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Abstract: This paper investigates the stability of predator–prey models within multi-patch environ-
ments, with a particular focus on the influence of cross-dispersion across patches. We apply Kirch-
hoff’s matrix tree theorem and Liapunov’s method to derive criteria related to the cross-dispersion
topology, thus solving the challenge of determining global asymptotic stability conditions. The
method incorporates realistic ecological interactions and spatial heterogeneity, offering a framework
for stability analysis. Our findings demonstrate that an appropriate level of cross-dispersion can
effectively mitigate oscillations and foster convergence toward equilibrium. Two numerical examples
validate these theoretical results and demonstrate the feasibility and effectiveness of the model across
multiple patches.
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1. Introduction

The predator–prey relationship is fundamental in nature, making predator–prey mod-
els one of the most basic and widely studied biological models. Due to increasingly
frequent human activities and spatial heterogeneity, the habitats of many species have been
fragmented into separate patches [1–5]. Understanding how species interact across these
fragmented habitats has become crucial for ecological management and conservation efforts,
as well as for predicting the long-term persistence of species in altered environments.

Previous studies explored single-species movement in multi-patch environments,
shedding light on how dispersal affects population dynamics and stability [6–11]. Early
works, focused primarily on prey dispersal in response to resource availability, highlight-
ing the effects of spatial structure on prey stability [10]. More recent studies extended
these models to account for both predator and prey dispersal across patches, providing a
more comprehensive understanding of species interactions in fragmented landscapes [11].
However, these studies typically consider dispersal within the same species, with limited
investigation into cross-dispersal, where different species respond to population changes in
other patches. This gap suggests a need for a model that addresses cross-dispersal effects
between predators and prey across multiple patches to accurately reflect interactions in
real-world ecosystems.

This study introduces a predator–prey model with cross-dispersal in a multi-patch
environment (PMCM), aiming to provide a novel approach to examining interspecies
interactions across fragmented habitats. In PMCM, we assume that when the predator
population in a patch is low and the prey population is abundant, predators from adjacent
patches are attracted to migrate to that patch. This migration behavior results in cross-
dispersal, where the population of one species in one patch affects the movement of another
species in neighboring patches. The model not only enhances realism but also helps explain
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species coexistence and stability under cross-dispersal effects, which are often observed
in nature.

Stability is one of the most essential dynamic properties in ecological and biological
systems Among various tools used to investigate stability, the Lyapunov method is highly
effective [12–18]. However, constructing an appropriate Lyapunov function for PMCM
poses challenges due to the complexity introduced by cross-dispersal. In this paper, we
employ Kirchhoff’s matrix tree theorem from graph theory to construct a suitable Lyapunov
function and analyze the stability of PMCM.

Compared to existing studies [10,11,15], the primary innovations and significant
contributions of this paper are summarized as follows:

1. A sufficient stability criterion for PMCM is derived, which is closely linked to the
topological structure of cross-dispersal between patches.

2. A global Lyapunov function for PMCM is constructed using Kirchhoff’s matrix tree
theorem from graph theory, providing a novel approach to stability analysis.

The remainder of this paper is organized as follows. In Section 2, we review funda-
mental concepts and necessary notations from graph theory, followed by the presentation
of the PMCM model. In Section 3, we perform a stability analysis of PMCM. An example
with numerical simulation is provided in Section 4 to further illustrate our results. Finally,
the conclusion is given in Section 5.

2. Preface and Model Description

In this section, we first introduce essential notations, key concepts, and pertinent
lemmas from graph theory, as illustrated in Section 2.1. These foundational elements
are crucial for a deeper understanding of the theoretical framework. Following this, the
PMCM model is formally introduced in Section 2.2, providing the necessary context for the
subsequent analysis and discussions.

2.1. Preface to Mathematics

Throughout this paper, and unless otherwise indicated, we will adhere to the following
notations to maintain clarity and consistency in our presentation. We define the notations
R1
+ = [0,+∞). We define C1,1(Rn × R1

+;R1
+) as the class of all non-negative functions

V(x, t), where V is defined on the domain Rn × R1
+. These functions are continuously

differentiable with respect to the variable x and exhibit once-differentiable behavior with
respect to the variable t. This notation encapsulates the smoothness properties essential for
the analysis of the system’s dynamics. Superscript “T” indicates the transpose of vectors
or matrices.

Let us review some of graph theory’s basic concepts from [19]. A digraph G = (U, E)
consists of a vertex set U = 1, 2, · · · , l and a set E of directed arcs (k, h) from vertex k to
vertex h. A subgraph H is referred to as spanning if it shares the same vertex set as G. A
digraph G is considered weighted if each arc (h, k) has a positive weight akh. The value
akh > 0 holds if there is an arc from vertex h to vertex k in G, and the weight matrix is
denoted by A = (akh)l×l . The weight W(G) associated with a directed graph G is defined
as the product of the individual weights assigned to each of its arcs. Specifically, this total
weight contains the cumulative influence of the arcs’ weights, offering a comprehensive
measure of the graph’s weighted structure. A directed path P in G is a subgraph with
distinct vertices k1, k2, · · · , ks, where the arc set is (ki, ki+1) : i = 1, 2, · · · , s − 1. If ks = k1,
P is called a directed cycle. A connected subgraph T is considered a tree if it has no cycles.
A tree T is rooted at vertex k, termed the root; if k is not the terminal vertex of any arc, each
remaining vertex in the structure serves as the terminal vertex of exactly one arc, ensuring
the well-defined connectivity of the graph A subgraph Q is termed unicyclic if it consists
of disjoint rooted trees, with their respective roots forming a directed cycle. A digraph G is
said to be strongly connected if, for any two distinct vertices, a directed path exists between
them. We denote the digraph associated with the weight matrix A as (G, A). The Laplacian
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matrix of (G, A) is given by L = (pkh)l×l , where pkh = −akh if k ̸= h, and pkh = ∑j ̸=k akj if
k = h.

The following lemmas are utilized to establish our theoretical results.

Lemma 1 (West (1996) [19], Kirchhoff’s matrix tree theorem). The cofactor associated with the
k-th diagonal element of the Laplacian matrix L, denoted by ck, is defined under the condition that
l ≥ 2. This cofactor can be expressed using the following identity:

ck = ∑
T ∈Tk

W(T ), k = 1, 2, · · · , l,

where Tk represents the collection of all spanning trees T of the weighted digraph (G, A), each
rooted at vertex k, and W(T ) denotes the corresponding weight of the spanning tree T .

Lemma 2 (Li and Shuai (2010) [10]). The cofactor of the k-th diagonal element of L can be denoted
as ck on the condition of l ≥ 2. Then, the following identity holds:

l

∑
k,h=1

ckakhFkh(xk, xh) = ∑
Q∈Q

W(Q) ∑
(s,r)∈E(CQ)

Frs(xr, xs).

For any k, h = 1, 2, · · · , l, let Fkh(xk, xh) represent arbitrary functions defined on the domain.
The set of all spanning unicyclic graphs of the digraph (G, A) is denoted by Q. The weight of any
unicyclic graph Q ∈ Q is represented by W(Q), while CQ refers to the directed cycle within the
graph Q. Specifically, if (G, A) is strongly connected, we have ck > 0 for each k = 1, 2, · · · , l,
ensuring positive coefficients in the graph’s weight structure.

2.2. Model Description

In this subsection, we will provide a description of our proposed model, along with
a detailed explanation of its underlying structure and components. PMCM in l(l ≥ 2)
patches can be demonstrated as follows:

dxk(t)
dt

= xk(rk − bkxk − σkyk) +
l

∑
h=1

Dkh(yh − αkhxk),

dyk(t)
dt

= yk(−γk − δkyk + ϵkxk) +
l

∑
h=1

Pkh(xh − βkhyk), 1 ≤ k ≤ l,

(1)

where xk is the density of the prey population and yk is the density of the predator popu-
lation in the k-th patch. The system’s parameters in (1) in the k-th patch are non-negative
constants and can be summarized as follows:

rk: the intrinsic rate of the natural increase in the prey population which means
the prey population is in a environment where predators are absent.

γk: the mortality rate of the predator population.
bk: the intraspecific competition rates of the prey population.
δk: the intraspecific competition rates of the predator population.
σk: the attack rate of the predator on a particular prey.
ϵkxk: the proportion of prey that become predator after the predator eats the prey.
αkh and βkh: boundary conditions in the case of different continuous cross-dispersions.

Dkh ≥ 0 (Pkh ≥ 0) is the cross-dispersal rate of the prey (predator) population from
the h-th patch to the k-th patch. Specifically, Dkh = 0 (Pkh = 0) if and only if there is no
prey (predator) cross-dispersal activity from the h-th patch to the k-th patch. For the sake
of understanding, we present a schematic diagram in Figure 1 for system (1).
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In Figure 1, there are l(l ≥ 2) isolated patches in which each patch has two components
as a predator and a prey population. Take 2 × l vertices to represent the 2 × l dynamical
systems. Each directed arc in Figure 1 represents the process of cross-dispersal occurring be-
tween the two distinct components across different patches. This illustration highlights the
movement and interaction between these components within the multi-patch environment.

x1

y1 y2

x2 x3

y3 y4

x4 x5

y5

xl

yl

Patch 1 Patch 2 Patch 3 Patch 4 Patch 5 Patch l

· · ·

Figure 1. The schematic diagram for system (1).

Remark 1. In general, system (1) can be simplified. Specifically, let rk = r, bk = b, σk = σ,
γk = γ, δk = δ, ϵk = ϵ and αkhβkh = 1; then, we can clearly obtain a unique equilibrium for
system (1) as follows:

x′ =
δr + σγ

δb + σϵ
, y′ =

ϵr − bγ

δb + σϵ
.

Then, we explicitly determine that (x′, y′) is a positive equilibrium when ϵr > bγ is satisfied.
Therefore, it is feasible to determine that there is a positive equilibrium for system (1)

E′ = (x′1, y′1, x′2, y′2, · · · , x′l , y′l)
T.

Remark 2. For the equilibrium for the discussed system, system (1), we acknowledge the existence of
other equilibria, such as vanishing equilibria and predator-free equilibria, but they do not contribute
significantly to the main goal of our analysis, and our study focuses in particular on the equilibria
that are most relevant for analyzing the global stability of the system. The chosen equilibria best
reflect our research goals, particularly the dynamics of long-term coexistence and interactions among
multiple patches.

Remark 3. According to LaSalle’s Invariance Principle, the solution of the system will converge to
the largest invariant set where V̇(x) = 0. In the context of this study, if this invariant set contains
only the equilibrium point E′, then E′ is confirmed to be globally asymptotically stable within the
positive cone R2l

+.

3. Stability Analysis for a Predator–Prey Model with Cross-Dispersal in a
Multi-Patch Environment

In this section, the stability of PMCM will be analyzed. By using Kirchhoff’s matrix
tree theorem from graph theory, we construct a Lyapunov function tailored specifically to
the PMCM system. This function serves as a critical tool in establishing the stability criteria
for the model. And then we can obtain a sufficient stability criterion for PMCM.
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Before proceeding, we discuss the existence of a global positive solution. The local
solution will play a key role. It is obvious that each patch in system (1) has a local positive
solution, since the terms in system (1) are linear. Hence, for any initial value (X0, Y0) ∈ R2l

+,
the system (1) has a unique local positive solution (X(t), Y(t)), t ∈ [0, τe), 1 ≤ k ≤ l, where
τe is the exposure time, and X(t) = (x1(t), x2(t), . . . , xl(t), Y(t) = (y1(t), y2(t), . . . , yl(t),
X0 = (x1(0), x2(0), . . . , xl(0)), and Y0 = (y1(0), y2(0), . . . , yl(0)), (xk(0), yk(0)) represent
the initial values of the k-th subecosystem in system (1). Below, we present a lemma
regarding the existence of a global positive solution.

Lemma 3. For any initial value (X0, Y0) ∈ R2l
+, the system (1) has a unique global positive solution

(X(t), Y(t)) for t ≥ 0 and 1 ≤ k ≤ l.

Proof. To verify the existence of a global solution in system (1), we first prove that there
exists a global solution for the k-th patch of system (1). Based on the existence of a local
positive solution in the k-th patch of system (1), we only need to prove that the exposure
time τe = ∞ holds almost surely. For this purpose, we select a sufficiently large integer
i0 > 0 such that the initial conditions satisfy xk(0), yk(0) ∈

[
1
i0

, i0
]
. For each integer i ≥ i0,

we define a time:

τi = inf
{

t ∈ [0, τe) : min{xk(t), yk(t)} ≤ 1
i

, or max{xk(t), yk(t)} ≥ i
}

,

We define τ∞ = limi→∞ τi and prove that it is infinitely large. Clearly, as i increases, τi
also increases and satisfies τi ≤ τe. Therefore, τ∞ is well defined and satisfies τ∞ ≤ τe. Our
next goal is to prove that τ∞ = ∞, almost surely. Suppose this statement is not true; then,
there is a constant T > 0 and an integer i1 ≥ i0 so that

τi ≤ T for ∀i ≥ i1.

We first define a C2-continuous function V(xk, yk) : R2
+ → R as

V(xk, yk) = (xk − 1 − log xk) + (yk − 1 − log yk),

and we have

dV(xk, yk)

dt
=

(
1 − 1

xk

)[
xk(rk − bkxk − σkyk) +

l

∑
h=1

Dkh(yh − αkhxk)

]

+

(
1 − 1

yk

)[
yk(−rk − δkyk + ϵkxk) +

l

∑
h=1

Pkh(xh − βkhyk)

]
.

Hence, we have:

dV(xk, yk)

dt
= xk(rk − bkxk − σkyk) +

l

∑
h=1

Dkh(yh − αkhxk)−
(

rkxk − bkx2
k − σkyk

)
+

l

∑
h=1

Dkh

(
αkh −

yh
xk

)
+ yk(−rk − δkyk + ϵkxk) +

l

∑
h=1

Pkh(xh − βkhyk)

− (rkyk − δkyk − ϵkxk) +
l

∑
h=1

Pkh

(
Pkh −

yh
xk

)
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dV(xk, yk)

dt
≤

l

∑
h=1

(Dkhαkh + PkhPkh) +

(
rk + bk + ϵk −

l

∑
h=1

Dkhαkh

)
xk

+

(
δk − rk + σk −

l

∑
h=1

PkhPkh

)
yk − bkx2

k − δky2
k

− (6rk + ϵk)xkyk +
l

∑
h=1

(Dkhyh + Pkhxh)

≤ M +

∣∣∣∣∣rkxk + bk + ϵk −
l

∑
h=1

Dkhαkh

∣∣∣∣∣xk

where

M =
l

∑
h=1

(Dkhαkh + PkhPkh) + max
(xk ,yk)∈R2

+

(xh ,yh)∈R2
+

{
−bkx2

k − δky2
k +

l

∑
h=1

(Dkhyh + Pkhxh)

+

(
δk − rk + σk −

l

∑
h=1

PkhPkhyk

)}
.

According to the inequality, we have

xk ≤ 2(xk − 1 − log xk) + 2 log 2 ≤ V(xk, yk) + 2 log 2.

Thus,

dV(xk, yk)

dt
≤ M + 2

∣∣∣∣∣rk + bk + ϵk −
l

∑
h=1

Dkhαkh

∣∣∣∣∣(V(xk, yk) + log 2)

≤ λ(1 + V(xk, yk)),

where

λ = max

{
M + 2

∣∣∣∣∣rk + bk + ϵk −
l

∑
h=1

Dkhαkh

∣∣∣∣∣+ 2 log 2,

∣∣∣∣∣rk + bk + ϵk −
l

∑
h=1

Dkhαkh

∣∣∣∣∣
}

.

Thus, we have
dV(xk, yk)

dt
≤ λ(1 + V(xk, yk)) .

Integrating both sides of this equation yields

V(xk(τi), yk(τi)) ≤ V(xk(0), yk(0)) + λT + λ
∫ τi

0
V(xk(t), yk(t)) dt.

According to Gronwall’s inequality, we have

V(xk(τi), yk(τi)) ≤ (V(xk(0), yk(0)) + λT)eλT < ∞. (2)

If xk(τi) and yk(τi) satisfy the conditions defined at the stopping time, we have

min{xk(τi), yk(τi)} ≤ 1
i

, or max{xk(τi), yk(τi)} ≥ i.

According to the monotonicity property of xk − 1 − log xk on xk ∈ [0,+∞), we have

V(xk(τi), yk(τi)) ≥ min
{

i − 1 − log i,
1
i
− 1 − log

1
i

}
.
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Hence, we have

V(xk(τi), yk(τi)) ≥
(
(i − 1 − log i) ∧

(
1
i
− 1 − log

1
i

))
,

When i → ∞, this implies that

V(xk(τi), yk(τi)) → +∞,

which is in contradiction with (2).
Therefore, we have τ∞ = ∞ a.s. Consequently, we have demonstrated the existence of

a global positive solution for the k-th patch. By applying the same method and Lyapunov
function analogously, we can establish that the remaining patches also possess global
positive solutions, thereby proving this result.

Definition 1. In this study, we consider the stability of the system, that is, whether the system can
return to its equilibrium point when there are disturbances or changes in the initial state. For a
given system equilibrium point E′, we define its stability as follows:

E′ =
(
x′1, y′1, x′2, y′2, · · · , x′l , y′l

)T

where x′k and y′k represent the equilibrium values of the system in each patch k.
Stability: If, for any given ϵ > 0, there exists a δ > 0 such that when the initial state satisfies

∥E(0)− E′∥ < δ, the system state E(t) satisfies ∥E(t)− E′∥ < ϵ for all t ≥ 0, this means that
under small perturbations in the initial conditions, the system remains within the neighborhood of
the equilibrium point.

Asymptotic Stability: Asymptotic stability is a stronger property than stability. If the
system satisfies the stability conditions as stated above, and the system state E(t) converges to the
equilibrium point E′ as t → ∞, that is, ∥E(t)− E′∥ → 0, then the equilibrium point E′ is said to
be asymptotically stable.

Theorem 1. Assume that digraphs (G, M) and (G, N) are strongly connected, where
M = (Dkhϵky′h)l×l and N = (Pkhσkx′h)l×l , and the parameters in system (1) satisfy the fol-
lowing condition:

ϵk < bk, σk < δk, k = 1, 2, · · · , l. (3)

If k is presented such that condition (3) is satisfied and there is a positive equilibrium E′, it is
unique and globally asymptotically stable in the positive cone R2l

+.

Proof of Theorem 1. Let us construct a Lyapunov function:

V(x, t) =
l

∑
k=1

[
mkV(k)

1 (xk) + nkV(k)
2 (yk)

]
,

where we take mk and nk, respectively, as the cosine formula for the kth diagonal element
of the Laplace matrix of (G, M) and (G, N):

V(k)
1 (xk) = ϵk

(
xk − x′k − x′k ln

xk
x′k

)
(4)

and

V(k)
2 (yk) = σk

(
yk − y′k − y′k ln

yk
y′k

)
, k = 1, 2, · · · , l. (5)
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Relying on system (1), we derive that

dV(k)
1 (xk)

dt

= ϵk

(
1 −

x′k
xk

)[
xk(rk − bkxk − σkyk) +

l

∑
h=1

Dkh(yh − αkhxk)

]
= −ϵkbk

(
xk − x′k

)2 − ϵkσk
(
xk − x′k

)(
yk − y′k

)
+

l

∑
h=1

Dkhϵky′h

(
yh
y′h

− xk
x′k

−
yhx′k
y′hxk

+ 1
)

. (6)

Specifically, applying the inequality

−2ab ≤ a2 + b2,

we obtain
−ϵkσk(xk − x′k)(yk − y′k) ≤

1
2

[
ϵ2

k(xk − x′k)
2 + σ2

k (yk − y′k)
2
]
.

Thus, the original cross-term is transformed into a non-negative sum of squared terms
The previous inequality then becomes

dV(k)
1 (xk)

dt
≤ −ϵkbk

(
xk − x′k

)2
+

1
2

[
ϵ2

k
(

xk − x′k
)2

+ σ2
k
(
yk − y′k

)2
]

+
l

∑
h=1

Dkhϵky′h

[(
− xk

x′k
+ ln

xk
x′k

)
−
(
−yh

y′h
+ ln

yh
y′h

)]
△
= −ϵkbk

(
xk − x′k

)2
+

1
2

[
ϵ2

k
(

xk − x′k
)2

+ σ2
k
(
yk − y′k

)2
]

+
l

∑
h=1

Dkhϵky′h

[(
− xk

x′k
+ ln

xk
x′k

)
−
(
− xh

x′h
+ ln

xh
x′h

)
+

(
− xh

x′h
+ ln

xh
x′h

)
−
(
−yh

y′h
+ ln

yh
y′h

)]
△
= −ϵkbk

(
xk − x′k

)2
+

1
2

[
ϵ2

k
(

xk − x′k
)2

+ σ2
k
(
yk − y′k

)2
]

+
l

∑
h=1

θkh

[
Fkh −

(
− xh

x′h
+ ln

xh
x′h

)]
,

(7)

where
θkh = Dkhϵky′h,

Fkh(xk, xh) =
[
−xk/x′k + ln

(
xk/x′k

)]
−
[
−xh/x′h + ln

(
xh/x′h

)]
.

Similarly, we can obtain that
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dV(k)
2 (yk)

dt

= σk

(
1 −

y′k
yk

)[
yk(−γk − δkyk + ϵkxk) +

l

∑
h=1

Pkh(xh − βkhyk)

]
= −σkδk

(
yk − y′k

)2
+ σkϵk

(
xk − x′k

)(
yk − y′k

)
+

l

∑
h=1

Pkhσkx′h

(
xh
x′h

− yk
y′k

−
xhy′k
x′hyk

+ 1
)

≤ −σkδk
(
yk − y′k

)2
+

1
2

[
ϵ2

k
(
xk − x′k

)2
+ σ2

k
(
yk − y′k

)2
]

+
l

∑
h=1

Pkhσkx′h

(
xh
x′h

− yk
y′k

−
xhy′k
x′hyk

+ 1
)

(8)

≤ −σkδk
(
yk − y′k

)2
+

1
2

[
ϵ2

k
(
xk − x′k

)2
+ σ2

k
(
yk − y′k

)2
]

+
l

∑
h=1

Pkhσkx′h

[(
−yk

y′k
+ ln

yk
y′k

)
−
(
− xh

x′h
+ ln

xh
x′h

)]
△
= −σkδk

(
yk − y′k

)2
+

1
2

[
ϵ2

k
(
xk − x′k

)2
+ σ2

k
(
yk − y′k

)2
]

+
l

∑
h=1

ϑkh

[
Gkh(yk, yh) +

(
−yh

y′h
+ ln

yh
y′h

)
−
(
− xh

x′h
+ ln

xh
x′h

)]
,

where ϑkh = Pkhσkx′h,

Gkh(yk, yh) =
[
−yk/y′k + ln

(
yk/y′k

)]
−
[
−yh/y′h + ln

(
yh/y′h

)]
.

Because (G, M) and (G, N) are strongly connected, it can be inferred that mk > 0 and
nk > 0 for any 1 ≤ k ≤ l. We can find Dkhϵky′h = Pkhσkx′h; this implies that mk = nk and
θkh = ϑkh. Then, using condition (3), yields −ϵkbk + ϵ2

k ≤ 0 and −σkδk + σ2
k ≤ 0. From (6)

and (8), it follows that

V̇ = mk
dV(k)

1 (xk)

dt
+ nk

dV(k)
2 (yk)

dt

≤ ck

[
(xk − x′k)

2(−ϵkbk + ϵ2
k) + (yk − y′k)

2(−σkδk + σ2
k )
]

+ ck

[
l

∑
h=1

θkhFkh(xk, xh) +
l

∑
h=1

ϑkhGkh(yk, yh)

]

≤ ck

l

∑
h=1

[φkh(Fkh(xk, xh) + Gkh(yk, yh))]. (9)

where ck = mk = nk and φkh = θkh = ϑkh.
Moreover, by analyzing each directed cycle C within the weighted digraphs (G, M)

and (G, N), one can infer that

∑
(h,k∈E(C))

Fkh(xk, xh) ≤ 0 and ∑
(h,k∈E(C))

Gkh(yk, yh) ≤ 0

hold for all xk, xh, yk, yh ∈ R.
Based on Equation (9), we can determine the conditions under which V̇ = 0.
First, consider (xk − x′k)

2(−ϵkbk + ϵ2
k) = 0, which requires either (xk − x′k)

2 = 0,
leading to xk = x′k, or −ϵkbk + ϵ2

k = 0, implying that ϵk = bk. However, the given condition
ϵk < bk excludes the possibility of ϵk = bk, so the only valid solution is xk = x′k.
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Similarly, for (yk − y′k)
2(−σkδk + σ2

k ) = 0, we deduce that yk = y′k, as the condition
σk < δk prevents σk = δk from being a solution.

The conditions derived above can be simplified as ϵk(xk − x′k) = σk(yk − y′k), along

with y′hxk
yhx′k

= 1 and x′hyk
xhy′k

= 1. Therefore, V̇ = 0 holds if and only if the above conditions

are satisfied.
If there exists a k that makes the following inequalities hold:

ϵk < bk, σk < δk, 1 ≤ k ≤ l,

that is to say
(−ϵkbk + ϵ2

k) < 0

and
(−σkδk + σ2

k ) < 0.

we can have xk = x′k and yk = y′k. Since x′kxh = x′hxk and y′kyh = y′hyk for
k, h = 1, 2, · · · , l, we make xh = x′h and yh = y′h, while h = 1, 2, · · · , l. This indicates
that {

(x1, y1, · · · , xl , yl)
T∣∣V̇ = 0

}
= {E′}.

Based on Remark 1, we know that xk and yk are constants with uniquely determined
values. Consequently, E′ is also uniquely defined. Furthermore, from Remark 3, it follows
that the equilibrium point (xk, yk) is asymptotically stable. Therefore, E′ inherits this
asymptotic stability and uniqueness. Thus, the uniqueness of E′ in R2l

+ is confirmed.
Based on Definition 1, since we have established that the system’s equilibrium point

E′ is globally asymptotically stable within the positive cone R2l
+, this naturally implies

the stability of the system. As asymptotic stability is a stronger condition than stability,
our proof of global asymptotic stability ensures that the system, when subjected to small
perturbations, will not only remain in the vicinity of E′, but will also tend towards E′

over time. Therefore, under the given conditions, the system exhibits both stability and
convergence to the equilibrium state.

4. Numerical Simulation

To prove the feasibility and validity of our results, in this section, we present two
examples and their numerical simulation. We consider PMCM in eight patches and produce a
schematic diagram (see Figure 2). We then take a step further, and a digraph for system (1) is
presented (see Figure 3).

x1

y1 y2

x2 x3

y3 y4

x4 x5

y5 y6

x6 x7

y7

x8

y8

Patch 1 Patch 2 Patch 3 Patch 4 Patch 5 Patch 6 Patch 7 Patch 8

Figure 2. The schematic diagram for system (1) in 8 patches.
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1

2

3

4

5

6

7

8

Figure 3. The digraph of system (1) in 8 patches.

After this, we set rk = 0.26, bk = 0.35, σk = 0.15, γk = 0.15, ϵk = 0.25, δk = 0.25,
αkh = 1/7 and βkh = 7, where k = 1, 2, · · ·, 8. In this set of parameters, there are ϵk < bk
and σk < δk, which satisfy condition (3). And in this case, while 1 ≤ k ≤ 8 and 1 ≤ h ≤ 8,
the cross-dispersal rates are set as follows:

Dkh =


0.42, 2 ≤ h ≤ 8, k = h − 1,
0.42, h = 1, k = 8,

0, else,
and Pkh =


0.1, 2 ≤ h ≤ 8, k = h − 1,
0.1, h = 1, k = 8,

0, else.

And we determine that x′k = 0.7, y′k = 0.1 and E′ = (0.7, 0.1, 0.7, 0.1, · · · , 0.7, 0.1)T
16×1.

It is easy to derive that Dkhϵky′h = Pkhσkx′h. Moreover, (G, M) and (G, N) are strongly
connected. Above, all of Theorem 1’s conditions have been satisfied; hence, we can
conclude that E′ is both unique and globally asymptotically stable within the positive cone
R16
+ . The initial value can be set as below:

(x1(0), y1(0), x2(0), y2(0), · · · , x8(0), y8(0))
T

= (0.45, 0.01, 0.55, 0.05, 0.6, 0.075, 0.65, 0.125,

0.7, 0.175, 0.75, 0.25, 0.8, 0.275, 0.85, 0.3)T.

The simulation result is given in Figure 4.
To further validate the feasibility and effectiveness of our results, we also present

a numerical simulation example with 6 patches to complement the previous analysis.
This additional simulation aims to demonstrate that the conclusions hold under different
configurations. The schematic diagram for the system in six patches is shown in Figure 5,
and the corresponding digraph is given in Figure 6.

After this, we set rk = 0.3, bk = 0.4, σk = 0.2, γk = 0.2, ϵk = 0.28, δk = 0.3, αkh = 1/6
and βkh = 6, where k = 1, 2, · · · , 6. In this set of parameters, there are ϵk < bk and
σk < δk, which satisfy condition (2). And in this case, while 1 ≤ k ≤ 6 and 1 ≤ h ≤ 6, the
cross-dispersal rates are set as follows:

Dkh =


0.35, 2 ≤ h ≤ 6, k = h − 1,
0.35, h = 1, k = 6,

0, else,
and Pkh =


0.08, 2 ≤ h ≤ 6, k = h − 1,
0.08, h = 1, k = 6,

0, else.
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Figure 4. The solution of system (1) when l = 8.

x1

y1 y2

x2 x3

y3 y4

x4 x5

y5

x6

y6

Patch 1 Patch 2 Patch 3 Patch 4 Patch 5 Patch 6

Figure 5. The schematic diagram for system (1) in 6 patches.

1

2

3

4

5

6

Figure 6. The digraph of system (1) in 6 patches.

And we determine that x′k = 0.6, y′k = 0.15 and E′ = (0.6, 0.15, 0.6, 0.15, · · · , 0.6, 0.15)T
12×1.

It is easy to derive that Dkhϵky′h = Pkhσkx′h. Moreover, (G, M) and (G, N) are strongly connected.
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Above, all the theorem’s conditions have been satisfied; hence, we can conclude that E′ is both
unique and globally asymptotically stable within the positive cone R12

+ .
The initial value can be set as below:

(x1(0), y1(0), x2(0), y2(0), · · · , x6(0), y6(0))
T

= (0.5, 0.02, 0.58, 0.06, 0.62, 0.1, 0.65, 0.13, 0.68, 0.18, 0.72, 0.22)T.

The simulation result is given in Figure 7.

Figure 7. The solution of system (1) when l = 6.

5. Conclusions

This study examines the stability of a predator–prey model with cross-dispersal in
a multi-patch environment, deriving a sufficient criterion for global asymptotic stability
using Kirchhoff’s matrix tree theorem and a Lyapunov function. Our results highlight the
significant role of cross-dispersal in stabilizing population dynamics across fragmented
habitats, reducing oscillations and accelerating convergence to equilibrium. The numerical
simulations confirm these findings and demonstrate the model’s broader applicability
compared to single-species dispersal approaches.

This study advances multi-patch predator–prey models and offers ecological insights,
such as optimizing dispersal strategies for habitat restoration. However, this study still
has limitations. The model assumed that the environment and species were homogeneous
within patches and did not consider environmental heterogeneity and noise effects. Future
studies will introduce environmental heterogeneity and noise factors to simulate more real-
istic ecosystems and explore the interactions of multiple species in multi-slice environments
to enhance the application value of the model.
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