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Abstract: A novel family of bi-univalent holomorphic functions is introduced by the use of the
Lindelof principle. The upper bound of the second Hankel determinant, Hy»(x), is evaluated.
Furthermore, specific results are obtained as special cases of the main conclusion. These cases
coincide with certain recently obtained results and improve or enhance specific ones.
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1. Introduction and Standard Definitions

Let 2 represent the set of all holomorphic functions x defined in the open unit disk
D = {t € C: |t| < 1}, normalized by the conditions x(0) = 0 and x'(0) — 1 = 0, where C
is the complex plane. Consequently, each x € 2 has a Taylor-Maclaurin series expansion
represented as follows:

x(t)=t+) Cat", (teD). 1)
n=2
Additionally, let & refer to the set of all functions x € 2 that are univalent in D.

One of the forms of the Lindeldf principle [1], which employs the concept of the
subordination of functions, is that a holomorphic function ) is subordinate to another
holomorphic function x,, written as x1(t) < x2(t) (t € D), if there exists a Schwarz
function ¢(t), which is holomorphic in D with ¢(0) = 0 and |¢(t)| <1 (t € D), such that
Xx1(t) = x2(¢(t)). If the function x» is univalent in the unit disk D, then the following
equivalence holds:

x1(t) < x2(t) < x1(0) = x2(0) and x1(D) C x2(D).

A function x € & is considered bi-univalent in I if both y and ! are univalent in
D. The Koebe one-quarter theorem [1] guarantees that every univalent function y € &
contains a disk with a radius of 411 and has an inverse function y ! defined by

Xx() =t (teD),

X(Xﬁl(v)) =v <v eEN= {v eC: v < i})
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Let X be the subfamily of & that consists of all bi-univalent functions defined on
D. Given that x € X has the Taylor-Maclaurin expansion represented by (1), an easy
computation reveals that its inverse y ~! may be expressed as:

x ) = v+ian”
n=2
= V=0V + (205 — 33)v° — (503 — 50203 + La)vi + - - - . )

Some examples of functions that belong to the family X are

t 1 1+t
17" —log(l—1t) and 5 log(l_t).

Nevertheless, the well-known Koebe function does not belong to the family ~. Addi-
tional popular cases of functions in & include

which do not belong to the family X.

A number of recent publications have focused on bi-univalent functions (e.g., [2-11]).
The investigation on X was initiated by Lewin [12]. He concentrated on issues related
to coefficients and proved that the absolute value of {5 is less than 1.51. Brannan and
Clunie [13] later proposed the conjecture that the absolute value of {5 is less than /2.
Netanyahu [14] determined that the maximum absolute value of {5 is equal to %.

The Hankel determinants are crucial tools in the theory of univalent functions, utilized,
for instance, to show that a function of bounded characteristic in D, specifically, a function
that is the ratio of two bounded holomorphic functions, with its Laurent series around the
origin possessing integral coefficients, is rational [15].

In 1976, Noonan and Thomas [16] established the gth Hankel determinant for integers
n > 1landj > 1 as follows:

Y PR
Cn+1 Cn+2 - gn-i—j
Hj(n) = , (G=1)
gnJr.jfl 571.+j §n+.2j72
So,
| & _| G2 G3
(1) = G2 3 and  Hy(2) = 03 Caf

where Hy(1) = {3 — {3 and Hy»(x) = {204 — (3 are well known as Fekete-Szeg6 and
second Hankel determinant functional, respectively. Additionally, Fekete and Szeg6 [17]
presented the generalized functional {3 — a3, where a is a real number.

In this study, we suppose that ¢(t) is a holomorphic function with a positive real part
in D and that ¢(ID) is symmetric about the real axis. It could have the form

() =1+ mt+mt? + st +- -, 3)

where 771 > 0 and #,(n > 2) is a real number.

The investigation of the function i started with Ma and Minda [18] who investigated
the family S*(y) = { xeA: t;‘;—%) < P(t) }, and certain useful characteristics including
distortion, growth and covering theorems. Additionally, many subfamilies of the family
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2, each with distinct geometric meanings, were developed by various authors based on
particular functions instead of ¢, as outlined below:

1. Ifp(t) = H8 with -1 < B < a < 1; Janowski [19] presented the family

T+pt
S*[a, B] := S* (H%’;) which is the family of Janowski starlike functions.
2. If p(t) = e'; Mendiratta et al. [20] investigated the exponential starlike family
Ski= S*(et).
3. Ify(t) = cos t Ali et al. [21] introduced the cosine starlike family S}, = S*(cost).
Ify(t)=1+3 t+ 242, Sharma et al. [22] presented the family S¥,, = S*(1 + 3+ %tz).

5. If g(t) ¢ +t L, El Qadeem et al. [7] introduced the families My (8, A, E) and

= et4+1 7
NZ(lx ﬁ E) 1—t . . . o1
6. Ify(t) = N Lashin et al. [9] investigated the families L, (A, ¢) and
Lo(7v,0.¢)-

Upon using the Lindeldf principle, let us define a new subfamily of bi-univalent
family ¥ whose members are subordinated to the function ¢(t), as illustrated in the
following definition.

Definition 1. Let us consider § > 1,k € C* = C\{0}, 0 < o < 1and yx given by (1) belong

to the family . Therefore, x is classified into the family Hyx(x, 6, o; ) if it fulfills the subsequent
conditions:

1+ % ((1 - 5)@ +6x () + oty (t) - 1) <yt (teD) @

and

v

-1
1+ % <(1 - (S)X (v) oYY () 4 ov(x Y (v) — 1) < yP(v) (veD) (5
where x~! € X is donated by (2).

Remark 1. By selecting specific values for the parameters 6, k, o and the function (t), we may
derive the following families as specific cases of the pre-defined family Hy (x, 5, 0; ), illustrated
as follows:

1. Hx(x,1,0;9) = X(x,0,¢), which has been studied by Srivastava and Bansel [23].
2. Hx(1,6,0;,¢) = Rx (6, ), which has been defined and studied by Kumar et al. [24].

3. Hy (1 5,0; (1“) ) = By (a,6) and Hy (1 —a,6,0; %J“i) = By (a,6), which have been
introduced by Frasin and Aouf [25].

4 Hy (1 1,0; (”f)a) = H& (o) and Hsy, (1 —u,1,0; %*f) = Hy(a,0), which have been
introduced by Frasin [26].

5. Hs (1 1,0; (1+t> ) = H% and Hy (1 —u,1,0; %Jri) = Hy (), which have been intro-
duced by Srivastava et al. [27].

6. Hs (1 —,d,0; %*f) = Nx(a,8,0), which has been introduced by Bulut [28].

7.  Hs (K, 1,0; 11111‘%‘0 = Rg,Z(A' B), which has been introduced by Tudor [29].

Lemma 1 ([30]). Let ¢(t) be a holomorphic function in the unit disk D with ¢(0) = 0 and
|p(t)| < 1 forall t € D with the power series expansion

th” (t e D);
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then, |by| < 1foralln =1,2,3,---. Furthermore, |b,| = 1 for some n(n =1,2,3,---) if and

only if '
o(t) = e, 9cR.
In addition,
by = (1-0b%)r,
by = (1-03)(1—|r)A—b(1—12)r?,

for some complex values r, A with |r| < 1and |A| < 1.

This study establishes the upper bound of the second-order Hankel determinant
for functions that belong to the family #y (x,d,0;1). Additionally, we provide some
particular results.

2. Results

Theorem 1. Let x(t), as defined by (1), belong to the family Hyx (x,6,0; ). Then,

10204 — 33| < mlef (A1 + Az + A3), (6)
in which
A = T3 — U%KZ + L
(14+0420)(1+36+120) (1+5+420)*| (1+25+60)>
N i |x| N 1 +2[1p2]
2146420)2(1+26+60) (1+6+20)(1+35+120) '
A, — 1 +2[12| n 211 Uil @)
2 (1+06+420)(14+36+120) (1+26+60)2 2(1+6+20)%2(1+26+60)
Ay = —
(1426 +60)>
Proof. Let us consider x(t) € Hgx(x,,0; ). Therefore, according to the Lindeldf principle,
there exist two Schwarz functions ¢1 (t) = Y"1 but" and ¢ (v) = Y_;7 ; a,v" which satisfy
the following relations:
1 t / I
v (a-0X2 v a0+ on 0 -1) = win), ®
1 1y N RN
(-0 a sy Wt Y 0 -1) = pigv). O
By using simple calculations, we can obtain
1+ 3{((1 - 5)@ +ox (1) + oty (1) — 1> =1+ Y <1 i G ?(H ”‘7)>§nt”1, (10)
n=2
-1 / " > —
1+11c<(1_5)x V(V) +‘5(X_1) (V)—l—(ﬂ/(}(_l) (V)—l) — 14 Z(l—F(i’l }{)(5+1’10')>an71—1, (11)
n=2
P(@1(t) = 1+ mbat + (nba +12b3) 2 + (nbs + 2pbiby + b))+, (12)
and

P(P2(v)) = 1+ marw + (paz + mat)v> + (mas + 2ppayaz + yza})v> + - . (13)
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By substituting from (10)—(13) into (8) and (9), and then comparing the coefficients in
both sides, we conclude

1+6+20
— 0o =mby, (14)
1+6+20
L =mm, (15)
1426+ 60
G = b+ b, (16)
1426+ 60
— = (23— 53) = maz + o, a7
1430+ 120
7@4 = (b3 + 2m2by by + 71387), (18)
14+6+20
—7(553 — 50203+ Ca) = (11103 + 2120182 + 11307). (19)
From (14) and (15), we obtain
by = —ay, (20)
and .
_ ok
é271—1—(54—2{7' 1)
By subtracting (17) from (16) using (21), we have
2p2 2 x(by —a
05 = 191 L n (b — a2) (22)

(1+56+20)2 2(1+26+60)

In addition, by subtracting (19) from (18) and then using (21) and (22), we deduce

g _ 517%1711(2(172 — 112) 171K(b3 - {Il3) 77317%1( 7721711{(172 + {Ilz)
YT 4(1+0420)(1+26+60)  2(1+36+120) ' 1435+120  1+36+120 °

We are going to investigate the upper bound of the second-order Hankel determinant
|H22(x)]| as follows:

Hyo(X)| = 1628a — 33

13b3K%(by — a2) 1ib1x* (b3 — a3)
414+64+20)2(1+26+60) 2(1+6+20)(1+35+120)
2

N mipbi®(ba+a)  nik* (b —a2)
(1+6+20)(1436+120) 4(1+25+60)2

(14+0+20)(1+35+120) (1+6+20)% )Y
Based on Lemma 1 and relation (20), we derive
by—ay=(1-03)(r—s) and by+ay=(1-b3)(r+s), (24)
and,
by — a3 = (1= )| (1 = [rP)A = (1= [sP)y| —br(1 = D) (2 +2), (25)

in which 7,5, A and 7 are complex values with |r] < 1,|s| < 1,|A| <1and |g| < 1.
By substituting from (24) and (25) into (23), we obtain
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21 215l (1 - 1By 12 bil(1+ 1BV [(2 = 1112 — 1s12) + Bl (1712 + 15|12
Hoa()| < mlxf? milbal2 el (L [oa2)(Irl - IsD)  ralba (1 [ba*) [(2 = 1rl® = [s]%) + [ba | (1 + [s[)]

4(1+6+20)2(1 426+ 60) 2(146+420)(1+36+120)
+\772||b1|2(1+\bll2)(\r|+|5|) (1 + b [?)(|r] + Is])?
(14+6420)(1+36+120) 4(1+26+60)2
3,2
3 mx 4
- b*|. 26
T3+ 120)  Arota0) | (26)
Let us consider b = |by|, which implies b € [0, 1]. Therefore, we have:
3,2
H < 2 3 _ 171K 4
F22001 = mle A e v 120 T Aret o0
b*(1+ %) (|7 + Is]) ;x| L lml
1+6+20 4(1+64+20)(1+26+60)  1+36+ 120
b - DA+ b*) (7> + Is*) mb(1+b?) m(1+62)(|r[ +s])?
20+6+20)(1+36+120) ' (146+20)(1+36+120) 4(14+20+60)2 |
Now, let us simply consider x = |r| < 1and y = |s| < 1, so we obtain
Ho2(0)| < kP [P+ (x+y) P+ (2 + 2Py + (x +1)2Py],
= mxG(xyb), (27)
where
p E! R LA mb(1 + %) >0
! (1+6+20)(1+35+120) (1+6+20)* (1+6+20)(1+35+120) =
p, _ PO+ 1| |12 0
2 14+6+20\4(1+6+20)(1+26+60)  1+36+120 ) =
mbb—1)(A+b)
Ps 2(1+ 0+ 20)(1+ 36 + 120) =0
2\2
P, — m(1+b%)

4(1+264+60)2 —

Our objective is to obtain the maximum of the function G(x,y;b) over the closed
square M = [0,1] x [0,1] for b € [0,1]. Furthermore, it is necessary to determine the
maximum of G(x,y;b) forb =0,b=1,and b € (0,1).

Suppose b = 0. In this case, relation (27) yields:

)= __Mm 2
G0 = gz reep “ Y (28)
Consequently, it is clear that
G(x,y;0) < G(1,1;0) = ——1 (29)

(1426 +60)2
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Consider b = 1. In this case, relation (27) is simplified to:
Glx, ;1) mx+y) U8 o ne
o (1+26+60)2  |(1+6420)(1436+120) (1+ 5+ 20)*
G 17| L 2
1+04+20\2(14+0+20)(1+26+60) 1+36+120
2771
v er20)(1 43+ 120)° (30)
Thus, it is evident that
Gx,y;,1) < G(1,1;1),
_ 4 3 LS
(1+25+60)2 |(146420)(1+36+120) (1+5+20)*
2
N 17| 2(1m1 +2J12|) 31)

(14042021126 +60)  (1+0+26)(1+36+120)°

Eventually, in this instance, b € (0,1). Given that P; < 0 and through simple mathe-
matical processes verifying that P3 + 2P, > 0, the function G(x, y; b) cannot possess a local
maximum within the interior of the square M for b € (0,1). Consequently, we examine
the maximum at the boundary of the square M. First, let x = 0 and y € [0, 1] (similarly for
y =0and x € [0,1]); relation (27) becomes

GO,y;b) =g(y) = PL+yP +y*(Ps+Py), be(0,1). (32)

In order to evaluate the maximum of g¢(y) for a certain b € (0,1), we analyze the
behavior of this function to determine whether it is increasing or decreasing. The function
¢(y) has a critical point y; = % depending on the sign of ¢(8 = —P5 — Py).

I If P; + Py > 0, then g(y) is an increasing function. Hence, the maximum of the
function g(y) appears at y = 1; so

gy)<g(1) =P +P+P5+P;, be(0,1).

II  If P;+ P4 <0, then y; may be within or outside the interval (0,1). Hence, we have
two possible cases:

Casel. If y; > 1, then ¢ < % < Py, which is simplified to P, + P3 + P4 > 0. As
a result,

g(0) = P <P +P+Ps+P=g(1) <P +P

Case2. If y; <1, which is a critical point, then it follows that

Thus, we have
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The maximum of the function g(y) cannot exceed P; + P, when P53 + P4 < 0. Conse-
quently, the maximum is attained exactly when P; + P4 > 0, indicating that

§(y) <g(1) =P +P+Ps+Py,  be(01). (33)

Likewise, if x = 1 and y € (0,1) (similarly for y = 1 and x € (0, 1)), relation (27) is
simplified to

G(Ly;b) =h(y) =P+ P+ P+ Py +y(Py+2P) +y*(Ps+Py), be(0,1). (34

Similarly, when looking at the maximum of 1(y) for a specific value of b € (0,1), we

analyze the behavior of this function to see whether it is increasing or decreasing. The
function h(y) has a critical point y, = % depending on the sign of 9.
I  If P34 Py > 0, then h(y) is an increasing function. Therefore, the maximum of the

function h(y) occurs at y = 1, and hence
h(y) < h(1) = Py + 2P, +2P3 + 4Py,

II  If P3 + Py <0, then y, may be anywhere inside or outside the interval (0,1). Conse-
quently, we have two possible cases:

Casel. If yp > 1, then ¢ < LEZP“ < P + 2P4, which implies that P, + Ps + 3P4 > 0.
Thus,
h(0) = Py + Py + P3 + Py < Py + 2P, + 2P + 4Py = h(1),

and
h(l) = Py +2P,+2P;+4Py < P; + 2P, + P34 3P4.
Case2. If yp <1, which is a critical point, then it follows that

(P, +2Py)? < ht2n
49 - 2

< P, +2Py.

Thus, we have

h(0) = Pi+DP+P3+Py
P, +2Py)?
< P1+P2+P3+P4+%

= h(y2) < Py +2P, + P; + 3Py,
while
h(l) = Py +2P,+2P;+4P; < Py + 2P, + P3 + 3P;4.

The maximum of the function h(y) does not exceed P; + 2P, + P + 3P, when

P; + P, < 0. Consequently, the maximum is attained only when P; + P4 > 0, confirm-
ing that

(y) <h(1) = PL+2P, +2P3 +4P;,  be (0,1). (35)

h
Because ¢(1) < k(1) forany b € (0,1) and (x,y) € M, it follows that
G(x,y;b) < G(1,1;b) = Py + 2P, + 2P; + 4P,. (36)
Let us define the map Q) : [0,1] — R defined by

Q) = mlx[*2G(1,1;b)
= 1[x[*(PL + 2P, +2P5 + 4Py). (37)
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By substituting P;, P», P3 and Py from (28) into (37), we have

3,2
) _ 2) 4 m JE _ ix
(b) x| {b (11201602 |(0+0+20)14+30+120)  (140+20)°
N 7ilx| N 1+ 2|12 2 1+ 2112
20+6420)2(1+26+66) (1+6+4+20)(1+35+120) (14+6+20)(1+36+126)
2
+ 2771 171|K| + 171 . (38)
(1+20+60)2 " 2(1+0+202(1+26+60) | ' (1+20+60)2

By replacing b?> = z in (38), it can assume the form
Q(z) = m x> (A1Z22 + Ayz + A3), z€0,1] and A1, Ay, A3 >0,

where A1, Ay, As are referred to by (7). Itis easy to see that the function Q)(z) is an increasing
function; therefore,

O(z)

IN

(1)
= mlx[* (A1 + Ay + A3). (39)

Consequently,
[Ho2(x)] = 1228s = 331 < milx[* (A + Az + Ag).
The proof has been produced. O

By specializing the parameters «, d, o and the function ¢(t), we can conclude the upper
bound of the second Hankel determinant corresponding to some subclasses of Hyx.(x, 8, 0; )
as a special case of the main result.

Putting x = 1 and ¢ = 0 in Theorem 1, we obtain the following corollary:

Corollary 1. Let x € Rx(0,1); then,

2047650 = M5 (1+30)  (1+0)F| | (1+20)2
N Ui L 2mdll |
(1+0)2(1+20) ' (1+0)(1+30)
Putting k = 6 = 1 and ¢(t) = (%)“ in Theorem 1, we obtain
Corollary 2. Let x € Hy(a,0); then,
203 +a a3 8a
_721 < 2 —
G2ba =3l = 20 2 +0)1+30) 41+ 00| 91+ 20)
N o? N a + 20
31+0)2(1+20) 2(140)(1+30)]

Puttingx =1—a (0 < & < 1) and ¢(t) = 1 in Theorem 1, we obtain

Corollary 3. Let x € Nx(a,5,0); then,
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References

10204 — 3

< 2(1—a)? + -

8 2 8(1—a)?

(1+26+60)2 " |(1+0+20)(1+30+120) (1+0+20)°
4(1—a) . 12
(1+6+20)2(1+25+60)  (1+0+20)(1+36+120) ]

+

Putting 6 = 1and ¢(t) = lliigtt in Theorem 1, we obtain

Corollary 4. Let x € R;Z(A, B); then,

B? x?(A — B)?
G260l < (A_B)2K|2[8(1+0)(1+30)_ 16((1+¢7))4 N
4 (A —B)|x| 1+2|B|
+9(1+2a)2 12(1+0)?(1+20) 4(1+(7)(1+3(r)]'

Remark 2. 1. By taking x = 1 and o = 0 in Theorem 1, our result coincides with the corre-
sponding result of Motamednezhad et al. [31] (Theorem 2.1, y = 1);

2. Bysetting o = 0in Corollary 2, then we improve the result in [32] (Theorem 2);

3. Bysettingd = 1and o = 0 in Corollary 3, then we improve the result in [32] (Theorem 1).

3. Conclusions

The Lindel6f principle serves as the foundation for introducing a new family of bi-
univalent holomorphic functions, offering a wealth of possibilities for applications in the
field. We explore related families previously introduced in recent papers and delve into the
second Hankel determinant for functions within this predefined family. Our investigation
reveals a variety of unique results that not only clarify the core concept of this paper but
also pave the way for future research and deeper insights. Beyond theoretical exploration,
we also compare our main findings with specific cases, further validating and enhancing
the conclusions of recent studies.

Author Contributions: Conceptualization, A.H.E.-Q.; Methodology, M.A.M. and G.M.; Formal
analysis, B.H.; Investigation, G.M.; Resources, 1.S.E.; Writing—original draft, M.A.M.; Writing—
review and editing, A.H.E.-Q.; Funding acquisition, B.H. and I.5.E. All authors have read and agreed
to the published version of the manuscript.

Funding: This paper is funded by a Researcher Supporting Project number (RSPD2024R1112), King
Saud University, Riyadh, Saudi Arabia.

Data Availability Statement: No data were used in this paper.

Acknowledgments: The authors would like to express their sincere thanks to the editors for carefully
handling our manuscript and to the referees for their insightful suggestions to prepare the paper in the
present form. Also, we would like to thank Researcher Supporting Project number (RSPD2024R1112),
King Saud University, Riyadh, Saudi Arabia for funding this paper.

Conflicts of Interest: The authors declare no conflicts of interest.

1. Duren, P.L. Univalent Functions; Grundlehren der Mathematischen Wissenschaften, Band 259; Springer: New York, NY, USA;
Berlin/Heidelberg, Germany; Tokyo, Japan, 1983.

2. Amourah, A.A; Yousef, E; Al-Hawary, T.; Darus, M. A certain fractional derivative operator for p-valent functions and new class
of analytic functions with negative coefficients. Far East |. Math. Sci. 2016, 99, 75-87.

3. Amourah, A.A;; Yousef, F; Al-Hawary, T.; Darus, M. On a class of p-valent non-Bazilevi¢ functions of order y + ip. Inter. ]. Math.
Anal. 2016, 10, 701-710. [CrossRef]

4. Amourah, A.A;; Yousef, F.,; Al-Hawary, T.; Darus, M. On H3(p) Hankel determinant for certain subclass of p-valent functions. Ital.
J. Pure Appl. Math. 2017, 37, 611-618.


http://doi.org/10.12988/ijma.2016.6236

Axioms 2024, 13, 819 11 of 11

10.
11.
12.
13.
14.

15.
16.

17.
18.

19.

20.

21.

22.
23.

24.
25.
26.
27.
28.

29.
30.

31.

32.

Al-Hawary, T.; Frasin, B.A.; Yousef, F. Coefficients estimates for certain classes of analytic functions of complex order. Afr. Mat.
2018, 29, 1265-1271. [CrossRef]

El-Qadeem, A.; Mamon, M. Estimation of initial Maclaurin coefficients of certain subclasses of bounded bi-univalent functions.
J. Egypt. Math. Soc. 2019, 27, 16. [CrossRef]

El-Qadeem, A.H.; Mamon, M. A ; Elshazly, 1.S. Application of Einstein function on bi-Univalent functions defined on the unit disc.
Symmetry 2022, 14, 758. [CrossRef]

Hamidi, S.; Jahangiri, ]. Faber polynomial coefficient estimates for analytic bi-close-to-convex functions. C. R. Acad. Sci. Paris Ser.
2014, 352, 17-20. [CrossRef]

Lashin, A.; Badghaish, A.; Bajamal, A. Bounds for two new subclasses of bi-univalent functions associated with Legendre
polynomials. Mathematics 2021, 9, 3188. [CrossRef]

Srivastava, H.M.; Khan, B.; Khan, N.; Ahmad, Q. Coefficient inequalities for g-starlike functions associated with the Janowski
functions. Hokkaido Math. ]. 2019, 48, 407-425. [CrossRef]

Zaprawa, P. Estimates of initial coefficients for bi-univalent functions. Abstr. Appl. Anal. 2014, 357480. [CrossRef]

Lewin, M. On a coefficient problem for bi-univalent functions. Proc. Amer. Math. Soc. 1967, 18, 63—68. [CrossRef]

Brannan, D.; Clunie, J.; Zaimis, E. Aspects of Contemporary Complex Analysis; Academic Press: Cambridge, MA, USA, 1980.
Netanyahu, E. The minimal distance of the image boundary from the origin and the second coefficient of a univalent function in
|z| < 1. Arch. Ration. Mech. Anal. 1969, 32, 100-112.

Cantor, D.G. Power series with integral coefficients. Bull. Am. Math. Soc. 1963, 69, 362-366. [CrossRef]

Noonan, J.W.; Thomas, D.K. On the second Hankel determinant of areally mean p-valent functions. Trans. Am. Math. Soc. 1976,
223, 337-346. [CrossRef]

Fekete, M.; Szego, G. Eine Bemerkung tiber ungerade schlichte functionen. J. Lond. Math. Soc. 1933, S1-S8, 85-89. [CrossRef]
Ma, W.; Minda, D. A unified treatment of some special classes of univalent functions. In Proceedings of the International
Conference on Complex Analysis, Tianjin, China, 19-23 June 1992; International Press: New York, NY, USA, 1992; pp. 157-169.
Janowski, W. Extremal problems for a family of functions with positive real part and for some related families. Ann. Pol. Math.
1970, 23, 159-177. [CrossRef]

Mendiratta, R.; Nagpal, S.; Ravichandran, V. On a subclass of strongly starlike functions associated with Exponential function.
Bull. Malays. Math. Sci. Soc. 2015, 38, 365-386. [CrossRef]

Ali, R.; Raza, M.; Bulboacd, T. Sharp coefficient bounds for starlike functions associated with cosine function. Axioms 2024, 13, 442.
[CrossRef]

Sharma, K,; Jain, N.; Ravichandran, V. Starlike functions associated with a cardioid. Afr. Mat. 2016, 27, 923-939. [CrossRef]
Bansal, D.; Srivastava, H.M. Coefficient estimates for a subclass of analytic and bi-univalent functions. J. Eqypt. Math. Soc. 2015,
23, 242-246.

Kumar, S.S.; Kumar, V.; Ravichandran, V. Estimates for the initial coefficients of bi-univalent functions. Tamsui Oxf. J. Inf. Math.
Sci. 2013, 29, 487-504.

Frasin, B.A.; Aouf, M.K. New subclasses of bi-univalent functions. Appl. Math. Lett. 2011, 24, 1569-1573.

Frasin, B.A. Coefficient bounds for certain classes of bi-univalent functions. Hact. ]. Math. Stat. 2014, 43, 383-389.

Srivastava, H.M.; Mishra, A.K.; Gochhayat, P. Certain subclasses of analytic and bi-univalent functions. Appl. Math. Lett. 2010, 23,
1188-1192. [CrossRef]

Bulut, S. Faber polynomial coefficient estimates for a subclass of analytic bi-univalent functions. Filomat 2016, 30, 1567-1575.
[CrossRef]

Tudor, A.E. Bi-univalent functions connected with arithmetic and geometric means. J. Glob. Res. Math. Arch. 2013, 1, 78-83.
Kanas, S.; Adegani, E.A.; Zireh, A. An unified approach to second Hankel determinant of bi-subordinate functions. Mediterr. ].
Math. 2013, 14, 233.

Motamednehad, A.; Bulboaca, T.; Adegani, E.A.; Dibagar, N. Second Hankel determinant for a subclass of analytic bi-univalent
functions defined by subordination. Turk. . Math. 2018, 42, 2798-2808. [CrossRef]

Caglar, M.; Deniz, E.; Srivastava, H.M. Second Hankel determinant for certain subclasses of bi-univalent functions. Turk. J. Math.
2017, 41, 694-706. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s13370-018-0623-z
http://dx.doi.org/10.1186/s42787-019-0015-z
http://dx.doi.org/10.3390/sym14040758
http://dx.doi.org/10.1016/j.crma.2013.11.005
http://dx.doi.org/10.3390/math9243188
http://dx.doi.org/10.14492/hokmj/1562810517
http://dx.doi.org/10.1155/2014/357480
http://dx.doi.org/10.1090/S0002-9939-1967-0206255-1
http://dx.doi.org/10.1090/S0002-9904-1963-10923-4
http://dx.doi.org/10.2307/1997533
http://dx.doi.org/10.1112/jlms/s1-8.2.85
http://dx.doi.org/10.4064/ap-23-2-159-177
http://dx.doi.org/10.1007/s40840-014-0026-8
http://dx.doi.org/10.3390/axioms13070442
http://dx.doi.org/10.1007/s13370-015-0387-7
http://dx.doi.org/10.1016/j.aml.2010.05.009
http://dx.doi.org/10.2298/FIL1606567B
http://dx.doi.org/10.3906/mat-1710-106
http://dx.doi.org/10.3906/mat-1602-25

	Introduction and Standard Definitions
	Results
	Conclusions
	References

