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Abstract: We investigate Ly-approximation problems in the worst case setting in the weighted
> 0 and
appear in this paper.

Hilbert spaces H(Kg d,m) with weights R, . under parameters 1 > 71 > 72 > -
I<m <ap < - dan)
We consider the worst case error of algorithms that use finitely many arbitrary continuous linear

-. Several interesting weighted Hilbert spaces H(Kg

functionals. We discuss tractability of Ly-approximation problems for the involved Hilbert spaces,
which describes how the information complexity depends on d and £~ 1. As a consequence we study
the strongly polynomial tractability (SPT), polynomial tractability (PT), weak tractability (WT), and
(t1, t2)-weak tractability ((t1,t2)-WT) for all ; > 1 and t, > 0 in terms of the introduced weights

under the absolute error criterion or the normalized error criterion.
Keywords: multivariate approximation; information complexity; tractability; weighted Hilbert spaces

MSC: 41A81; 47A58; 47B02

1. Introduction

We investigate multivariate approximation problems S; with large or even huge d.
Examples include these problems in statistics (see [1]), computational finance (see [2]) and
physics (see [3]). In order to solve these problems we usually consider algorithms using
finitely many evaluations of arbitrary continuous linear functionals. We use either the abso-
lute error criterion (ABS) or the normalized error criterion (NOR). For X € { ABS, NOR} we
define the information complexity 7% (e, S;) to be the minimal number of linear functionals
which are needed to find an algorithm whose worst case error is at most ¢. The behavior of
the information complexity 7% (e, S;) is the major concern when the accuracy e of approxi-
mation goes to zero and the number d of variables goes to infinity. For small € and large
d, tractability is aimed at studying how the information complexity nX (e, S;) behaves as a
function of d and &1, while the exponential convergence-tractability (EC-tractability) is
aimed at studying how the information complexity nX (g, S;) behaves as a function of d and
(1+1In(e71)). Recently the study of tractability and EC-tractability in the worst case setting
has attracted much interest in analytic Korobov spaces (see [4-11]), weighted Korobov
spaces (see [7-9,12-14]) and weighted Gaussian ANOVA spaces (see [15]).

Weighted multivariate approximation of functions on space [0, 1] are studied in many
problems. We are interested in weighted Hilbert spaces of functions in this paper. We
present three examples of weighted Hilbert spaces, which are similar but also different. We
devote to discussing worst case tractability of Ly-approximation problem

APP = {APPd tH(Kg,,,) — La([0, 1]")}01eN

with APPy(f) = f forall f € H(Kg,, )in weighted Hilbert spaces H(Kg,, ) with three
weights R, , under positive parameter sequences v = {7j}jen and & = {a;};cn. The
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tractability and EC-tractability of such problem APP in weighted Korobov spaces with
parameters1 > 43 > 2 > --- > 0and 1 < a1 = ap = - - - were discussed in [12-15] and
in [16], respectively. Additionally, [15] considered the tractability of the Ly-approximation
in several weighted Hilbert spaces for permissible information class consisting of arbitrary
continuous linear functionals and consisting of functions evaluations.

In this paper we study SPT, PT, WT and (t1,t,)-WT for all 4 > 1 and t, > 0 of the
above problem APP with parameters

1>2y1 292 2>2---20,

and
1< <ap <--e

for the ABS or the NOR under the information class consisting of arbitrary continuous
linear functionals. Especially, although these three weighted Hilbert spaces are different,
we get the same compete sufficient and necessary condition for SPT or PT, and the same
exponent of SPT by appropriate method.

The paper is organized as follows. In Section 2 we give preliminaries about mul-
tivariate approximation problems in Hilbert spaces for information class consisting of
arbitrary continuous linear functionals in the worst case setting, and definitions of tractabil-
ity. In Section 3 we present several examples of weighted Hilbert spaces and study some
facts and relations between them. In Section 4 we discuss the tractability properties of
Ly-approximation problems in the above weighted Hilbert spaces, then state out main
result Theorem 6.

2. Approximation and Tractability in Hilbert Spaces
2.1. Approximation in Hilbert Spaces
Let F; and G, be two sequences of Hilbert spaces. Consider a sequence of compact

linear operators
Sd By — Gd

for all d € N. We approximation S; by algorithm A, ; of the form

n

Ana(f) =Y Ti(f)gi for f €Sy, (1)
i=1
where functions g; € G4 and continuous linear functionals T; € Fj fori = 1,---,n. The
worst case error for the algorithm A, ; of the form (1) is defined as

e(Ang) = sup  |[Sq(f) — Ana(f)llc,
feFalIflle <1

The n-th minimal worst-case error, for n > 1, is defined by

e(n,Sy) := qunf e(Anq),

n,d

where the infimum is taken over all linear algorithms of the form (1). For n = 0, we use
Apg = 0. We call

e(0,S5) = sup  |[[Sqa(f)llg,
feRallfllE, <1

the initial error of the problem S;.

The information complexity for S; can be studied using either the absolute error
criterion (ABS), or the normalized error criterion (NOR). The information complexity
nX(e, S,) for X € {ABS,NOR} is defined by

nX(g,S;) := min{n € Ny : e(n,S;) < eCRI,},
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where
1, for X = ABS,
ORIy = { e(0,54), for X = NOR.

Here, Ng = {0,1,...} and N={1,2,...}.

It is well known, see e.g., refs. [7,17], that the n-th minimal worst case errors e(1, S;)
and the information complexity nX(g, S;) depend on the eigenvalues of the continuously
linear operator Wy = S3S; : Fy — Fy. Let (Agj,174,;) be the eigenpairs of Wy, i.e.,

Watlaj = Agjna,j forall j €N,
where the eigenvalues )td,]- are ordered,
Aag = Agp =+ 20,
and the eigenvectors 74 ; are orthonormal,
(Mdir 11d/]'>1:‘d = ¢, forall i, j € N.

Then the n-th minimal error is obtained for the algorithm
n
A5 if = Y fina ) Ena, forall f € Fy,
j=1

and
e(n,54) = e(A;, 4) = \/Agus forall n € No.

Hence the information complexity is equal to
(e, S4) = min{n €No: y/Adui1 < sCRId}
= min{n €Ng: Agui1 < 52CR1§} )

4

= |{neN: g, > SR}

with e € (0,1) and d € N. We focus on the rate of the information complexity when the
error threshold ¢ tends to 0 and the problem dimension d grows to infinity.

2.2. Tractability

In order to characterize the dependency of the information complexity n%(e, S;) for
the absolute error criterion and the normalized error criterion on the dimension 4 and
the error threshold ¢, we will briefly recall some of the basic tractability and exponential
convergence-tractability (EC-tractability) notions.

Let S = {S;}4en. For X € {ABS,NOR}, we say S is

e  strongly polynomially tractable (SPT) iff there exist non-negative numbers C and p
such that foralld € N, e € (0,1),

n* (¢, S4) < C(e )P

The exponent p* of SPT is defined to be the infimum of all p for which the above
inequality holds.
*  polynomially tractable (PT) iff there exist non-negative numbers C, p and g such that
foralld e N, e € (0,1),
n*(g,S4) < Cd(e 1)P.
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*  quasi-polynomially tractable (QPT) iff there exist two constants C, t > 0 such that for
alld e N, e € (0,1),

n*(e,S;) < Cexp (t(1 +Ine ') (1 +1Ind)).

The exponent tPol of QPT is defined to be the infimum of all ¢ for which the above
inequality holds.
*  uniformly weakly tractable (UWT) iff for all t1,t, > 0,

InnX (e, Sy)
e*lfajlr;oo dh + (Efl)tZ

¢ weakly tractable (WT) iff
X
lim Inn”(e, Sy)

=0.
e ltdose d+el

e (#,tp)-weakly tractable ((t1,t2)-WT) for fixed positive t; and ¢, iff

X
lim Inn*(e, Sy) _
e 1td—oo df1 + (8_1)t2

We call that S suffers from the curse of dimensionality if there exist positive numbers
C1, Gy, go such that for all 0 < &€ < gg and infinitely many d € N,

n(e,d) > Ci(1+ C)".

¢  Exponential convergence-strongly polynomially tractable (EC-SPT) iff there exist
non-negative numbers C and p such that foralld € N, ¢ € (0,1),

n*(e,S4) < C(1+1In(e™1))".

The exponent of SPT is defined to be the infimum of all p for which the above inequality
holds.

¢  Exponential convergence-polynomially tractable (EC-PT) iff there exist non-negative
numbers C, p and g such that foralld € N, e € (0,1),

nX(e,S;) < Cd7(1+1In(e™1))".
¢  Exponential convergence-uniformly weakly tractable (EC-UWT) iff for all t;,¢, > 0

X
lim Inn (8, Sd) t
eld—oo dh + (1+1In(e 1))

e  Exponential convergence-weakly tractable (EC-WT) iff

X
lim Inn” (e, APP,)

=0.
elidosoo d+ 11’1(8_1)

e Exponential convergence-(t1, t;)-weakly tractable (EC-(t1, t2)-WT) for fixed positive
t1 and ty iff
X
lim Inn* (e, Sy) :
eltd—oo dh + (1 +1n(e 1))
Clearly, (1,1)-WT is the same as WT, and EC-(1,1)-WT is the same as EC-WT. Obvi-
ously, in the definitions of SPT, PT, QPT, UWT, WT and (1, t)-WT, if we replace g1 by
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(1+1In(e71)), we get the definitions of EC-SPT, EC-PT, EC-QPT, EC-UWT, EC-WT and
EC-(t1, t2)-WT, respectively. We also have

SPT = PT = QPT = UWT = WT,

EC-SPT — EC-PT — EC-QPT — EC-UWT — EC-WT,
EC-SPT — SPT, EC-PT — PT, EC-QPT — QPT,
and

EC-(t,1)-WT = (t1,£,)-WT, EC-UWT => UWT, EC-WT = WT.

We can learn more information about tractability of multivariate problems in the
volumes [7-9] by Novak and WoZniakowski.

Lemma 1 ([7] Theorem 5.2). Consider the non-zero problem S = {S;} for compact linear problems
Sg defined over Hilbert spaces. Then S is PT for NOR iff there exist g > 0 and T > 0 such that

1
o Ad T\ T
Ce, :zsup( = ) d=1 < oo. (3)
T gen ]; ()‘dJ)
Expecially, S is SPT for NOR iff (3) holds with q = 0. The exponent of SPT is
p*" = inf{27|7 satisfies (3) with q = 0}.

3. Weighted Hilbert Spaces
Let the space H(Kg,, ) with weight R;,, under positive parameter sequences
¥ = {’)/]}JGN and & = {“j}jeN satisfying

127 2mn=--20, (4)

and
1<ag <ap<eee ()

be a reproducing kernel Hilbert space. The reproducing kernel function Kg,,, _ 0,1]¢
[0,1]¢ — C of the space H(Kg iny) 1S given by

KRda'y XY H R'Xk’Yk k’yk

X = (X1,XZ,' t /xd)/ Yy = (yllyZ/' . /yd) S [011] /Where

KR, (x,y) := Y Ruq(k)exp(2mik- (x —y)), x, y € [0,1]
kENO

is a universal weighted function. Here Fourier weight R, : Ny — R™ be a summable
function, i.e., Yxen, R,y (k) < co. We will consider weight R, later on in some examples.
Then we have

Ko (x,y Z Rinq (k) exp(2mik- (x—y)), x, y € [0,1]%, (6)
keNg

and the corresponding inner product

-~

s, = L 7 WEK) @)

R
keeNd dey
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and
||f||H(1<RdM) = <frf>H(1<RdM)r
where .
Ry (k) =T Ray; (kj), k= (ki ko, ... k) € NG,
i=1
4 d
x-yi=) x-yk x=(x1,%2,...,%),y = (y,y2,...,v4) €[0,1]%
k=1
and

flk) = /f(x)exp(—Zm'k-x)dx.

[01]7

We note that the kernel K, ,(x,y) is well defined for 1 < a; < ap < --- and for all
x, y € [0,1)9, since [Ky,,(x,y)| < Lieng Ry (k) = 41 (Tkeng Ragy (k) < oo, Tf
Y1 =72 =---=1land a; = ap = --- > 1 then the space is called unweighted space.

The weights are introduced to model the importance of the functions from the space.
The idea can be seen in the reference [18] by Sloan and WozZniakowski. There are various
ways to introduce weighted Hilbert spaces. We consider possible choices for Fourier
weights R, . on three cases.

3.1. A Korobov Space

Leta = {a;}jcny and v = {7;}jen satisfy (4) and (5), respectively. We are interesting
in the weighted Korobov space H(Kg d’w) defined by Irrgeher and Leobacher (see [19])
with kernel (6) and corresponding inner product (7), where weight R; o , (k) = g4 o (k) :=
H?zl Ta;y; (k) with

1, fork=0,
ra (k) == { k% , fork>1,

fora > 1and 7 € (0,1]. Note that we have r, , (k) € (0,1] for all k € Nj.
The space H(Kg,, ) := H(Ky,, ) is a reproducing kernel Hilbert space with parame-
ter sequences & = {«;};cny and ¥ = {7;}jen-

3.2. A First Variant of the Korobov Space

Let « = {a;}jen and v = {7;}jen satisfy (4) and (5), respectively. We consider
the reproducing kernel Hilbert space H(Kg dM) with kernel (6) and corresponding inner

product (7) determined by R, (k) = Yg4, (k) = Hjl:l Ya; (kj) with

1, for k=0,
Yoy (k) = & for 1 <k < [a],
’Y(k*k(“])!, for k > [a],

fora > 1and y € (0,1].

The following lemma gives the upper bound and the lower bound of the weight
P,y (k), which shows that 1, (k) has the same decay rate as the weight 7, , (k) of the
Korobov space H(Ky,, . ) under the same parameter sequences « and 1.

Lemma 2. Forall j, k € N we have

gy (k) < Wiy (k) < a1 1 (K).
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Proof. First for all j, k € N we want to prove

Py (k) <[]V ().

For1 <k < [a;] we have

For k > [a;] we have

vj(k — [aj])! i
Yu; (k) = j . j :k<k_1)__,(]i_fwj1+1)
7 j

< =

(k= [aj] + 1)("% AL (1— ("‘/’lfl)(“ﬂ
< j _ 1] il
"l - @j;l)[aﬂ kl#]

]

We find for all k € N that

(1" |
gy (6) < =g =[] g ()

Next, for all j, k € N we need to prove

Puj; (k) = Vajyj (k).

For1 <k < [a;] we have

LN
Yoy B = 1 2 6 2 T
For k > [a;] we have
vj(k = [aj])! i Vi
oy = = > .
Y (k) k! k(k=1)---(k—[aj] +1) = gl
Hence for all j, k € N we obtain
vi
l/)t%jﬁj<k) 2 fﬂf]j] = r"‘j/}’j(k)‘

k
This finishes the proof. O
3.3. A Second Variant of the Korobov Space

In [20], the reproducing kernel Hilbert space H(Kg dlw) was considered with kernel (6)

and corresponding inner product (7). Here Ry, (k) = Wgq (k) = H?:l Waj ., (kj) was
defined as

1 [a] -1
We,y (k) := (1+ 7;91(@) ,

fora > 1and vy € (0,1], where

k!
, for k>1,
oK)= T 0TS
0, for 0<k<I.
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Note that for k € N we have

Indeed, for k = 1 we have

=1
for2 < k < [a] we have
[a] k k! k=14 o q
(k) =Y S=k Y S < kY S < kle < 2k < 2k,
1=1 = (k=1 g =0 !
and for k > [a] we have
[o] (&l g [o] [a] _
6, (k) = K <Y K =kl 4 k K okl
1=1 = k=Dt k=1

Lemma 3. Forall j, k € N we have

1 .
370 (k) < @ay, (k) < ]9 lrg 5, (k).
Proof. First for all j, k € N we want to prove
g () <[5 12, ().

For1 <k < [a;] we have

®)

gy ) = (1+ fyj [_21 ) oo (1+ ij li 10) P (5 o) Tl

For k > [a;] we have

1 ’VIXJ—‘ -1 1
= (143 Taw) = (5 o) -2

Hence for all j, k € N we get
wt"/ﬁ/ (k) < lpﬂé/,“r/(k)r
and thus by Lemma 2
Wajy (k) < Py, (k) < 1191 (K)

holds.
Next, for all j, k € N we need to prove

1
Wajyj (k) = 37w (k).

It follows from (8) that for all j, k € N we have

v

2k
W)

1 ’Va]—‘ -1
Wy, (k) = <1+ Ze,(@) > (1+
Tii=

sklsiN 1 1



Axioms 2024, 13, 108

90f17

This proof is complete. [

Remark 4. Set Ry o, € {7dny Pdny Cdaqy ) forall j, k € N. From Lemmas 2 and 3 we have
forallj, k €N,

1 .
370 6) < Ry () < ) ¥, (1) ©

Note that for all j, k € N we have a;; (k) < Pa, (), Taj0, (k) < 1oy 9, (k), and we, (k) <
Way 1y, (), which means that

Rayy; (k) < Rayy;(k), forall j, k€N (10)

Combining with (9) and (10), we conclude

1
gr“j/'Yj (k> < R”‘j/'Yj(k) < RM/Y;‘ (k) < [“11 Mﬂrﬂlm‘ (k)/ (11)

forallj, k € N.

Remark 5. The weight Ry , ., are used to describe the importance of the different coordinates for
the functions from the space H(Kg d,m)‘ According to (9) we have the weight Y o ., and the weight
W4 a,y have the same decay rate as the weight 14, ., of the Korobov space H(Ky,, ). Hence the
above reproducing kernel Hilbert spaces H(Ky,,. ), H(Ky,,. ) and H(Kw,, ) are different but
also similar.

4. Lr-Approximation in Weighted Hilbert Spaces and Main Results

In this section we consider Ly-approximation
APP; : H(Kg,, ) — L2([0,1)7)

with APP;(f) = f for all f € H(Kg,, ) in Hilbert spaces H(Kg,, ) with weights
Rinqy € {rd,k,y, (pd,k,y,wd,al,y}. It is well known from [13] that this embedding APP; is
compact with1 < ay < ap < ---. The kernel Kg,, . (x,y) is well defined for a1 > 1 and for

allx,y € [0, 1]d, since by (10)

d

Keywy o < L Raan (k) = [T (14 [ M1¢(fmi])y) < o,
keNd j=1

where {(+) is the Riemann zeta function.

In the worst case setting the tractability and EC-tractability of Ly-approximation prob-
lems S; with G; = L,([0,1]¢) were investigated in analytic Korobov spaces and weighted
Korobov spaces; see [4,5,10-14,16]. Additionally, refs. [12-14,16] discussed tractability and
EC-tractability in weighted Korobov spaces.

From Section 2.1 the information complexity of APP; depends on the eigenvalues of
the operator Wy = APP;APP; : H(Kg,,,) = H(Kg,, ). Let (A4,14;) be the eigenpairs
of Wd ’

Wd’?d,j = Ad,jﬂd,j for all ] €N,

where the eigenvalues A, ; are ordered,
Agg > Agp >+ 20,
and the eigenvectors 77, ; are orthonormal,

(Nair Ud,j)H(KRdM) = ¢;; foralli, j € N,
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Obviously, we have ¢(0, APP,;) = 1 (or see [13]). Hence the NOR and the ABS for the prob-
lem APP, coincide in the worst case setting. We abbreviate nX(s, APP) as n(s, APPd), ie.,

n(e, APPy) := n* (e, APP).

It is well known that the eigenvalues of the operator W; are Rd,a,y(k) with k € N¥; see,
e.g., ([7] p. 215). Hence by (2) we have

n(e, APP;) = Hn eEN: Ay > 82}‘ = Hk € Ng Ry (k) > 82}’
= Hk \E ]i[Rw(kj) > 82}’.
i=1

Tractability such as SPT, PT, WT, and (1, t2)-WT for t; > 1, and EC-tractability such
as EC-WT and EC-(t1,1)-WT for t; < 1 of the above problem APP = {APP;} with the
parameter sequences vy = {7;}jen and & = {a; }cy satisfying

1227 =2---20
and
l<a=a;=0ay="---

have been solved by [12,14,15] and [16], respectively. The following conditions have been
obtained therein:

* ForRyu, € {Tdny Piny Wiy, PTholds iff SPT holds iff
[e0]
Sy ::inf{x>0: Y < 00} < o0,
j=1
and the exponent of SPT is
1
str __ -
p° = 2max (s,y, a>'

*  FPorRyuy = Tiuy QPT, UWT and WT are equivalent and hold iff
= infy; < L.
VI ]IQN Yj

For Rd,tx,’y € {(Pd,a,'yr wd,uc,'y}/

Y1 < 0
implies QPT.
In those cases the exponent of QPT is

Zmax(1 L for y; #0,

gpol . ’ 10g7,’1)’
2
a/

for y; =0.

*  ForRyuy € {Tiny: Pdaqy Wday ) and ty > 1, (t,£2)-WT holds forall 1 > 91 > 92 >
>0,

* For Ry, =74, EC-WT holds iff

]

* ForRy,, =744, and t; <1, EC-(t;,1)-WT holds iff
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Inj

lim ——- =
j=ee In(y; )

We will research the worst case tractability of the problem APP with sequences satisfy-
ing (4) and (5).

Theorem 6. Let the sequences v = {;}jen and a = {«;}jcn satisfy (4) and (5). Consider the
Lo-approximation APP for the weighted Hilbert spaces Hg,, ., Ry € {Tdaryr Py Dy }-
Then we have the following tractability results:

(1) SPT and PT are equivalent and hold iff
-1

Inv;
§ := liminf —Z— > 0. (12)
jooo  Inj

The exponent of SPT is

1 1
str 2 { -, }
P =2maxy 5 I

(2)  For Ryn. = Tda,, WT holds iff
lim i < 1.
]—0

(3) Forty > 1, (t1,t2)-WT holds.

Proof. (1) For the problem APP we have A;; = 1. Assume that APP is PT. From Lemma 1
there exist g > 0 and 7 > 0 such that

1
Crq :=sup (2 /\%) d™1 < co.

deN \j=1

It follows from

) d ) d )
325 =TT (X Rugi (k)7) =TT (14 3 (Rayy (00)7), (13)
j=1 j=1 "k=0 j=1 k=1
and (11) that
00> Crog > (Y A)) T
j=1
d © q 1
> TT (14 ¥ (570, (K)7) "
j=1 k=1
d 1 z
= ([T 0+ gerelaglo) ) s
]:
> (H(H 3—T)f)d—q
]:
Yid -
> (14 32)%d
We conclude that ; . ; .
InCey+qlnd > S In(1 + %) > ;ij

where we used In(1 + x) > 3 for all x € [0, 1]. We further get

In(InCr g +qInd) > Ind — tlny; ! —In(27-37),
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Invy;? _ Ind—In(InCqy +qlnd) —In(27 - 37)
Ind — T-Ind ’
Hence we obtain
5~ liming ™4 5 1o g (14)
d—o Ind — T

Note that if APP is SPT, then it is PT. It implies that if APP is SPT, then (14) holds and

the exponent
1 1
str > Zmax{ }
3 5 Tar]

On the other hand, assume that (12) holds. For an arbitrary ¢ € (0, g), there exists an
integer N > 0 such that for all j > N we have

Iny: !
I >5—¢
Inj —
It means that forall j > N
7 <,

Choosing T = 515~ and noting that £ 3= > 1, we have
5 © . d—¢
Z ,Y] < e) = Z ]*m < 00,

which yields that .
) 7 < oo, (15)

From (11) we get

o0 d )
(Z A%) a7 =TT (14 X (R (K)7) a0
j=1 j=1 k=1
d
I1

A=

a
Al

=1 exp {In (TT (14 [ar) 177 ([ar]7))

j=1

)}

{

=d 7 exp {% iln (T+ [ar] MHT%‘TQ(WJT))} (16)
{
{

j=1

Sd_q_exp{[wﬂ“"l “C([a1]7) i%}

J=

foranyqg > O0and 7 > ﬁ Due to (15), we further have

1
Crg = sup(Z/\d]) d7 1< co

deN j
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forany g > 0and 7 > D}T It follows from Lemma 1 that APP is SPT or PT and the

exponent pSt < 27. Setting ¢ — 0, we obtain

1 1
Str<2T<2max{,}.
. 3 Ta]

Hence the exponent of SPT is p* = 2 max {%, Mlﬂ }-
(2) Let T > 0. Due to

n)‘dn < ZAd] < EAd]'

we have

Noting that A, < €2 holds for
n= ’VZ )\grjsh“ ,
j=1

we get
n(e, APP;) = min{n|Ay, 4 < €}

)
< [2 /\g,j€72T
j=1

[ee]
<1427y AT, (17
dj
=1
d 00

—14+¢27]] (1 + Y (Reyn, (k))T)

i=1 k=1

where we used (13).

Set Ry, = Tdn,- Assume that ]li)r?o 7j < 1. Then we have from (17) that

nn : 3
Inn(e, APP;) < d+1€_1 (ln (ZS’ZTH (1+ 3 (Ray, (k))T))>

-1
d+e e =

d ©
(ln S 2<rw<k>>T>)>
j= k=
d

(2
(2> [T ( 1+7f€([wﬂf)))> (18)
(

<1
(m

<ln2—|—21'1n( ) <Zln(l+vf€(ftxﬂ ))

=}

d+s—1 i

\ A\

Zs_ZTH (1+72( mm)))

| /\
®

IN

g%(an—l—ZTln(s ) + %

d
(Z 7 ¢( 0611T)>

j=1
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where in the last inequality, we use In(1 + x) < x for all x > 0. We will consider two cases:

e Caselim; o y; = 0: It means that for any § > 0 there exists a positive integer ] = J(6)
such that
vj <6 forall j>7].

Then we conclude from (18) that

M_g (n2+27in(e™)) + (2% ["‘117)>

d+el

Ul =

1 max(d,])
< —(n2+2tin(e ™)) + QLJMWMﬂ+ > fﬁ%ho,

=
which deduces that

lim Inn(e, APP) <
d+e1—00 d+el

5 ([ar]7).

Setting & — 0, we have lim, 1 ., "XAFe) — 0 This yields WT.

e Caselim; o 7j € (0,1): Then, for every lim; ,,,7; < 7+ < 1 there exists a positive
integer Jo = J(7«) such that

vj < v+ forall j > Jp.

We have from that (18)

Inn(e, APP;) 1 1(¢
Wﬁ—l(an—l—Zrln )+H ; C([ag]T)

g%(an—l—ZTln )—i—;(jozl’)/] 0611'()
1 0.4)
d( y v;thﬂ
j=Jo
il(lnzurln( ))+%((1071)C(M11T))
1 max(Jo,d)
+d< ZJ ’rIC(MﬂT))
j=lo
which means M

lim
d+e1—00 d+el

< ril(far] 7).

Noting that
ey b T laciy b foran
g(a)—l—l—k_zzka_l—i-/l ﬁx—l—i—m orall o >1,

and setting T — oo, we obtain

, Inn(e, APPy) .1 B
plim e < lmit([m]T) =
This implies WT.

On the other hand, it suffices to show that WT yields lim; ., 7; < 1. Assume on the
contrary that lim; ., y; = 1. It yields that ; = 1 for all j € N. It follows that



Axioms 2024, 13, 108 15 0f 17

1= 7d,a,’y(k) > 82

for all k € {0,1}%. Then we have

n(e, APPy) = Hk €N rypn (k) > 82}‘ > 2d,

Hence APP suffers from the curse of dimensionality. We cannot have WT.
(3) Let T > 0. Due to (17) and (11) we have

d 0
n(e, APP,) < 2¢ 27 [ (1 + Y (Ray (k))T)

j=1 k=1

d
<26 2 [ (14 [ar 1972 ([ar]7)).
j=1
It follows that
Inn(e, APP,)

dh 4 et dtl + s—fz

In ( (14 [ar) T g (] 7 >))>

j=1

_dt1+

= e h <1n2+271n Zln(l + [aq] [a1]T Tg(%ﬁ)))

In2 4 2rIn(e) 1 30 1] T ([ >>

j=1

< e (h‘z +2In(e™) + [y ]11%4 (o ]7) )

1 _ 1
<— (mz +27In(e 1)) + (w Wfdg([alm).
We obtain for allt; > 1and ¢, > 0,

lim Inn(e, APP;) ,
e ltdoo dit e B2
which means APP is (t1,t;)-WT forall ty > 1and t, > 0. O
Example 7. Examples for SPT, PT, WT and (t1,t2)-WT for t; > 1.

Assume that y; = j~land aj =j+1forall j € N. We consider the above weighted Hilbert
spaces HR,;,,W/ Rd,a,'y € {rd,oc,'y/ (Pd,zx,'yfwd,a,'y}-

*  SPTand PT for Ry, ., € {rd,uﬂ, Pd,u, s wd,u,,y}.

Inv7!
Obviously, lim i an]] =1 > 0 satisfying (12). By (16) we have
j—roo

1
0 T d 0 1
(52) r=T1 0+ Eim o)

=1

[ag ][] T@ [a1]7)

<d T-exp

||Mg

{
=d1. exp{ 1—| “l Tf (“117

HMg
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foranyq > O0and T > ﬁ = % Choosing T = 2, we further get for any q > 0 and T > D}T

1
Crg = sup(Z/\d]> d 7 < oo,

deN Ji

which yields that APP is SPT or PT from Lemma 1.
o WTforRjny = Tduy
Oboiously, lim vy; = hm] = 0 < 1. By (18) and choosing T = 2 we have

jreo Jree

mr;(i%ﬂi) < Sil(ln2+2ﬂn( ) d(ZW}C [ar]T )
_ 8%(1n2+41f1 ;(i )
Ssil(lnzﬂln d( ]é] )
gsil(lnzﬂln ;( Ji] )

which means  lim md(g’iA_ﬁm = 0. Hence WT holds.
e l+d—oo +e

° (tlr tZ)'WT with f1> 1f07’ Rd,tx,'y € {rd,zx/yr P, yr wd,tx,’y}'
From the proof (3) of Lemma 6, we can easily obtain that (t1,t)-WT holds for t; > 1 and
tr > 0.

Remark 8. Indeed, SPT and PT are not equivalent under some conditions in the worst case setting;
see [8] on Page 344.

In this paper we consider the SPT, PT, WT and (t;,t;)-WT forall f < 1 and t; > 0
for worst case L-approximation in weighted Hilbert spaces Hg, ~with parameters
1>912722>--->0and 1 < a3 < ap < ---.  We get the matching necessary and
sufficient condition

Iny: !
liminf I
j—o0 nj

>0

on SPT or PT for Ryu, € {Pduy:"day Vday}, and the matching necessary and suffi-
cient condition

lim 7; < 1.

]—)oo
on WT for Ry, = 74, In particular, it is (t1,f,)-WT for all t; > 1 and t; > 0. The
weights in weighted Hilbert spaces are very important for multivariate approximation
problems, so we plan to further investigate the tractability notions and EC-tractability
notions and hope to find out more effective method to solve such problems.
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