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Abstract: In this paper, we consider various aspects of the Schur problem for a square complex
matrix A, namely the similarity unitary transformation of A into upper triangular form containing
the eigenvalues of A on its diagonal. Since the profound work of I. Schur published in 1909, this
has become a fundamental issue in the theory and applications of matrices. Nevertheless, certain
details concerning the Schur problem need further clarification, especially in connection with the
perturbation analysis of the Schur decomposition relative to perturbations in the matrix A. We
consider both canonical and condensed Schur forms. Special attention is paid to matrices with simple
eigenvalues. Some new concepts, such as quasi-Schur forms and diagonally spectral matrices, are
also introduced and studied.
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1. Introduction and Notation

The Schur decomposition of a general square matrix [1] and its generalizations are
major tools both in the theory and applications of matrix analysis; see, e.g., refs. [2–5]. In
this paper, we consider the main definitions and properties of the Schur decomposition of a
square matrix (see the definitions given later), which are important from the point of view
of the perturbation analysis of the Schur problem; see [6–10]. Various aspects of Schur and
Schur-like decompositions are considered in [11–14]. The monographs [15,16] also deal
with these problems. Schur-like forms are also proposed for pairs of matrices (or matrix
pencils) [3], for control systems [17–19], etc. A perturbation analysis of these constructions
is presented in [18,20,21] and the references therein.

In this paper, we introduce new concepts in this field such as quasi-canonical Schur
forms and diagonally spectral matrices. A number of examples are given for illustration of
the results presented. This is a specific issue, and we shall need a large number of notations.
For the convenience of the reader, the general notations are gathered below in this section,
while some specific notations appear further in the text. Some of the matrix notations are
inspired by the language of the program system MATLAB® Version 9.9 (R2020b) [22].

If K is a finite set, then card(K) is the number of its elements. Let Z = {0,±1,±2, . . . } be
the set of integers and m, n ∈ Z, where m ≤ n. We denote by Z[m, n] = {k ∈ Z : m ≤ k ≤ n}
the set of n − m + 1 integers m, m + 1, . . . , n. We write Z[m, m] = m and Z[n, m] = ∅ when
n > m.

The set of real (resp. complex) numbers is denoted by R (resp. C ≃ R× R), and
i =

√
−1 is the imaginary unit. A quantity 0 ̸= z ∈ C\R is said to be genuinely com-

plex. An array (vector or matrix) is genuinely complex if at least one of its elements is
genuinely complex.
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A complex number z is written as z = x + iy with x, y ∈ R, or z = |z| exp(iφ), where
|z| =

√
x2 + y2 is the absolute value and φ ∈ (−π, π] is the angle of z. The complex

conjugate of z is denoted as z = x − iy = |z| exp(−iφ).
The sign function sign : R → Z[−1, 1] of the scalar argument is defined as

sign(x) = −1, sign(x) = 0 and sign(x) = 1 for x < 0, x = 0 and x > 0, resp. The
sign function for real n-tuples x = (x1, x2, . . . , xn) is defined by the expression

sign(x) =
n

∑
k=1

21−ksign(xk).

The lexicographical order ≺ for n-tuples is defined as x ≺ x̃, x = x̃ and x ≻ x̃ if
sign(x − x̃) < 0, sign(x − x̃) = 0 and sign(x − x̃) > 0, resp. Otherwise, x ≺ x̃ when either
x1 < x̃1, or there exists m ∈ Z[2, n] such that xk = x̃k for k ∈ Z[1, m − 1] and xm < x̃m.

We use this lexicographical order for complex numbers z = x + iy written as real pairs
(x, y) and for pairs (m, n) of integers m, n ∈ Z. For example, for the fourth roots {±1,±i}
of 1, we have −1 ≺ −i ≺ i ≺ 1.

We denote by C(m, n) (resp. R(m, n)) the space of m × n complex (resp. real) matrices
A = [A(i, j)] with elements A(i, j) and we set C(n) = C(n, n), R(n) = R(n, n). The i-th row
and the j-th column of A are denoted as A(i, :) ∈ C(1, n) and A(:, j) ∈ C(m, 1), respectively.

The column m-vector b ∈ C(m, 1) with elements bi = b(i) is written as b = [b1; b2; . . . ; bm],
while the row n-vector c ∈ C(1, n) with elements cj = c(j) is denoted as c = [c1, c2, . . . , cn].

The Kronecker delta symbol is d(i, j) = 1 − sign2(i − j). The identity n × n matrix is
denoted as In ∈ R(n) and has elements In(i, j) = d(i, j). The anti-identity matrix Pn ∈ R(n)
has elements Pn(i, j) = d(i, n + 1 − j).

The zero m × n matrix is denoted as Om,n ∈ R(m, n) with On = On,n, or simply
as O. We denote by Ln ∈ R(n) the strictly lower triangular matrix with ones below its
main diagonal and zeros otherwise, i.e., Ln(i, j) = 1 if i > j and Ln(i, j) = 0 if i ≤ j.
The elementary matrix with element 1 in position (p, q) and zero otherwise is denoted as
Ep,q ∈ R(m, n), i.e., Ep,q(i, j) = d(i, p)d(j, q).

The absolute value of the matrix A ∈ C(m, n) is the matrix |A| ∈ R(m, n) with
elements |A|(i, j) = |A(i, j)|. The transpose of the matrix A ∈ C(m, n) is denoted A⊤ ∈
C(n, m) and has elements A⊤(i, j) = A(j, i). The complex conjugate transpose of A ∈
C(m, n) is denoted AH ∈ C(n, m) and has elements AH(i, j) = A(j, i).

The inverse of the non-singular matrix A is denoted as A−1. The flipped matrix
AF ∈ C(m, n) of the matrix A ∈ C(m, n) is AF = Pn APn and has elements AF(i, j) =
A(m + 1 − i, n + 1 − j).

For A, B ∈ C(m, n), we denote by A◦B ∈ C(m, n) the element-wise product of A and
B, i.e., (A◦B)(i, j) = A(i, j)B(i, j). The spectral and the Frobenius norms of the matrix
A ∈ C(m, n) are denoted as ∥A∥ and ∥A∥F, respectively.

The spectrum spect(A) of the matrix A ∈ C(n) is the collection, or the multiset,
of the eigenvalues λk(A) ∈ C of A, k ∈ Z[1, n], counted according to their algebraic
multiplicities. With certain abuse of notation, we write spect(A) ⊂ C in the general case,
and spect(A) ⊂ R in the case when all eigenvalues of A are real.

The multiplicative group of non-singular matrices U ∈ C(n) is denoted as GL(n),
while the group of unitary matrices U ∈ C(n) such that UHU = In is denoted by U(n).
The group of orthonormal matrices U ∈ R(n) such that U⊤U = In is denoted as O(n).

For A ∈ C(n), we denote by Low(A) = A ◦ Ln and Diag(A) = A ◦ In the strictly
lower triangular and the diagonal parts of A, respectively. If x is an n-vector with elements
x(i) ∈ C then diag(x) ∈ C(n) is the matrix with elements diag(x)(i, j) = x(i)d(i, j).

The set of upper triangular matrices A = A − Low(A) is denoted as T(n) ⊂ C(n),
while the set of diagonal matrices A = Diag(A) is denoted as D(n) ⊂ T(n). For n ≥ 2, the
group of diagonal matrices of the form

diag(1, exp(iφ2), . . . , exp(iφn)),
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where φk ∈ R, is denoted as D∗(n) ⊂ U(n).
The set of (n − 1)-tuples of pairs {(i1, j1), (i2, j2), . . . , (in−1, jn−1)} of integers ik ∈

Z[1, n − 1], jk ∈ Z[2, n], where ik < jk, is denoted as K(n).
We set νn = n(n − 1)/2 and

µn = card(K(n)) =
νn!

(n − 1)!(νn − n + 1)!

In particular, we have ν4 = 6 and µ4 = 6!/3!/3! = 20.
Unspecified matrix blocks are denoted by star.
We use the following abbreviations: CSF—canonical Schur form; ConSF—condensed

Schur form; DPS—diagonal preserving solution; GJF—generalized Jordan form; PSP—
perturbed Schur problem; SP—Schur problem.

2. Condensed Schur Forms

Let a nonzero matrix A ∈ C(n), n ≥ 2, be given. A condensed form UAV of A relative
to a set of invertible matrices U, V ∈ C(n) is a matrix with preliminary fixed elements
(usually zeros and/or ones) at certain positions. Most often, the condensed form is a
triangular matrix with at least νn zero elements. According to the famous Schur result [1],
there exists a factorization A = UTUH of the matrix A, where U ∈ U(n) and T ∈ T(n).
Two things here deserve mentioning: the proof of the Schur result is elementary, and it
appeared too late in the history of mathematics.

Definition 1. The pair
(U, T) ∈ U(n)× T(n), T = UH AU, (1)

is said to be a Schur decomposition, or an upper triangular unitary decomposition of the matrix A.
The matrix T is referred to as a condensed Schur form, or ConSF of A. The columns of the unitary
transformation matrix U form a Schur basis for the space C(n, 1) relative to the matrix A.

Thus, the definition of the ConSF T of A is not unique, and hence, it is not canonical
in the sense of Definitions 7 and 8 below. If A ∈ R(n) and spect(A) ⊂ R is real, then the
matrix U may be chosen as U ∈ O(n), and we have T = U⊤AU ∈ R(n). If A ∈ R(n) has at
least one pair of complex eigenvalues α ± iβ, β ̸= 0, then a real block-diagonal Schur form

with diagonal blocks λ ∈ R and
[

α β
−β α

]
∈ R(2) may be constructed by orthogonal

similarity transformations; see e.g., refs. [23,24].
Next, we define two sets of matrices depending on the matrix A thatplay an important

role in our analysis. Denote

U (A) = {U ∈ U(n) : UH AU ∈ T(n)} ⊂ U(n)

and
T (A) = {UH AU : U ∈ U (A)} ⊂ T(n).

Thus, U (A) ⊂ U(n) is the set of unitary matrices transforming the matrix A into ConSF,
and T (A) is the set of ConSF of A. For matrices A ∈ R(n) with real spectra, we denote

O(A) = {U ∈ O(n) : U⊤AU ∈ T(n)} ⊂ O(n).

In general, the set U (A) is not a group and not even a groupoid, i.e., U1, U2 ∈ U (A) does
not imply U1U2 ∈ U (A).

The most important property of the ConSF T of A is that its diagonal elements are the
eigenvalues of A. Another application of ConSF is the evaluation of functions of matrices
defined by a matrix power series or by Padé approximations [25].
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Because of the only condition Low(T) = 0 imposed on T, the matrix T is a condensed
form (rather than a canonical form) of A relative to the similarity action U(n)×C(n) →
T(n), defined by (U, A) 7→ UH AU, of the group U(n) on the set C(n).

Definition 2. The problem of finding the ConSF (1) is referred to as the Schur problem (SP) for the
matrix A ∈ C(n). The general solution of the SP is the set

S(A) =
{
(U, UH AU) : U ∈ U(n), UH AU ∈ T(n)

}
⊂ U (A)× T (A)

of all ConSF of A. A pair (U, T) ∈ S(A) is a particular solution of the SP for the matrix A.

Sometimes the matrices U and T in a particular solution (U, T) of SP for A are written
as U(A) and T(A) to emphasize their dependence on A. This dependence, however, is not
a functional one. Indeed, the matrix U is always not unique. For example, (U, T) ∈ S(A)
and |V| = In imply (UV, VHTV) ∈ S(A) and, in particular, (−U, T) ∈ S(A). With the
exception of the case A = λIn, λ ∈ C, when it is fulfilled T(A) = A, the matrix T(A) is
also not unique. For A = λIn, we have S(A) = U(n)× {A}.

All upper triangular unitary equivalent forms of a given matrix are unitary similar. In
particular, the next proposition is a direct corollary of the definitions; see, e.g., ref. [24].

Proposition 1. Let Π1 = (U1, T1) and Π2 = (U2, T2) be two solutions of the SP for A. Then,
T2 = UH

2 U1T1UH
1 U2.

Proof. It suffices to observe that A = U1T1UH
1 = U2T2UH

2 .

Definition 3. The solutions Π1 and Π2 are said to be diagonally equal if Diag(T1) = Diag(T2),
and diagonally different if Diag(T1) ̸= Diag(T2).

The next proposition has generally been known since 1933 and is attributed to H. Röse-
ler; see Theorem 2.3 of [24]. It gives sufficient and almost necessary conditions for diagonal
equality of the solutions of SP. The formulation and proof of the results below are slightly
different from the known ones.

Proposition 2. The following assertions hold true.

1. If V = UH
1 U2 ∈ D∗(n), then the solutions Π1 and Π2 are diagonally equal.

2. If the matrix A has pair-wise distinct eigenvalues and the solutions Π1 and Π2 are diagonally
equal then V ∈ D∗(n).

Proof. To prove Assertion 1 note that the condition V ∈ D∗(n) is equivalent to the existence
of a matrix D ∈ D∗(n) such that U2 = U1D. In this case

T1(i, j) = D(i, i)D(j, j)T2(i, j), T1(i, i) = T2(i, i)

and Diag(T1) = Diag(T2).
To prove 2, we use the fact that T1V = VT2. Partition the matrices in this equality as

T1 =

[
λ ∗
0 Λ

]
, T2 =

[
λ ∗
0 ∗

]
, V =

[
µ u
v W

]
,

where λ ∈ spect(A), Λ ∈ C(n − 1), µ ∈ C, W ∈ C(n − 1) and ∗ is a matrix block of
corresponding size. We have

T1V =

[
∗ ∗

Λv ΛW

]
, VT2 =

[
λµ ∗
λv ∗

]
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and comparing the (2,1)-blocks of these matrices, we obtain Λv = λv. Since λ /∈ spect(Λ),
we obtain v = 0. Hence |µ| = 1, u = 0 and V = diag(µ, W). Now, the proof is completed
by induction.

The MATLAB® command [U,T] = schur(A) computes a particular solution (U, T)
of SP for a matrix A ∈ C(n). One of the aims of computing a ConSF T of a general matrix
A ∈ C(n) is to determine the eigenvalues λk(A) of A as the diagonal elements T(k, k) of
T ∈ T(n). Another aim is to evaluate matrix functions

f (A) = f (UTUH) = U f (T)UH,

where f (A) is a power matrix series [25] in A.
A particular challenge is to define SP for matrices A ∈ T(n), which are already in

ConSF. Here, the problem is not to transform A into ConSF (it already is), but rather to find
the matrices U ∈ U(n) that keep A ∈ T(n) in ConSF, i.e., UH AU ∈ T(n).

For matrices A ∈ T(n), the MATLAB® command [U,T] = schur(A) returns the
solution U = In, T = A of the SP. Next, for 1 ≤ m < n and a matrix

A =

[
A1 ∗
0 A2

]
, A1 /∈ T(n − m), A2 ∈ T(m)

the computed solution [U,T] is of the form

U =

[
U1 0
0 Im

]
, T =

[
T1 ∗
0 A2

]
, T1 = UH

1 A1U1

where U1 ∈ U(n − m). In particular, for A = In, the command [U,T] = schur(eye(n))
returns U = In, T = In.

The MATLAB® (Maple) command [V,J] = jordan(A) for computing an invertible
matrix V and a Jordan canonical form J = V−1 AV of A, in case A = In, also gives V = In,
J = In.

It is interesting to reveal the action of existing computer codes on matrices A close to
In in double-precision floating-point arithmetic.

Example 1. Let n = 2 and A(ε) = I2 + εE2,1, where ε is small. We have T = I2 ± εE1,2. For
ε = 2−51, the solution of SP for A(ε) is computed wrongly by the MATLAB® code schur as
U = I2, T = I2. Choosing ε as the next machine number, which is 2−51 + 2−103, the code schur
computes exactly one of the solutions of SP for A(ε), namely U = E2,1 − E1,2, T = I2 − εE1,2.

The code jordan exactly computes the Jordan canonical form (V, J) of A as V = E1,2 + εE2,1,
J = I2 + E1,2 for values of ε > 0 as small as 2−1074. For ε = 2−1075, the matrix A(ε) is rounded to
I2, and the computed Jordan form is V = I2, J = I2.

Note that the code jordan works with variable precision arithmetic.
The SP for A ∈ T(n) has infinitely many solutions (U, T) for both U and T with one

exception for T. Namely, the matrix T is uniquely determined only when A = λIn, where
λ ∈ C. In this case, T = A and U ∈ U(n) is arbitrary, i.e., the general solution of SP
is U(n) × {A}. It is also interesting to see whether the order of the diagonal elements
of A ∈ T(n) is the same as the order of the diagonal elements of T ∈ T(n). These
considerations lead to the following definition.

Definition 4. Let A ∈ T(n). Then, the pair (U, T), where U ∈ U(n) and T = UH AU ∈ T(n),
is said to be a diagonal preserving solution (DPS) of the SP for A if Diag(T) = Diag(A).

Otherwise speaking, the pair (U, T) is the DPS of SP when the upper triangular
matrices A and T are diagonally equal, see Definition 3. The DPS thus defined as a
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particular solution of SP. The general DPS of SP for A ∈ T(n) is the set of all particular DPS
solutions. In practice, we are interested in finding a particular DPS rather than determining
the general DPS as a subset of S(A).

If the matrix A ∈ T(n) has simple eigenvalues, the matrix U in any particular DPS
(U, T) is diagonal, i.e., |U| = In. To illustrate this, let n = 2 and

A = diag(λ, 0) + aE1,2, T = diag(λ, 0) + tE1,2, |t| = |a|,

where λ ̸= 0. We have (AU)(2, 1) = 0 and (UT)(2, 1) = λU(2, 1), which yields U(2, 1) = 0
and |U| = I2.

If the matrix A ∈ T(n) has multiple eigenvalues but its upper triangular part is
generically nonzero, i.e., A(p, q) ̸= 0 for p > q, then the matrix U in any particular DPS
(U, T) is again diagonal. To illustrate this, let n = 2 and A = aE1,2, T = tE1,2, where
|t| = |a| > 0. We have (AU)(1, 1) = aU(2, 1) and (UT)(1, 1) = 0, which yields U(2, 1) = 0
and |U| = I2.

For all A ∈ T(n), a simple choice for U in any particular DPS is U = In, which allows
treating all cases in a unified manner. Choosing any other matrix U with |U| = In is
of course also possible. In the real case, orthogonal diagonal matrices U have diagonal
elements ±1.

The case when the matrix A has multiple eigenvalues and its upper triangular part
is not generically nonzero, e.g., A = λIn or A = [λIm, ∗; 0, A2], where 1 ≤ m < n and
A2 /∈ T(n − m), needs special consideration. Here, the matrix U in a particular DPS may
not be diagonal. For example, in the most non-generic case A = λIn, any pair (U, A) with
U ∈ U(n) is a particular solution of SP, and hence, the general solution of SP is U(n)× {A}.
Anyway, for definiteness, we choose the particular solution with U = In and T = A of SP
each time when A ∈ T.

Any particular choice of U in a DPS for matrices A with multiple eigenvalues and a
non-generic upper triangular part may lead to jump effects, as described below.

Suppose that A = A1(ε), ε ∈ (−ε0, ε0) is the matrix function of a scalar argument,
where ε0 > 0 is a small parameter. If the matrix A1(0) ∈ T(n) has simple eigenvalues (or
multiple eigenvalues but generic upper triangular part), then the matrix U = U1(ε) in a
DPS for A1(ε) may be chosen so that U1(0) = In. Here, the function U = U1(ε) will be
continuous in the interval (−ε0, ε0). If, however, A1(0) has multiple eigenvalues and a
non-generic upper triangular part, then the choice U1(0) = In may lead to jump of the
function U = U1(ε) at the point ε = 0.

We may use another function U = U2(ε) with U2(0) ̸= In in the DPS of the SP for
A1(0) ∈ T(n), such that U2 is continuous at ε = 0 for the above choice of A = A1(ε).
However, for another choice of A = A2(ε), the matrix function U2 will have a jump at ε = 0.
Hence, this type of discontinuity is inherent for the statement of the SP with T being only
upper triangular. The same is true if T is always lower triangular.

The next example illustrates these slightly complicated considerations.

Example 2. A possible DPS (U, In) of the SP for A0 = I2 is U1(0) = I2. Let A1(ε) = A0 + εE2,1,
where ε ∈ (−ε0, ε0) and ε0 > 0 is fixed. Then, for ε ̸= 0, we have |U1(ε)| = P2, P2 = E1,2 + E2,1,
and the function U = U1(ε) has a jump at ε = 0 with ∥U1(ε)− U1(0)∥ =

√
2 for ε ̸= 0. If

another DPS is chosen with U2(0) = P2, then the matrix function U2 satisfies U2(ε) = P2 for
ε ̸= 0 and is constant (and hence continuous) at ε = 0. If, however, we take A2(ε) = A0 + εE1,2
and then U2(ε) = I2 for ε ̸= 0, and the function U = U2(ε) is discontinuous with the same jump
at the point ε = 0.

Example 2 shows that the discontinuity of U = U(A) is inherent to this statement of
the SP in cases like A = λI2. This is due to the definition of T as an upper triangular matrix
(or as a lower triangular matrix). If we allow the condensed form T to be any triangular
unitary equivalent form of A, then this type of artificial discontinuity may disappear due
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to the definitions. This is the idea of the quasi-Schur condensed forms introduced later on.
The latter forms generalize triangular Schur forms.

Without additional assumptions, the matrix T ∈ T(n) is only a condensed form rather
than a canonical form of A relative to the similarity action of the group U(n). The only
(albeit most important) invariants for this action, which are revealed by the matrix T, are
the eigenvalues λk(A) = T(k, k) of the matrix A.

The definition of complete invariants and canonical forms for the similarity action of
U(n) on C(n) is mathematically interesting (see [24]), but it is much more complicated and
is not considered in full detail here. Further on, we consider, among others, only a partial
formulation of Schur canonical forms for generic matrices A, see also [26–28]. From the
point of view of applications, the condensed forms provide the same advantages as the
canonical forms. Moreover, strict unitary canonical forms of non-generic matrices A are
rarely, if ever, used in practice, since they involve complicated conditions and procedures
(which are hard to be checked) and are more sensitive to perturbations in A compared with
the condensed forms.

Let U ∈ U (A) and |D| = In. Then, UD ∈ U (A) as well. In particular, cU ∈ U (A) for
|c| = 1 and −U ∈ U (A). This fact has an important implication. The diameter of the set
U (A), i.e., the maximum of ∥U − V∥ for U, V ∈ U (A), is equal to 2 and is achieved for
U = −V ∈ U (A).

Given a matrix A ∈ C(n), neither the ConSF T ∈ T(n) of A nor the transformation
matrix U ∈ U(n) are unique in general. In fact, the matrix T is unique if and only if
A = λIn, λ ∈ C, while U is always not unique. In this case T = A and U ∈ U(n) is an
arbitrary unitary matrix, or, equivalently, T (A) = {A} and U (A) = U(n).

If A has at least two different eigenvalues, then we have a set T (A) of ConSF T with
different ordering of the eigenvalues of A on the diagonal of T. The ConSF T also differ in
their strictly upper triangular parts.

Suppose that spect(A) consists of m ≤ n pair-wise disjoint elements λ1, λ2, . . . , λm
with multiplicities n1, n2, . . . , nm, where n1 + n2 + · · ·+ nm = n. Then, there are

N = N(n1, n2, . . . , nm) =
n!

n1!n2! · · · nm!

different orderings of the elements T(k, k) on the diagonal Diag(T) of the ConSF T, or N
diagonally different solutions of the SP for A.

Here, one of the ConSF of A is the block matrix T = [Tk,l ] with Tk,l ∈ C(nk, nl)
and T(k, k) ∈ T(nk), where Diag(Tk,k) = λk Ink . In the generic case, m = n, we have
N(1, 1, . . . , 1) = n! diagonally different ConSF, while in the most non-generic case m = 1,
we have N(n) = 1 and all ConSF are diagonally equal.

3. Canonical Schur Forms for Generic Matrices

In this section, we summarize and reformulate some of the results concerning Schur
canonical forms for the unitary similarity action of U(n) on the set C(n). The canonical
Schur form T ∈ T(n) of the matrix A ∈ C(n) is a ConSF with additional conditions
imposed on its elements; see [24] and the references therein. We consider only generic
matrices A with pair-wise disjoint eigenvalues for which the solution (U, T) of the Schur
problem is continuous as a function of the matrix A. At the same time, the Schur basis U
for condensed forms (and hence for canonical forms as well) of a matrix A with multiple
eigenvalues may be discontinuous as a function of A.

Definition 5. For a given matrix A ∈ C(n), the set

Orb(A) = {UH AU : U ∈ U(n)} ⊂ C(n)

is called equivalence class, or orbit, of A relative to the similarity action of the unitary group U(n).
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Obviously, B ∈ Orb(A) implies A ∈ Orb(B) and vice versa. Let A ⊂ C(n) and
C ⊂ T(n) be certain sets.

Definition 6. The matrices A, B ∈ C(n) are said to be unitary equivalent (denoted as A ∼ B) if
B ∈ Orb(A).

Definition 7. The function γ : A → C is said to be canonical mapping for the similarity action of
the group U(n) on the set A when the equality γ(A) = γ(B) holds if and only if A ∼ B.

Hence, the canonical mapping γ : A → C is a complete invariant [29] for the similarity
action of the group U(n) on the set A, but the opposite, of course, is not true. Next, the
canonical form of A is defined as the image γ(A) of A under γ.

Definition 8. The image γ(A) ∈ T(n) of the matrix A under the canonical mapping γ is said to
be unitary canonical form, or Schur canonical form, of A.

Definition 9. The subset A of C(n) is said to be closed in the Zariski topology if it is the union of
the zeros of a system of polynomials in z ∈ C(n). The subset A ⊂ C(n) is said to be open in the
Zariski topology if its complement C(n)\A ⊂ C(n) is closed in this topology.

Definition 10. A property P of a matrix A ∈ C(n) is said to be generic if it is fulfilled on a subset
A ⊂ C(n), which is open in the Zariski topology.

Informally, the matrix A is said to be generic relative to a given property if this property
is generic.

Proposition 3. The following properties of a matrix A ∈ C(n) are generic.

1. The matrix A is totally different from any fixed matrix A0 ∈ C(n), i.e., A(k, l) ̸= A0(k, l)
for k, l ∈ Z[1, n]; in particular, A(k, l) ̸= 0 for any given pair (k, l).

2. The matrix A is not normal, i.e., AH A ̸= AAH; in particular, the matrix A is not unitary.
3. The singular values of the matrix A are positive and pair-wise different; in particular,

rank(A) = n.
4. The eigenvalues λk of the matrix A satisfy the inequalities Re(λk) ̸= Re(λl) and Im(λk) ̸=

Im(λl) for k ̸= l; in particular, λk ̸= λl for k ̸= l and the Jordan canonical form of A
is diagonal.

5. Any ConSF T of the matrix A has nonzero and pair-wise different elements on and above its
diagonal, i.e., T(k, l) ̸= 0 and T(i, j) ̸= T(k, l) for i ≤ j, k ≤ l and (i, j) ̸= (k, l).

4. Geometry of Schur Canonical Sets

Let ω = (ω1, ω2, . . . , ωn) : Z[1, n] → Z[1, n] be a permutation of the integers 1, 2, . . . , n
and recall that Z[1, n − 1] = {1, 2, . . . , n − 1} and Z[2, n] = {2, 3, . . . , n}. Set Zn = Z[1, n −
1]×Z[2, n].

Below, we describe a possible set of canonical forms for the similarity action of the
group U(n) on the subset C(n) of matrices with simple eigenvalues. Let K(n) ⊂ Zn−1

n be
the set of (n − 1)-tuples

{(i1, j1), (i2, j2), . . . , (in−1, jn−1)}

of integer pairs pk = (ik, jk), k ∈ Z[1, n − 1], where ik < jk. There are µn such (n − 1)-tuples;
see Table 1. Later on, we shall define three important types of such sets.

Table 1. Number of generic canonical Schur forms.

n 2 3 4 5 6 7 8 9 10

µn 1 3 20 210 3003 54,264 1,184,040 30,260,340 886,163,135



Axioms 2024, 13, 839 9 of 21

Definition 11. The conjugate pair of the pair p = (i, j) ∈ Zn is

pτ = (i, j)τ = (n + 1 − j, n + 1 − i) ∈ Zn

The pair p is self-conjugate if pτ = p.

Obviously, the pair (i, j) is self-conjugate if and only if i + j = n + 1.

Definition 12. The conjugate (n − 1)-tuple of the (n − 1)-tuple θ = (p1, p2, . . . , pn−1), where
pk = (ik, jk), k ∈ Z[1, n − 1], is

θτ =
(

pτ
1 , pτ

2 , . . . , pτ
n−1

)
.

The (n − 1)-tuple θ is self-conjugate if θτ = θ.

The conjugation for pairs p and (n − 1)-tuples θ is an involution, i.e., ((i, j)τ)τ = (i, j) and
(θτ)τ = θ. It corresponds to reflection relative to the anti-diagonal (1, n), (2, n − 1), . . . , (n, 1) of
n × n arrays.

Definition 13. The set K(n) has the following important subsets.

1. The set K1(n) ⊂ K(n) is of type 1 if its elements are of the form

{(i1, 1), (i2, 2), . . . , (in−1, n − 1)}

2. The set K2(n) ⊂ K(n) is of type 2 if its elements are of the form

{(1, j1), (2, j2), . . . , (n − 1, jn−1)}

3. The set K3(n) = K(n)\(K1(n) ∪K2(n)) ⊂ K(n) is of type 3 if it is neither of type 1 nor of
type 2.

Note that the elements of the set K1(n) are conjugate to the elements of the set K2(n).

Proposition 4. The intersection K1(n) ∩K2(n) has a single element

θ@ = {(1, 2), (2, 3), . . . , (n − 1, n)}

which is a self-conjugate (n − 1)-tuple.

Definition 14. The elements of the set K1(n) ∪K2(n) are said to be proper. The elements of the
set K3(n) are said to be improper.

There are (n − 1)! elements in each of the sets K1(n) and K2(n) and one joint element
of K1(n) and K2(n). Thus, we have

card(K1(n) ∪K2(n)) = (n − 1)! + (n − 1)! − 1 = 2(n − 1)! − 1

card(K3(n)) = µn − 2(n − 1)! + 1

Example 3. For n = 2, there is µ2 = 1 pair of indexes (1, 2) and it is proper. For n = 3, there are
µ3 = 3 sets of pairs of indexes

{(1, 2), (1, 3)}, {(1, 2), (2, 3)}, {(1, 3), (2, 3)}
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and they are all proper. For n = 4, there are µ4 = 20 triples of pairs of indexes of which 11 are
proper, namely

{(1, 2), (2, 3), (3, 4)}, {(1, 2), (1, 3), (1, 4)}, {(1, 4), (2, 4), (3, 4)}
{(1, 2), (1, 3), (2, 4)}, {(1, 3), (2, 4), (3, 4)}, {(1, 2), (1, 3), (3, 4)}
{(1, 3), (2, 3), (3, 4)}, {(1, 2), (2, 3), (2, 4)}, {(1, 4), (2, 3), (3, 4)}
{(1, 4), (2, 3), (3, 4)}, {(1, 2), (2, 3), (1, 4)}

and 9 are improper, namely

{(1, 3), (2, 3), (3, 4)}, {(1, 3), (1, 4), (2, 4)}, {(1, 2), (1, 4), (3, 4)}
{(1, 2), (1, 3), (2, 4)}, {(1, 3), (2, 4), (3, 4)}, {(1, 2), (1, 3), (3, 4)}
{(1, 2), (1, 3), (2, 3)}, {(1, 3), (1, 4), (3, 4)}, {(1, 2), (1, 4), (2, 4)}

Proposition 5. The minimal and maximal elements relative to the order relation ≺ on the set
K2(n) are

θ1 = {(1, 2), (1, 3), . . . , (1, n)}

and
θ(n−1)! = θ@ = {(1, 2), (2, 3), . . . , (n − 1, n)},

respectively. The minimal and maximal elements of the set K1(n) are θ@ and

θ2(n−1)!−1 = {(1, n), (2, n), . . . , (n − 1, n)}

respectively.

Now, we are in position to define possible sets of canonical Schur forms (CSF) S ∈ T(n)
for generic matrices A ∈ C(n). There are n!(2(n − 1)! − 1) such sets. The multiplier n!
comes from the different orders of the (simple) eigenvalues of A on the diagonal of S. The
multiplier 2(n − 1)! − 1 corresponds to different choices of proper (n − 1)-tuples

{(i1, j1), (i2, j2), . . . , (in−1, jn−1)}

such that the elements S(ik, jk), k ∈ Z[1, n − 1], of S are positive.
If the eigenvalues of S are ordered as λ1 ≺ λ2 ≺ · · · ≺ λn, then there remain

2(n − 1)! − 1 sets of CSF. Note that any fixed order of the (simple) eigenvalues of A on
the diagonal of S is preserved only by unitary similarity transformations with diagonal
matrices U, i.e., U(j, k) = d(j, k) exp(iφk).

If, in particular, we choose a given (n − 1)-tuple, say

{(1, 2), (2, 3), . . . , (n − 1, n)} ∈ K1(n) ∩K2(n)

then the set of CSF is uniquely fixed. In this case, the CSF have the form
λ1 ⊕ ∗ · · · ∗
0 λ2 ⊕ · · · ∗
...

...
. . .

...
...

0 0 · · · λn−1 ⊕
0 0 · · · 0 λn


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where ⊕ denotes a positive element. The two other CSFs are
λ1 ⊕ ⊕ · · · ⊕
0 λ2 ∗ · · · ∗
...

...
. . .

...
...

0 0 · · · λn−1 ∗
0 0 · · · 0 λn

,


λ1 ∗ ∗ · · · ⊕
0 λ2 ∗ · · · ⊕
...

...
. . .

...
...

0 0 · · · λn−1 ⊕
0 0 · · · 0 λn


Note that there is a similar problem with canonical Jordan forms of matrices A ∈ C

relative to general similarity transformations. Usually, it is assumed that different orders
of the Jordan blocks do not produce different Jordan forms. Formally, this means that the
canonical Jordan form of A is not a single block-diagonal matrix J ∈ C(n) but a class of
block-diagonal matrices, which are permutationally equivalent to J.

Definition 15. A set C ⊂ T(n) of CSF T ∈ T(n) for generic matrices A ∈ C(n) and a fixed
(n − 1)-tuple

{(i1, j1), (i2, j2), . . . , (in−1, jn−1)} ∈ K1 ∪K2

is characterized as follows.

1. The n diagonal elements of the matrix T are ordered as

T(1, 1) ≺ T(2, 2) ≺ · · · ≺ T(n, n).

2. The n − 1 elements T(i1, j1), T(i2, j2), . . . , T(in−1, jn−1) of T over the diagonal are real
and positive.

Of course, we may choose the elements T(ik, jk) to be real and negative as well, or to
have angles equal to a fixed value φ0 ∈ (−π, π], etc.

A matrix A ∈ C with eigenvalues λ1 ≺ λ2 ≺ · · · ≺ λn may be transformed into CSF
C ∈ T(n) by the next three steps.

1. The matrix A is transformed into any ConSF T1 = UH
1 AU1 ∈ T(n) by a matrix

U1 ∈ U(n). Numerically this is performed by the QR algorithm [3]. For this purpose,
the code schur from MATLAB® may be used [22].

2. A ConSF T2 = UH
2 T1U2 ∈ T(n) is constructed so that T2(k, k) = λk, k ∈ Z[1, n]. This

may be performed by complex plane rotations, which interchange the positions of
two diagonal elements T1(i, i) and T1(j, j) of T1 such that i < j but T(i, i) > T(j, j);
see, e.g., ref. [3].

3. A diagonal matrix U3 ∈ U(n) with elements U3(1, 1) = 1, U3(k, k) = exp(iφk),
φk ∈ R, k ∈ Z[2, n] is chosen so that the matrix T = UH

3 T2U3 has positive elements in
positions (ik, jk).

In connection with step 3, we note that unitary similarity transformations that introduce
positive elements in certain positions of the transformed matrices are considered in [30].

We recall that to introduce CSF in the set C(n) relative to the similarity action of U(n),
we use the lexicographical order ≺ on C ≃ R×R. For zk = xk + iyk ∈ C, where xk, yk ∈ R,
k = 1, 2, we write z1 ≺ z2 if either x1 < x2, or x1 = x2 and y1 < y2.

There are

µn =

(
νn

n − 1

)
, νn = n(n − 1)/2,

sets of generic canonical forms Ck ⊂ T(n), k ∈ Z[1, µn], for A ∈ C(n). The values of µn for
small values of n are given in Table 1.
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There are µn different pairs of pk = (ik, jk), 1 ≤ i < j ≤ n. They are ordered
lexicographically according to the rule (i1, j1) ≺ (i2, j2) if either i1 < i2, or i1 = i2 and
j1 < j2. We may order the pairs pk as p1 ≺ p2 ≺ · · · ≺ pµn , where

k = kn(i, j) = j + n(i − 1)− i(i + 1)
2

. (2)

Thus, we have the chain of inequalities

(1, 2) ≺ (1, 3) ≺ · · · ≺ (1, n) ≺ (2, 3) ≺ · · · ≺ (2, n) ≺ · · ·
≺ (n − 2, n − 1) ≺ (n − 2, n) ≺ (n − 1, n)

For any p = (i, j), denote the conjugate pair pτ = (n + 1 − j, n + 1 − i), symmetric to p
relative to the anti-diagonal of elements in positions (i, n + 1 − i), i ∈ Z[1, n].

It follows from (2) that for n fixed and any k ∈ Z[1, νn] there exists a unique integer
i = in(k) such that an(i) ≤ k ≤ bn(i), where an(i) = 1 + (i − 1)(2n − i)/2 and bn(i) =
i(2n − i − 1)/2.

The integer in(k) may be defined from

an(in(k)) = max
i

{an(i) ≤ k}

or
bn(in(k)) = min

i
{bn(i) ≥ k}.

Finally, set

jn(k) = k − n(in(k)− 1) +
in(k)(in(k) + 1)

2
.

Thus, we have defined a bijection

(i, j) 7→ k = kn(i, j), k 7→ (i, j) = (in(k), jn(k)),

between the ordered sets of integers Z[1, νn] and integer pairs (i, j), where 1 ≤ i < j ≤ n.

Proposition 6. The triple of pairs of indexes ((i, k), (i, j), (l, j)), where i < k, i < j, l < j and
k < j, i < l, is said to be improper. The triple of pairs of indexes ((k, j), (i, j), (i, l)), where k < j,
i < j, i < l and k < i, j < l, is said to be improper.

Theorem 1. Each set θ ∈ K1(n) ∪K2(n) of proper integer (n − 1)-tuples defines a class C(θ) ⊂
T(n) of canonical forms for the unitary similarity action of the group U(n) on generic matrices
A ∈ C(n). These forms are upper triangular matrices S with S(k, k) ≺ S(k + 1, k + 1) for
k ∈ Z[1, n − 1] and T(i, j) ∈ R, T(i, j) > 0 for (i, j) ∈ θ.

If the matrix A ∈ C(n) with eigenvalues λ1 ≺ λ2 ≺ · · · ≺ λn is already transformed
into ConSF, i.e., A ∈ T(n), it is then easily put into CSF as follows. First, a matrix U ∈ U(n)
is chosen so as

Diag(S) = diag(λ1, λ2, . . . , λn), S = UH AU.

Then, a diagonal unitary matrix D with D(1, 1) = 1 is found so that T = DHSD ∈
C(θ). Denoting S(i, j) = |S(i, j)| exp(iα(i, j)) and D(i, i) = exp(iφ(i)), φ(1) = 0, where
α(i, j), φ(i) ∈ (−π, π], the conditions S(i, j) > 0 give the system of n − 1 linear equations

φ(i)− φ(j) = α(i, j), (i, j) ∈ θ, (3)

for φ(2), φ(3), . . . , φ(n). If it happens that φ(k) /∈ (−π, π] for some k then φ(k) is re-
placed by

φ̃(k) = φ(k) mod (2π) ∈ (−π, π]. (4)
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Three special sets of Schur canonical forms for generic matrices A ∈ C(n) deserve
attention. For these sets, the system (3) for φ(i), i ∈ Z[2, n], is solved explicitly as follows.

1. The first set corresponds to pairs of indexes (1, j), j ∈ Z[2, n], and here φ(i) = −α(1, i).
2. The second set corresponds to pairs of index pairs (i, n), i ∈ Z[1, n − 1], and here

φ(i) = α(i, n)− α(1, n).
3. The third set corresponds to pairs of indexes (i, i + 1), i ∈ Z[1, n − 1], and here

φ(i) = −α(1, 2)− α(2, 3)− · · · − α(i − 1, i).

In all these cases, the fulfilment of the convention (4) is presupposed.
The restrictions assumed in this section, and in particular, the condition that the eigen-

values of A are simple, seem serious, but in fact, their violation can make the perturbation
analysis of this statement of SP meaningless. If, for example, A has two or more equal
eigenvalues, then the Schur basis U(A + δA) of the perturbed SP may be discontinuous as
a function of the perturbation δA in A; see, e.g., refs. [6].

5. Real Schur Canonical Forms

The considerations above are valid for real or genuinely complex matrices with spectra
that may in turn be real or genuinely complex. In particular, we have the following
four possibilities.

1. The matrix A is real and has a real spectrum.
2. The matrix A is real and has a genuinely complex spectrum (i.e., there is at least one

complex conjugate pair α ± iβ of eigenvalues, where 0 < β ∈ R).
3. The matrix A is genuinely complex and has a real spectrum.
4. The matrix A is genuinely complex and has a genuinely complex spectrum.

When A ∈ R(n) (cases 1 and 2), we may use orthogonal transformation matrices
U ∈ O(n) instead of unitary ones to obtain the real Schur canonical form and the real Schur
condensed forms of A. In case 1, the transformation matrix is taken as U ∈ O(n) and both
the SCF and the ConSF of A are real upper triangular matrices T with the eigenvalues of A
on their main diagonals.

Case 2 is slightly more subtle. Here, the transformation matrix U may be chosen
as orthogonal [23,24], while the canonical form and the condensed forms of A are upper
block-triangular matrices with 1 × 1 or 2 × 2 blocks (λk ∈ R or Λk ∈ R(2)) on the main
diagonal. In this case, there is at least one 2 × 2 block

Λk =

[
αk βk

−βk ak

]
∈ R(2)

corresponding to the eigenvalues αk ± iβk of A, where αk, βk ∈ R and βk > 0.
Let n > 2 and suppose that the spectrum spect(A) contains m real elements λ1, λ2, . . . , λm

and n − m genuinely complex elements αk + iβk, αk − iβk, k = 1, 2, . . . , (n − m)/2, where
the number n − m is even. Set q = (n − m)/2. Then, the orthogonal canonical form of A
has the structure

S = U⊤AU =

[
S1,1 S1,2

On−m,m S2,2

]
Here S1,1 ∈ R(m), S1,2 ∈ R(m, n − m), S2,2 ∈ R(n − m),

S1,1 =


λ1 s1,2 · · · s1,m
0 λ2 · · · s2,m
...

...
. . .

...
0 0 · · · λm

, S2,2 =


Λ1 S1,2 · · · S1,q
O2 Λ2 · · · S2,q
...

...
. . .

...
O2 O2 · · · Λq


and si,j ∈ R, Si,j ∈ R(2). The diagonal blocks are ordered as λ1 < λ2 < · · · < λm and
αt + iβt ≺ αt+1 + iβt+1, t = 1, 2, . . . , q.
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6. Perturbations of the Schur Problem

Let (U, T) ∈ U(n) × T(n) be a particular DPS of SP for a matrix A ∈ C(n), i.e.,
T = UH AU and Diag(T) = Diag(A). If A is already in ConSF, i.e., A ∈ T(n), there is
nothing to transform. Here, we may choose U = In for definiteness among all unitary
matrices U that keep the diagonal of A under similarity transformations (U, A) → UH AU.
In addition, if the matrix A ∈ T(n) has a simple spectrum, and/or has multiple eigenvalues
but its upper triangular form is generically nonzero, then any unitary matrix U in the DPS
is necessarily diagonal, i.e., |U| = In.

The choice of U as the simplest diagonal matrix In for A ∈ T(n) is justified by a
number of additional arguments as follows.

1. It works for arbitrary matrices A with simple eigenvalues as well as with multiple
eigenvalues.

2. When using ConSF for the evaluation of matrix functions, the computational algorithm
has to work with a value for U, which is applicable to all input matrices A. For this
reason, the QR algorithm [3] for computing T first checks whether A ∈ T(n). If yes, it
assumes U = In and T = A.

3. Algorithms for computing a Jordan form J = V−1 AV of A act similarly. Indeed, for A
already in Jordan form, computational algorithms for finding (V, J) assume V = In
and J = A.

As shown later on, the choice U(0) = In in the solution of SP for A0 = λIn may
lead to discontinuity of the function U = U(ε) at the point ε = 0, in particular solutions
(U(ε), T(ε)) of SP for a perturbed matrix A+ εE with a given E. If we choose U(0) ̸= In, this
discontinuity disappears. However, for another perturbed matrix A + εF, the discontinuity
occurs as well. This inevitable discontinuity is due to the fact that ConSF T is upper
triangular and for a lower triangular perturbation εE, the perturbed transformation matrix
U(ε) is a flip matrix such as Pn.

Let δA ∈ C(n) be a perturbation in A. Usually (but not always), we suppose that the
matrix δA is small relative to A, e.g., ∥δA∥ ≤ ρ∥A∥, where ρ = 2−53 ≃ 1.1102 × 10−16 is
the rounding unit of FPA used in the computations [31].

We often assume that the perturbation δA is a 1-parameter family δA(ε) = εE, where
ε > 0 is a small parameter, and E ∈ C(n) is a fixed matrix with ∥E∥ = 1, i.e., ∥δA∥ = ε. The
technique of the so-called fictitious small parameter can also be used in the perturbation
analysis of matrix problems. Assuming that ∥δA∥ is small relative to ∥A∥, we use the
identity δA = εE, where E = δA/∥δA∥ and ε is finally set to ∥δA∥.

The formulation of the perturbed Schur problem (PSP), i.e., the SP for a perturbed
matrix A + δA, is not trivial. First, we mention two facts.

1. If PSP for a perturbed matrix A + δA has a perturbed solution (U + δU, T + δT) with
∥δU∥, ∥δT∥ → 0 as ∥δA∥ → 0, then it also has a perturbed solution (U + ∆U, T + δT)
with ∆U = −2U − δU and ∥∆U∥ → 2 as δ → 0. The reason is that U + ∆U =
−(U + δU).

2. The solution of PSP for a matrix A + δA may have the form (U, T + δT) with δU = 0.
This will happen when UHδAU ∈ T(n), and in this case, ∥δT∥ = ∥δA∥.

Let (U0, T0) ∈ U(n)× T(n) be a particular solution of SP for a matrix A0 ∈ C(n). For
definiteness and based on the above considerations, we assume that, if A0 ∈ T(n), then
U0 = In and T0 = A0.

Consider the perturbation δA = εE, where ε ∈ (−ε0, ε0), ε0 > 0 is a small parameter
and E ∈ C(n) is a fixed matrix with ∥E∥ = 1. Let (U(ε), T(ε)) be a particular solution to
PSP for the matrix A(ε) = A0 + εE, i.e.,

T(ε) = UH(ε)A(ε)U(ε) ∈ T(n), U(ε) ∈ U(n). (5)

Since the solution of PSP always exists, we have defined functions U : (−ε0, ε0) → U(n)
and T : (−ε0, ε0) → T(n) through relations (5). The problem is that there are many such
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functions and not all of them are suitable for perturbation analysis. The aim of the next
definition is to clarify the concepts in this area.

Definition 16. The pair (U(ε), T(ε)) is said to be a regular solution of the PSP for the matrix
A(ε) = A0 + εE if the functions U and T are continuous on the interval (−ε0, ε0) and, if
A0 ∈ T(n), then (U(0), T(0)) is the DPS of SP for A0.

Example 4. Let A = λIn, λ ∈ C. Then, the general solution of SP for A is U(n)× {A}. The
opposite statement is also true in the form of the next two assertions.

1. If U (A) = U(n), then A = λIn and T (A) = {A}.
2. If T (A) = {A}, then A = λIn and U (A) = U(n).

Example 5. Let A = λIn + Jn, where λ ∈ C and Jn = [0, In−1; 0, 0] ∈ R(n) is a Jordan block
with a zero eigenvalue. Then,

U (A) = {U ∈ U(n) : |U| = In}, T (A) = {λIn + X : |X| = Jn}.

A number of examples of ConSF for A ∈ R(2) presented in the next section illustrate
the structure of these forms and the behavior of their perturbations; see also [7].

7. Examples of Real 2 × 2 Matrices

In this section, we consider several examples illustrating the concepts introduced so
far. The examples are for SP and PSP for matrices A ∈ R(2) with spect(A) ⊂ R for which
the transformation group is O(2). This is the simplest non-trivial case. However, the effects
observed are valid for matrices A ∈ C(n) of the form

A =

[
A1,1 A1,2

On−2,2 A2,2

]
where n ≥ 3, A1,1 ∈ R(2), A1,2 ∈ C(2, n − 2) and A2,2 ∈ C(n − 2).

Matrices A ∈ R(2) correspond to linear operators R(2, 1) → R(2, 1) and have the
simplest nontrivial albeit rich structure. A surprisingly large number of facts about general
linear operators is revealed by such matrices; see, e.g., ref. [32] and the examples below.

Example 6. Let the matrix A ∈ R(2) have eigenvalues λ1, λ2 and set

r =
√
∥A∥2

F − |λ1|2 − |λ2|2.

Then, the following four cases are possible in which the statements are reversible.

• If λ1 = λ2 = λ and r = 0, then there exists a unique ConSF λI2 of the matrix A.
• If λ1 = λ2 = λ and r > 0, then there exist two ConSF λI2 ± rE1,2 of the matrix A.
• If λ1 ̸= λ2 and r = 0, then there exist two ConSF diag(λ1, λ2) and diag(λ2, λ1) of the

matrix A.
• If λ1 ̸= λ2 and r > 0, then there exist four ConSF diag(λ1, λ2)± rE1,2, diag(λ2, λ1)± rE1,2

of the matrix A.

Example 7. Let A0 = λI2, 0 ̸= λ ∈ R. We have U (A0) = O(2) and T (A0) = {A0}. Since
A0 is in ConSF, we consider the simplest particular DPS, which is (I2, A0). Let the matrix A0
be perturbed to A(ε) = A0 + εE2,1, where ε is a small parameter. Then, a particular solution
(U(ε), T(ε)) of PSP may be written as U(ε) = I2 + δU(ε), T(ε) = A0 + δT(ε), where δT(ε) =
εUH(ε)E2,1U(ε). Here, the perturbation δT(ε) is small for order ε, but the perturbation δU(ε) is
not small even though ε is small.

For ε ̸= 0, the set of transformation matrices U (ε) consists of the matrices U1 = E1,2 + E2,1,
U2 = E1,2 − E2,1 and their negations. In view of the equalities Uk = I2 + δUk, we have ∥δU1∥ =
∥I2 ± U1∥ = 2 and ∥δU2∥ = ∥I2 ± U2∥ =

√
2. At the same time, for ε ̸= 0, the set of Schur
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forms T (A(ε)) consists of two matrices A0 ± εE1,2. Thus, the transformation matrix U(ε) is
discontinuous at the point ε = 0.

Consider the multivalued function Ψ : R → 2O(2), where 2O(2) is the set of subsets of O(2),
defined by ε 7→ Ψ(ε) := U (ε). We have Ψ(0) = O(2) and Ψ(ε) = {±U1,±U2} for ε ̸= 0.
Hence, the function Ψ, i.e., the Schur basis for R(2, 1) relative to the matrix A(ε), is discontinuous
at the point ε = 0, while the Schur forms T = T(ε) of A(ε) are continuous in ε.

Example 8. Let A0 = λI2 + E1,2 ∈ R(2) be a Jordan block with eigenvalue λ ∈ R. The set T (A0)
contains two matrices T0,1 = λI2 + E1,2 and T0,2 = λI2 − E1,2, while the set U (A0) contains the
matrices I2, E1,1 − E2,2 and their negations.

Let the matrix A0 be perturbed to A(ε) = A0 + εE2,1, where ε > 0. The eigenvalues of A(ε)
are λ1(ε) = λ −

√
ε, λ2(ε) = λ +

√
ε. Setting

c(ε) =
1√

1 + ε
, s(ε) = −

√
ε√

1 + ε

we see that there are four ConSF

T1(ε) =

[
λ1(ε) 1 − ε

0 λ2(ε)

]
, T2(ε) =

[
λ1(ε) ε − 1

0 λ2(ε)

]
,

and

T3(ε) =

[
λ2(ε) 1 − ε

0 λ1(ε)

]
, T4(ε) =

[
λ2(ε) ε − 1

0 λ1(ε)

]
,

The orthogonal matrices Uk(ε) that transform A(ε) into Tk(ε) are

U1(ε) =

[
c(ε) −s(ε)
s(ε) c(ε)

]
, U2(ε) =

[
c(ε) s(ε)
s(ε) −c(ε)

]
,

and

U3(ε) =

[
c(ε) s(ε)

−s(ε) c(ε)

]
, U4(ε) =

[
c(ε) −s(ε)

−s(ε) −c(ε)

]
Hence, there are two regular solutions of this PSP, namely (U1(ε), T1(ε)) and (U3(ε), T3(ε))
corresponding to the unperturbed ConSF T0,1 and T0,2, respectively.

Example 9. Let A0 = diag(λ1, λ2), where λ1 ̸= λ2. Here, the set T (A0) contains two diagonally
different ConSF T0,1 = diag(λ1, λ2) and T0,2 = diag(λ2, λ1) of A0, while the set (A0) has
eight elements, namely ±E1,1 ± E2,2 and ±E1,2 ± E2,1. Let us choose δA(ε) = εE2,1. For ε ̸= 0,
the set T (A0 + εE2,1) has four elements T̃1(ε) = T0,1 + εE1,2, T̃2(ε) = T0,1 − εE1,2 and T̃3(ε) =
T2 + εE1,2 and T̃4(ε) = T2 − εE1,2.

The matrices U1,−U1 from Example 7 transform the perturbed matrix A + δA(ε) into the
ConSF T̃3(ε) and the matrices U2,−U2 transform A + δA(ε) into the ConSF T̃4(ε) since U1 and
U2 transform δA(ε) in ±εE1,2 ∈ T(2), respectively.

Consider the transformation of A + δA into some of the Schur forms T̃1(ε) or T̃2(ε). Define
the orthogonal matrices

U1(ε) =

[
c(ε) s(ε)
s(ε) −c(ε)

]
, U2(ε) =

[
c(ε) −s(ε)
s(ε) c(ε)

]
,

where
c(ε) =

λ1 − λ2√
ε2 + (λ1 − λ2)2

, s(ε) =
ε√

ε2 + (λ1 − λ2)2
.

We have
U⊤

k (ε)(A + δA(ε))Uk(ε) = T̃k(ε), k = 1, 2.
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Furthermore, U2(0) = I2 and U1(0) = diag(1,−1) are fulfilled. Hence, the regular solution of
the PSP is (U2(ε), T̃2(ε)).

Example 10. Let A0 = diag(λ1, λ2) + aE1,2 ∈ R(2), where δ = λ2 − λ1 > 0 and a ̸= 0. The
set T (A0) of ConSF of A0 contains four matrices:

T1,2 = diag(λ1, λ2)± aE1,2, T3,4 = diag(λ2, λ1)± aE1,2.

Let the matrix A0 be perturbed to A(ε) = A0 + εE2,1, where ε is a small parameter such that
δ2 + 4aε > 0, i.e., ε ∈ (−ε0, ε0), where ε0 = δ2/(4|a|). The ConSF of the matrix A(ε) are

T̃1,2 = diag(λ̃1, λ̃2)± ãE1,2, T̃3,4 = diag(λ̃2, λ̃1)± ãE1,2,

where the quantities λ̃1 = λ̃1(ε), λ̃2 = λ̃2(ε) and ã = ã(ε) are analytical functions of ε. In particular,

λ̃1 = λ1 +
aε

λ1 − λ2
+ O(ε2),

λ̃2 = λ2 +
aε

λ2 − λ1
+ O(ε2),

ã = a − ε + O(ε2), ε → 0.

Among the four ConSF, only the matrix T̃1 = diag(λ̃1, λ̃2) + ãE1,2 corresponds to a regular solution.

8. Diagonally Spectral Matrices

Denote by ∆(n) ⊂ C(n) the set of matrices A ∈ C(n) such that the multiset of its
diagonal elements is equal to the multiset of its eigenvalues, i.e.,

spect(A) = {A(1, 1), A(2, 2), . . . , A(n, n)} (6)

Otherwise speaking, ∆(n) is the set of matrices A such that

det(A − A(k, k)In) = 0, k = 1, 2, . . . , n (7)

Definition 17. The matrix A ∈ ∆(n), which satisfies (6) or (7), is said to be diagonally spectral.

The set ∆(n) ⊂ C(n) is defined by n algebraic equations (7) (some of them may not be
independent) in the n2 elements of the matrix A and is hence a closed algebraic variety [29]
of complex dimension of at least n2 − n.

Upper triangular matrices and lower triangular matrices are diagonally spectral. Schur
condensed forms in particular are diagonally spectral. More generally, for P ∈ O(n) being
a permutation matrix, and A ∈ C(n) being a diagonally spectral matrix, the matrix PAP is
also diagonally spectral.

Example 11. The elements of the matrix A ∈ ∆(2) satisfy one independent algebraic equation
A(1, 2)A(2, 1) = 0. Hence, the matrix A ∈ ∆(2) has the form[

∗ ∗
0 ∗

]
,
[

∗ 0
∗ ∗

]
where * denotes unspecified matrix elements.

Example 12. The matrices A1, A⊤
1 , A2, A⊤

2 , A3, A⊤
3 ∈ C(3), where

A1 =

 ∗ ∗ ∗
0 ∗ ∗
0 0 ∗

, A2 =

 ∗ 0 ∗
∗ ∗ ∗
0 0 ∗

, A3 =

 ∗ ∗ ∗
0 ∗ 0
0 ∗ ∗

,
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are diagonally spectral.

Matrices from ∆(n) may not be condensed in the sense that they may have less than
n(n − 1)/2 zero elements. In particular, matrices from ∆(n) may have all their elements
different from zero.

Example 13. Let z ∈ C be a parameter. Then, the matrices

A(z) =

 1 1 1
0 2 1
z −z 3

, B(z) =

 1 1 1
z 2 1

−z − 2 2 3


are diagonally spectral, i.e., spect(A(z)) = spect(B(z)) = {1, 2, 3}. We stress that A(0) ∈ T(3)
but B(z) /∈ T(3) for all z ∈ C.

The main advantage of a Schur canonical or condensed form

T = U⊤AU ∈ T(n), U ∈ U(n)

of a matrix A ∈ C(n) is that it reveals the spectrum {λ1, λ2, . . . , λn} of the matrix A as the
collection of the diagonal elements

{T(1, 1), T(2, 2), . . . , T(n, n)}

of the form T. Thus, the sets of Schur canonical and condensed forms are subsets of the
larger set (closed in the Zarisky topology)

∆(n) = ∆1(n) ∩ ∆2(n) ∩ · · · ∩ ∆n(n) ⊂ C(n),

where
∆k(n) = {A ∈ C(n) : det(A − A(k, k)In) = 0}, k ∈ Z[1, n],

of matrices having spectra equal to the collection of their diagonal elements.
Obviously, the set T(n) as well as the set of lower triangular n × n matrices are

subsets of ∆(n). More generally, if P ∈ O(n) is a permutation matrix (i.e., the columns
of P are a permutation of the columns of the identity matrix In) and T ∈ T(n) then
PTP ∈ ∆(n). In particular, if T ∈ T(n), then the matrix R = PnTPn is lower triangular with
R(k, k) = T(n + 1 − k, n + 1 − k), k = 1, 2, . . . , n.

Example 14. Let A = λI2, 0 ̸= λ ∈ R. One of the DPS (U, T) of SP for A is the pair (In, A). If
we perturb A to Ã = λI2 + εE2,1, where ε > 0 is small, the pair (U, T) is transformed to (Ũ, T̃),
where T̃ = A + εE1,2 and Ũ is any of the four matrices ±E1,2 ± E2,1. Thus, ∥U − Ũ∥ = 2 and the
transformation matrix U = U(ε) is discontinuous at the point ε = 0.

To avoid such artificial high sensitivity, in the next section, we introduce the concept
of condensed quasi-Schur forms.

9. Condensed Quasi-Schur Forms

Let m ∈ Z[1, n] be a fixed integer.

Definition 18. The m-tuple ν = (n1, n2, . . . , nm), where nk are positive integers, is said to be
m-partition of n if n = n1 + n2 + · · ·+ nm.

Next, we define condensed quasi-Schur forms of the matrix A ∈ C(n) as block-
triangular matrices (upper or lower) such that the blocks on the diagonal of A are, in
turn, triangular matrices. In particular, condensed quasi-Schur forms of A are diagonally
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spectral and thus reveal the spectrum of A. The idea is that these forms are less sensitive to
perturbations in A in comparison to other unitary equivalent forms of A such as ConSF.

Definition 19. A matrix S = UH AU ∈ C(n), where U ∈ U(n), is said to be a condensed
quasi-Schur form of A ∈ C(n) if there exists an m-partition ν of n such that S or S⊤ is block-upper
triangular with diagonal blocks Sk,k ∈ C(nk), i.e.,

S =


S1,1 S1,2 · · · S1,m
O S2,2 · · · S2,m
...

...
. . .

...
O O · · · Sm,m


and either Sk,k ∈ T(nk) or S⊤

k,k ∈ T(nk), k = 1, 2, . . . , m.

Note that the upper triangular matrix Sk,k is permutationally equivalent to the lower
triangular matrix S⊤

k,k = Pnk Sk,kPnk . At the same time, a matrix A and its transpose
A⊤ = V−1 AV are similar [33], but we cannot use this result here since the matrix V is
not unitary in general. Instead of the transposed matrix A⊤, we may use its flipped vari-
ant AF = Pn APn, which is lower triangular whenever A is upper triangular and Pn is a
permutation matrix.

Example 15. For n = 2, the condensed quasi-Schur forms are A1, A⊤
1 , where A1 ∈ T(2). For

n = 3, the condensed quasi-Schur are A1, A⊤
1 , A2, A⊤

2 and A3, A⊤
3 , where A1 ∈ T(3),

A2 =

 ∗ ∗ ∗
0 ∗ 0
0 ∗ ∗

, A3 =

 ∗ 0 ∗
∗ ∗ ∗
0 0 ∗

.

and the star denotes unspecified elements.

Condensed quasi-Schur forms are diagonally spectral, but the opposite is not true for
n ≥ 3; see Example 13. Obviously, a ConSF is also a condensed quasi-Schur form, but the
opposite may not be true (we recall that n ≥ 2). We stress that the high sensitivity of Schur
forms as in Example 14 may not be observed for condensed quasi-Schur forms.

We stress, finally, that the concept of a diagonally spectral matrix as an algebraic object
may be of independent interest in matrix analysis and should be independently studied in
more detail.

10. Properties of Canonical/Condensed Forms

Canonical and condensed forms of matrices and matrix pencils under the action of
matrix transformation groups are widely used in matrix analysis and control theory. These
forms have zeros at given positions and, optionally, ones at other positions. Introducing
zeros at given positions may lead to discontinuity of the transformation matrix, while
introducing ones may cause bad conditioning of this matrix. In particular, the requirement
that the condensed form T of A is upper triangular, i.e., T ∈ T(n), may lead to extreme
sensitivity of the transformation pair (T, U) relative to perturbations in the matrix A. At
the same time, this high sensitivity may not be relevant to the problem of computing the
spectrum of A. Also, whether a condensed form is upper or lower triangular does not
matter from both theoretical and practical points of view. In the concept of a condensed
quasi-Schur form of a matrix, we exploit this idea: the condensed form is defined as a set,
containing all triangular forms.

This approach may be extended to generalized Jordan forms (GJF) of matrices. We
recall that GJF G = X−1 AX of the matrix A is a bi-diagonal matrix with the eigenvalues of
A on its diagonal and the property that G(i, i + 1) ̸= 0 implies G(i, i) = G(i + 1, i + 1). The
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difference with the standard Jordan form of A is that the nonzero super-diagonal elements
G(i, i + 1) of G are not necessarily equal to 1.

11. Conclusions
Novelty

In this paper, we consider condensed Schur forms for a general square matrix A as well
as various sets of canonical Schur forms for a square matrix A with distinct eigenvalues.
This case is generic, and hence, it is a primary problem [34] in the analysis of Schur
decompositions. We also study the most non-generic case of scalar matrices, which belong
to a one-dimensional variety in the space of square matrices.

The sensitivity of the Schur forms relative to perturbations in A is also studied. The
concepts of a diagonal preserving solution to the Schur problem and of a regular solution
to the perturbed Schur problem are introduced and illustrated by many examples.

We also introduce the concepts of diagonally spectral matrices and of quasi-Schur
condensed forms of a matrix A. The latter forms are much less sensitive (if ever) to
perturbations in the matrix A in comparison with the upper triangular condensed forms of
A. The concept of a diagonally spectral matrix is about a new algebraic object that may be
studied independently in matrix theory as a closed variety in the Zariski topology.
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