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Abstract: In this paper we present a new extension of the truncated positive normal (TPN) model,
called power truncated positive normal. This extension incorporates a shape parameter that provides
more flexibility to the model. In addition, this new extension was reparameterized based on the p-th
quantile of the distribution in order to perform quantile regression. The initial values were calculated
from a modification of the moment estimators, which allowed the maximum likelihood estimators to
be obtained. A simulation study was carried out which suggests good behavior of the maximum
likelihood estimators in finite samples. Finally, two applications using health databases are presented.
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1. Introduction

Understanding the nutritional status of a population has become increasingly impor-
tant. Some studies provide background information on poor dietary quality worldwide,
leading to an increase in chronic diseases such as diabetes, cardiovascular disease and
obesity. Identifying risk factors through the population’s nutritional status allows for the
design of public strategies to address this problem. The National Health and Nutrition
Examination Survey (NHANES) is a program of studies designed to assess the health and
nutrition status of adults and children in the United States. Several reports on this topic
can be found, including one by Fryar et al. [1], who studied the prevalence, treatment and
control of hypertension in adults in Los Angeles County, California, and another report by
Fryar et al. [2] on the prevalence of overweight, obesity and severe obesity among children
and adolescents aged 2–19 years in the United States from 1963–1965 through 2017–2018.
Additionally, there are numerous articles in the literature that address this issue, such as
those by Steinberg [3], Vale et al. [4] and Livingstone et al. [5], among others.

Further analysis of this data is needed, necessitating the generation of new statistical
models for more accurate studies. For example, Yoo [6] proposes a discrete Weibull regres-
sion model, while Parker et al. [7] develop a Bayesian model for functional covariates using
NHANES data, among many others.

In this paper, we aim to introduce a new model with positive support to help analyze
this type of data. The previous literature includes various works on elliptic distributions,
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such as the family of spherical distributions, which is a specific case of elliptic distributions.
The univariate case falls into the category of symmetric distributions. In 2018, Gómez
et al. [8] introduced a positively supported model derived from the normal distribution,
known as the truncated positive normal (TPN). This distribution features a shape parameter
and a scale parameter. For certain parameter values, the distribution exhibits a bell-shaped
behavior. The probability density function (pdf) for the TPN model is given by

f (z; σ, λ) =
1

σΦ(λ)
ϕ
( z

σ
− λ

)
, z, σ ∈ R+, λ ∈ R,

where σ and λ are the scale and shape parameters, respectively, and ϕ(·) and Φ(·) denote
the pdf and cumulative distribution function (cdf) of the standard normal distribution,
respectively. The cdf for the TPN model is

FZ(z; σ, λ) =
Φ
( z

σ − λ
)
+ Φ(λ)− 1

Φ(λ)
, z, σ ∈ R+, λ ∈ R.

Recently, there have been several extensions made to the TPN model. For instance, Salinas
et al. [9] explored the unit–TPN model, while Gómez et al. [10] extended the model based on
the Cooray and Ananda [11] extension. Other extensions of the model, including the slash
methodology and a bimodal version, have also been conducted, see [12–14]. Additionally,
a family of truncated distributions was introduced and, to facilitate further study, the
truncated positive normal model and extensions package [15] was created.

One of the extensions that has been widely studied by various researchers is the one
introduced by Lehmann [16] and Durrans [17]. They propose a family of distributions
called exponential distributions, where their F(z) corresponds to a cdf. This function is
defined as

φF(z; γ) = F(z)γ, z ∈ R, γ > 0.

In this way, the pdf is obtained by deriving the new cdf, i.e.,

φ f (z; γ) = γ f (z)F(z)γ−1, z ∈ R, γ > 0.

The distribution is primarily derived from the distribution of the maximum. This model is
also referred to as Lehmann’s model in the literature and has been extensively discussed by
Gupta and Gupta [18], as well as by other researchers such as Segovia et al. [19], who intro-
duced the exponential power Maxwell distribution (PM) model, Martinez-Flores et al. [20],
who presented the flexible power-normal (FPN) model, and Tovar-Falon and Martinez-
Flores [21], who proposed a new class of exponential beta-skew-Laplace distributions,
among others.

On the other hand, reparameterized models are useful to study the influence of one
or more variables in the response variable. This topic has attracted much attention in
recent years. For instance, Ferrari and Cribari-Neto [22] reparameterized the beta model
based on a reparameterization of the beta distribution in terms of the mean, which has also
attracted the interest of several researchers, such as Ospina and Ferrari [23], Bayer et al. [24],
Migliorati et al. [25] and Pereira et al. [26]. Nowadays, there is a need for more general
statistical models compared to those that only predict means and modes, as highlighted by
Chahuan et al. [27]. In contrast to regression models through the mean, quantile regression,
introduced by Koenker and Bassett [28], allows modeling the effect of covariates on the
entire response distribution. The recent literature approaches to this problem include
those by Lemonte and Moreno-Arenas [29], Korkmaz et al. [30], He et al. [31], Cordeiro
et al. [32], Alfó et al. [33], Peng [34], Gómez et al. [35] and Cortés et al. [36], to name a few.
Quantile regression allows us to quantify how much any quantile of the response variable
is modified by an increase of one unit in any of the covariates.
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The first goal of this work is to introduce an extension of the TPN model using
the approach developed by Lehmann [16] and Durrans [17]. This model, named power
truncated positive normal, provides an alternative to three-parameter distributions for
modeling nutrition data obtained from health or other fields with continuous positive
observations. Subsequently, the model will be reparameterized based on the p-th quantile
of the distribution with the aim of introducing quantile regression in this model. We
will apply this method using data on serum immunoglobulin concentrations in preschool
children (see [37] for details).

The paper is organized as follows. In Section 2, we introduce a new positively sup-
ported model and compute its basic properties such as risk function, quantiles and moments.
Section 3 covers the modified moments and maximum likelihood (ML) estimators. In
Section 4, we perform a quantile regression approach for our proposal. Section 5 presents a
simulation study in order to assess the performance of the ML estimators in finite samples
for different parameter combinations. Section 6 presents two applications, one without
covariates and the other with covariates, to analyze the performance of the new distribution
against other competing models. Finally, conclusions are given in Section 7.

2. Power Truncated Positive Normal Distribution

In this section, we introduce the power truncated positive normal (PTPN) distribution.
The pdf and cdf are provided along with some properties.

2.1. Pdf, Cdf and Hazard Functions

Proposition 1. Let Z ∼ PTPN(σ, λ, γ). Then, the cdf is given by

F(z; σ, λ, γ) =

Φ
( z

σ
− λ

)
+ Φ(λ)− 1

Φ(λ)

γ

, z > 0, (1)

where σ > 0 is a scale parameter, and λ ∈ R and γ > 0 are shape parameters.

Proposition 2. Let Z ∼ PTPN(σ, λ, γ). Then, the pdf is given by

f (z; σ, λ, γ) =
γ

σΦ(λ)γ
ϕ
( z

σ
− λ

)(
Φ
( z

σ
− λ

)
+ Φ(λ)− 1

)γ−1
, z > 0, (2)

Proof. The demonstration is straightforward by deriving Equation (1).

Proposition 3. Let Z ∼ PTPN(σ, λ, γ). Then, the hazard function of Z is given by

h(z; σ, λ, γ) =
γϕ
( z

σ
− λ

)(
Φ
( z

σ
− λ

)
+ Φ(λ)− 1

)γ−1

σ
(

Φ(λ)γ −
(

Φ
( z

σ
− λ

)
+ Φ(λ)− 1

)γ) , z > 0, (3)

Proof. The result is obtained from the definition h(z) =
f (z)

1 − F(z)
.

Figure 1 shows the pdf, cdf and hazard function for the PTPN(σ = 1, λ, γ) model,
considering some values for λ and γ. It is observed that the pdf for the PTPN model can
exhibit decreasing and uni-modal forms, whereas the hazard function is strictly increasing.
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Figure 1. Pdf, cdf and hazard function for the PTPN(σ = 1, λ, γ) model with different combinations
for λ and α.

Observation 1. Let Z ∼ PTPN(σ, λ, γ). The following distributions are special cases of the
PTPN distribution.

1. If γ = 1, then PTPN(σ, λ, γ = 1) reduces to the TPN(σ, λ) distribution.
2. If λ = 0 and γ = 1, then PTPN(σ, λ = 0, γ = 1) reduces to the the half-normal distribution

(we denote HN(σ)).
3. If λ = 0, then PTPN(σ, λ = 0, γ) reduces to the power half-normal distribution, PHN(σ, γ),

introduced in [38].

Figure 2 illustrates the connections between the distribution of PTPN and the previ-
ously mentioned special cases.

PTPN(σ, λ, γ)

λ=0,γ=1

��

λ=0

--
γ=1

qqTPN(σ, λ)

λ=0

,,

PHN(σ, γ)

γ=1

ppHN(σ)

Figure 2. Particular cases of the PTPN distribution.

2.2. Modes

The shape of the pdf of Z ∼ PTPN(σ, λ, γ) can be analyzed by identifying its inflection
points. To find this value, we can take two paths; we will develop one of them as follows:
We calculate the first derivative of log f (z), where f (z) represents the pdf for the PTPN
model, providing
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∂ log( f (z))
∂z

= − v
σ
+

(γ − 1)ϕ(v)
σ(Φ(v) + Φ(λ)− 1)

,

where v =
z
σ
− λ. To find the solution, we can set the previous expression equal to zero,

resulting in

ϕ(v) =
v(Φ(v) + Φ(λ)− 1)

(γ − 1)
, (4)

from which the mode of Z can be obtained numerically. The nature of the points are
determined by u(z) = ∂2 log( f (z))/∂z2, where u(z) is given by the following:

u(z) = − 1
σ2 − (γ − 1)ϕ(v)

σ2

(
v(Φ(v) + Φ(λ)− 1) + Φ(v)

(Φ(v) + Φ(λ)− 1)2

)
. (5)

Depending on whether u(z0) < 0 or u(z0) > 0, where z = z0 is a solution of Equation (4),
the inflection points can be local maxima or minima. Figure 3 shows the shape of u(z) for
σ = 1 and selected values of λ and γ. From here, we observe that the pdf of the PTPN
distribution has a local maximum.

0 1 2 3 4

−
4

−
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−
2

−
1

0

z

u(
z)

γ = 0.5
γ = 1.5
γ = 2
γ = 2.5
γ = 3

(a) λ = −1
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−
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3

−
2

−
1

0

z

u(
z)

γ = 0.5
γ = 1.5
γ = 2
γ = 2.5
γ = 3

(b) λ = 1

Figure 3. Shape of u(z) for σ = 1 and some selected values of α and λ.

The second way we will approach it is through its definition, i.e., the mode is the
value at which the pdf reaches its maximum. As studied above, the calculation of the
mode is not straightforward; however, it is of interest to observe the values that the mode
takes for different parameters. Therefore, an expression for the first derivative of the pdf is
introduced in Proposition 4 and the values of the mode for various parameter values are
presented in Table 1.

Proposition 4. Let Z ∼ PTPN(σ, λ, γ). The mode of Z is obtained as the solution for the
following non-linear equation for z

(γ − 1)σϕ(v)(Φ(v) + Φ(λ)− 1)−1 − (z − λσ) = 0. (6)

Proof. The result is obtained by deriving the pdf of PTPN and making it equal to zero, as
shown below:

∂ f (z)
∂z

=
γ

σΦ(λ)γ

[
−ϕ(v)

σ

( z
σ
− λ

)
(Φ(v)− Φ(λ)− 1)γ−1 +

ϕ(v)2

σ
(γ − 1)(Φ(v) + Φ(λ)− 1)γ−2

]
.
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Therefore, ∂ f (z)/∂z = 0 is equivalent to

(γ − 1)σϕ(v)(Φ(v) + Φ(λ)− 1)−1 − (z − λσ) = 0.

Remark 1. The mode of the PTPN(σ, λ, γ) model when γ = 1 is as follows:

1. If λ ≥ 0, then the model will be attained at z = σλ.
2. If λ < 0, the pdf of the PTPN model will be strictly decreasing in (0, ∞) and, then, the mode of

the model is 0.

For different values of the parameters in Equation (6), different values of the mode are
obtained. Table 1 shows some of these values for σ = 1, λ = 1, and γ = 1, 2, 3, 5, 9 and 12.

Table 1. Mode for σ = 1 and λ = {−1, 1} associated with the PTPN distribution.

λ = 1 λ = −1

γ Mode γ Mode

1 1 1.5 0.313
2 1.593 2 0.483
3 1.857 3 0.690
5 2.150 5 0.921
9 2.451 9 1.160
12 2.587 12 1.270

2.3. Moments

The moments for Z ∼ PTPN(σ, λ, γ) can be expressed using a generic expression, as
shown in Gupta and Gupta [18], given by

E(Zn) = γ
∫ ∞

−∞
zn f (z){F(z)}γ−1dz = γ

∫ 1

0
[F−1(u)]nuγ−1du, (7)

where u = F(z). The following proposition is between the moments of the PTPN distribution.

Proposition 5. Let Z ∼ PTPN(σ, λ, γ) and n be a positive integer. Then, the n-th moment of Z
is given by

µn = E[Zn] =
n

∑
k=0

(
n
k

)
γσnλk In,k, (8)

where In,k =
∫ 1

0

[
Φ−1(1 + (u − 1)Φ(λ))

]n−k
uγ−1du.

Proof. By Equation (7), we obtain:

E[Zn] = γσn
∫ 1

0
uγ−1

[
Φ−1

(
1 + (u1/γ − 1)Φ(λ)

)
+ λ

]n
du.

Therefore, by the binomial theorem, (x + y)n =
n

∑
k=0

(
n
k

)
xn−kyk and then

E[Zn] = γσn
∫ 1

0

n

∑
k=0

(
n
k

)
uγ−1λk

[
Φ−1

(
1 + (u1/γ − 1)Φ(λ)

)
+ λ

]n−k
du,

=
n

∑
k=0

(
n
k

)
γσnλk

∫ 1

0
uγ−1

[
Φ−1

(
1 + (u1/γ − 1)Φ(λ)

)
+ λ

]n−k
du.
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Corollary 1. Let Z ∼ PTPN(σ, λ, γ). Then, the skewness
(√

β1
)

and kurtosis (β2) coefficients
are given by

√
β1 =

b3 − 3γb1b2 + 2γ2b3
1√

γ(b2 − γb2
1)

3/2
and β2 =

b4 − 4γb1b3 + 6γ2b2
1b2 − 3γ3b4

1
γ(b2 − γb2

1)
2

,

respectively, where bn = bn(λ) =
n

∑
k=0

(
n
k

)
λk In,k.

Table 2 presents the values of the mean, standard deviation, kurtosis coefficient and
skewness for various combinations of λ,γ with σ = 1 fixed. It is observed that, for negative
values of λ and as γ decreases, the kurtosis is increased. This behavior is illustrated in
Figure 4.

Table 2. The table shows the mean, standard deviation, skewness and kurtosis for different parameter
combinations.

λ γ Mean sd Skewness Kurtosis

0.50 0.23 0.29 2.12 8.76
−2.00 1.00 0.37 0.34 1.54 6.02

3.00 0.66 0.37 1.04 4.49

0.50 0.86 0.78 1.02 3.60
1.00 1.00 1.29 0.79 0.59 3.00

3.00 1.98 0.69 0.37 3.12

0.50 1.13 0.91 0.76 3.01
1.50 1.00 1.64 0.88 0.39 2.80

3.00 2.40 0.72 0.29 3.10

(a) Kurtosis (b) Skewness

Figure 4. (a) Plots of the kurtosis for PTPN (σ = 1, λ, γ). (b) Plots of the skewness for PTPN
(σ = 1, λ, γ).

2.4. Quantile Function

Proposition 6. Let Z ∼ PTPN(σ, λ, γ). Then, the quantile function of Z is given by the
following:

Q(p) = σ[Φ−1(Φ(λ)(p1/γ − 1) + 1) + λ]. (9)
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Proof. It follows from a direct computation, by applying the definition of the quantile func-
tion.

Corollary 2. The quartiles for the PTPN distribution are as follows:

1. (First quartile) Q(0.25; σ, λ, γ)) = σ[Φ−1(Φ(λ)(0.251/γ − 1) + 1) + λ].
2. (Median) Q(0.5; σ, λ, γ) = σ[Φ−1(Φ(λ)(0.51/γ − 1) + 1) + λ].
3. (Third quartile) Q(0.75; σ, λ, γ) = σ[Φ−1(Φ(λ)(0.751/γ − 1) + 1) + λ].

2.5. Order Statistics

The order statistics have various applications in the physical and life sciences (see
Balakrishnan and Cohen [39]). From a statistical standpoint, they enable the computation
of useful functions such as the sample range and the sample median. The following result
states the probability density function of the k-th order statistic from a PTPN random
sample of size n, which is arranged in non-decreasing order.

Proposition 7. Suppose the random variables z1, z2, . . . , zn are independent and identically dis-
tributed PTPN random variables. Then, the pdf of the k-th order is given by the following:

fX;k:n(x) =
γn!

(k − 1)!(n − k)!σΦγ(λ)
ϕ(v)[Φ(v) + Φ(λ)− 1]γ−1

(
Φ(v) + Φ(λ)− 1

Φ(λ)

)γ(k−1)[
1 −

(
Φ(v) + Φ(λ)− 1

Φ(λ)

)γ]n−k

.

Corollary 3. Suppose z1, z2, . . . , zn are random samples from the PTPN distribution. Then, the
density function

1. fX;1:n(x) of the 1-st order statistics is given by the following:

fX;1:n(x) =
γn

σΦγ(λ)
ϕ(v)[Φ(v) + Φ(λ)− 1]γ−1

[
1 −

(
Φ(v) + Φ(λ)− 1

Φ(λ)

)γ]n−1

.

2. fX;n:n(x) of the n-th order statistics is given by the following:

fX;n:n(x) =
γn

σΦγ(λ)
ϕ(v)[Φ(v) + Φ(λ)− 1]γ−1

(
Φ(v) + Φ(λ)− 1

Φ(λ)

)γ(n−1)

.

2.6. Shannon Entropy

The Shannon entropy of a random variable measures the uncertainty associated with
its possible values and their probabilities, which allows optimizing the representation and
transmission of that information. It is defined as follows:

S(Z) = −E(log f (Z)).

Using the definition in the PTPN we obtain the following:

S(Z) = log

(√
2πσΦ(λ)γ

γ

)
− (γ − 1)µ∗ +

µ2

2σ2 − λµ

σ
+

λ2

2
,

where µ∗ = E
(
log
(
Φ
( z

σ − λ
)
+ Φ(λ)− 1

))
. Figure 5 shows different shapes for the en-

tropy, including its particular cases TPN and HN.
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3. Inference

In this section, we will discuss the estimation procedure for the parameters of the
PTPN distribution from a classical point of view. For this, let us consider z1, z2, . . . , zn as a
random sample from Z ∼ PTPN(σ, λ, γ).

3.1. Modified Moment Estimators

It is well known that, for any random variable X with cdf F(·), we have F(x) ∼
U(0, 1) and − log(F(x)) ∼ Exp(1) (i.e., the standard exponential model). Therefore,
E(F(x)) = 1/2 and E(− log(F(x))) = 1. Fixing γ = γ̂M at a certain value and using
a modified version of the moment estimators, we can find that the estimators σ̂M and λ̂M
are given by the solution of the equations

1
n

n

∑
i=1

Φ
( zi

σ
− λ

)
+ Φ(λ)− 1

Φ(λ)

γ̂M

=
1
2

, and (10)

1
n

n

∑
i=1

− log


Φ

( zi
σ
− λ

)
+ Φ(λ)− 1

Φ(λ)

γ̂M
 = 1. (11)

Equations (10) and (11) provide a system of non-linear equations. The nleqslv function
of R 4.4.2 software [40] can be used to solve the system and obtain the values as initial
estimates for the calculation of the ML estimators.

3.2. Maximum Likelihood Estimators

Given z1, z2, . . . , zn, a random sample of size n from PTPN(σ, λ, γ), the log-likelihood
function is given by the following:

ℓ(θ) = n
(

log (γ)− log (σ)− γ log [Φ(λ)]− log(2π)

2

)
− 1

2

n

∑
i=1

v2
i + (γ − 1)

n

∑
i=1

log [Φ(vi) + Φ(λ)− 1], (12)

where vi =
zi
σ
− λ. Therefore, the score assumes the form S(θ) = (Sσ(θ), Sλ(θ), Sγ(θ))

where
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Sσ(θ) = −n
σ
+

1
σ2

n

∑
i=1

zivi +
(1 − γ)

σ2

n

∑
i=1

ziG(vi), (13)

Sλ(θ) = −nγϕ(λ)

Φ(λ)
+

n

∑
i=1

vi + (1 − γ)
n

∑
i=1

G(vi)

[
1 − ϕ(λ)

ϕ(vi)

]
, and (14)

Sγ(θ) =
n
γ
− n log [Φ(λ)] +

n

∑
i=1

log [Φ(vi) + Φ(λ)− 1], (15)

where G(vi) =
ϕ(vi)

Φ(vi) + Φ(λ)− 1
. The ML estimators (MLEs) can be obtained by solving

the likelihood equations S(θ) = 03, where 03 is a vector of length 3 with zeros. Numerical
methods, like the Newton–Raphson procedure, can be used to solve these equations.
Alternatively, other maximization techniques, such as the one proposed by MacDonald [41],
could also be applied.

3.3. Observed Fisher Information Matrix

The asymptotic variance of the MLEs, say θ̂ = (σ̂, λ̂, γ̂), can be estimated by the Fisher
information matrix defined as I(θ) = −E

[
∂2ℓ(θ)/∂θ∂θ⊤

]
, where ℓ(θ) is the log-likelihood

function of the UPHN model given in (12). Under the regularity conditions,

I(θ)−1/2
(

θ̂− θ
) D→ N3(03, I3), as n → +∞, (16)

where D denotes the convergence in the distribution and N3(03, I3) denotes the standard
bivariate normal distribution. The elements of the matrix ∂2ℓ(θ)/∂θ∂θ⊤ are given by
Iσσ = ∂2ℓ(θ)/∂σ2, Iσλ = ∂2ℓ(θ)/∂σ∂λ and so on. Explicitly, we have the following:

Iσσ =
n
σ2 − 2

n

∑
i=1

zivi
σ3 −

n

∑
i=1

z2
i

σ4 +
2(γ − 1)

σ3

n

∑
i=1

ziG(vi)−
(γ − 1)

σ4

n

∑
i=1

z2
i G(vi)[vi + Gi(vi)],

Iσλ = −
n

∑
i=1

zi
σ2 +

(1 − γ)

σ2

n

∑
i=1

viG(vi) +
(1 − γ)

σ2

n

∑
i=1

ziG2(vi)

[
1 − ϕ(λ)

ϕ(vi)

]
,

Iσγ = − 1
σ2

n

∑
i=1

ziG(vi),

Iλλ = −n + nγ
ϕ(λ)

Φ(λ)

[
λ +

ϕ(λ)

Φ(λ)

]
+ (1 − γ)

n

∑
i=1

G(vi)

[
vi + λ

ϕ(λ)

ϕ(vi)

]
+ (1 − γ)

n

∑
i=1

G2(vi)

[
1 − ϕ(λ)

ϕ(vi)

]2

,

Iλγ = −nϕ(λ)

Φ(λ)
−

n

∑
i=1

G(vi)

[
1 − ϕ(λ)

ϕ(vi)

]
, and

Iγγ = − n
γ2 .

In practice, it is not possible to obtain the expected value of previous expressions in a closed
form. Therefore, the covariance matrix of the MLEs, I(θ)−1, can be consistently estimated
by I(θ̂)−1, where I(θ̂) denotes the observed information matrix, which is obtained as

I(θ̂) = −∂2ℓ(θ)

∂θ∂θ⊤

∣∣∣∣∣
θ=θ̂

.

The asymptotic variances of σ̂, λ̂ and γ̂ are estimated by the diagonal elements of I(θ̂)−1.
To ensure the existence and uniqueness of maximum likelihood estimators, it is

necessary to demonstrate that the log-likelihood function ℓ(θ) is strictly concave over the
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parameter space. This can be verified by checking that the matrix ∂2ℓ(θ)/∂θ∂θ⊤ is negative
definite as follows:

• Iσσ < 0;
• Iσσ Iλλ > I2

σλ;
• Iσσ Iλλ Iγγ + Iσλ Iλγ Iσγ + Iσγ Iσλ Iλγ < Iλλ I2

σγ + Iσσ I2
λγ + Iγγ I2

σλ.

4. Quantile Regression Model

The objective of this section is to formulate the pdf, cdf, quantile regression model and
log-likelihood function associated with the reparameterized PTPN distribution.

For the PTPN model, the mean is a function of an integral that is solved numerically,
so it is not possible to consider a mean-parameterized version of the model. On the other
hand, in a context of heterogeneous observations, quantile regression is a more appropriate
approach for analyzing data in the presence of covariates because it allows a complete
description of the distribution of the response variable, not only of a specific measure as it
occurs when regression on the mean is used.

Specifically, for the PTPN model and considering that τ = τp represents the p-th
quantile of the distribution, we obtain the equation τ = Q(p; σ, λ, γ), τ = Q(0, ∞). Solving
this equation, we obtain σ = τ(h(λ, γ, p))−1, where h(λ, γ, p) = Φ−1

[
Φ(λ)(p1/γ − 1) + 1

]
.

Thus, we can reparameterize the pdf and cdf of the PTPN model as

f (z; τ, λ, γ) =
γh(λ, γ, p)
τ[Φ(λ)]γ

ϕ

(
zh(λ, γ, p)

τ
− λ

)(
Φ
(

zh(λ, γ, p)
τ

− λ

)
+ Φ(λ − 1)

)γ−1

F(z; τ, λ, γ) =

Φ
(

zh(λ,γ,p)
τ − λ

)
Φ(λ)− 1

Φ(λ)

γ

respectively, where z, γ, τ > 0, λ ∈ R and 0 < p < 1 is fixed. We refer to this model as the
reparameterized PTPN (RPTPN) model.

Considering z⊤i = (zi1, zi2, . . . , ziq), a set of q known covariates related to the p-th
quantile of the i-th individual, it can be introduced in the model as follows:

ψ(τi(p)) = z⊤i β(p), (17)

where β(p) = (β1(p), β2(p), . . . , βq(p))⊤ is a q-dimensional vector of unknown regression
parameters (q < n) and ψ(·) is a link function, which is continuous, invertible and at least
twice differentiable. A natural choice in this context is the logarithm link, i.e., ψ(u) = log(u).
With this framework, the corresponding log-likelihood function for the RPTPN quantile
regression model is given by

ℓ(θ(p)) = n
(

log (γ(p))− log (τi(p))− log (h(λ(p), γ(p), p))− γ(p) log [Φ(λ(p))]− log(2π)

2

)
+

1
2

n

∑
i=1

vi,h + (γ(p)− 1)
n

∑
i=1

log [Φ(vi,h) + Φ(λ(p))− 1],

where vi,h =
zi(h(λ(p), γ(p), p))

σ(p)
− λ(p). The estimation of the regression parameters are

obtained by directly maximizing this function.

5. Simulation

In this section, a Monte Carlo simulation study [42] is carried out to evaluate the
performance of the ML estimators using R software [40].
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Without Covariates

An algorithm to generate samples from the PTPN(σ, λ, γ) is provided. This algorithm
is based on the inverse transform sampling method, which is detailed in Algorithm 1.

Algorithm 1 Simulating values from the PTPN(σ, λ, γ) distribution.

1: Fix the values for σ, λ and γ.
2: Simulate Ui ∼ U(0, 1), where U(0, 1) denotes the continuous uniform distribution
over the interval (0, 1).
3: Calculate Zi = Q(Ui), where Zi ∼ PTPN(σ, λ, γ) and Q is the quantile function as
defined in Equation (9).
4: Repeat the previous steps for i = 1, . . . , n.

As parameter values in our simulation, we consider σ ∈ {1, 2, 3}, λ ∈ {2, 3} and
γ ∈ {0.75, 2.5}. For the sample size, we consider n ∈ {150, 300, 600, 1000}. For each of
the 48 combinations of sample size, and σ, λ and γ, we perform 1000 replicates and the
corresponding ML estimates are calculated. To assess the performance of the estimators, we
provide the estimated bias (bias), the mean of the standard errors obtained in each replicate
(SE) and the root of the estimated mean square error (RMSE). These terms are defined as

bias(ξ) = ξ̂MC − ξ, SE(ξ) =

√√√√ 1
999

1.000

∑
i=b

(
ξ̂b − ξ̂MC

)2
,

RMSE(ξ) =

√√√√ 1
1.000

1.000

∑
b=1

(ξ̂b − ξ)2 and CP(ξ) =
1

1.000

1.000

∑
b=1

ICIb(ξ̂)
(ξ),

where ξ ∈ {σ, λ, γ}, ξ̂b denotes the estimates obtained for ξ at the b-th replicate,
ξ̂MC = 1.000−1 ∑1.000

b=1 ξ̂b, IA(·) denotes the indicator function of the event A and

CIb(ξ̂) = ξ̂b ∓ 1.96 ×
√

V̂arb(ξ) is the 95% approximated confidence interval for ξ based on
the asymptotic distribution in (16). Table 3 summarizes the results. For the ML estimators
of σ, λ and γ, note that, as the sample size increases, the bias, SE and RMSE decrease. Also
note that, as the sample size increases, the SE and RMSE are closer, suggesting that the
standard errors of the ML estimators are well estimated.

The code necessary to generate random samples, as shown in Table 3, can be ac-
cessed in the repository at https://github.com/isaaccortes1989/PTPN-SIMULATION
(accessed on 13 October 2024).

https://github.com/isaaccortes1989/PTPN-SIMULATION
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Table 3. Estimated bias, SE and RMSE for ML estimators in finite samples from the PTPN model.

True Value n = 150 n = 300 n = 600 n = 1000
σ λ γ Estimator Bias se RMSE cp Bias se RMSE cp Bias se RMSE cp Bias se RMSE cp

1

1

0.75
σ 0.0286 0.1800 0.1826 0.939 0.0089 0.1183 0.1190 0.956 0.0036 0.0818 0.0815 0.956 0.0042 0.0632 0.0638 0.958
λ −0.0579 0.5340 0.5337 0.975 −0.0102 0.3629 0.3518 0.970 0.0007 0.2532 0.2573 0.948 −0.0104 0.1958 0.2004 0.953
γ 0.0239 0.1472 0.1504 0.956 0.0064 0.1014 0.0996 0.950 0.0010 0.0710 0.0726 0.951 0.0046 0.0552 0.0571 0.944

2.5
σ 0.0502 0.2421 0.2377 0.970 0.0281 0.1537 0.1554 0.969 0.0141 0.1032 0.1081 0.950 0.0038 0.0774 0.0745 0.966
λ −0.0948 0.9525 0.9239 0.999 −0.0704 0.6152 0.6037 0.989 −0.0321 0.4195 0.4309 0.962 0.0002 0.3190 0.3029 0.964
γ 0.3756 1.2994 1.4241 0.961 0.2042 0.8495 0.8743 0.949 0.0998 0.5749 0.6097 0.946 0.0236 0.4321 0.4154 0.960

2

0.75
σ 0.0219 0.1503 0.1525 0.965 0.0118 0.1024 0.1032 0.966 0.0042 0.0708 0.0705 0.956 0.0069 0.0548 0.0541 0.971
λ −0.0323 0.6026 0.6037 0.964 −0.0252 0.4151 0.4106 0.960 −0.0051 0.2900 0.2894 0.960 −0.0222 0.2228 0.2206 0.964
γ 0.0480 0.2288 0.2433 0.948 0.0289 0.1579 0.1628 0.951 0.0130 0.1093 0.1104 0.948 0.0138 0.0843 0.0844 0.964

2.5
σ 0.0156 0.2653 0.2675 0.959 0.0176 0.1754 0.1779 0.969 0.0031 0.1185 0.1228 0.960 0.0062 0.0901 0.0933 0.951
λ 0.2093 1.4855 1.5418 0.986 0.0351 0.9465 0.9859 0.969 0.0465 0.6366 0.6739 0.952 0.0000 0.4742 0.4909 0.950
γ 0.6902 2.3674 2.6968 0.885 0.4527 1.5601 1.6894 0.923 0.1720 1.0093 1.0802 0.932 0.1447 0.7717 0.8226 0.942

2

1

0.75
σ 0.0294 0.3501 0.3578 0.920 0.0189 0.2374 0.2377 0.955 0.0109 0.1643 0.1655 0.956 0.0063 0.1260 0.1273 0.948
λ −0.0155 0.5295 0.5246 0.972 −0.0190 0.3640 0.3569 0.974 −0.0095 0.2537 0.2537 0.963 −0.0036 0.1955 0.1963 0.954
γ 0.0176 0.1470 0.1454 0.958 0.0118 0.1023 0.1039 0.952 0.0042 0.0713 0.0726 0.956 0.0024 0.0551 0.0558 0.939

2.5
σ 0.1054 0.4872 0.4886 0.974 0.0336 0.3021 0.3050 0.953 0.0336 0.2068 0.2082 0.960 0.0031 0.1545 0.1508 0.951
λ −0.1076 0.9432 0.9604 0.998 −0.0208 0.6154 0.6142 0.981 −0.0446 0.4186 0.4182 0.969 0.0076 0.3194 0.3127 0.957
γ 0.3910 1.2938 1.4140 0.955 0.1495 0.8383 0.8844 0.948 0.1120 0.5761 0.5924 0.954 0.0201 0.4323 0.4296 0.953

2

0.75
σ 0.0391 0.3002 0.3014 0.973 0.0031 0.2016 0.2029 0.964 0.0070 0.1412 0.1458 0.945 0.0056 0.1089 0.1058 0.961
λ −0.0273 0.6030 0.5990 0.972 0.0099 0.4154 0.4104 0.958 −0.0006 0.2893 0.2959 0.952 −0.0079 0.2230 0.2207 0.953
γ 0.0504 0.2307 0.2438 0.953 0.0172 0.1559 0.1587 0.954 0.0086 0.1082 0.1129 0.930 0.0087 0.0839 0.0851 0.944

2.5
σ 0.0110 0.5286 0.5444 0.947 0.0195 0.3494 0.3451 0.966 0.0282 0.2374 0.2367 0.971 0.0077 0.1805 0.1775 0.960
λ 0.2868 1.5206 1.6366 0.988 0.0646 0.9505 0.9464 0.969 -0.0214 0.6219 0.6198 0.963 0.0160 0.4773 0.4771 0.967
γ 0.6870 2.3807 2.8987 0.873 0.3922 1.5425 1.7309 0.921 0.2668 1.0383 1.1091 0.938 0.0987 0.7629 0.7658 0.951

3

1

0.75
σ 0.0946 0.5480 0.5919 0.949 0.0476 0.3600 0.3610 0.957 0.0134 0.2458 0.2363 0.962 0.0005 0.1882 0.1876 0.953
λ −0.0582 0.5379 0.5538 0.979 −0.0270 0.3647 0.3659 0.962 −0.0066 0.2536 0.2499 0.959 0.0006 0.1953 0.1988 0.957
γ 0.0262 0.1479 0.1580 0.957 0.0100 0.1017 0.1020 0.943 0.0041 0.0713 0.0716 0.953 0.0028 0.0552 0.0550 0.958

2.5
σ 0.1485 0.7217 0.8283 0.9686 0.0799 0.4594 0.4587 0.9696 0.0022 0.3023 0.2988 0.959 0.0053 0.2320 0.2272 0.958
λ −0.0796 0.9458 0.9616 0.996 −0.0620 0.6145 0.6020 0.987 0.0197 0.4179 0.4157 0.964 0.0059 0.3197 0.3166 0.961
γ 0.3378 1.2724 1.4121 0.946 0.2008 0.8491 0.8831 0.961 0.0304 0.5631 0.5713 0.944 0.0268 0.4338 0.4382 0.946

2

0.75
σ 0.0669 0.4529 0.4756 0.963 0.0134 0.3041 0.3089 0.953 0.0039 0.2115 0.2128 0.947 0.0015 0.1629 0.1578 0.959
λ −0.0327 0.6045 0.6150 0.973 0.0009 0.4157 0.4178 0.958 0.0106 0.2904 0.2941 0.953 0.0017 0.2235 0.2176 0.958
γ 0.0566 0.2326 0.2603 0.955 0.0195 0.1561 0.1641 0.952 0.0060 0.1083 0.1109 0.932 0.0067 0.0839 0.0847 0.956

2.5
σ 0.0930 0.8050 0.7983 0.969 0.0247 0.5230 0.5418 0.960 0.0180 0.3557 0.3549 0.972 0.0118 0.2707 0.2742 0.953
λ 0.1132 1.4586 1.5120 0.990 0.0916 0.9565 1.0230 0.970 0.0282 0.6320 0.6346 0.961 0.0123 0.4767 0.4877 0.955
γ 0.9086 2.5240 3.0342 0.910 0.3755 1.5276 1.6826 0.914 0.1797 1.0118 1.0667 0.947 0.1253 0.7706 0.8070 0.936
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6. Applications

In this section, two applications will be presented to illustrate the performance of the
PTPN distribution compared to other distributions. An application without covariates and
an application with covariates will be presented.

6.1. Application 1

The first data set is from the National Health and Nutrition Examination Surveys
(NHANES) from 2017–2020, https://www.cdc.gov/nchs/nhanes/index.htm (accessed on
13 October 2024). Table 4 summarizes the variable refrigerated serum iron (Iron) measured
in µMol/L. The importance of this variable lies in its use for monitoring various health
conditions, such as anemia or excess iron. Note that Iron has a high kurtosis value.

Table 4. Mean, median, standard deviation (SD), skewness and kurtosis of the Iron variable.

n Mean Median SD Skewness Kurtosis

9473 15.389 14.700 6.470 1.157 7.598

The proposed PTPN model is compared with some distributions from the literature,
specifically, with the TPN and PHN distributions from the literature.

The pdf of the PHN distribution is given by

f (z; σ, α) =
2α

σ
ϕ
( z

σ

)(
2Φ
( z

σ

)
− 1
)α−1

, z, σ, α ∈ R+.

We fitted the PTPN, TPN and PHN models. The initial values used to obtain the ML
estimators were the modified moment estimators discussed in Section 3.1. Considering
γ̂M = 2, we obtained σ̂M = 7.23 and λ̂M = 1.44. The results are presented in Table 5. Note
that the AIC [43] and BIC [44] criteria are the smallest values for the PTPN model among
the considered models, suggesting that this distribution is more appropriate for these data.
Additionally, the histogram and estimated pdf for the different models are presented in
Figure 6, whereas QQ-plots [45] are presented in Figure 7, confirming that the PTPN model
is preferable for this data set.

Iron

D
en
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ty
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Figure 6. Histogram of the variable Iron and the estimated pdf: PTPN (black line), TPN (red line)
and PHN (green line).

https://www.cdc.gov/nchs/nhanes/index.htm
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Table 5. Maximum likelihood estimates of the parameters with their respective standard errors (in
parentheses), and the values of the information criteria.

Parameter PTPN TPN PHN

λ̂ −0.821 (0.147) 2.260 (0.023) –
σ̂ 13.464 (0.511) 6.716 (0.056) 10.926 (0.068)
γ̂ 4.666 (0.196) – 3.579 (0.055)

Log-likelihood −30,572.79 −31,033.3 −30,594.13
AIC 61,151.58 62,070.61 61,192.25
BIC 61,173.05 62,084.92 61,206.56
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Figure 7. QQ-plots of (a) PTPN, (b) TPN and (c) PHN models, in Iron data.

6.2. Application 2

The second application involves the study of the quantiles of serum immunoglobulin
G (IgG) concentrations in 298 children aged between 6 months and 6 years. The IgG variable
is an important measure in immunology as it is one of the most abundant antibodies in the
human immune system and plays a fundamental role in defending against infections. This
data set has been previously analyzed by [37,46,47].

We assume that IgGi ∼ RPTPN(τi(p), λ(p), γ(p)) with the following structure:

log τi(p) = β1(p) + β2(p)× Age and log γ(p) = ν1(p), (18)

where β1(p) and β2(p) are the regression parameters. Specifically, we focus on p = 0.3
because the 30% with lower IgG are more prone to suffering from various diseases. For
comparative purposes, we also include the estimates for the SKD (see [48]) and RGTG
(see [35]) regression models. The comparison of the models is performed using the AIC
and BIC. Table 6 presents the ML estimates and their respective standard errors for the
three models. Note that, in the three models, all estimates are significant and the smallest
criterion values are those of the RPTPN model. This result indicates that the RPTPN model
is the most suitable for fitting the IgG data. On the other hand, as for the PTPN model
β̂1(p) = 1.042, the estimated 30-th quantile of IgG for a newborn is exp(1.042) ≈ 2.8. In
addition, as β̂2(p) = 0.129, for each year of age the 30-th quantile of IgG is increased 14%
(because exp(0.129) ≈ 1.14).

Finally, we compute the quantile residuals (QRs, see [49]) along with their respective
envelopes, as well as the likelihood displacement (LD) and generalized Cook’s distance
(GCD) measures. The purpose of the residuals is to detect outliers and evaluate the
suitability of the RPTPN model. If the model were appropriated, the residuals should
approximately follow a standard normal distribution. In addition, the LD and GCD
measures are presented in Figure 8.
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Figure 8a shows that the residuals lie within the bounds, suggesting that there are
no outliers and that the RPTN model is suitable for fitting the IgG data. Additionally, the
Kolmogorov–Smirnov test was performed to verify the normality assumption, and the null
hypothesis was not rejected at the 5% significance level. Finally, Figure 8b,c indicate that
observations #20, #25, #94 and #180 are potentially influential in the fit of the RPTN model.

Table 6. ML estimates and their respective standard errors, along with the information criterion
values for each of the fitted models, considering p = 0.3.

Model β̂1(p) β̂2(p) λ̂(p) ν̂1(p) σ̂(p) AIC BIC

RPTPN 1.042
(0.046)

0.129
(0.013)

0.529
(0.248)

1.231
(0.124) - 1228.243 1243.032

SKD 2.484
(0.414)

0.564
(0.110) - 3.975 1.399 1240.918 1252.001

RGTG 1.054
(0.048)

0.128
(0.013)

1.633
(0.318)

0.444
(0.156) - 1231.515 1246.304
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Figure 8. Quantile residuals (a), likelihood displacement (b) and generalized Cook’s distance (c)
resulting from fitting the RPTPN model at p = 0.3.

7. Conclusions

In this paper, we introduce a new distribution called the power truncated positive
normal. This model incorporates a new shape parameter, providing more flexibility to
accommodate various data sets. Based on the TPN distribution, it inherits many of its
properties. One of its key features is that its density, distribution and quantile functions can
be expressed in closed form, making it easier to generate random numbers and conduct
simulations with this new distribution. Our application of the model showed that applying
the power to the TPN model resulted in greater flexibility. Additionally, the model was
parameterized in terms of the p-th quantile, and its effectiveness was verified against
other regression models. Future extensions for this model can involve random effects and
measurement error-in-variable, to name a couple.
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