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Abstract: This paper provides a study on optimal prediction problems in a linear model and its
subsample models with linear stochastic restrictions, using matrix theory for precise analytical
solutions. It focuses on deriving analytical expressions using block matrix inertia and rank methods
to determine which of the best linear unbiased predictors (BLUPs) of a general vector of unknown
parameters is superior to others under a stochastically restricted linear model and its subsample
models. Additionally, this study examines the comparative results of the best linear unbiased
estimators of unknown parameters. The comparisons in the study are based on the mean squared error
matrix (MSEM) criterion. Finally, a numerical example is given to illustrate the theoretical results.
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1. Introduction

Linear regression models are one of the cornerstones of statistical analysis, playing
a crucial role in data examination and the formulation of novel statistical methodologies.
These models are widely used in both theoretical and empirical studies across a wide
range of scientific disciplines. In statistical research, it is common to encounter pertinent
extraneous information that often serves as prior knowledge for the models, which can take
the form of exact or stochastic restrictions on unknown parameters within linear regression
models; see [1] for further details. When such extraneous information stems from theoretical
considerations or established knowledge concerning the relationships among unknown
parameters, exact restrictions emerge. On the other hand, linear stochastic restrictions
emerge when prior information is gleaned from previous studies or established associations
with relevant research endeavors. These restrictions are integrated into the assumptions of
the models. In such instances, linear models (LMs) become restricted LMs (RLMs) through
the incorporation of specific restrictions on unknown parameters into their assumptions.

The present study focuses on a stochastic RLM (SRLM) with general assumptions. By
dividing the matrices and vectors into two parts in the model and also in the restriction, two
subsample models of this model are obtained with stochastic restrictions. This partitioning
facilitates a more detailed exploration of the relationships within the model, enabling a
comprehensive understanding of its structure and properties. After converting the models
to their implicitly stochastically restricted forms, various equalities and inequalities are
established for comparisons between the best linear unbiased predictors (BLUPs) for a
vector covering all unknown parameters in the models. The mean squared error matrix
(MSEM) method is used for comparisons. This approach provides a quantitative basis
for evaluating predictor performance, ensuring a rigorous assessment of their relative
efficiency. Within the context of comparisons, complicated matrix operations are frequently
encountered. To streamline these operations, block matrix inertia and rank methodology are
used, which serve to simplify these complicated expressions. This methodology has proven
instrumental in characterizing the covariance matrices for predictors or estimators under
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LMs, offering a systematic approach for evaluating and comparing statistical properties
across different model structures. Moreover, the comparison results obtained for the
models can be reduced to results corresponding to special cases of the vector encompassing
all unknown vectors in the model. This reduction enables a broader application of the
findings. Thus, the results for the best linear unbiased estimator (BLUE) of the unknown
parameters in the model are also obtained. In the statistical literature, LMs with restrictions
on unknown parameters have been extensively studied from a variety of approaches. One
may refer to the work [1–9], among others, where an LM with a linear stochastic restriction
on the unknown parameters is used. Refs. [10–14] and also the references therein can be
referred to as recent studies on LMs with an exact restriction on unknown parameters. A
series of recent studies given as follows [15–18], along with additional works [19–21] , have
extensively utilized the inertia and rank methodology of block matrices. This methodology
represents a significant contribution to both mathematics and statistics, now made more
accessible through various rank and inertia formulas. These advancements have led to
hundreds of results, greatly deepening our theoretical understanding of LMs.

Some pieces of notation will now be introduced to clarify the expressions used in this
article. To begin with, it should be noted that this article is exclusively focused on real
matrices. The analysis, methods, and results presented are all constrained to real-valued
matrices, excluding any involvement of complex or other types of matrices. The column
space, the rank, the transpose, and the Moore–Penrose generalized inverse of a real matrix
X are denoted by C (X), r(X), X′, and X+, respectively. A real n × n matrix X is a positive
semi-definite (psd) matrix if a′Xa ≽ 0 for all real n dimensional vector a. X ≽ Y means that
the difference X − Y is psd in the Löwner partial ordering for two symmetric real matrices
X and Y of the same size. A well-established property, the Löwner partial ordering offers
significant strength and utility when comparing complex Hermitian (or real symmetric)
matrices. For more on its applications in statistical analysis, see, e.g., [22]. The inertia
of a symmetric real matrix X is the triple In(X) = {i+(X), i0(X), i−(X)}, in which i+(X),
i0(X), and i−(X) stand for the number of positive, zero, and negative eigenvalues of X
counted with multiplicities, respectively. Additionally, the symbols i±(X) and i∓(X) are
used to collectively denote both the positive and negative inertias of X. The symbol X⊥

is used for the orthogonal projector matrix Im − XX+ associated with a real m × n matrix
X, where Im is the identity matrix of order m. E(a) denotes the expectation vector of a
random vector a, while cov(a, b) represents the covariance matrix between two random
vectors a and b. When a = b, D(a) is used to denote the covariance matrix of a with itself,
i.e., D(a) = cov(a, a), representing the dispersion matrix of a.

This paper is structured as follows. First, an SRLM is introduced with its two subsam-
ple models and their assumptions. This introduction is followed by a discussion of their
implicitly stochastically restricted forms as well as a discussion of parameter prediction and
estimation, and some fundamental results on BLUP are given. Then, several comparison
results are established for the MSEM of any predictor and the BLUP of the unified vector of
all unknown parameters in the SRLM. The theoretical results are followed by an illustration
using a real data set. In Appendix A, first some fundamental results on matrix inertia and
rank methodology are introduced, and then the proof of the main result is presented.

2. Some Preliminary Results
2.1. Linear Models with Stochastic Restriction

An SRLM can be defined by

M :


y = Xα + ε with stochastic restriction Rα + e = r,
E(ε) = 0, D(ε) = σ2Γ, E(e) = 0, D(e) = σ2Λ,
cov(ε, e) = σ2Φ,

(1)

where y is an n × 1 vector of responses; X and R are n × k and m × k known matrices of
arbitrary ranks, respectively; α is a k × 1 unknown parameter vector; ε and e are n × 1 and
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m × 1 vectors of random errors, respectively; r is an m × 1 known vector; Γ, Λ, and Φ are
singular known matrices; and σ2 is a positive unknown scalar. We can divide the matrices
and vectors in M as

M :
[

y1
y2

]
=

[
X1
X2

]
α +

[
ε1
ε2

]
,
[

R1
R2

]
α +

[
e1
e2

]
=

[
r1
r2

]
(2)

and accordingly, Γ, Λ, and Φ can be written in block partitioned form: Γ = (Γij), Λ = (Λij),
and Φ = (Φij), i, j = 1, 2. Then, two subsample models of M can be written as

Mi : yi = Xiα + εi with stochastic restriction Riα + ei = ri, (3)

where yi and ri are ni × 1 and mi × 1 vectors, respectively, with n1 + n2 = n and m1 + m2 =
m, i = 1, 2. The models in (1) and (3) can merge with their stochastic restrictions into the
following combined forms:

Z : z = Zα + τ, z =

[
y
r

]
, Z =

[
X
R

]
, τ =

[
ε
e

]
, (4)

and

Zi : zi = Ziα + τi, zi =

[
yi
ri

]
, Zi =

[
Xi
Ri

]
, τi =

[
εi
ei

]
, (5)

where D(τ) = σ2Υ and D(τi) = σ2Υi. The models Z and Zi in (4) and (5) are implicitly
stochastically restricted forms of the models M and Mi in (1) and (3), respectively.

To produce conclusions on predictors and estimators of all unknown vectors under
the models Z and Zi, the following general vector

υi = Kα + Liτi, or equivalently, υi = Kα + LiTiτ

with D(υi) = σ2LiΥiL′
i = σ2LiTiΥT′

iL
′
i,

cov(υi, zi) = σ2LiΥi, and cov(υi, z) = σ2LiTiΥ

(6)

can be considered, where K and Li are t × k and t × (ni + mi) given matrices of arbitrary
ranks, respectively, and

Ti =

[
Ni 0
0 Mi

]
with N1 =

[
In1 , 0

]
, N2 =

[
0, In2

]
,

M1 =
[
Im1 , 0

]
, and M2 =

[
0, Im2

]
.

We note that the model Mi is the transformed version of M. It is obtained from pre-
multiplying the model M by the matrix Ni. Moreover, the model Zi is the transformed ver-
sion of Z by the transformation matrix Ti [16,17,23]. Additionally, in this study, the model
Z is assumed to be consistent, i.e., z ∈ C

[
Z, Υ

]
holds with probability 1; see, e.g., [24].

In this case, its transformed model Zi is also consistent.

2.2. Predictions Under SRLM

The concepts related to the predictability of any vector are discussed in this section. If
a vector is predictable within a LM, this implies that the vector can be predicted using the
available data. The predictability condition of υi in Zi is given as follows.

υi is predictable under Zi ⇔ C (K′) ⊆ C (Z′
i).

This requirement also corresponds to the estimability condition of vector Kα, i.e,

Kα is estimable under Zi ⇔ C (K′) ⊆ C (Z′
i).
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This equivalence indicates that if the vector Kα is estimable under Zi, it can be estimated based
on the available data. The classical concepts and definitions of predictability were introduced
by [25], while further details regarding the estimability of any vector can be found in the work
of [26]. Note that if υi is predictable under Zi, then it is predictable under Z .

Suppose that υi is predictable under considered models. Fiz is said to be the BLUP
of υi under Z and is represented by Fiz = υ̃i(Z) if there exists Fiz such that D(Fiz −
υi) = min s.t. E(Fiz − υi) = 0 holds in the Löwner sense; see, e.g., [22]. The well-known
fundamental expressions for the BLUP under Z are given below.

Fiz = υ̃i(Z) ⇔ Fi
[
Z, ΥZ⊥] = [K, LiTiΥZ⊥],

υ̃i(Z) = Fiz =
([

K, LiTiΥZ⊥][Z, ΥZ⊥]+ + Ui
[
Z, ΥZ⊥]⊥)z,

and

D(υi − υ̃i(Z)) = σ2([K, LiTiΥZ⊥]W+ − LiTi
)
Υ

×
([

K, LiTiΥZ⊥]W+ − LiTi
)′, (7)

where Ui is an arbitrary t × (n + m) real matrix and W =
[
Z, ΥZ⊥]; for details, see, e.g.,

[22,27,28]. Further, the well-known results on the BLUE of Kα under Z , represented by
K̂α(Z), is given as

K̂α(Z) =
([

K, 0
][

Z, ΥZ⊥]+ + U
[
Z, ΥZ⊥]⊥)z

and

D(K̂α(Z)) =σ2[K, 0
][

Z, ΥZ⊥]+Υ
([

K, 0
][

Z, ΥZ⊥]+)′,
where U is an arbitrary t × (n + m) real matrix; for details, see, e.g., [22,24]. Using a similar
method as the one used above, the following equalities are written for the BLUP and the
BLUE under Zi.

υ̃i(Zi)
=
([

K, LiΥiZ⊥
i
][

Zi, ΥiZ⊥
i
]+

+ Ui
[
Zi, ΥiZ⊥

i
]⊥)zi,

D(υi − υ̃i(Zi)
) = σ2([K, LiΥiZ⊥

i
]
W+

i − Li
)
Υi

×
([

K, LiΥiZ⊥
i
]
W+

i − Li
)′, (8)

and
K̂α(Zi)

=
([

K, 0
][

Zi, ΥiZ⊥
i
]+

+ Ui
[
Zi, ΥiZ⊥

i
]⊥)zi,

D(K̂α(Zi)
) =σ2[K, 0

]
W+

i Υi
([

K, 0
]
W+

i
)′,

where Ui is an arbitrary t × (ni + mi) real matrix and Wi =
[
Zi, ΥiZ⊥

i
]
.

3. Comparisons Under SRLM

Before giving the comparison results and related conclusions between the BLUPs
and the BLUEs under the models, we recall the concepts of the MSEM of any predictor
or estimator.

Let ã be any predictor or estimator for vector a in a LM. The MSEM of ã is defined as

MSEM(ã) = E(ã − a)(ã − a)′.
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Let ã1 and ã2 be two given predictors or estimators for a in a LM. The MSEM criterion for
ã1 and ã2 is expressed as follows; see, e.g., [29].

MSEM(ã1) ≽ MSEM(ã2) ⇔ ã2 is superior to ã1.

We now present the main result concerning the comparison of MSEMs for the BLUPs of
unknown vectors under considered models. Following this, we derive several consequences
that correspond to specific special cases.

Theorem 1. Let υ̃iZi and υ̃iZ be the BLUPs for predictable υi in (6) under Z and Zi, respectively.
We define the following:

G =


Υ 0 Z 0 ΥT′

iL
′
i

0 −Υi 0 Zi −ΥiL′
i

Z′ 0 0 0 K′

0 Z′
i 0 0 K′

LiTiΥ −LiΥi K K 0

.

Then,

(a) υ̃i(Zi)
is superior to υ̃i(Z) according to the MSEM criterion, i.e.,

MSEM(υ̃i(Z)) ≽ MSEM(υ̃i(Zi)
) ⇔ i−(G) = r(Z) + r

[
Zi, Υi

]
.

(b) υ̃i(Z) is superior to υ̃i(Zi)
according to the MSEM criterion, i.e.,

MSEM(υ̃i(Zi)
) ≽ MSEM(υ̃i(Z)) ⇔ i+(G) = r(Zi) + r

[
Z, Υ

]
.

(c) MSEM(υ̃(Zi)
) = MSEM(υ̃i(Z)) ⇔ r(G) = r

[
Z, Υ

]
+ r(Zi) + r

[
Zi, Υi

]
+ r(Z).

As is well known, the MSEM is a fundamental tool widely used for assessing and
comparing the superiority of two predictors. The dispersion matrix of the BLUP is equiv-
alent to its MSEM; see [3]. Within the framework of the SRLM, comparing the BLUPs
of a unified form of all unknown parameters using the MSEM criterion allows the de-
termination of the optimal BLUP among those being compared. The results obtained in
Theorem 1 include cases demonstrating the superiority of the BLUPs of the unified form
of all common unknown parameters under the SRLM and its subsample model. These
comparisons are equivalently expressed through inertias and ranks, reducing the process
to merely comparing numerical values.

In the vector υi given in (6), when Li = 0, this vector is expressed as Kα. In the
following corollary, the matrix corresponding to this case is presented, which corresponds
with the matrix described in Theorem 1. Thus, the results expressed through the inertia and
rank equalities in Theorem 1 will be reduced to the results demonstrating the superiority of
the BLUEs of Kα under the SRLM and its subsample model, using the matrix provided in
the following result.

Corollary 1. Let φ̂(Z) and φ̂(Zi)
be the BLUE for estimable Kα under Z and Zi, respectively. The

matrix G in Theorem 1 is written as
Υ 0 Z 0 0
0 −Υi 0 Zi 0
Z′ 0 0 0 K′

0 Z′
i 0 0 K′

0 0 K K 0

.

Then, the items 1–3 in Theorem 1 are similarly expressed for the BLUEs φ̂Z and φ̂Zi
.
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Following this, we now consider an additional case of the BLUEs under the models.
In the vector υi given in (6), when Li = 0 and K = Ik, this vector is expressed as α. In the
following result, the matrix and corresponding results for this case are presented, which
align with the matrix and results described in Theorem 1.

Corollary 2. Let α̂(Z) and α̂(Zi)
be the BLUE for estimable α under Z and Zi, respectively. The

matrix G in Theorem 1 is reduced to the matrixΥ 0 Z
0 −Υi Zi
Z′ Zi

′ 0

.

Then, by using the estimability condition of α, which is expressed as r(Z) = r(Zi) = k, in the
models, the items 1-3 in Theorem 1 are expressed as follows.

(a) α̂(Zi)
is superior to α̂(Z) according to the MSEM criterion, i.e.,

MSEM(α̂(Z)) ≽ MSEM(α̂(Zi)
) ⇔ i−(G) = r

[
Zi, Υi

]
.

(b) α̂(Z) is superior to α̂(Zi)
according to the MSEM criterion, i.e.,

MSEM(α̂(Zi)
) ≽ MSEM(α̂(Z)) ⇔ i+(G) = r

[
Z, Υ

]
.

(c) MSEM(α̂(Zi)
) = MSEM(α̂(Z)) ⇔ r(G) = r

[
Z, Υ

]
+ r
[
Zi, Υi

]
.

The results obtained in this study can be reduced to the corresponding results for the
LM with exact restrictions and the LM without restrictions, i.e., the unconstrained model.
These are expressed in the following remarks.

Remark 1. Consider the LM in (1) with a linear exact restriction, i.e.,

y = Xα + ε with Rα = r and D(ε) = σ2Γ,

and similar divisions as in (2). Then, implicitly restricted forms of the models are expressed as

z = Zα + τ, z =

[
y
r

]
, Z =

[
X
R

]
, τ =

[
ε
0

]
,

and

zi = Ziα + τi, zi =

[
yi
ri

]
, Zi =

[
Xi
Ri

]
, τi =

[
εi
0

]
,

where D(τ) = σ2
[

Γ 0
0 0

]
:= σ2Υ̃ and D(τ) = σ2

[
Γii 0
0 0

]
:= σ2Υ̃i by setting Υ̃ and Υ̃i instead

of Υ and Υi in our results, respectively.

Remark 2. Consider the LM in (1) without any restriction, i.e.,

y = Xα + ε with D(ε) = σ2Γ,

and similar divisions as in (2) by setting
[

Γ 0
0 0

]
instead of Υ,

[
Γii 0
0 0

]
instead of Υi,

[
X
0

]
instead

of Z,
[

Xi
0

]
instead of Zi,

[
y
0

]
instead of z, and

[
yi
0

]
instead of zi in the results.

In summary, my contribution to the literature is a theoretically comprehensive and
significant search for the comparison results between BLUPs/BLUEs under an SRLM and
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its stochastically restricted submodels. In other words, as stated in Remarks 1 and 2, the
results in this study are an expanded version of some of the results in the literature given
for both an LM with an exact linear restriction and unconstrained LM results within the
relevant framework.

4. Numerical Examples

The data set taken from [30] is now used to illustrate the theoretical findings. This data
set contains observations from 21 days of operation of a plant for the oxidation of ammonia,
which is used for producing nitric acid. The response variable is the stack loss defined as
the percentage of the ingoing ammonia that escapes unabsorbed. The explanatory variables
are air flow, cooling water inlet temperature in °C, and acid concentration in percentage.

First of all, the above numerical example is used by considering

Γ = I21, Λ = I2, and Φ = 0 with σ2 = 0, 12

to illustrate the comparison results obtained in Section 3. In this case, the comparisons of
the BLUE for the vector Z1α under Z and Z1 are presented as follows. Using the NumPy
library in Python and setting the above considerations and findings in the matrix G, values
and numbers of the eigenvalues of the matrix G are presented in Table 1 by setting the
stochastic restriction Rα + e = r, which is arbitrarily chosen with

R =

[
1 0 −1
1 0 1

]
=

[
R1
R2

]
and added to the model.
Thus, from Table 1, it is seen that i+(G) = 26 and i−(G) = 19, and thereby, r(G) = 45. It
is also obtained that r

[
Z, Υ

]
= 23 and r(Z1) = 3. Therefore,

i+(G) = r
[
Z, Υ

]
+ r(Z1) = 26 ⇔ MSEM(Z1α̂(Z)) ≽ MSEM(Z1α̂(Z1)

)

holds. Since r(Z) = 3 and r
[
Z1, Υ1

]
= 13, i.e.,

i−(G) ̸= r
[
Z1, Υ1

]
+ r(Z),

MSEM(Z1α̂(Z)) ≼ MSEM(Z1α̂(Z1)
) is not provided.

Table 1. Value and number of eigenvalues of matrix G.

The Value of The Frequency of The Value of The Frequency of
Negative Eigenvalues Encountering Positive Eigenvalues Encountering

of G the Eigenvalues of G the Eigenvalues

−7.5 1 1.22 1

−5.74 1 2.28 1

−3.7 1 3.52 1

−3.52 1 3.71 1

−3.5 1 5.74 1

−2.1 1 7.49 1

−2.28 1 1.20 20

−1.21 1

−1 1

−1.20 10

Total 19 Total 26
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Also, direct calculations show that

MSEM(Z1α̂(Z)) =

0.034 0.035 0.026 0.010 0.008 0.009 0.009 0.009 0.005 0.001 −0.001 −0.002 0.003
0.035 0.035 0.026 0.010 0.008 0.009 0.010 0.010 0.005 0.001 −0.001 −0.002 0.003
0.026 0.026 0.021 0.007 0.007 0.007 0.007 0.007 0.003 0.004 0.003 0.003 0.002
0.010 0.010 0.007 0.015 0.008 0.012 0.015 0.015 0.015 −0.004 −0.004 −0.008 −0.001
0.008 0.008 0.007 0.008 0.006 0.007 0.008 0.008 0.007 0.004 0.004 0.003 0
0.009 0.009 0.007 0.012 0.007 0.009 0.011 0.011 0.011 0 0 −0.002 0
0.009 0.010 0.007 0.015 0.008 0.011 0.015 0.015 0.015 −0.003 −0.004 −0.007 −0.001
0.009 0.010 0.007 0.015 0.008 0.011 0.015 0.015 0.015 −0.003 −0.004 −0.007 −0.001
0.005 0.005 0.003 0.015 0.007 0.011 0.015 0.015 0.016 −0.003 −0.003 −0.007 −0.001
0.001 0.001 0.004 −0.004 0.004 0 −0.003 −0.003 −0.003 0.015 0.015 0.019 0

−0.001 −0.001 0.003 −0.004 0.004 0 −0.004 −0.004 −0.003 0.015 0.016 0.019 0
−0.002 −0.002 0.003 −0.008 0.003 −0.002 −0.007 −0.007 −0.007 0.019 0.019 0.025 0

0.003 0.003 0.002 −0.001 0 0 −0.001 −0.001 −0.001 0 0 0 0


and

MSEM(Z1α̂(Z1)
) =

0.046 0.046 0.034 0.002 0.004 0.003 0.001 0.001 −0.007 −0.002 −0.004 −0.003 0.005
0.046 0.046 0.034 0.002 0.004 0.003 0.001 0.001 −0.007 −0.002 −0.004 −0.003 0.005
0.034 0.034 0.027 0.002 0.006 0.004 0.001 0.001 −0.005 0.006 0.005 0.007 0.004
0.002 0.002 0.002 0.023 0.012 0.017 0.023 0.023 0.025 −0.002 −0.001 −0.007 −0.002
0.004 0.004 0.006 0.012 0.011 0.012 0.012 0.012 0.014 0.011 0.012 0.011 −0.001
0.003 0.003 0.004 0.017 0.012 0.014 0.018 0.018 0.020 0.005 0.005 0.002 −0.002
0.001 0.001 0.001 0.023 0.012 0.018 0.023 0.023 0.026 −0.001 0 −0.006 −0.003
0.001 0.001 0.001 0.023 0.012 0.018 0.023 0.023 0.026 −0.001 0 −0.006 −0.003

−0.007 −0.007 −0.005 0.025 0.014 0.020 0.026 0.026 0.031 0.001 0.001 −0.005 −0.004
−0.002 −0.002 0.006 −0.002 0.011 0.005 −0.001 −0.001 0.001 0.031 0.033 0.039 0
−0.004 −0.004 0.005 −0.001 0.012 0.005 0 0 0.001 0.033 0.034 0.041 −0.001
−0.003 −0.003 0.007 −0.007 0.011 0.002 −0.006 −0.006 −0.005 0.039 0.041 0.049 0

0.005 0.005 0.004 −0.002 −0.001 −0.002 −0.003 −0.003 −0.004 0 −0.001 0 0.001


.

It is also noted that the difference MSEM(Z1α̂(Z1)
)− MSEM(Z1α̂(Z)) is psd because the

value of different eigenvalues of this difference is 0, 0.003, 0.054, and 0.081, respectively.
Then, we observe that the inequality MSEM(Z1α̂(Z)) ≽ MSEM(Z1α̂(Z1)

) holds.
The above numerical example is now discussed for a more general case. We add

further calculations to illustrate the comparison results by assuming that the dispersion
matrices are singular. For this, we take the elements corresponding to the 9th and 20th
rows as 0 in the dispersion matrices we considered above. In this case, the comparisons of
the BLUE for the vector Z1α under Z and Z1 are presented as follows. Using the NumPy
library in Python and setting the above considerations and findings in the matrix G, values
and numbers of the eigenvalues of the matrix G are presented in Table 2.

Table 2. The value and number of eigenvalues of the matrix G.

The Value of The Frequency of The Value of The Frequency of
Negative Eigenvalues Encountering Positive Eigenvalues Encountering

of G the Eigenvalues of G the Eigenvalues

−9 1 1.22 1

−7.5 1 2.28 1

−6.1 1 3.5 1

−5.74 1 3.52 1

−3.7 1 3.71 1

−3.52 1 5.74 1

−2.9 1 6 1

−2.28 1 7.49 1

−1.21 1 1.20 18

−1.20 9

Total 18 Total 26
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Thus, from Table 2, it is seen that i+(G) = 26 and i−(G) = 18, and thereby, r(G) = 44.
It is also obtained that r

[
Z, Υ

]
= 23 and r(Z1) = 3. Therefore,

i+(G) = r
[
Z, Υ

]
+ r(Z1) = 26 ⇔ MSEM(Z1α̂(Z)) ≽ MSEM(Z1α̂(Z1)

)

holds. Since r(Z) = 3 and r
[
Z1, Υ1

]
= 13, i.e.,

i−(G) ̸= r
[
Z1, Υ1

]
+ r(Z),

MSEM(Z1α̂(Z)) ≼ MSEM(Z1α̂(Z1)
) is not provided.

Also, direct calculations show that

MSEM(Z1α̂(Z)) =

0.032 0.032 0.026 0.006 0.007 0.007 0.005 0.005 0 0.005 0.004 0.005 0.003
0.032 0.032 0.026 0.006 0.007 0.007 0.005 0.005 0 0.005 0.004 0.005 0.003
0.026 0.026 0.020 0.004 0.006 0.005 0.004 0.004 0 0.004 0.003 0.004 0.002
0.006 0.006 0.004 0.001 0.001 0.001 0.001 0.001 0 0.001 0.001 0.001 0.001
0.007 0.007 0.006 0.001 0.002 0.002 0.001 0.001 0 0.001 0.001 0.001 0.001
0.007 0.007 0.005 0.001 0.002 0.001 0.001 0.001 0 0.001 0.001 0.001 0.001
0.005 0.005 0.004 0.001 0.001 0.001 0.001 0.001 0 0.001 0.001 0.001 0
0.005 0.005 0.004 0.001 0.001 0.001 0.001 0.001 0 0.001 0.001 0.001 0

0 0 0 0 0 0 0 0 0 0 0 0 0
0.005 0.005 0.004 0.001 0.001 0.001 0.001 0.001 0 0.001 0.001 0.001 0
0.004 0.004 0.003 0.001 0.001 0.001 0.001 0.001 0 0.001 0.001 0.001 0
0.005 0.005 0.004 0.001 0.001 0.001 0.001 0.001 0 0.001 0.001 0.001 0
0.003 0.003 0.002 0.001 0.001 0.001 0 0 0 0 0 0 0


and

MSEM(Z1α̂(Z1)
) =

0.044 0.044 0.033 0.008 0.007 0.008 0.007 0.007 0 −0.002 −0.004 −0.004 0.004
0.044 0.044 0.033 0.008 0.007 0.008 0.007 0.007 0 −0.002 −0.004 −0.004 0.004
0.033 0.033 0.026 0.006 0.008 0.007 0.005 0.005 0 0.006 0.005 0.006 0.003
0.008 0.008 0.006 0.002 0.001 0.001 0.001 0.001 0 −0.002 −0.003 −0.003 0.001
0.007 0.007 0.008 0.001 0.005 0.003 0.001 0.001 0 0.011 0.011 0.013 0.001
0.008 0.008 0.007 0.001 0.003 0.002 0.001 0.001 0 0.004 0.004 0.005 0.001
0.007 0.007 0.005 0.001 0.001 0.001 0.001 0.001 0 −0.001 −0.002 −0.002 0.001
0.007 0.007 0.005 0.001 0.001 0.001 0.001 0.001 0 −0.001 −0.002 −0.002 0.001

0 0 0 0 0 0 0 0 0 0 0 0 0
−0.002 −0.002 0.006 −0.002 0.011 0.004 −0.001 −0.001 0 0.031 0.033 0.039 0
−0.004 −0.004 0.005 −0.003 0.011 0.004 −0.002 −0.002 0 0.033 0.034 0.041 −0.001
−0.004 −0.004 0.006 −0.003 0.013 0.005 −0.002 −0.002 0 0.039 0.041 0.049 −0.001

0.004 0.004 0.003 0.001 0.001 0.001 0.001 0.001 0 0 −0.001 −0.001 0


.

It is also noted that the difference MSEM(Z1α̂(Z1)
)− MSEM(Z1α̂(Z)) is psd because

the value of different eigenvalues of this difference is 0, 0.027, and 0.012, respectively. Then,
we observe that the inequality MSEM(Z1α̂(Z)) ≽ MSEM(Z1α̂(Z1)

) holds.

5. Conclusions

In this study, I have presented a detailed analysis of comparing the BLUPs under
SRLMs and their subsample models. The primary goal of the research was to explore the
comparative performance of the BLUPs, employing the MSEM approach for evaluation,
alongside matrix inertia and rank methodologies. This approach allowed for a systematic
and efficient comparison of the BLUPs, providing valuable insights into their performance
under various restrictions in the models.

It was demonstrated that the comparison of BLUPs using the MSEM criterion allowed
for determining the optimality of predictors across different models. The block matrix
inertia and rank methodology were effectively employed to simplify the complicated matrix
operations involved, leading to a systematic and efficient way of comparing statistical
properties in LMs. These methods facilitated a reduction of results to special cases, making
the findings applicable to a wider range of model structures. Through matrix inertia and
rank methodology, we provided rigorous comparisons, making significant contributions to
the existing literature on restricted and unconstrained LMs. The approaches used in the
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study of the problem of comparing BLUPs for determining optimality predictors under
considered models reduce to the problem of comparing quantities, since the inertia and
rank of a matrix are simple quantities to understand and calculate.

The results obtained in the study were further extended to demonstrate the superiority
of the BLUPs under the SRLM and its subsample models. By utilizing the predictability
condition of the unknown parameter vectors, I presented a set of inequalities and equalities
that govern the comparison of BLUPs. Additionally, I explored the connection between
the MSEM results and their implications for the BLUEs, providing a deeper understanding
of the role of restrictions in enhancing model predictions. It was also shown that the
results can be reduced to linear regression models with exact restrictions as well as those
without any restrictions on unknown parameters. Theoretical results were carefully derived
and supported by numerical examples that demonstrate the accuracy and applicability of
these results. Real-world data sets were analyzed to illustrate the practical application of
the findings. These empirical analyses not only confirmed the validity of the theoretical
outcomes but also showcased the robustness and utility of the proposed methodology in
real-world settings.

The findings presented in this paper are significant for both theoretical and empirical
applications in statistical analysis. The use of stochastic restrictions within linear regres-
sion models has wide-reaching implications for many scientific disciplines. Moreover,
the methodological advancements introduced, particularly in the areas of matrix inertia
and rank, offer valuable tools for future research.

In conclusion, the work presented in this study contributes to ongoing efforts to
improve the accuracy and efficiency of statistical models, particularly in the context of linear
regression with restrictions. The results not only enhance our theoretical understanding
but also provide practical tools for analyzing real-world data through the application of
restricted linear models.

In future work, the methodology presented in this study can be extended to more complex
model structures, such as those involving nonlinear or high-dimensional data. Furthermore,
further exploration of stochastic restrictions in dynamic settings or under different distributional
assumptions could provide new insights into the optimality of predictors. Investigating the
integration of these methods with machine learning techniques may also open new avenues for
improving prediction accuracy in modern data-driven applications.
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Abbreviations
Abbreviations and their full forms used throughout the article.

Abbreviations Full Terms
LM Linear Model
RLM Restricted Linear Model
SRLM Stochastically Restricted Linear Model
BLUP Best Linear Unbiased Predictor
BLUE Best Linear Unbiased Estimator
MSEM Mean Squared Error Matrix
psd Positive Semi-Definite

Appendix A

The following lemmas are required in the above sections; see, ref. [31]. We use them
as tools to derive various inequalities and equalities for the comparison results.
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Lemma A1. Let Φ1 and Φ2 be m × n or m × m symmetric matrices. Then,

i−(Φ1 − Φ2) = 0 ⇔ Φ1 ≽ Φ2

and
i+(Φ1 − Φ2) = 0 ⇔ Φ1 ≼ Φ2.

Lemma A2. Let Φ1 and Φ2 be m × m and n × n symmetric matrices, respectively, Ω be an m × n
matrix, and k be a scalar quantity. Then,

r(Φ1) = i+(Φ1) + i−(Φ1). (A1)

i±(kΦ1) = i±(Φ1) if k > 0,

i±(kΦ1) = i∓(Φ1) if k < 0.
(A2)

i±

[
Φ1 Ω

Ω′ Φ2

]
= i±

[
Φ1 −Ω

−Ω′ Φ2

]
= i∓

[
−Φ1 Ω

Ω′ −Φ2

]
. (A3)

i±

[
Φ1 0
0 Φ2

]
= i±(Φ1) + i±(Φ2),

i+

[
0 Ω

Ω′ 0

]
= i−

[
0 Ω

Ω′ 0

]
= r(Ω).

(A4)

i±

[
Φ1 Ω

Ω′ 0

]
= r(Ω) + i±(Ω⊥Φ1Ω⊥). (A5)

i+

[
Φ1 Ω

Ω′ 0

]
= r
[
Φ1, Ω

]
,

i−

[
Φ1 Ω

Ω′ 0

]
= r(Ω) if Φ1 ≽ 0.

(A6)

i±

[
Φ1 Ω

Ω′ Φ2

]
= i±(Φ1) + i±(Φ2 − Ω′Φ+

1 Ω) if C (Ω) ⊆ C (Φ1). (A7)

Proof of Theorem 1. According to the definition of the MSEM,

MSEM(υ̃i(Z)) = D(υi − υ̃i(Z)) and MSEM(υ̃i(Zi)
) = D(υi − υ̃i(Zi)

). (A8)

Let C = MSEM(υ̃i(Z)) and consider (8) and (A8). Then,

i±
(

MSEM(υ̃i(Z))− MSEM(υ̃i(Zi)
)
)

= i±
(

C − D(υi − υ̃i(Zi)
)
)

= i±
(

C − σ2(MiW+
i − Li

)
Υi
(
MiW+

i − Li
)′) (A9)

= i±

[
Υi Υi(W+

i )
′M′

i − ΥiL′
i

MiW+
i Υi − LiΥi σ−2C

]
− i±(Υi)

= i±

([
Υi −ΥiL′

i
−LiΥi σ−2C

]
+

[
Υi 0
0 Mi

][
0 Wi

W′
i 0

]+[
Υi 0
0 M′

i

])
− i±(Υi) (A10)

= i±


0 −Wi Υi 0

−W′
i 0 0 M′

i
Υi 0 Υi −ΥiL′

i
0 Mi −LiΥi σ−2C

− i∓

[
0 Wi

W′
i 0

]
− i±(Υi)

= i±

−Υi −Wi ΥiL′
i

−W′
i 0 M′

i
LiΥi Mi σ−2C − LiΥiL′

i

− r(Wi), (A11)
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where Wi =
[
Zi, ΥiZ⊥

i
]

and Mi =
[
K, LiΥiZ⊥

i
]
. Here (A7) is applied to both expres-

sions in (A9) and (A10) by using the fact Υi = ΥiΥ
+
i Υi and the column space inclusions

C (K′) ⊆ C (Z′
i) and C (ΥiL′

i) ⊆ C (Υi) with C
[
Zi, ΥiZ⊥

i
]
= C

[
Zi, Υi

]
,

respectively, and further, (A2) and (A4) are used with the elementary block matrix oper-
ations while the expression in (A11) is obtained. By substituting Wi =

[
Zi, ΥiZ⊥

i
]

and
Mi =

[
K, LiΥiZ⊥

i
]

into (A11) and using (A3)–(A5) with the elementary block matrix
operations as well as the fact that

r
[
Zi, ΥiZ⊥

i
]
= r
[
Zi, Υi

]
,

the expression in (A11) is equivalently written as follows:

i±


−Υi −Zi −ΥiZ⊥

i ΥiL′
i

−Z′
i 0 0 K′

−Z⊥
i Υi 0 0 Z⊥

i ΥiL′
i

LiΥi K LiΥiZ⊥
i σ−2C − LiΥiL′

i

− r
[
Zi, Υi

]

= i±

−Υi −Zi ΥiL′
i

−Z′
i 0 K′

LiΥi K σ−2C − LiΥiL′
i

+ i±
(

Z⊥
i ΥiZ⊥

i

)
− r
[
Zi, Υi

]

= i∓

 Υi ΥiL′
i Zi

LiΥi LiΥiL′
i − σ−2C K

Z′
i K′ 0

+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]

= i∓

 Υi ΥiL′
i Zi

LiΥi LiΥiL′
i − σ−2 MSEM(υ̃i(Z)) K

Z′
i K′ 0

+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]

= i∓

 Υi ΥiL′
i Zi

LiΥi LiΥiL′
i K

Z′
i K′ 0

−

0
It
0

MSEM(υ̃i(Z))
[
0 It 0

]
+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]
. (A12)

We can apply (A7) to (A12) after substituting MSEM(υ̃i(Z)) in (7). Then, in a similar way
to obtaining (A10), (A12) is equivalently written as

i∓




Υ 0 −ΥT′
iL

′
i 0

0 Υi ΥiL′
i Zi

−LiTiΥ LiΥi LiΥiL′
i K

0 Z′
i K′ 0

+


Υ 0
0 0
0

[
K, LiTiΥZ⊥]

0 0

[ 0 W
W′ 0

]+

×
[

Υ 0 0 0
0 0

[
K, LiTiΥZ⊥]′ 0

])
+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]
− i∓(Υ), (A13)

where W =
[
Z, ΥZ⊥]. We can apply (A7) to (A13) since

C (Υ) ⊆ C (W) and C
([

K, LiTiΥZ⊥]′) ⊆ C (W′).
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From Lemma A2 and some congruence operations, (A13) is equivalently written as

i∓



0 −Z −ΥZ⊥ Υ 0 0 0
−Z′ 0 0 0 0 K′ 0

−Z⊥Υ 0 0 0 0 Z⊥ΥT′
iL

′
i 0

Υ 0 0 Υ 0 −ΥT′
iL

′
i 0

0 0 0 0 Υi ΥiL′
i Zi

0 K LiTiΥZ⊥ −LiTiΥ LiΥi LiΥiL′
i K

0 0 0 0 Z′
i K′ 0


+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]
− i∓(Υ)− r

[
Z, ΥZ⊥]

= i∓



−Υ −Z −ΥZ⊥ 0 ΥT′
iL

′
i 0

−Z′ 0 0 0 K′ 0
−Z⊥Υ 0 0 0 Z⊥ΥT′

iL
′
i 0

0 0 0 Υi ΥiL′
i Zi

LiTiΥ K LiTiΥZ⊥ LiΥi LiΥiL′
i − LiTiΥT′

iL
′
i K

0 0 0 Z′
i K′ 0


+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]
− r
[
Z, Υ

]

= i∓


−Υ −Z 0 ΥT′

iL
′
i 0

−Z′ 0 0 K′ 0
0 0 Υi ΥiL′

i Zi
LiTiΥ K LiΥi 0 K

0 0 Z′
i K′ 0

+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]

− r
[
Z, Υ

]
+ i∓(Z⊥ΥZ⊥)

= i±


Υ 0 Z 0 ΥT′

iL
′
i

0 −Υi 0 Zi −ΥiL′
i

Z′ 0 0 0 K′

0 Z′
i 0 0 K′

LiTiΥ −LiΥi K K 0

+ i±

[
Υi Zi
Z′

i 0

]
− r(Zi)− r

[
Zi, Υi

]

− r
[
Z, Υ

]
+ i∓

[
Υ Z
Z′ 0

]
− r(Z). (A14)

By using (A6) and writing G instead of the first matrix in (A14),

i+
(

MSEM(υ̃i(Z))− MSEM(υ̃i(Zi)
)
)
= i+(G)− r(Zi)− r

[
Z, Υ

]
(A15)

and
i−
(

MSEM(υ̃i(Z))− MSEM(υ̃i(Zi)
)
)
= i−(G)− r

[
Zi, Υi

]
− r(Z) (A16)

are obtained.
According to (A1), adding the equalities in (A15) and (A16) yields

r
(

MSEM(υ̃i(Z))− MSEM(υ̃i(Zi)
)
)

= r(G)− r(Zi)− r(Z)− r
[
Z, Υ

]
− r
[
Zi, Υi

]
.

(A17)

Applying Lemma A1 to (A15)–(A17) yields (a)–(c).
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