“xn) exp(—2mitn)v(x)dx
nep—1Z,n#0

*
=a " Y by(Fo)(—na?)exp(—2mitn).
nep—1Z,n#0

Here F is the Fourier transform, and v is in a suitable subspace of P(—u,£)~®. The
formula above, also known as the Fourier-Whittaker expansion in a more general context,
is valid for v € P(—u, £)® with ®(—u) > —1.

Lemma 1. Let u = ug + iuq with ug < 1 and

*
T= Y bpexp2mixn € Plu,+)".
nep~1Z,n#0

Forv € P(—u, £)®, we have

(1ty,+ (ang)T,0) = g 1w Z (fv)(—na_z)bn exp(—2ritn)
nep~1Z,n+#0

P
/ (T, (an)) T, 0) 2t =p Y. a 2720|b, 2| Fo(—na=?)|2
0 nep~17

Proof. Suppose R(u) < 1. The functions in P (—u, +)* are smooth functions of the form

1+ x2)7%¢( %3;) with ¢ an odd or even smooth function on the unit circle. They are
slowly decreasing functions. Their Fourier transforms exist. Since the derivatives v(") are of
this form and they are integrable, we see that Fv({) will decay faster than any polynomial

at co. The weak sum in Equation (4) becomes a convergent sum. Our lemma is proved. O

We shall make a few remarks here. Since v € P(—u,+)® and 7 € P(u, £)~ %, the
matrix coefficient (7, + (an;) T, v) is automatically smooth. Our lemma simply provided a
Fourier expansion, which is generally known as the Fourier-Whittaker expansion over the
whole group G. The restriction that 1y < 1is somewhat unsatisfactory. When 1y > 1, Fv(¢&)
may fail to be a function even for v smooth. This happens when P(—u, +) is reducible and
discrete series will appear as composition factors. Hence, automorphic representations
that are discrete series, can be treated by considering the reducible P(—u, ). We shall
refer readers to Schmid’s paper [5] for details. When P(—u, £) is irreducible, Fv(¢) is
a fast decaying continuous function off from zero. Our lemma is still valid in this case.
However, if 11g > 1, Fv({) will fail to be a locally integrable function near zero and need to
be regularized to be a Schwartz distribution.

From now on, without further mentioning, we will restrict our scope to 1y < 1. We
do not lose any generalities here. If P(u, £) is unitary, then ®(u) € (—1,1). If Tisa
discrete series representation, then 7t can be embedded into a principal series represen-
tation P(—u, &) with u < 1. Hence our assumption is adequate for the discussion of L?
automorphic representations. When R(u) < 1and v € P(—u, £)%, (exp 27tixn, v) shall be
interpreted as

1 )
i (exp 2rtinx, £>
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3.3. L2-Norms on Py/ Ny

Let us first study the L? norms of f(g) = (7,4 (g)T,v) on Py/Np. T and v are given in
Lemma 1. Now we compute

/“1 / 7 f(ant)|2dtae%

o o\ ppda
_p/ 2 2u0|bn|2|]_-v(_na 2)|2;
nep— 1Zn;é0
da
— . a—e Z a2+2u0|bn|2|]_—v(_na2)‘27
1 nep~1Z,n#0
o d
-3 | E b P Fo(—na) P ®
nep=1Zn#0""M a
P o0 — €4 14ug,, S —1—up 2 Zdﬂ
= L [, a tont )b, 2 Fo(a) P
nep~1Zn>0 + g
b st 2 € —1—ug 2
=2Y [, a vt Fo(Fa) Y nt ' b,[? | da
+ a%ip %gngaa%,nep*12

We summarize this in the following proposition.

Proposition 3. Let u = ug + iuq withug < 1. Let v € P(—u, £)®and v € P(u, £)~*

T= Y  byexp(2minx).
nep~1Z,n#0

Let f(an;) = (7, +(an)T,v). Then f(any) is a smooth function on Py and

/ / |f (any)| zdta da ”2/ a= 21| Fol :Fa)[ Y n2=1- ”0|bin|2]du. (6)

ap %Sngaa?,nep*lz

In particular,

// (any) |*dta aa gz Yo nilwopy,? /0 a5t Fo(Fa)|*da. (7)
T

;Sn,nepfll

Proof. Since f(g) is a smooth function on G, f(an;) is a smooth function on Py. Both
equations hold without any assumptions on convergence. Hence both sides of the equations
converge or diverge at the same time. O

3.4. Estimates of Fourier Coefficients by,

We can now provide some estimates of certain sum of Fourier coefficients. These estimates
are more or less known for automorphic forms ([3-5,12]). Our setting is more general.

Theorem 6. Under the same assumption as Proposition 3, suppose that there exists a
v € P(—u,£)® such that f(an;) = (7,4 (ane)T,v) is bounded on Py. Suppose that Fov(a) is
nonvanishing on R~ or R*. Then we have the following estimates about the Fourier coefficients by,.

1. If|f(an)|* < Cy gat for some > 0, i. e., f(an;) decays faster than a¥ near the cusp 0,
then we have for each € € (—u,0),

D 80, 2 < oo

n>0,nep~17%
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2. Foreach e > 0, there exists a Cer > 0 such that

k
Yo i by, 2 < Cork? (k> 1).
n=4nep~1Z

Let me make a remark about the =+ or F signs. If Fv(a) is nonvanishing on R™, then
by, should be read as b ; if Fov(a) is nonvanishing on R, then b, should be read as b_,,.
The proof should be read in the same way.

Proof. Fix f(an;) = (my,+(an:)t,v) bounded on Py by Cy. Suppose that Fv(a) is nonvan-

ishing on R~ or R™.

1.  Suppose that |f(an;)|* < Cypat for p > 0. For —p < € < 0,€the left hand side of
Equation (7) converges. Since Fv(a) is nonvanishing on RF, fooo a~ 21| Fo(¥a)|?da > 0.
Then the sum }°1 _, n2=17%|p, |2 becomes a factor and must remain bounded by a

<

constant depending on f and €.
2. Lete>0,6>0anda? > %. By Proposition 3 we have

(L U a5t Fo(va) e
3

1
P
< [TaEFeEal Ll b P

gnga%a,nepfll

< / LAY s 0, )| Fo(Fa)Pda ®

1 _
F<n<pm%,n€p 1z

<2p’1/ / | f(any) 2dta

a€
<2Cf*l

Now fix a & > 0 such that [;”a~27%|Fo(Fa)|?da is positive. It follows that there
exists C, ¢ > 0 such that for any a? = %

€
Yo onilp, P < 2C;2 a_ = 2C}k26 26! = Co g k2.
% n<knep-1Z
Notice that § depends on v, therefore also on f. We can write c¢ 15 as ce f-
O

If T is a cuspidal automorphic distribution in a unitary principal series or complemen-
tary series representation, then all automorphic forms f(g) will be bounded and rapidly
decaying near the cusp at zero. In this situation, the estimates in Theorem 6 were well-
known ([3,5]). The first estimate can also be obtained by observing that the Rankin-Selberg
L(f x f,s) has a pole at s = 1 for suitable f and the coefficients of the Dirichlet series are
all nonnegative ([12]). If the (cuspidal) automorphic representation is a discrete series rep-
resentation, the automorphic distribution T can be embedded in P (u, +) > for a suitable
u and will have its Fourier coefficients supported on p~!N or —p~!N. Our estimates of
Fourier coefficients also follow similarly upon applying the intertwining operator. The
details of how to treat the discrete series representations can be found in [4,5].

3.5. L2-Norms of Bounded Periodical Matrix Coefficients

By considering the converse of Theorem 6, the equations in Proposition 3 also imply
the following.
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Theorem 7. Under the same assumption as Proposition 3, we have the following estimates.

1. Ife <0and ¥ 10ncp-1z |n|2= 11|, |2 < oo, then there exists positive constant Ce -
such that

a P © c
[ [ tftam)Patat ™ < oy [T 054 Fo(a)Pda
o Jo a T/
1
In particular,
A 24,690 ' _etu 2
[ [ 1ftanParac® < ooy [T am 50| Foa) Pda.
0 Jo a = Jo
2. Ife>0and ¥y, <pnep1z In|2=140|b,|? < Ce ok for any k > 1, then

a p 0
[ Flany)Patae ™ < CorafpY [} | Fo(a)Paa.
0 0 a I a%—p

We shall remark that this theorem holds even P (u, &) is not unitary.
Combining Theorems 6 and 7, we have
Corollary 1 (¢ > 0). Under the same assumption as Proposition 3, suppose for some

¢ € P(—u, £)* the function f(any) = (7t,,+(ans)T, ¢) is bounded on Py and F¢(a) is nonvan-
ishing on both R and R~. Then for any € > 0 and v € P(—u, £)*, we have

“aore 2 eda € ug 2
| 1 (amye, o) Pata 2 < Cocaf [ a0 Fo(a) da. ©)
2o

a|>
In particular, if P(u, ) is unitary, we have

e 2 edlZ € 2
/0 /O (st (ame) T, 0) Pata L < Coa ol3 4,

ay p 5 edll . )
/K/O /0 |(7tu,+ (kang) T, v)|“dta 7dk < Ce'Ta1||v||P(—u,i)

for every v € P(—u,+).

Proof. We only need to prove the second statement. If ug = 0, i.e., P(u, £) is a unitary
principal series, then

o

If P(—u,+) is a complementary series representation, then the unitary Hilbert norm
||'U||'P(_u’i) is given by exactly the square root of

| lal"|Fo(a)Pda < | Fo(x) T2y = 1015,
o

[ l1F o) Pax,
up to a normalizing factor depending on u. Hence we have

a b da
I ) Pt < Coatlof

Observe that
(10y,+ (kang)T,0) = (7,4 (ang) T, w4y & (k*1)0>
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and |\7r(—u,:|:)(k’1)v||p(,uri) = ||ollp(—y,+)- The inequalities in the second statement
hold for v € P(—u, £)*. Therefore, they must also hold forv € P(—u,+). O

Notice that Inequality (9) is true for all R(u) < 1, in particular for u with P(—u, £)
reducible. Hence it applies to discrete series representation D,,. In addition, the norm on
the right hand side of Inequality (9) is bounded by

Ce,Taf/ ||| Fo(a)[2da
JacR

By the Kirillov model, this integral is a constant multiple of the unitary norm ||v||p, ([13]).
We have

Corollary 2 (discrete series case). Let Dy, be a discrete series representation. Let T be a periodic
distribution in D,;* with period p. Suppose that for some ¢ € D%, the function (D, (an;)T, ) is
bounded on Py. Then for any € > 0and v € D%

—ns

ar p da
| Dutane)r, o) Pata ST < Ceraflol

A da
/K /0 /0 |<D”(k“”t)’l’,v>|2dta€;dk < Ce’TaiHvHZD_n

for every v € D%, and therefore v € D_,,. Here D _, is the dual of Dj,.
Notice that Theorem 7 holds for each 7_, + (k)v. We obtain

Corollary 3 (¢ < 0). Let P(u, %) be a unitary representation. Under the assumptions of Proposition 3,
suppose that € < 0and Y, 4 |n| 27140 |p,|2 < co. Then there exists Ce v > 0 such that

a p 5
/K/O | /0 | (70,4 (kany) T, v>|2dtae%dk < Cer x| 720 | F (a1 (k)o) (x) .

1
x>
‘ ‘ [l%p
In particular,

* 2, cda Y AT e 2
/K / /O [ (7 (kany ), ) Pata Sk < o /K /_m|x| 5410 | F (71 4 (k)0) (x)[2dxdk;

Both inequalities hold for those v € P(—u, &) with which the right hand sides converge.

In the case of automorphic forms, our L2 norms are estimated over a Siegel subset,
but with the measure ae%dkd t, while the Siegel set is often equipped with the measure
a? %"dkdt. The bounds we have are certain norms on the representation. This allows us to
treat everything at the representation level. If € > 0, the bounds come from the Hilbert
norm of the automorphic representation. We have nothing to improve on. If € < 0, we will
need to further study the norm

ol sy = [, [ 121750 F (e (k)o) (x) Ptk (10)

in more details. Our goal is to bound |||v||| ¢, by a more tangible norm. A natural choice
is a norm coming from the complementary series construction.

4. K-Invariant Norms and Complementary Series

Let (1) > —1. Recall that the smooth vectors in the noncompact picture of unitariz-
able P(u, £) are bounded smooth functions on R with integrable Fourier transform. The
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Fourier transforms are indeed fast decaying at oo, but singular at zero. For any bounded
smooth function ¢ with locally square integrable Fourier transform, let us define

l9lIZ, :/IXI‘”IF(@(X)Izdx, (Vue(=11)

whenever such an integral converges. This norm is indeed the unitary norm of the com-
plementary series C,, upto a normalizing factor. The standard norm || * ||, for the comple-
mentary series is often constructed using the standard intertwining operator A, ([9]). Our
norm || * ||c, differs from the || * ||, by a normalizing factor. The standard norm || ||, has
a pole at u = 0. The norm || * ||, does not. Hence || * ||, is potentially easier to use. In
this section, we will first review the basic theory of complementary series. Then we will
use || - || ¢, to bound the norm |||-|||,,. Our main references are [8,9].

4.1. Intertwining Operator and Complementary Series

The standard intertwining operator A, : P(u, +)* — P(—u, +)* is well-defined for
Ru > 0 and has meromorphic continuation on C. In the noncompact picture,

_ [ fW)
A ) = [ oy
Let (x, *) be the complex linear G-invariant pairing
P(u,+) x P(—u,+) = C

defined by

() = [ AR (A ePu+),f2 € Plu, ).
For any ¢, ¢ € P(u,+), we define

(@) = (Au(@), ).

This is a G-invariant bilinear form on P (u, +)®. When u isrealand 0 < u < 1,

((P, lp)u = <Au (4’>/¢>u

yields an G-invariant inner product on P (u, +)*. Its completion is often called a comple-
mentary series representation of G, which is irreducible and unitary.
In the noncompact picture, the standard basis for the K-types of P(u, +) is given by

1+ xi
1—xi

()

2m

_Lltu
2

vé”) = (1+x%)

m

(

o (me 7).

()

hm tOC

The intertwining operator A, maps v 0,5, - The constant

Qo (F1mtAl(w) 2T ()C(m + =5 sin(tyE ).
2 F(%‘Q‘M)F(”Tﬂ—m) F(HTH—FTH)

See [8]. We make two observations here. First, the formula above in fact uniquely deter-
mined the analytic continuation of the intertwining operator A,. Secondly, for u ¢ 2Z + 1,

I(=4 4 m)
T hm)

~cym " (m — o0).

We have
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Lemma 2. Forafixed u € (—1,0) or u € (0,1), there exist positive constants c,, c,, such that
1+ ml) ™ < (o)) ol )y S cll+|m)) ™ (m e 2)).

The intertwining operator A, has a pole at u = 0. Hence we must exclude u = 0 from
our estimates.

4.2. Normalizing (*,*)y

Recall that for u € (0,1)

//| |1 udxdy (¢, € P(u,+)®),

and

o, = [ el F(9) @) F @) @)de.

By Fourier inversion formula, we have

(@ ¢)c, = G(u)(d, ¥)u,

where [ |&|~"exp —2mix¢d¢ = G(u)|x|~1*% . This is true for u € (0,1) and can be ana-
lytically continued to u € (—1,1), since the function G(u) can be expressed in terms of
I'-functions and possesses a zero at u = 0 ([10]). Hence we have

o112, = GG)lob” I
for u € (—1,1). By Lemma 2 we have the following estimates:

Theorem 8. For u € (—1,0], there exist positive constants q, q,, depending continuously on u
such that qo = q, = 1 and

T+ m2)7E < o), < qu(1+m?)7E,
4.3. Bounds by the Complementary Norm: P(iA,+) Case

Fix v € P(iA, +)® with A € R. Recall that we are interested in the norm
loll, = [, [ 171 Gria,« (R)o) (0) Pk = [ i s ()ol2,dk (< 0).
Clearly, this norm is K-invariant. Hence we will need to estimate H‘UZI)\ H’ = ||v2 ||Cu
Theorem 9. Let u € (—1,0). Then there exists a positive constant ¢, such that ¥ m € Z
212 < et + 2

Proof. Observe that

i —iAdtu  (y
o () = (142%) 75 0p).

Under the compact picture of P (u,+), v%\) becomes

| sin 8]"A % exp 2mi6), (cotf = x).
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o5

I3, =

Z |‘12k| ||vzm+2k||cu < hzqu Z

The function | sin §|"*~* has period 7t and L! derivative. Hence its Fourier series expansion

Z ax exp 2ki6,
keZ

satisfy that |ay;| < hy(1+ kz)_% for some positive constant /,,. We obtain

(ir) (u)
U kZ A2k Uy 1 2k
€z

It follows that

oy U
(i)t .

y (142m2)~7(1+2k%)"2
k2 +1 -

k2 +1 !

keZ keZ

u

which will be bounded by a multiple of (1 +m?)~2. O
For u € (—1,0) the map

iA—u

o(x) € P(ir, +)° — (1+x%) 2
(iA)

preserves the K action and maps v,,’ to vgm) By Theorems 8 and 9 there is a constant c,
such that

v(x) € P(u,+)*

(ir)
| < culiole,

2
We have
Theorem 10. For u € (—1,0) and A € R, there exists a positive constant c, such that
@I < cull 1 +23) T 0(x)llc, (¥ o(x) € P(ir,+)).

Under the assumption of Corollary 3, applying Theorem 10, (7, + (kan; )T, v) will be in
2iA—e€

L2(G/Np ,a”ffdtdk) aslongas (14 x2)"% o(x )||C% is bounded with € € (—2,0).

4.4. Bounds by the Complementary Norm: P (iA, —) Case

Letu € (—1,0) and A € R. The K-types in P(iA, —) are

i —iAtu 1+xl
oy (x) = (14275 ()" (men).

Here x = cotf (6 € (0, 7)) and (1”1)””% = expi(2m + 1)0 is well-defined. Our goal is

1—xi
to estimate ||v§l£il (x)]|c,. We still have

- 14+ xi1 u—id
ol (%) = o () (1+x0) "

In the compact picture of P (u, +), Uéml_l( ) becomes sgn(sin )| sin 8] #+ exp(2m + 1)if.
Notice that this function has period 7t and take the same value as | sin 8] ~** exp (2m +1)i6
when 6 € [0, 7]. Observe that sgn(sin( + 7r))| sin(8 + 7r))| ~“+* = — sgn(sin 0)| sin ]+
Let sgn(sin8)|sin 0] “+* = Y7 box_q exp(2k — 1)i6 be its Fourier expansion. Again, the
function sgn(sin 6)|sin 8| ~“** has L!-derivative. Hence |by,_1| < C”\Zkli—l\‘ By a similar
argument as P (i), +) case we have
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Theorem 11. Let u € (—1,0). Then there exists a positive constant c, such that

eS| < cuta+ pmi).

Theorem 12. For u € (—1,0) and A € R, there exists a positive constant c, such that

oG < el +2) 2 GED o), (o(x) € P2, ).

Proof. Consider the map
I:P@A, =) = P(u,+)" 7

defined by

0)(x) = (142" (122

I maps the orthogonal basis {vgﬁ)_l :m € Z} of ||*]|| to orthogonal basis {vgn) cm e 7L}
of the complementary series C,. In addition, one can easily check that I is bounded.
Our theorem then follows. Contrary to the spherical case, the operator I is no longer
K-invariant. [

4.5. Bounds by the Complementary Norm: P (u, +) Case

Let u € (—1,1). Then P(u,+) is the complementary series C,,. For p < 0 and
v € P(u,+)%, we are interested in

oG = [, [ 151741 G (k)o) () Pt
For our purpose, we will assume that # + y > —1.

Theorem 13. Let u € (—1,1) and u € (=1 —u,0). Then there exists a positive constant c;,,
such that

< cpu(1+[m])™""

(1)
0
‘H 2m u+u

If u + pu <0, our proof is similar to the proof of Theorem 9. If 0 < u + u < 1, the proof
will be different. We will be a little sketchy.

Proof. We have vg W = vg’lﬂl) (1+x2)%. Under the compact picture, vgm) = v;j” |sinf| =%
Let Y ez aox exp 2ki6 be the Fourier expansion of | sin 6|~ % Since |sin 6|~ % has Ll-derlvatlve,
we must have |ay| < hy, (1 + kz)_% for a positive constant /,. We obtain

(utp)

UZm Z A2V 1 2k
kEeZ

Notice u +p > —1. If u + u < 0, by Theorem 8§,

I‘

2 (u+1) (14 (m+k)? )
[le5alll.,, = IobalRs, = T loaPlob R, , < "”*”kezz e
U+, utp
< Wafuin ) (1+2m?)~"2" (142k2)" "
! ykeZ k2+1 '

which will be bounded by a multiple of (1 + m?)~ o
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If u+p > 0and m # 0, we have

5 (14 (m+k)?*)~" y 1+ (m+k)?)~"2" . (14 (m+K)?)~"7"
k2 +1 k2 +1 kK2 +1

K>t K<ty

keZ

The first sum is bounded by ) < c|m|~t < ¢|m|7*H, since u + u < 1. The

1
k>l k21

second sum is bounded by ¢’|m|~"~#. We see that ||Ug;2 H%uw < up(1+|m)) " #. O

By essentially the same proof as Theorem 10, we have

Theorem 14. For u € (—1,1) and p € (—1 —u,0), there exists a positive constant c,, ;, such that

oGy < cupl 1 +3) Fo@)lle,.,  (0(x) € Plu,+)%).

5. K-Invariant Norms over G/T

Let I be a nonuniform lattice in SL(2,R). Then G/T has a finite volume and a finite
number of cusps, z1,2,...,z;. Write G/T as the union of Siegel sets Sy, Sy, ...5; with a
compact set Cp ([14]). Since I action is on the right, our standard Siegel set will be near 0,
not co. Let dg = adadt dk be the invariant measure of G under the KAN decomposition.
Over each Siegel set S;, the invariant measure can be written as dg = a;da;dt;dk.

Theorem 15. Let T be a nonuniform lattice in SL(2,R). Let H C L?(G/T) be a cuspidal
automorphic representation of type P (—u, +). Given any K-invariant measure v on G /T such that

v is bounded by dg on Co and bounded by a$ du—f"dtidk on S;, there exists a constant C depending on
v (hence on €) and H such that

1. Ife >0, then
1fll2c/mavy < Clfliae/rag,  (fF €H)

2. Ife <0, then forany f € H® = P(u,+)>,

£ 26 /mavy < Coelll flllg —g

and ||| f] < ug will be bounded the complementary norm given in Theorems 10, 12 and 14.

We shall remark that our theorem can be generalized to all nonuniform lattice of a
finite covering of SL(2,R).

Proof. Letv € P(—u,£)® and o € P(u, £)~ . Let f(kan;) = (rmy,+ (kan¢)o, v). Then for
any h € G, the left action

L()f(8) = f(h71g) = (mu(h™'8)0, v) = (Mu+(8)0, -z (h)0).

We see that the left action on f(kan;) is equivalent to the action of P(—u,+) on v. Fix
H C L2(G/T), a cuspidal automorphic representation of type P(—u, +). By [3,5], there
exists a I-invariant distribution T € P (1, £) % such that all smooth vectors in H* can be
written as (71, +(g) T, v) for some v € P(—u, £)®.

Fix € > 0. For each cusp z;, we can use the action of k; so that k;z; = 0. In the language
of Harish-Chandra, this amounts to choose a cuspidal pair (P, A). By Corollary 1, for each
cusp z;, we can choose a Siegel set S; and find a constant C; such that

1 (€T 005, e gy < ity = €l ()0 126
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Obviously, for the compact set Co,

1{700,+ (8) T, 0) [[12(c ag) < 1(Tu2(8) T, 0) lr2( /)

Hence, our first inequality follows.
Fix € < 0. By Corollary 3, [|(74,+(8) T, 0) | 12(s,av) < CllI]l| ¢y, defined for each cusp
z;. In the cases of P(—iA, +), By Theorem 10, the norm

2il—e
4 U(x)Hc%-

lloll < Cill(1+?)
Observe that the map from P(—iA, +)% to P(5,+)* defined by

21')\4—6 Z)(x)

o(x) — (1+x?)

is K-invariant and the || * ||c. is independent of the choices of the unipotent subgroup
2

N. Hence |[(1 + x?) 21‘4T7€v(x) ||c. remains the same for different choices of cusps. Over Cy,
5
we have
2iA—e
1(7tia,+ ()7, 0} 2(coutg) < i+ ()T M2y = callollp(-in4) < call (142775 0(x) e, -
We obtain .
H<7TiA,+(8)T/U>HLz(G/r,du) < Cyll(1+2%)7s Z’(x)||c§-

The complementary series case P (u, +) is similar. The nonspherical unitary principal series
P(iA, —) is more delicate. Essentially, norms H|v\||% with respect to different N; will be
mutually bounded. Hence we still have

1+ xi

2il—e 1
e 2
() o@)lc,.

17tia,+ ()T 0) 26 /ma0) < Caell(1+27)
]

5.1. Bounds with Respect to QA

The KAN decomposition fits naturally in the theory of Fourier-Whittaker coefficients
of automorphic forms. It is used by number theorists to conduct analysis on automorphic
forms, often over a Siegel set. However to understand the L-function of automorphic
representation, in particular, the growth of L-function, the natural choice seems to be the
KNA decomposition. Both KAN and KN A originated in the Iwasawa decomposition and
are closely related to Cartan decomposition. The analysis based on these decomposition
seems to be of different flavor and have different implications. The G-invariant measure
with respect to KAN decomposition is az%dndk or a‘z%dadndk depending on the choices
of N. The G-invariant measure with respect to KNA decomposition is simply dk dn da.

Recall that L-function for a cuspidal automorphic representation of SL(2,R) can be
represented by a zeta integral over MA = GL(1). Hence it is desirable to have an estimate
of the L2-norm of automorphic forms over QA, where () a compact set with finite measure
in KN.

Theorem 16. Let T’ be a nonuniform lattice in SL(2). Suppose that w € T and Ny, C T'. Let H be
a cuspidal automorphic representation of G of type P (i, %). Then there exists a positive constant
C depending on €, H and Ty such that

Ifllme <ClAl_g — (f €HT).
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Proof. By Theorem 5,

VIHTE P d
£ <enen [ [ @ +am) [ 1fChan) ek

VLT P da
< Crep((1+TH+1) /K /O " glel /0 |f(kant)|2dt;dk.

Since H is cuspidal, the K-finite functions in ‘H are bounded and rapidly decaying near
the cusp 0. Again, we write f(g) € H as matrix coefficient (77, +(g)7,v) for some
v € P(—iA,£+) and T € P(8A,+)~*. Obviously, T will have no constant term in Fourier
expansion. Its Fourier coefficients have the convergence specified in Theorem 6. By
Corollaries 1 and 3, there exists C, 3, 7, > 0 such that

£ 17, < Ce,H,T1|||f|||il23| (f € H®).

Our theorem then follows. [

Corollary 4. Let I' be a nonuniform lattice in SL(2,R). Suppose that w € T and N, CT. Let H
be a cuspidal automorphic representation of G of type P (i, %). Let Q) be a compact 2 dimensional
domain in KN. Let € € R. Then there exists a positive constant C depending on €, H and )
such that

”f”LZ(QA,ae%dtdk) < C|||f|||,§ (f € H™).

Proof. Obviously, any compact set () in KN is contained in some KNr,. Hence QA C Xr,.
Then our assertion follows from the previous theorem. [J

We shall remark that our results also apply to cuspidal automorphic representations
of type P(—u,+) with u € (=1,1). The bound will be a constant multiple of [[|f[|| |y as
—u—7z

in Theorem 16.

5.2. Applications to Unitary Eisenstein Series

We shall remark that the Theorem 16 remains to be true if

1. weTland N, CT;
2. the Fourier coefficient b, of T satisfies the conditions that by = 0and ¥ |1z| =2 =1~ |, |2 < oo
fore > 0.

The following proposition follows directly from Theorem 7.

Proposition 4. Let T be a discrete subgroup of SL(2) such that w € T and N, C T. Let V
be an automorphic representation of type P(iA, £). In addition, we can assume V is given by
(7tir,+(8)T,v) with T € P(iA, £)™%. Let € > 0 and suppose T = Y _ 1, n-40 bn €Xp 27tixXN

with Y, <k n| =571 by|? < co. Then

*
nep-

1{7tir, ()T, 0)ITye <Cllvll g (v € HT).

If T is a congruence subgroup containing w and the unitary Eisenstein series is cuspidal
at 0 and oo, we have

Corollary 5. Let I be a congruent subgroup of SL(2,R) such that w € T. Let V be an Eisenstein
series of type P (iA, £) and € € R. Suppose that V has zero constant term with respect to N. Then

Ifllme <Cllfll_g — (FEV)



Axioms 2024, 13, 80 20 of 20

Proof. The Fourier coefficients of Eisenstein series for congruence subgroups are
computable ([12]). It can be checked that " 1| 271|b,|? < co fore > 0. O
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