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Abstract


In this paper, a new numerical scheme, which we call the impulsive linearly implicit Euler method, for the SIR epidemic model with pulse vaccination strategy is constructed based on the linearly implicit Euler method. The sufficient conditions for global attractivity of an infection-free periodic solution of the impulsive linearly implicit Euler method are obtained. We further show that the limit of the disease-free periodic solution of the impulsive linearly implicit Euler method is the disease-free periodic solution of the exact solution when the step size tends to 0. Finally, two numerical experiments are given to confirm the conclusions.
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1. Introduction


Infectious diseases pose a serious threat to human health and hamper socio-economic development. As early as 1927, Kermack and McKendrick studied the epidemiological processes of the London Black Death and the Bombay Plague and creatively proposed the SIR model [1]. The SIR infections disease model is an important model that has widely been applied to study various infectious diseases such as smallpox, influenza, hepatitis and measles [2,3,4]. Pulse vaccination, the repeated application of a vaccine over a defined age range, is gradually obtaining widespread attention as a strategy for the reduction or eradication of childhood viral infections such as measles and polio. The theoretical work by Agur et al. in the paper [5] laid down some formal ground rules for the mechanism of action of pulse vaccination. The basis of their argument is to repeat pulse vaccination to maintain   R 0   below unity and then infection is eliminated. Shulgin, Stone and Agur [6] have shown that under a planned pulse vaccination regime, the SIR model with a constant total population converges to a stable solution with the number of infectious individuals equal to zero. Most of the results of the previous research are about the exact solutions of impulsive epidemic equations [7,8,9,10,11,12,13,14]. But, in general, impulsive SIR differential equations cannot be solved exactly or the solving is complicated. So, it is a good choice to study numerical methods for the impulsive SIR equations.



In recent years, more and more experts and scholars have paid attention to the field of the linearly implicit Euler method for SIR equations without impulsive perturbations. In 1992 in [15], a fully-discretized linearly implicit Euler (IMEX) method was proposed for a threshold of numerical methods for an aged SIS model with a finite maximum age, in which some numerical basic reproduction numbers were provided and the stability of the disease-free equilibrium was discussed by the theory of a finite-dimensional sublinear discrete dynamical system. In [16], a numerical reproduction number of the linearly implicit Euler–Riemann method for a single nonlinear age-structured population model with infinite age was studied. A numerical threshold of a linearly implicit Euler method for a nonlinear infection-age SIR model was studied in [17]. It was also shown that the method shares the equilibrium and basic reproduction number   R 0   of age-independent SIR models for any step size. In [18], the linearly implicit Euler method was applied to numerical representations of global epidemic threshold for nonlinear infection-age SIR models. But to the best of our knowledge, there are no results for applying the linearly implicit Euler method to solve impulsive SIR equations.



The most significant and obvious advantage of the linear implicit Euler method is its ability to maintain the property that the exact solution of the infectious disease model is positive for arbitrary step size, which is an important property in the biological sense. Thus, our first concern is whether the impulsive linear implicit Euler method (ILIEM) can preserve the property that the exact solution of the impulsive SIR equation is positive for arbitrary step size. Pulse vaccination, the repeated application of vaccine over a defined age range, is an important strategy for the elimination of childhood viral infectious such as measles and poliomyelitis [5,6]. In the paper [6], Shulgin, Stone and Agur applied linearized methods combined with the Floquet theory to study the local stability of disease-free periodic solutions. In our present article, we will further investigate the global attractiveness of the disease-free periodic solution of the impulsive SIR system. Another very important and interesting question is whether ILIEM can preserve the global attractiveness of the disease-free periodic solutions of impulsive SIR systems.



The rest of this paper is organized as follows: In Section 2, in order to point out that the ILIEM can preserve some of the properties of the exact solution of the impulsive SIR system, we introduce the following two properties of the impulsive SIR system. First, the exact solution of the impulsive SIR equation is positive when the initial values are positive. Second, the global attractiveness of the disease-free periodic solution of impulsive SIR system is introduced. In Section 3, we first point out the advantages of ILIEM: compared to the impulsive explicit Euler method and the implicit Euler method, the numerical solutions of ILIEM are positive for arbitrary step size   h > 0   when the initial values are positive, and the fact that the computational cost of ILIEM is almost the same as the explicit Euler method. After that, we provide sufficient conditions for the disease-free periodic solution of ILIEM to be globally attractive. Moreover, the limit of the disease-free periodic solution of ILIEM is the disease-free periodic solution of impulsive SIR system when the step size h tends to 0. Finally, in Section 4, two numerical experiments are given to illuminate the correctness of the conclusions.




2. The Exact Solution of Impulsive SIR


In this paper, we will further investigate the following classical impulsive SIR equations which were proposed by Shulgin, Stone and Agur in the paper [6] for measles models


              d S ( t )   d t    = b − β S  ( t )  I  ( t )  − b S  ( t )  ,          d I ( t )   d t    = β S  ( t )  I  ( t )  − γ I  ( t )  − b I  ( t )  ,          d R ( t )   d t    = γ I  ( t )  − b R  ( t )  ,       t ≠ k τ ,            S  ( k  τ +  )  =  ( 1 − p )  S  ( k τ )  ,       I  ( k  τ +  )  = I  ( k τ )  ,       R  ( k  τ +  )  = p S  ( k τ )  + R  ( k τ )  ,       t = k τ ,       S  (  0 +  )  =  S 0  ,   I  (  0 +  )  =  I 0  ,   R  (  0 +  )  =  R 0  ,      



(1)




where  τ  is a positive real constant,   k ∈  Z +  =  { 1 , 2 , ⋯ }   , S, I and R are the proportion of individuals susceptible, infected and recovered to the disease, respectively. b denotes the birth rate and b also denotes the death rate,  γ  is the recovery rate. Susceptibles become infectious at a rate   β I  , which  β  is the contact rate. The pulse vaccination scheme proposes to vaccinate a fraction p of the entire susceptible population in a single pulse, applied every  τ  years and that p satisfies   0 < p < 1  .   S 0  ,   I 0   and   R 0   are nonnegative initial values, and satisfy    S 0  +  I 0  +  R 0  = 1  . From this combination with Equation (1), we can easily prove that the following equality


  S ( t ) + I ( t ) + R ( t ) ≡ 1  








holds for all t. So, we need only consider the following impulsive system


              d S ( t )   d t    = b − β S  ( t )  I  ( t )  − b S  ( t )  ,          d I ( t )   d t    = β S  ( t )  I  ( t )  − γ I  ( t )  − b I  ( t )  ,       t ≠ k τ ,            S  ( k  τ +  )  =  ( 1 − p )  S  ( k τ )  ,       I  ( k  τ +  )  = I  ( k τ )  ,       t = k τ ,      



(2)




with initial values   S  (  0 +  )  =  S 0    and   I  (  0 +  )  =  I 0   . It is easy to see that model (2) is invariant in the set


  Ω = { ( S , I ) : 0 ≤ S ≤ 1 , 0 ≤ I ≤ 1 , S + I ≤ 1 } .  








When   I = 0  ,   S ( t )   in (2) satisfies the following system


         d S ( t )   d t    = b − b S  ( t )  ,     t ≠ n τ ,       S  ( n  τ +  )  =  ( 1 − p )  S  ( n τ )  ,     t = n τ .      



(3)




From paper [6], we know that the Equation (3) has the following globally asymptotically stable periodic solution


   S ˜   ( t )  = 1 −  ( 1 −  S ∗  )    e   − b ( t − k τ )   ,  t ∈  ( k τ ,  ( k + 1 )  τ ]  ,  



(4)




where    S ∗  =     ( 1 − p )   ( 1 −   e   − b τ   )    1 −  ( 1 − p )    e   − b τ       .



Theorem 1.

If   σ < 1  , then the infection-free periodic solution   (  S ˜   ( t )  , 0 )   in system (2) is globally attractive, where


   σ =    β ( 1 −   e   − b τ   )    ( b + γ )   1 −  ( 1 − p )    e   − b τ       .   



(5)









Proof. 

Since   σ < 1  , we can choose    ϵ 1  > 0   to be sufficiently small such that


  β     ( 1 −   e   − b τ   )   1 −  ( 1 − p )    e   − b τ      +  ϵ 1   < b + γ .  



(6)




From the first equation of (2), we obtain      d S ( t )   d t    ≤ b − b S  ( t )   . Then, we consider the comparison system with pulses


         d x ( t )   d t    = b − b x  ( t )  ,     t ≠ k τ ,       x  ( k  τ +  )  =  ( 1 − p )  x  ( k τ )  ,     t = k τ .      



(7)




By similar discussions as above, there exists a unique periodic solution    x ˜   ( t )  =  S ˜   ( t )    of system (7), which is globally asymptotically stable.



Let   ( S ( t ) , I ( t ) )   be the solution of the impulsive Equation (2) with initial condition   S  (  0 +  )  =  S 0  > 0  . With the comparison theorem for impulsive equations [19,20], there exists an integer    k 1  > 0   such that


  S  ( t )  <  S ˜   ( t )  +  ϵ 1  ≤    1 −   e   − b τ     1 −  ( 1 − p )    e   − b τ      +  ϵ 1  = δ ,  k τ < t ≤  ( k + 1 )  τ ,  k >  k 1  ,  



(8)




where    S ˜   ( t )    is defined in (4). Further, from the second equation of (2), we know that (8) implies


     d I ( t )   d t    ≤  ( β δ − γ − b )  I  ( t )  ,  k >  k 1  .  








Consider the following comparison system


     d y ( t )   d t    =  ( β δ − γ − b )  y  ( t )  .  








By the expression of (6), we have   β δ − γ − b < 0  . It is easy to see that    lim  t → + ∞   y  ( t )  = 0  . By the comparison theorem [21,22], we have    lim sup  t → + ∞   I  ( t )  ≤  lim sup  t → + ∞   y  ( t )  = 0  . Incorporating into the positive of   I ( t )  , we know that    lim  t → + ∞   I  ( t )  = 0  . Consequently, there exists an integer    k 2  >  k 1    such that   I  ( t )  <  ϵ 1    for all   t >  k 2  τ  . For the first equation of (2), we can obtain


     d S ( t )   d t    ≥ b −  ( β  ϵ 1  + b )  S  ( t )  .  








Consider comparison impulsive differential equations for   t >  k 2  τ   and   k >  k 2   ,


         d z ( t )   d t    = b −  ( β  ϵ 1  + b )  z  ( t )  ,     t ≠ k τ ,       z  ( k  τ +  )  =  ( 1 − p )  z  ( k τ )  ,     t = k τ .      



(9)




By [9] (Lemma 2.2) or [10] (Lemma 2.1), we have the periodic solution of (9),


   z ˜   ( t )  =   b  β  ϵ 1  + b    −  (   b  β  ϵ 1  + b    −  z ∗  )    e   −  ( β  ϵ 1  + b )   ( t − k τ )    ,  k τ < t ≤  ( k + 1 )  τ ,  k >  k 2  ,  








where    z ∗  =    b  ( 1 − p )   1 −   e   − ( β  ϵ 1  + b ) τ       ( β  ϵ 1  + b )   1 −  ( 1 − p )    e   − ( β  ϵ 1  + b ) τ        . According to the comparison theorem for impulsive differential equations [19,20], there exists an integer    k 3  >  k 2    such that


  S  ( t )  >  z ˜   ( t )  −  ϵ 1  ,  k τ < t ≤  ( k + 1 )  τ ,  k >  k 3  ,  



(10)




Because   ϵ 1   is arbitrarily small, it follows from (8) and (10) that


   S ˜   ( t )  = 1 −    p   e   − b ( t − k τ )     1 −  ( 1 − p )    e   − b τ      ,  t ∈  ( k τ ,  ( k + 1 )  τ ]  ,  








is globally attractive. Therefore, the infection-free solution   (  S ˜   ( t )  , 0 )   is globally attractive. □






3. ILIEM for Impulsive SIR


The ILIEM for (1) can be constructed as follows


       S  k , l + 1   =  S  k , l   + h  b − β  S  k , l + 1    I  k , l   − b  S  k , l + 1    ,     k ∈ N ,        I  k , l + 1   =  I  k , l   + h  β  S  k , l + 1    I  k , l   − γ  I  k , l + 1   − b  I  k , l + 1    ,     l ∈ A ,        R  k , l + 1   =  R  k , l   + h  γ  I  k , l + 1   − b  R  k , l + 1    ,         S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,         I  k + 1 , 0   =  I  k , m   ,         R  k + 1 , 0   = p  S  k , m   +  R  k , m   ,         S  0 , 0   =  S 0  ,   I  0 , 0   =  I 0  ,   R  0 , 0   =  R 0  ,      



(11)




where the step size   h =   τ m    , m is a positive constant, and   N = { 0 , 1 , 2 , ⋯ }  . Conveniently, denote    Z +  =  { 1 , 2 , ⋯ }   ,   A = { 0 , 1 , 2 , ⋯ , m − 1 }   and   B = { 0 , 1 , 2 , ⋯ , m }  . Let   t  k , l    be the sequence of discretization nodes, where    t  k , l   =  ( k m + l )  h = k τ + l h  ,   k ∈ N  ,  l ∈ B   and    t  k , m   =  t  k + 1 , 0   = k τ  ,   k ∈  Z +   . The exact solutions   S (  t  k , l   )  ,   I (  t  k , l   )   and   R (  t  k , l   )   (  k ∈ N  ,   l ∈ B − { 0 }  ) will be approximated by   S  k , l   ,   I  k , l    and   R  k , l   , respectively. Simultaneously,   S ( k  τ +  )  ,   I ( k  τ +  )   and   R ( k  τ +  )   (  k ∈ N  ) will be approximated by   S  k , 0   ,   I  k , 0    and   R  k , 0   , respectively.



3.1. Advantages of ILIELM


The impulsive explicit Euler method [23] for (1) can be constructed as follows


       S  k , l + 1   =  S  k , l   + h  b − β  S  k , l    I  k , l   − b  S  k , l    ,     k ∈ N ,        I  k , l + 1   =  I  k , l   + h  β  S  k , l    I  k , l   − γ  I  k , l   − b  I  k , l    ,     l ∈ A ,        R  k , l + 1   =  R  k , l   + h  γ  I  k , l   − b  R  k , l    ,         S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,         I  k + 1 , 0   =  I  k , m   ,         R  k + 1 , 0   = p  S  k , m   +  R  k , m   ,         S  0 , 0   =  S 0  ,   I  0 , 0   =  I 0  ,   R  0 , 0   =  R 0  .      








This is a numerical method of calculation with high efficiency but    S  k , l + 1   = h b +  1 − h β  I  k , l      − h b   S  k , l     is possibly negative for some large    I  k , l   > 0  .



Similarly, the impulsive implicit Euler method [23] for (1) can be constructed as follows


       S  k , l + 1   =  S  k , l   + h  b − β  S  k , l + 1    I  k , l + 1   − b  S  k , l + 1    ,     k ∈ N ,        I  k , l + 1   =  I  k , l   + h  β  S  k , l + 1    I  k , l + 1   − γ  I  k , l + 1   − b  I  k , l + 1    ,     l ∈ A ,        R  k , l + 1   =  R  k , l   + h  γ  I  k , l + 1   − b  R  k , l + 1    ,         S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,         I  k + 1 , 0   =  I  k , m   ,         R  k + 1 , 0   = p  S  k , m   +  R  k , m   ,         S  0 , 0   =  S 0  ,   I  0 , 0   =  I 0  ,   R  0 , 0   =  R 0  .      








Hence, besides the computational cost,    I  k , l + 1   =   ( 1 − h β  S  k , l + 1   + h γ + h b )   − 1    I  k , l     is possibly negative for some large    S  k , l + 1   > 0  .



Obviously, ILIELM (11) can be rewritten as


       S  k , l + 1   =     S  k , l   + h b   1 + h β  I  k , l   + h b    ,     k ∈ N ,        I  k , l + 1   =     I  k , l   + h β  S  k , l + 1    I  k , l     1 + h γ + h b    ,     l ∈ A ,        R  k , l + 1   =     R  k , l   + h γ  I  k , l + 1     1 + h b    ,         S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,         I  k + 1 , 0   =  I  k , m   ,         R  k + 1 , 0   = p  S  k , m   +  R  k , m   ,         S  0 , 0   =  S 0  ,   I  0 , 0   =  I 0  ,   R  0 , 0   =  R 0  .      



(12)




From the expression of (12), we can see that the computational cost is almost the same as impulsive explicit Euler method. From the expression of (12), we can also obtain the following theorem:



Theorem 2.

Any solution   (  S  k , l   ,  I  k , l   ,  R  k , l   )   of the system (11) is positive for any h and all   k ∈ N  ,   l ∈ B  , when the initial values’ vector   (  S 0  ,  I 0  ,  R 0  )   is positive.





Theorem 3.

For any solution   (  S  k , l   ,  I  k , l   ,  R  k , l   )   of the system (11), the total number    N  k , l   =  S  k , l   +  I  k , l   +  R  k , l     satisfies    N  k , l   ≡ 1  ,   ∀ k ∈ N , ∀ l ∈ B  , if    N  0 , 0   =  S  0 , 0   +  I  0 , 0   +  R  0 , 0   = 1  .





Proof. 

By the first three equations of (11), we can obtain that


   N  k , l + 1   =    h b +  N  k , l     1 + h b    = 1 ,  ∀ k ∈ N ,  ∀ l ∈ A ,  








under the condition    N  k , l   = 1  . Obviously, by the last three equations of (11), we have


   N  k + 1 , 0   =  N  k , m   ,  ∀ k ∈ N .  








Applying mathematical induction, we can show that    N  k , l   = 1  ,   k ∈ N  ,   l = 0 , 1 , 2 , ⋯ , m  . The proof has been completed. □





Similar to the previous analysis of the exact solution, we only need to consider the linearly implicit Euler method for (2) as follows


       S  k , l + 1   =  S  k , l   + h  b − β  S  k , l + 1    I  k , l   − b  S  k , l + 1    ,     k ∈ N ,        I  k , l + 1   =  I  k , l   + h  β  S  k , l + 1    I  k , l   − γ  I  k , l + 1   − b  I  k , l + 1    ,     l ∈ A ,        S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,         I  k + 1 , 0   =  I  k , m   ,      



(13)




with initial values    S  0 , 0   =  S 0   ,    I  0 , 0   =  I 0   .



For convenience, we will write [24] (Lemma 5) in the following form:



Lemma 1.

Consider the following impulsive difference equations


        ω  k , l + 1   = λ + μ  ω  k , l   ,     k ∈ N , l ∈ A ,        ω  k + 1 , 0   =  ( 1 − θ )   ω  k , m   ,     k ∈ N       



(14)




where   λ > 0  ,   0 < μ < 1   and   0 < θ < 1  . The system (4) has a unique positive periodic solution, for   k ∈ N , l ∈ B  ,


     ω ˜   k , l   =    λ  1 −  μ l     1 − μ    +     μ l  λ  ( 1 − θ )   ( 1 −  μ m  )     1 − μ   1 −  ( 1 − θ )   μ m        



(15)




which is globally asymptotically stable.






3.2. Global Attractivity of Disease-Free Periodic Solution of ILIEM


To begin with, we demonstrate the existence of an infection-free periodic solution, in which infectious individuals are entirely absent from population permanently,   I  k , l    for   ∀ k ∈ N  ,   l ∈ B  .


       S  k , l + 1   =  S  k , l   + h b − h b  S  k , l + 1   ,     ∀ k ∈ N , l ∈ A ,        S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,     ∀ k ∈ N ,      



(16)




which can be rewritten as follows


       S  k , l + 1   =    h b   1 + h b    +    S  k , l    1 + h b    ,     ∀ k ∈ N , l ∈ A ,        S  k + 1 , 0   =  ( 1 − p )   S  k , m   ,     ∀ k ∈ N .      








By Lemma 1, it is easy to obtain the periodic solution system (16) as follows


    S ˜   k , l   = 1 −   ( 1 + h b )   − l   +      ( 1 + h b )   − l    ( 1 − p )   1 −   ( 1 + h b )   − m      1 −  ( 1 − p )    ( 1 + h b )   − m      .  



(17)







Theorem 4.

If    σ d  < 1  , then the disease-free periodic solution   (   S ˜   k , l   , 0 )   of ILIEM (13) is globally attractive, where


    σ d  =   1  ( 1 + h γ + h b )     1 +    h β  1 −   ( 1 + h b )   − m      1 −  ( 1 − p )    ( 1 + h b )   − m       .   













Proof. 

By the first equation of (12), we can obtain that


   S  k , l + 1   =     S  k , l   + h b   1 + h b + h β  I  k , l      ≤     S  k , l   + h b   1 + h b    .  








Next, we consider the following comparison system with pulse:


       x  k , l + 1   =    h b   1 + h b    +    x  k , l    1 + h b    ,     k ∈ N , l ∈ A ,        x  k + 1 , 0   =  ( 1 − p )   x  k , m   ,     k ∈ N .      








Applying Lemma 1, we can obtain the following periodic solution


    x ˜   k , l   = 1 −   ( 1 + h b )   − l   +      ( 1 + h b )   − l    ( 1 − p )   1 −   ( 1 + h b )   − m      1 −  ( 1 − p )    ( 1 + h b )   − m      .  








By the non-negativity of   S  k , l    and   x  k , l   , there exists an integer    N 1  ∈  Z +    such that


   S  k , l   ≤  x  k , l   <   x ˜   k , l   +  ϵ 1  ,  ∀ k ≥  N 1  ,  ∀ l ∈ B .  








Hence, we have


   S  k , l   ≤    1 −   ( 1 + h b )   − m     1 −  ( 1 − p )    ( 1 + h b )   − m      +  ϵ 1  =  S d ∗  .  








Further, from the second equation of (12), we can obtain that


  |  I  k , l + 1   | = |     I  k , l   + h β  S  k , l + 1    I  k , l     1 + h γ + h b    | ≤ |    1 + h β  S d ∗    1 + h γ + h b    | · |  I  k , l   | .  








Obviously,    σ d  < 1   implies that


  |    1 + h β  S d ∗    1 + h γ + h b    | < 1 .  








Consequently, we have    lim  k → + ∞    I  k , l   = 0  ,   ∀ l ∈ B  . For any small    ϵ 2  > 0  , there exists an integer   N 2   such that    |   I  k , l    | <   ϵ 2   ,   k ≥  N 2   . Hence, by the first equation of (12), we can obtain that


   S  k , l + 1   =     S  k , l   + h b   1 + h b + h β  I  k , l      ≥     S  k , l   + h b   1 + h b + h β  ϵ 2     .  








Next, we consider the following comparison system with pulse:


       y  k , l + 1   =    h b   1 + h b + h β  ϵ 2     +    y  k , l    1 + h b + h β  ϵ 2     ,     k ∈ N , l ∈ A ,        y  k + 1 , 0   =  ( 1 − p )   y  k , m   ,     k ∈ N .      








Applying Lemma 1, we can obtain the following periodic solution


    y ˜   k , l   =   b  b + β  ϵ 2      1 −   p   ( 1 + h b + h β  ϵ 2  )  l    ·   1  1 −   1 − p    ( 1 + h b + h β  ϵ 2  )  m       .  








By the non-negativity of   S  k , l    and   y  k , l   , there exists an integer    N 2  ∈  Z +    such that


   S  k , l   ≥  y  k , l   >   y ˜   k , l   −  ϵ 2  ,  ∀ k ≥  N 2  ,  ∀ l ∈ B .  








Since   ϵ 1   and   ϵ 2   are sufficiently small,    S ˜   k , l    is globally attractive. Similarly, we show that    R ˜   k , l    is also globally attractive. Consequently, the infection-free periodic solution   (   S ˜   k , l   , 0 )   is also globally attractive. □





Theorem 1 shows that the disease-free periodic solution of impulsive system (2) is globally attractive under the condition   σ < 1  . The following result will show that under the same condition, the disease-free periodic solution the disease-free periodic solution of ILIEM (13) is also globally attractive when   h b < 1  .



Corollary 1.

If   σ < 1  , then the disease-free periodic solution   (   S ˜   k , l   , 0 )   of ILIEM (13) is globally attractive; arbitrary h satisfies   h b < 1  .





Proof. 

Let the function


  f  ( x )  =    β ( 1 − x )   1 − ( 1 − p ) x    ,  0 ≤ x ≤ 1 .  








Taking the derivative gives


  f ′  ( x )  =    − p β    1 − ( 1 − p ) x  2    < 0 ,  








which means that   f ( x )   is monotonically decreasing on   [ 0 , 1 ]  . Since     ( 1 + h b )    1  h b     < e   holds for   0 < h b < 1  , we have


    ( 1 + h b )   − m   >   e   − b h m   =   e   − b τ   ,  








which implies that


  f  (   ( 1 + h b )   − m   )  < f  (   e   − b τ   )  ,  








that is


     β ( 1 −   ( 1 + h b )   − m   )   1 −  ( 1 − p )    ( 1 + h b )   − m      <    β ( 1 −   e   − b τ   )   1 −  ( 1 − p )    e   − b τ      .  








Consequently, we have


       σ < 1       ⇒       β ( 1 −   e   − b τ   )   1 −  ( 1 − p )    e   − b τ      < b + γ       ⇒       β ( 1 −   ( 1 + h b )   − m   )   1 −  ( 1 − p )    ( 1 + h b )   − m      < b + γ       ⇒     σ d  < 1 .     








Applying Theorem 4, the infection-free periodic   (   S ˜   k , l   , 0 )   is globally attractive and arbitrary h satisfies   h b < 1  . The proof is completed. □





Theorem 5.

The limit of the discrete disease-free periodic solution   (   S ˜   k , l   , 0 )   of ILIEM (13) is the disease-free periodic solution   (  S ˜   ( t )  , 0 )   of impulsive SIR (2) when the step size h tends 0. In the following sense, for any moment fixed at t, there exists a nonnegative integer k such that   t ∈ ( k τ , ( k + 1 ) τ ]   and


    lim  h → 0 , m h = τ , t = ( k m + l ) h    (   S ˜   k , l   , 0 )  =  (  S ˜   ( t )  , 0 )  .   













Proof. 

Obviously, we have


   lim  h → 0 , m h = τ , t = ( k m + l ) h     ( 1 + h b )   − l   =  lim  h → 0 , m h = τ , t = ( k m + l ) h     ( 1 + h b )     1  h b     ( − h l b )    =   e   − b ( t − k τ )   .  








and


   lim  h → 0 , m h = τ     ( 1 + h b )   − m   =  lim  h → 0 , m h = τ     ( 1 + h b )     1  h b     ( − h m b )    =   e   − b τ   .  








Combining the above two equalities with (4) and (17), we can obtain


        lim  h → 0 , m h = τ , t = ( k m + l ) h     S ˜   k , l         =     lim  h → 0 , m h = τ , t = ( k m + l ) h    1 −   ( 1 + h b )   − l   +      ( 1 + h b )   − l    ( 1 − p )   1 −   ( 1 + h b )   − m      1 −  ( 1 − p )    ( 1 + h b )   − m             =    1 −   e   − b ( t − k τ )   +      e   − b ( t − k T )    ( 1 − p )   1 −   e   − b τ      1 −  ( 1 − p )    e   − b τ            =     S ˜   ( t )  .     








The proof is completed. □







4. Numerical Experiments


From the papers [5,6], we know that the basic reproductive rate of an epidemic is


   R 0  =   β  ( b + γ ) τ     ∫  0  τ   S ˜   ( t )  d t .  








Moreover,    R 0  < 1  , which is equivalent to     1 τ    ∫  0  τ   S ˜   ( t )  d t <    b + γ  β   =  S c   , implies the disease-free periodic solution   (  S ˜   ( t )  , 0 )   in system (2) is locally stable. The condition   σ < 1   in our present article to ensure that the disease-free periodic solution   (  S ˜   ( t )  , 0 )   in system (2) is globally attractive, which is equivalent to    S ˜   ( t )  <  S c   , implies    R 0  < 1  . In reality, pulse vaccination is an important strategy for the elimination of childhood viral infections such as measles and poliomyelitis [5,6]. Infectious diseases can be controlled by reducing the vaccination interval  τ  and increasing the vaccination rate p. It is easy to see in our paper that the condition   σ < 1   can be satisfied by controlling the parameters  τ  and p. The condition   σ < 1   is not a very stringent condition. The following two examples fulfil this condition and we will use them to illustrate the correctness of the theory obtained in this paper.



Example 1.

Consider the impulsive SIR model (1) as   b = 0.1  ,   β = 0.7  ,   γ = 0.6  ,   p = 0.9   and   τ = 1   (see Figure 1 and Figure 2). By (5), it is easy to work out that   σ ≈ 0.073 < 1  . By Theorem 1, the infection-free periodic solution   (  S ˜   ( t )  , 0 )   in system (2) is globally attractive, where


    S ˜   ( t )  = 1 −    0.9   e   − 0.1 ( t − k )     1 − 0.1   e   − 0.1      , t ∈  ( k , k + 1 ]  , ∀ k ∈ N .   



(18)




Applying Corollary 1, the infection-free periodic   (   S ˜   k , l   , 0 )   is globally attractive; for arbitrary   h =   1 m    , m is an integer, where


     S ˜   k , l   = 1 −    0.9   ( 1 + 0.1 h )   − l     1 − 0.1   ( 1 + 0.1 h )   − m      , ∀ k ∈ N , l ∈ B .   



(19)




From (18) and (19), we can see that for arbitrary fixed t,


    lim  h → 0 , m h = 1 , t = ( k m + l ) h     S ˜   k , l   =  S ˜   ( t )  ,   








which verifies the correctness of Theorem 5.



The reason we can hardly see the difference between Figure 1 and Figure 2, as well between Figure 3 and Figure 4, with the naked eye is that when the step size is small, the errors between the numerical solution and the exact solution for both numerical methods are very small. We can also see this from Table 1 and Table 2. This also shows that ILIEM is a very applicable numerical method.





Example 2.

Consider the impulsive SIR model (1) as   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8   and   τ = 4   (see Figure 3 and Figure 4). By (5), it is easy to work out that   σ ≈ 0.0039 < 1  . By Theorem 1, the infection-free periodic solution   (  S ˜   ( t )  , 0 )   in system (2) is globally attractive, where


    S ˜   ( t )  = 1 −    0.8   e   − 0.05 ( t − 4 k )     1 − 0.2   e   − 0.2      , t ∈  ( 4 k , 4  ( k + 1 )  ]  , ∀ k ∈ N .   



(20)




Applying Corollary 1, the infection-free periodic   (   S ˜   k , l   , 0 )   is globally attractive; for arbitrary   h =   4 m    , m is an integer, where


     S ˜   k , l   = 1 −    0.8   ( 1 + 0.05 h )   − l     1 − 0.2   ( 1 + 0.05 h )   − m      , ∀ k ∈ N , l ∈ B .   



(21)




From (20) and (21), we can see that for arbitrary fixed t,


    lim  h → 0 , m h = 4 , t = ( k m + l ) h     S ˜   k , l   =  S ˜   ( t )  ,   








which verifies the correctness of Theorem 5.





In Table 1 and Table 2, the global absolute errors between the numerical solutions and the exact solutions of impulsive SIR (1) in Euclidean norms are listed. As can be seen from Table 1 and Table 2, when the step size is halved, the errors of the impulsive linearly implicit Euler method (ILIEM) (11) for (1) become half of the original ones, which roughly indicates that the ILIEM (11) for (1) is convergent in order 1.



Similarly, from Table 1 and Table 2, it can be seen that when the step size is halved, the errors of both the impulsive explicit Euler method (IEEM) and the impulsive implicit Euler method (IIEM) for (1) become half of their original value, which roughly indicates that both IEEM and IIEM for (1) are convergent in order 1.



On the other hand, we can see that the convergence of the impulsive classical four-stage four-order Runge–Kutta method (ICRKM) for (11) looks better, specifically when the step size is halved; the global errors of the ICRKM for (1) become about    1 16    of the original ones, which roughly indicates that ICRKM for (1) is convergent in order 4. However, the question of when high-order impulsive Runge–Kutta methods for (1) have a globally attractive periodic solution remains an open problem that we will investigate in the future.




5. Conclusions and Future Works


In this paper, we point out the advantages of ILIEM compared to the impulsive explicit Euler method and the implicit Euler method; the numerical solution of ILIEM is positive for arbitrary step size   h > 0   when the initial values are positive, and the fact that the computational cost of ILIEM is almost the same as the impulsive explicit Euler method. After that, we proved that   σ < 1  ; the disease-free periodic solution of the impulsive SIR system is globally attractive, and the disease-free periodic solution of ILIEM is also globally attractive for arbitrary h and satisfies   b h < 1  . Moreover, it is proven that the limit of the disease-free periodic solution of ILIEM is the disease-free periodic solution of the impulsive SIR system when the step size h tends to 0.



From the numerical experiments, we roughly illustrate that the ILIEM (11) for (1) is convergent in order 1. On the other hand, we can see that the convergence of ICRKM for (11) looks better, which is convergent in order 4. However, the question of when the high-order impulsive Runge–Kutta methods for (1) have a globally attractive periodic solution remains an open problem that we will study in the future.



We think ILIEM can be applied to some other epidemic models. We also think it can be applied to some other epidemic model with nonlinear incidence rates. These are issues that we will study in the future. The stability of ILIEM for impulsive SIR equations will be studied in the future. In fact, we are not only interested in the disease-free equilibrium point but also in the endemic periodic solution. Numerical methods for the endemic periodic solution of impulsive SIR systems will also be studied in the future.
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Figure 1. Impulsive linearly implicit Euler method for (1) when   b = 0.1  ,   β = 0.7  ,   γ = 0.6  ,   p = 0.9  ,   τ = 1   and   h =   1 10    . 






Figure 1. Impulsive linearly implicit Euler method for (1) when   b = 0.1  ,   β = 0.7  ,   γ = 0.6  ,   p = 0.9  ,   τ = 1   and   h =   1 10    .
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Figure 2. Impulsive classical 4-stage 4-order Runge–Kutta method for (1) when   b = 0.1  ,   β = 0.7  ,   γ = 0.6  ,   p = 0.9  ,   τ = 1   and   h =   1 10    . 






Figure 2. Impulsive classical 4-stage 4-order Runge–Kutta method for (1) when   b = 0.1  ,   β = 0.7  ,   γ = 0.6  ,   p = 0.9  ,   τ = 1   and   h =   1 10    .
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Figure 3. Impulsive linearly implicit Euler method for (1) when   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8  ,   τ = 4   and   h = 0.4  . 






Figure 3. Impulsive linearly implicit Euler method for (1) when   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8  ,   τ = 4   and   h = 0.4  .
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Figure 4. Impulsive classical 4-stage 4-order Runge–Kutta method for (1) when   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8  ,   τ = 4   and   h = 0.4  . 






Figure 4. Impulsive classical 4-stage 4-order Runge–Kutta method for (1) when   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8  ,   τ = 4   and   h = 0.4  .
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Table 1. The global errors of numerical methods for (1) at the time   t = 5   when   b = 0.1  ,   β = 0.7  ,   γ = 0.6  ,   p = 0.9   and   τ = 1  .
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	h
	ILIEM
	IEEM
	IIEM
	ICRKM





	0.1
	6.57948689 ×    10  − 4    
	6.30555457 ×    10  − 4    
	6.26634906 ×    10  − 4    
	5.37914547 ×    10  − 9    



	0.05
	3.27534435 ×    10  − 4    
	3.14709001 ×    10  − 4    
	3.13734221 ×    10  − 4    
	3.28104266 ×    10  − 10    



	0.025
	1.63436238 ×    10  − 4    
	1.57223011 ×    10  − 4    
	1.56979647 ×    10  − 4    
	2.05065166 ×    10  − 11    



	0.0125
	8.16423855 ×    10  − 5    
	7.85798926 ×    10  − 5    
	7.85190685 ×    10  − 5    
	1.28165730 ×    10  − 12    



	Ratio
	0.49877817
	0.49949288
	0.50040328
	0.06199036










 





Table 2. The global errors of numerical methods for (1) at the time   t = 8  , when   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8  ,   τ = 4  .






Table 2. The global errors of numerical methods for (1) at the time   t = 8  , when   b = 0.05  ,   β = 0.01  ,   γ = 0.5  ,   p = 0.8  ,   τ = 4  .





	h
	ILIEM
	IEEM
	IIEM
	ICRKM





	0.4
	0.00262953
	0.00229213
	0.00255089
	5.35118642 ×    10  − 7    



	0.2
	0.00128341
	0.00117865
	0.00124397
	3.05181855 ×    10  − 8    



	0.1
	6.33713258 ×    10  − 4    
	5.97552229 ×    10  − 4    
	6.13920780 ×    10  − 4    
	1.81923606 ×    10  − 9    



	0.05
	3.14845822 ×    10  − 4    
	3.00831601 ×    10  − 4    
	3.04926145 ×    10  − 4    
	1.08122410 ×    10  − 10    



	Ratio
	0.49286547
	0.50817288
	0.49259289
	0.05866777
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