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Abstract: In this study, the solution of the (2+1)- and (3+1)-dimensional system of the time-fractional
Navier-Stokes equations is gained by utilizing the triple-generalized Laplace transform decompo-
sition method (TGLTDM) and quadruple-generalized Laplace transform decomposition method
(FGLTDM). In addition, the results of the offered methods match with the exact solutions of the
problems, which proves that, as the terms of the series increase, the approximate solutions are closer
to the exact solutions of each problem. To verify the appropriateness of these methods, some examples
are offered. The TGLTDM and FGLTDM results indicate that the suggested methods have higher
evaluation convergence as compared to the ADM and HPM.
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1. Introduction

The Navier-Stokes equations are defined as partial differential equations that explain
the movement of sticky fluid materials and were first introduced by the researchers in [1].
The Navier-Stokes equation can indicate physical phenomena, fluid flows in conduits
and air currents [2,3]. The Navier-Stokes equation is well utilized to deduce the relationship
between sticky fluids and solid bodies and is considered the best instrument in the fields of
thermohydraulics, meteorology, the petroleum industry, plasma physics, and technology [4].
Various researchers have implemented diverse approaches to gain solutions to the Navier—
Stokes equations. For example, the authors in [5] obtained the solution to the time-fractional
Navier-Stokes equation by employing a new analytical and approximate method. In [6],
the researchers solved the system of time-fractional Navier—Stokes equations by utilizing
the hybrid method, which is known as the Laplace Adomian decomposition method.

Numerical results for the multi-dimensional Navier-Stokes equations were acquired
using the Adomian decomposition transform method and the g-homotopy analysis trans-
form method [7]. A new recursive transform method, the homotopy perturbation method,
with natural transformation, was applied to obtain solutions to the multi-dimensional
Navier-Stokes equations [8]. The solution of the fractional multidimensional Navier—
Stokes equation with the Caputo fractional derivative operator was examined using the
Sumudu transform technique [9].

The combination method known as the variational iteration transform method was
applied to solve the fractional-order Navier-Stokes equations [10]. The generalized Laplace
transform was initially studied in [11]; additionally, the characteristics of this transfor-
mation were examined in [12]. The Laplace-type integral transform connected with the
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Adomian method was applied to obtain solutions to nonlinear evolution equations en-
dowed with non-integer derivatives [13].

The double-generalized Laplace transform with the decomposition method was
applied to gain solutions to the nonlinear sine-Gordon and coupled sine-Gordon equa-
tions [14]; later, the same technique was extended to solve a time-fractional partial differen-
tial equation [15]. The principal purpose of this study is to find the exact and approximate
solutions of multi-dimensional time-fractional Navier-Stokes equations by employing the
triple- and quadruple-generalized Laplace decomposition methods.

2. Basic Concepts

In this section, we present some definitions, properties, and theorems for fractional
calculus and triple- and quadruple-generalized Laplace transform theory, which are applied
in this work.

Definition 1 ([11]). Let f(v) be integrable for Yv > 0. The generalized integral transform Gy of
the function f(v) is denoted by

F(s) = Gu(f) =" [ f(v)e Fa, @
0
forsc C andua € Z.

Definition 2. The Caputo time-fractional derivative operator of order o > 0 is determined by

1 A m—a—1 am“(y],T)
T(m—u) fO (v=2A) v dr,

Dfu(y,v) = m—1<p<m,
Pulyy,v) , form=BeN

avﬂ‘l

For more details, see [16].

Definition 3 ([15]). The triple-generalized Laplace transform (TGLT) of the function f(y1,y2,v)
is defined as

F(q1,92,8) = GuGy,Gulf(y1,¥y2,v)]
0000007 1,
= s'qiq; /// (Gt ts f 1, y2,v)dvdyody, ()
000

where Gy, Gy, Gy indicate the TGLT, and the symbols q1,q2 and s denote transforms of the variables
Y1, Y2 and v, respectively.

Definition 4 ([15]). The inverse triple-generalized Laplace transform (ITGLT) is

Gy' Gy, G (F(g1,92,9))
= f(]/l:]/Z:

T+ico pg+ico  pd+ico i ¥2 v
= / / / en THTIE F(q1,92,5)ds dqadqn,
?.m T— ¢— U

where G, 'G, ' G tindicates the IGTLT.
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Definition 5. The quadruple-generalized Laplace transform (FGLT) of the function f(y1,y2,Y3,V)
is defined as

F(q1,92,93,5)
- GyleszGvV(ylfyzlys,V)]

00 00 00 O

= 719295 / / / / ot )f(]/lrer]/Sr v)dvdysdyady,,

0000

where G, Gy, Gy, Gy indicate the FGLT and the symbols q1,qz, q3 and s denote transforms of the
variables y1,Y2,y3 and v, respectively.

Definition 6. The inverse FGLT is

Gy, Gy, G G (F(q1, 92, 03,5))
= f(y1,y2,y3t)

1 T+Hico pgtico  pytico  pd+ico
— (27_”.)4 /r—ioo /g—ioo /]7 /{5 YdeQ3 dqqu1,

V1 B v

Y = e'“+q2+q3+sP(erQZIQ3,5)/
and the symbols G, 1G 1G 1G Lindicate the IFGLT.

where

The advantage of the FGLT in generating some transformations from Definition 5 is
as follows.

1. Ifweseta =0,s = %,ql = q%"h = th and g3 = --, we obtain four Laplace

transforms:

Ly1Ly, Ly, Lo [f (Y1, Y2, y3, V)]

o0 00 00 0

////f Y1, Y2, 3, v)e (MIHA292H933H50) go gy, dyn dys, 3)
0000
2. Ifweseta =0, 1= q%’ go = qz 43 = == and substitute s with @, we obtain the triple

Laplace-Yang transform:
F(91,92,93, @) = ////f Y1,Y2, Y3, v)e (q1y1+q2y2+‘73y3+£)dvdyldyzdyg, (4)
0000

3.  Ata = —1, we obtain the quadruple Sumudu transform:

/ / / / Fny2yzv)e 0 T w D dody dysdys. ()
0000

5,55 .Y,
X2 t(fF(07t) thqzqas

The following notation is used in this work:

Gs = Gy,Gy,Gy, G3' =G, 'G'G!
Gi = Gy Gy,Gy,Gy, G, :qulcqjcqglcgl.
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The TGLT of the partial derivatives of (yal,yz,v) i (y(.;;y 2V) and Alpsat) i given by

Y1 %2
) Yo, V)] F(q1,92,
G [t Faua29) _ e (40, v)),
L oy n
) Yo, V)] F(q1,92,
Gs M = Bu828) i, (r(,0,0)),
L 92 12
) Yo, V)] F(q1,92,
Gs W - W—S“Gz(ﬂyl,yz,o))«

Definition 7. The multi-G-Laplace transform (MGLT) of the function f(y1,Y2,...,Yn,t) is of-
fered by

HGijV[f(yllyZ/ ~/yn,1/)]
j=1
= F(91,92,---,9n,5)
—(

[}
Yn

s
n T i Y yumv
q?‘//.../@ q1+qz"'+qn+s)f(y1,y2,...,yn,v)dvdyldyz...dyn,
=1 00 0

= ST

=

where j =1,2,3,..., 50 the MGLT of w is provided by

- of (y1,Y2,-- -, Yn, V)
HGWGV{ v s
]:

F(ql/q2/- . '/q}’lls)
sB

n
_Sa_ﬂ+1 H Gy] [f(yll Yo, s Yn, 0)]/
=1

0 < B<1, (6)

In the next theorem, we shall present the FGLT of the partial fractional Caputo derivatives.

Theorem 1. Let B> 0,m —1 < B < mand m € N, so that f € C'(R* x R* x R x R*),
I = max{m}, fO € Li[(0,a) x (0,b) x (0,¢) x (0,d)] for any a,b,c,d > 0, |f(y1,y2,y3,v)| <
Ken it ysstvs ) > 0> 0,y > b > 0,y3 > ¢ > 0and v > d > 0. The quadruple-generalized
Laplace transform of Caputo’s fractional derivatives Dyﬁ1 X1, y2,¥3,v), Dyﬁ2 Y(y1, Y2, y3,v), D534>(y1, Y2,Y3,V)
and Dvﬂw(yl,yz,%, v) is shown by

@ 7 7 Is
Db pysy)] = Q)

1

n

1 .
_q% Z B—i Gyz G]/3 Gy {Dlyl 17((0/ Y2,Y3, V)]/
i=q

n—-1 < B<n

‘F 4 7 /S
Gi[Dhprr v yav)] = Teiz0vs) Zé 7:2)
2

1 i
7q% Z ﬁcyl Gy3GV [Dlyz 14’(1/1r0/}/3r1/)] .
=14
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¢ 7 7 /S
G4 {Dggqb(yl/yby.’wv)} = %

q3
o e 1 i—1
_‘132 ﬁ,icylcyzcv [Dyg (P(yl,]/z,O,l/)].
i=143

and

F 192,93,
Gy [wa(yl,yzll/&‘/)} = %

n
1 i

—s" Z o1 Gy1 Gysza [Df/ 1w(y1,y2,y3,0) .
i=1

The following steps describe the triple-generalized Laplace transform decomposi-
tion method.

1. Taking the triple-generalized Laplace transform for the (2+1)-dimensional time-fractional
Navier-Stokes equations;

2. Applying the double-generalized Laplace transformation for the initial conditions;

3. Using the inverse TGLT for the obtained equation;

4. Applying a decomposed infinite series as a solution to the (2+1)-dimensional time-
fractional Navier-Stokes equations.

3. Explanation of the Method of the Triple-Generalized Laplace Transform
Decomposition Method (TGLTDM)

In this section of the work, we give the essential concept of the triple-generalized
Laplace transform decomposition method (TGLTDM) for the FPDEs. To demonstrate the
basic plan of the TGLTDM, we consider the following (2+1)-dimensional time-fractional
Navier-Stokes equations:

ox ox ?x Py 1 dp
Dbx+xX pwst = p( A4 24 2P
XX T Yoy <a}/% W) P
dw ow Pw  Fw 1 dp
Dbw+ oo twae = k| o+ 25| - 22F,
YTy T Yoy < Y ) 0y
yi,y2,t > 0, n—=1<B<m (7)
with the initial conditions
xX(W1,y2,0) = iy, y2),  @(y1,y2,0) = f2(y1,42) ®)
where DE = % is the fractional Caputo derivative; k = % is defined as the kinematic
viscosity of the flow; u denotes the dynamic viscosity; and p is the density if p is known;
then, p; = %3—5 and p; = —%g—s. To gain a solution to Equation (7), the following steps
are needed.
1.  Applying the TGLT for Equation (7), one can obtain
Gs[x(y1,y2,v)] a—pt1 ( ox ox )
o 2 = G ,¥2,0)) — G3 | x=— =
: s 2(Xy2,0) = G\ x5, -+ @z
?x 9%y
+G3| k| =5+ =5 — G3(p1),
( (8% a3
G3 [W(ylz Y2, V)} _ a—p+1 ow w
" = 5 Ga(w(y1,Y2,0)) — Gs Xay1 + wayz

Pw  Pw
Gyl k| — + — G , 9
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2. Now, taking the DGLT for Equation (8) and substituting it in Equation (9), we have

) )
Oq1,92,5) = S“HFl(%IJz)—SﬁG?»( 8;(+ a;)

82)( 82)(
+sPGs | k| =5 + =5 | | —sPGs(p1),
( <ay2 ayZ

ow ow
¥(qu02:8) = SHlFZ(‘h,Ih)—SﬁG?i( Xogs ¢ a]/2>

Rw  Pw
PGyl k| — + — e 10
AT P

3.  Onusing the inverse TGLT for Equation (10), we have

xyuy2v) = Gs ( "M (q1,42) — sPGa(p

~G;! (s%( ay2>;
wlollg)

wyyav) = G (s Falgr, 2) +5PGa(p))
ow dw
—GTl(sB
© (S G3< Ko 6yz>)

Rw Fw
G sPGs| k| =— + — ) 12
o ( 3( <8y%+ay%>>> .

4. The TGLTDM solutions x(y1,y2,v) and w(y1, Y2, v) are offered by the following infi-
nite series:

and

X(ylryZIV) = an(yllyZIV)/
n=0
wlynLy,v) = Y wu(yr,y2,v), (13)

2
Il
S

and therefore the nonlinear terms x gyl w=t a Y xdw i < and w > are fixed by

ox
—— = A , w B ,
ow
Xa]/l 7;) n ay2 7;) n ( )

5. By substituting Equations (13) and (14) into Equations (11) and (12), one can obtain
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Y xayav) = Gi'(s*Ei(gr,2) — P Ga(pn) )
n=0

—G;l (sﬁGg (7( i (A, + Bn)>>
n=0
00 82 82
(e ({5 58))))

wn(y1,y2,v) = G§1(S““F2(‘71/¢72)+SﬁG3(P1))

~G;! <sﬁc3 (2 Cn + Dn>>
n=0
© (2w %w
+G; 1 sﬁcg,(k( ( L ))))
’ ( ;o W 93

We establish the repeated relationship for the above equations by exploiting the decompo-
sition method, and we will obtain

and

[7e

=
Il
o

Xo(y1,y2,v) = Ge?l(S“HFl(ql,%)—SﬁGs(P1)>,
Gy (s Balqu, 1) + 5P Ga(pn) ), (15)

wo(Y1,Y2,v)

and the remainder of the components x,, ,; and w;1,n > 0 are granted by

Xn+1(ylr erV) = _G3_1 (sﬂGB(An + Bn))
%x,  9%x
+G; 1 sPGs | K o , (16)
’ ( Wi ;3
and
w1 (y1,y2,v) = —G3' (SﬁGS(Cn+DH))

2w 2w
G| sPGs| k n n , 17
+3<S 3<<8y%+5y%>>> W

where G3 indicates the TGLT with respect to y1,y2, v and the ITGLT is denoted by G5 !
with respect to g1,42,5. We find that the ITGLT with respect to 41,42 and s exists for
Equations (15)—(17).

Example 1. Consider the (2+1)-dimensional time-fractional Navier—Stokes equation

;‘XX + XXyl + waz = k(Xylyl + Xyzyz) + P, Y1,Y2,V > 0/
Dfw + xwy, + wwy, = k(wyy, +@ypy,) = P2, Y1.Y2,v >0,
n—1 < a<mn; (18)

subject to the conditions

X(W1,y2,0) = —exp(y1+y2),
w(y1,Y2,0) exp(y1 +Y2) (19)
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By using the TGLT on both sides of Equation (18), we obtain
Ga[ D + Xt + Wty = K(Xex + Xy ) + 1]
G3[Dfw + xwx + wwy = k(wxx + wyy) — p2], (20)
and applying the DGLT for Equation (19) and substituting it in Equation (20), we acquire
O, q2,5) = st 1q‘i‘_+;l 1q"2‘_+;2
—sPG3 < aayxl + waayxz>
+5PGs (k(? )2( + gé)) +5PGs(p1)
V(g qas) = s 16/”1‘_:1 1qg_+;2
_5%3( gy e §;z>
+sﬁG3<k<2;§+—gZ§>> —5PGs(pa), (21)

Now, implementing the ITGLT for Equation (21), we have

pivP
r(p+1)

_ ox ox
Gy (SﬁGg <Xay1 T 3yz>)

82 92
+G3—1 (sﬁc3 <k ( ayz + aé) > ) ,

pavP
r(p+1)

dw D
GGt

Pw Fw
G sPGs| k| =— + — ) 22
I (S 3( (ay%+ay%>>> )

The zeroth components x, and wq are suggested by the decomposition method, which constantly

includes the initial conditions and the source term, which are supposed to be familiar. Consequently,
we let

X(Wi,y2,v) = —exp(yr+y2) +

wyry2v) = exp(x+y) -

B
v
Xo = —exp(x—i—y)—i—r(;‘;l_'_l),
B
. v
wy = s1n(x+y)—r<;;2+1),

The remaining components x,, 1, Wn41, 1 > 0 are denoted by applying the following relations:

Yont = —G3'(PGa((An + B)))

+G5 1 (5PGa (K Xovwx + Xy ) ) ) (23)
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and
Wpy1 = —G_o,_l <S‘BG3(Cn + Dn))
The few terms of the Adomian polynomials Ay, By, Cy and D,, are defined by
Ag XoXoyr A1 = XoX1y, T X1Xoy,/
A XoXay, + X1X1y, + X2Xoy,/
A3 = XoXay, + X1X2y, + X2X1y, T X3Xo0y,/ (25)
By = woXoy,r B1=wox1y, + wWiXoy,
By = woxay, +wixyy, +w2Xoy,
C = XoWOoy, s C = XoWiy; + X1Woy,
C2 = X0w2y1 + Xlwlyl + XZwall
C3 = X0w3y1 + X1 w2y1 + XZwlyl + X3w0y1 . (27)
Dy = wowoy,, Di=wowry, +wiwoy,,
Dy = woway, +wiwy, + wrway,,
D3 wWowsy, + wWiway, + W1y, + wW3Woy,. (28)

By putting n = 0 into Equations (23) and (24), we gain

X1

and

= —G;! (sﬂcg,((Ao + Bo)))
—i—G;l (SﬁGl’, (k (XOxx + XOyy) ))

= G;! (sﬁcg(—Zkexp(yl +y2)))

o [_qug¢+1qg+1sa+ﬁ+1]

= 03

(1—=q1)(1—92)
Y.
= —2kepyi iy gy

= G5! (sﬁGs(Co + Do))
4G5 (G (k(woer +wouy)))

= G5! (S'BGg(Zk exp(y1 + yz)))

oo [Zatapts
Sl =g (1—q2)
VP

= 2kexp(y1 + ]/2) W,
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and, similarly, at n =1,

X2 = —G;' (5/563 ( (X0X1x + X1Xox T @WoX1y + leOy) ))

_|_G:;1 (S'BG:J, (k(Xlxx + ley)))’
= 6 (Yoot t) )

r(p+1)
B G e qtic-i-lqzx-i-l a+2p+1
(1-91)(1—q2)

2 v
X2 = —4k“exp(iy; +y2)m’

and

wy = —Ggl (SﬁG3 (Xow1x + X1wox + wowry + wlwoy)>

—|—G§1 (S/SGe, (k (wax + way) ))

— 61 (56 (2 erplon + yz>r(;il)))

_ <4k2 qzi(+lquc+1 a+2/5+1>

(1=g1)(1—q2)
2B
_ 2 v
while, at n = 2, we have
_  _-1(B XoX2x T X1X1x + X2Xox
X ©s <S s (< +twoxz, + wWiXxyy, + W2Xoy
+G3_1 (SﬁG3 (k <X2xx + XZyy) ))r

_ G (55G3 <—8k3 exp(y1+12) r(2v/32ljr1)>>

_ G g q:ichlthqu a+3B6+1
(1-91)(1—q2)
8k3 v
xs = —8kexp(y —i—yz)m/

and

ws = _Ggl (S,sG3< Xow2x + X1W1x + XaWox ))
+w0w2y + a)lwly + WaWyy

+G3_1 (SﬁGg, (k((UOxx + ‘UOyy) ))

- G;! (5/3(;3 <8k3 exp(y1 + 3/2)r(21//;i1)> )

_ 8k3 q[iwrlqowrl a+3p+1
(1=q1)(1—q2)

3 1/3/3
= 8k exp(y1 +y2)m.
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In the same way, we have

np np
o v _ n v
Xn = —(2k)" exp(y1 +y2)71"(n/3 ) wy = (2k)" exp(i1 +y2)71"(n/3 n 1),Vn > 2.

The solution of Equation (18) is denoted by

XWuy2,v) = Xotxitxat---+xa
w(y1,Y2,v) = wo+wi+wy+...+wy,
therefore,
00 ti’l‘B Pltﬂ
x(iy2,v) = —exp(yi+y2) ,
nz /3+1 r(g+1)
> (2k)"tP potP

wlyy,Y2,V) = ex + .
(Y1, y2,v) P(y1 +y2 n;r(nﬁﬂ T6 1)

In particular, at B = 1 and p; = pr = 0, we obtain the exact solution of the classical
Navier—Stokes equation for the velocity as

Xy v) = —exp(yr +y2 —2kv),
w(y,y2,v) = exp(yr+y2+2kv).

The results obtained agree with [7].

4. Analysis of the Quadruple-Generalized Laplace Transform Decomposition
Method (FGLTDM)

In this section, we establish an approximate analytical solution for the (3+1)-dimensional
time-fractional Navier-Stokes equations by utilizing the FGLTDM.

Consider that the (3+1) time-fractional model of the Navier-Stokes equation is given by

p ox , 9 I S S
Dy + x X 1w = k(AL X))
Ty T oy rog 8ys < wr  dy; I3
Dhotx 2 40l 4 g0 _ (P P w
YT Xy T oy ays wi s oy )

B 9 , op 0P Pp 3PP %
Dyp+x5—+w = k|l =5 +=-=+
o Yo " Yon ¢ay3 a2 i o3 )
Yy, Y2,y2,v > 0, n—1<p<n; (29)

with the initial conditions
X(yl/y2/y3/0) = fl(yl/y2/y3)

w(y1,y2,93,0) = fo(y1,¥2,¥3)
¢(yl/ Y2,Y3, 0) = f3 (yl/ Y2, y?))r (30)

where p; = p2 = p3. To obtain the solution of Equation (29), the following points are used.

(1) Applying the FGLT for Equation (29), we obtain



Axioms 2024, 13, 780

12 of 23

Galx(y1, Y2, Y3, V)]
P

and

G4 [w(yl/ ]/2/ ]/3, 1/)]
sP

and

Galp(y1,y2,y3, V)]
sP

@)

we obtain

©(q1,92,93,5)

Y(91,92,93,9)

and

Q(q1,92,93,)

®)

s PG (x (11, ¥2,93,0))
ax
G ( 3?/ (Paya)

o°x 82)(
Gil k| —= —= ,
! ( (ay% *aﬁ))

s* PGy (w(y1,y2,93,0))

—Gy (Xaw + wa—w + 4)8(0)
dy1 Iy ' 9ys

%w

2w 2w
G| k| — — ,
" 3( <8y% 2+ay§>>

Y3
PGy (p(y1,v2,93,0))
_ 9P 9¢ dp >
G4< ay ayZ ¢ay3

P9 % ach))
+Gil k| S+ =% +=% ] |
4<<y W 0

ax
ayz
92

Y3

+

(31)

+ (32)

+

(33)

Now, applying the TGLT for Equation (30) and substituting it into Equations (31)-(33),

s“"UF (g1, 92, 93)
)
—SﬁG4 ()(a]jc +w

°X
+SﬁG4 k| =5
( (33/%

5a+1F2(l11/ ‘72/ 173)

Jdw
_SﬁG”‘( Xy

9x
ayz

02
s

3

4)9}/3)

02
s
ay3

¢ay3>
w Rw
+sPGu k| =5+ =5+ == | |,
( <ay% ay%))
s F3(q1, 92, 93)

_ B o9 I ¢
’ G4< o oy, 4’ay3)

0% a%p %¢
PGy K ~—0].
e 4( <ay2 Tz a2

(34)

Bw
ayz
Fw

(35)
a3

(36)

By taking the inverse FGLT for Equations (34)—(36), we gain
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X1, y2,y3,v)

w(y1,Y2,¥3,v) =

and

P(y1,¥2,¥3,v) =

and the FGLTDM solutions x(y1, Y2, Y3, V),

the following infinite series:

Gy (S“HH (91,92, 613))

(e o )
+G; 1 <sﬁG4 <k<32y2+aazy2+32y)§>>> (37)
G, (S”‘HFZ(% q2, %))
G’ (SﬁG‘* (ng e g ¢8y3)>
+G, ! (sﬁc4 (k(%}? + ?;g + %?g) >> (38)
G, ! (S“H%(‘h/ blzr%))
-6 (6 i3+ o))
+G, ! <sﬁc4 (k(?;yf + ayf + g;‘g) )) (39)

w(y1,Y2,y3,v) and ¢(y1,Y2, Y3, V) are given by

XY yay3,v) = }éxn(w,yz,yw%
w(Y1,y2,y3,v) = iown(yl,yz,ys,w,
n=
P(y1,y2,¥3,v) = Jiqbn(}/hyz,y&v), (40)
while the nonlinear terms xayl waasz,)(ayl ¢ay3 ¢3y3’ Xay] ¢>ay3 wayz and w y are con-
trolled by
%) > %) d
a;i = L Aw wa—;‘z = ¥ B
qb% = ;OE <p§;‘; = EOP
xs;ul = E)Cn, ws;‘; = n;ODn/
o - ioc r5E - iOH
aa;; = g Ly. (41)
(4) By substituting Equations (40) and (41) into Equations (37)—-(39), we obtain
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[0}

Xn(W1,Y2,y3,V)
n=0

= G41<S“+1F1 671/%%))

- <sﬁG4 ( i (Ap + By + En)))
n=0

o aZ 82
+Gy <s/3c;4< Z ( a;Zn + a}j‘%” + a%”))), 42)

[e0]

Y wau(y1,y2,y3,v)
n=0

— G;l (s““Fz(ql,qz,%))

-G, ! <sﬁc4 ( io(cn + D, + Fn)> )

© (2w %w 2w
+G; 1 sPGy (k et , (43)
! < L i o3 a3

[e9)

4);1 Y1, Y2,Y3,V )
n=0

= G41(5“+1F3 1711172/%))
—G41<s/3G4<i(Gn+Ln+Hn)>>
n=0
P Pp, P >))
sPGy | k bt : 44
< 4<2<y W a3 )

(5) We introduce the repeated relations for the above equations by utilizing the decompo-
sition method, and we have

and

Xoyny2 y3,v) = G4‘1(S“+1F1(q1,qz,q3))
wo(Y1,Yy2,¥3,v) = G4_1<S“+1F2(¢11,IJ2,113))
P y2ysy) = Gy (s Ba(a1,9205)) (45)

and the remaining components ;1 and w;,y1,¢,_ 1 n > 0 are given by

Xn+1 (y1/y2/y3/ V) = _G471 (SﬂGZL(An + Bu + En))
_ 3%x, x, 9*x
Gy sPGy| k| =52 " " ) 46
+4<S 4<<9y%+8y%+8y§ )
wps1 (Y1, Y2, ¥3,v) = —G;l(sﬂG4(Cn+Dn+Fn))

*w 2w 2w
Gyl sPGy| Kk " " " , 47
”(S 4<<3y2+8y%+8y%>>> 4
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and

Ppi1 W1, y2,y3,v) = ~-G; ! (SﬁGAL(Gn + L, + Hn))

P¢,  P¢, ¢
+G | sPGy (k( tp S . (48)
! ( Wi A5 I3

where G4 indicates the FGLT with respect to y1, 2, y4, v and the IFGLT is denoted by G, !
with respect to 41,42, 93,5. We assume that the inverse FGLT with respect to 41,42, 43,5
exists for Equations (45)—(48).

Example 2. Consider the (3+1) time-fractional model of the Navier—Stokes equation in the follow-
ing form:

ax ax ax

DF /SR SRl S o (S a4
L T A TR < Y

ow dw ) <E)2w Pw  Pw )

d
D5w+xﬁ+w7+¢7 = 72+72+72
a1 dy2 T dys dyi dy;  Iy3

By 0P 00  0p _ (3 ¢ 0
Dv¢+7(ay1+w +¢8y3 < + + ,

x| x|
iy Y2 !

F W a3 0
yLyuy2,v > 0, n—1<B<n; (49)
with the initial conditions
1
X(y1,92,¥3,0) = _Eyl + 2+ Y3,
1
w(y1,¥2,y3,0) = y1— SV2 s
1

¢(v1,y2,¥3,0) = y1+y2— Vs (50)

By utilizing the indicated method, we gain the following recurrence relation:
1
Xo vy, v) = —syi+y2+ys,

1
wo(y1,y2,y3,v) = Y1 5Y2+ s,

1
¢y, Yy2,¥3,v) = Y1+Yya— §y3r

and
Xn+1 (yll Y2,Y3, V) = _szl (SﬁGZL(An + Bu + En))
2 2 2
16 (PG [k Do T T X)) ) 5y
Y7 dy; ay3
__ ~—1(B
Wy1 (Y1, Y2, y3,v) = G, (s G4(Cp+ Dy + Fn))

2w 2w %w
+G; | PGyl k L L < , (52)
! < W Wi 3
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and
Pt (V1 Y2,¥3,V) -G, (sﬁG4(Gn +Ln+ Hn))
9 9? 0?
+G; ! <sﬁc4 k "’2 + ‘P;’ + "’2 : (53)
Ay 9> 93
The nonlinear terms are denoted by Adomian polynomials as follows:
Ag XoXoy, A1 = XoXiy, + X1Xoy,/
A XoXay, + X1X1y, T X2Xoy, -
A3 = XoXay, +X1X2y, + X2X1y, T X3X0y,/ (54)
By woXoy,» B1 = woxyy, +wiXoy,,
By, = woxay, +wixy, +waXoy,
By = woxsy, +wiXay, T w2X1y, +W3Xoy,s (55)
EO = (POXOyg’ El = ()bOle:; + 4)1X0y3/
Ez = ¢0X2y3 + ¢]le3 + ¢2X0y3l
Es = PoXay, + P1X2y; + PoX1y; + PaXoy,/ (56)
Co = Xowoy;, C1= Xowiy, + X1Woy,,
C2 = X0w2y1 + X]wlyl + X2w0y1/
C3 - X0w3y1 + X1w2y1 + szlyl + X3a)0y1‘ (57)
Dy = wowoy,, Di=wowry, +wiwoy,,
D, = W2y, + W1Wiy, + Walay,,
D3 wWowsy, + Wiway, + Waiy, + wW3wWoy,. (58)
Fo = ¢owoys, F1 = Powiy, + P1woys,
B = ¢yway; +P1wiy; + Prwoy,,
and
GO = XO(PO]/]’ Gl = XO‘P]}/] + Xl(POy]’
G2 = XoPay, + X191y, T X200y,
Gs = XoPzy, + X1P2y, T X201, + X300y, - (60)
Ho = ¢oPoy,, Hi = PoPoy, + P10y,
Hy = ¢obpy, + 101y, T 292y,
Hs PoP3y, T P19y, + P2P1y, + P3P0y, (61)
Lo woPgy,, L1 = wodyy, +widy,,,
Ly = wopy, +wi¢y, +wady,,,
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The first reiteration at n = 0 is given by

X1 = —G4_1 (S’BG4 (XOXOyl + WoXoy, + ¢0X0y3))
+G PGy k a?‘0+a7‘° aX;’ :
dyi 95 93
- 9
= G4 1 (S’BG4 <4x>)

9 _
_ —*G3 [qa+2qa+1q03c+1 a+/5+1}

9, VP
'"TB+1)

w = —G;1(55G4(C0+D0+F0)>
’w

-1 0 0

+G; <sﬁc4<k< 52 +2 o )))

= —G4_ (55G4(X0a)0y1+w0w0y2+xow0y1 )

_ 92wy

+G 1 SﬁG4 k +
‘ ( Ay} ayz 8y3

— 9 9 4 (X 0( L4
- cr(ra() el

9,
’T(B+1)

and, in a similar way,
_ 9, v
e Rk

while, for n =1,

Xo = =Gy (sGa (xoxay, + X1Xoy, + oy, + @ixoy, ))

(°Gs(
—G4‘1 (Sﬁ e (‘Po?(lys + ¢1X0y3>>

_ Pxo , Pxo , xo
+G; 1 PGy | K 0 4 + ,
! ( I )
_ 9 vP
= G (el (gt 3e 30 ) i)

_ g ( EECR I N L A >5a+2ﬁ+l}
+307 92 43
NN U G
X = A\ T T TRV T g 1)
and, in the same way,
wr = (2% 0\
2 = 2N TRty

v2h

R U P WL
P2 = (Nt %) top 0y
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Similarly, at n = 2,

-G, 1 (Sﬁsz (XOXZyl +X1X1y, T XZXWI) )
-G, (sﬁG4 ((UOXZyz +wixyy, + W2X0yz)>
G (6

+G; 1(55(;4( (a X0+ X0+3X20>>>’
a]/z Y3
81 V2P 81 v2P
= —G,'|sPG + —_—
( 4( T(2p+1) 16”1<r<5+1>>2>>
+

81(4 (B+1)) +r(2ﬁ+1)> V3P
X3 = 1I-(

(T(p+1))*
In the same way,

X3 =

wy =

16 T(B+1))7 'TBB+1)

81 [ 4T(B+1))*+T(26+1) V3B
2 = "1 T(B+1))? 'TBp+1)

and, in the same way, the rest of the terms can be obtained. The approximate solution of Equation (49)
is denoted by

81 (4(r(ﬁ+1))2+r(zﬁ+1)> V3P

XLy v) = Y xe=xotxitxatxsto
n=
w(y1,y2,y3,v) = an:wo+w1+wz+w3+---,
n=0
P Y2 y3,v) = ) Py =dot ¢+t Py +
n=0
and therefore
( ) — _1 + + _2 L
X yl/yz’y3’v - 2]/1 y2 ]/3 4y1r(ﬁ+l)

I N S
g T2V I T2p 1)

81 (4(F(ﬁ +1)*+ T2+ 1)) 1 V3B
(

16 (F(/S+1))2 r(3g+1)
+. .y,
1 9 wh
Wiy yysv) = 1= ¥+ Y= gy

9 9 9 V2P
+<§y1 iz + E%) m
81 (4(T(B+1))2+T(28+1) v3p
16 (T(p+1)) P2TE+ 1)
+ ceee,
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( _ n _1 _9 vP
Py y2.¥3,v) = y1+12 53/3 Z%m

9 9 9 V2B
+ (Eyl + 53/2 - 213/3) m
81 (4(r(5+1))2 +I“(2[5+1)> V3P

16 (T(p+1))? T(Ep+1)
_|_ cee,

We obtain the exact solution of Equation (49) by letting B = 1 as given by

_%yl +Yy2+ys— %ylv

Xy y2,y3,v) = 1- 902

Vi— 3Y2+ Y3 — qyo0
w(y1,Yy2,y3,v) = 1_ 92

Y1+ Y2~ 3y3 — 3y30
(P(]/L]/z/]/SrV) = 1 9.2

The results obtained agree with [10].

5. Numerical Results

In this section, we shall demonstrate the precision and efficiency of the triple- and
quadruple-generalized Laplace transform decomposition method through numerical re-
sults for Examples 1 and 2, with the exact solution when (B = 1) and approximate solutions
at B taking various fractional values for the time-fractional Navier-Stokes equation. The out-
comes of Equations (18) and (49) are presented through Tables 1, 2, 3, 4 and 5, respectively.
Figures la-d and 2a-e compare the approximate solutions of Equations (18) and (49);
at f = 1, we obtained the exact solution and tackled different fractional derivatives, such
as (B = 0.97,0.99).

Table 1. Comparison between exact and approximation solutions for x(y1,y2,v).

Exact The Method Error The Method Error
B=1 B =097 B = 0.99
0 0 0 0 0

—0.7478 —0.8113 0.0635 —0.7685 0.0206
—1.6530 —1.7564 0.1034 —1.6869 0.0339
—2.7403 —2.8765 0.1362 —2.7851 0.0449
—4.0379 —4.2022 0.1643 —4.0922 0.0543
—5.5783 —5.7665 0.1882 —5.6407 0.0624
—7.3979 —7.6058 0.2079 —7.4671 0.0691
—9.5386 —9.7614 0.2228 —9.6129 0.0743
—12.0478 —12.2799 0.2321 —12.1254 0.0777
—14.9792 —15.2140 0.2348 —15.0580 0.0788
—18.3940 —18.6233 0.2293 —18.4713 0.0773

The comparison between the exact and numerical solutions for Equation (18) is shown
in Figure 1a,b. We obtain the exact solution at § = 1 and we use different values of , such
as (f = 0.97, B = 0.99), for the approximate solution. The surfaces in Figure 1c,d show the
exact solutions of the functions x(y1,y2,v) and w(y1,y2,v) at v = 1, respectively.
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Table 2. Comparison between exact and approximation solutions for w(ys, y2, V).
Exact The Method Error The Method Error
p=1 p =097 B =10.99
0 0 0 0 0
40.8 443 3.5 42.0 1.1
90.3 95.9 5.6 92.1 1.8
149.6 157.0 7.4 152.1 2.4
220.5 2294 9.0 2234 3.0
304.6 314.8 10.3 308.0 3.4
403.9 4153 11.4 407.7 3.8
520.8 533.0 12.2 524.8 41
657.8 670.5 12.7 662.0 4.2
817.8 830.7 12.8 822.1 4.3
1004.3 1016.8 12.5 1008.5 4.2
XYY, #) aty,=0, 12 =1 wly ¥, aty,=0,0=1
1200
exact (beta =1)
¥ beta=097

YY)

03 0.4 0.5 0.6 0.7

@)

Xy ¥ pv) at =1

(©)

1000

~ 600

400

+ beta=099 %

0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

(b)

wly 1.y, v) at =1

(d)

Figure 1. (a) The comparison between the exact and numerical solutions for x(y1,y2,v). (b) The

comparison between the exact and numerical solutions for w(y1,y2,v). (c¢) The surface shows the
function x(y1, y2,v). (d) The surface shows the function w(yy, y2,v)-
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Table 3. Comparison between exact and approximation solutions for x (y1,y2, Y3, V).

Exact The Method Error The Method Error
B=1 B =0.97 B =0.99
0 0 0 0 0
—42.2768 —42.2768 0 —42.2768 0
—84.5536 —84.5536 0 —84.5536 0
—126.8304 —126.8304 0 —126.8304 0
—169.1071 —169.1071 0 —169.1071 0
—211.3839 —211.3839 0 —211.3839 0
—253.6607 —253.6607 0 —253.6607 0
—295.9375 —295.9375 0 —295.9375 0
—338.2143 —338.2143 0 —338.2143 0
—380.4911 —380.4911 0 —380.4911 0
—422.7679 —422.7679 0 —422.7679 0
Table 4. Comparison between exact and approximation solutions for w(y1, y2, y3v).
Exact The Method Error The Method Error
B=1 B =0.97 B =0.99
0 0 0 0 0
—6.2500 —6.2500 0 —6.2500 0
—12.5000 —12.5000 0 —12.5000 0
—18.7500 —18.7500 0 —18.7500 0
—25.0000 —25.0000 0 —25.0000 0
—31.2500 —31.2500 0 —31.2500 0
—37.5000 —37.5000 0 —37.5000 0
—43.7500 —43.7500 0 —43.7500 0
—50.0000 —50.0000 0 —50.0000 0
—56.2500 —56.2500 0 —56.2500 0
—62.5000 —62.5000 0 —62.5000 0
Table 5. Comparison between exact and approximation solutions for ® (i1, y2,y3, V).
Exact The Method Error The Method Error
p=1 B =097 B = 0.99
0 0 0 0 0
—6.2500 —6.2500 0 —6.2500 0
—12.5000 —12.5000 0 —12.5000 0
—18.7500 —18.7500 0 —18.7500 0
—25.0000 —25.0000 0 —25.0000 0
—31.2500 —31.2500 0 —31.2500 0
—37.5000 —37.5000 0 —37.5000 0
—43.7500 —43.7500 0 —43.7500 0
—50.0000 —50.0000 0 —50.0000 0
—56.2500 —56.2500 0 —56.2500 0
—62.5000 —62.5000 0 —62.5000 0

The comparison between the exact and numerical solutions for Equation (49) is shown
in Figure 2a—c. We obtain the exact solution at § = 1, and different values of 8, such as
(B =10.97, B = 0.99), are used for the approximate solution. The surfaces in Figure 2d—f
show the exact solutions of the functions x (y1, y2,y3v), w(y1,¥2,y3,v) and ®(y1,y2,y3,v)
aty3 = 0 and v = 1, respectively.
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g XY ¥ ¥p¥) aty,=0,y, =0, v=1 WY 1Yy ¥qo) @t Y,=0, ¥, =0, =1
0 0
exact (beta =1} exact (beta =1)
50 #* belta=097 #  beta=097
+  bela=0.99 -10 +  beta=0.99

250
-300
-350
-400
450
0 01
(@ (b)
LYY, ¥qev) aty,=0,y, =0, »=1
0%
exact (beta =1)
* bela=087
-10 + bela=0.99

-30

40

-50

-70

0 01 02 03 04 05 06 07 08 09 1
¥

(9 (d)
Wy, ¥y g ¥) aty,=0, =0 D(Y,¥,: ¥y ) AL Y70, =0
0+
-0.2
0.4
2 Y
= £
%“_ & 0.8 | 5 :
= =
1.2+
1.4+
1.6 -1
10 i p i 5 10
2
Y, 00 Y;
(e) ()

Figure 2. (a) The comparison between the exact and numerical solutions for x(y1, 2, y3,v). (b) The
comparison between the exact and numerical solutions for w(y1,¥2,y3,v). (c¢) The comparison
between the exact and numerical solutions for ®(y1, y2,y3,v). (d) The surface shows the function
X(y1,¥2,y3,v). (e) The surface shows the function w(y1,y2,y3,v). (f) The surface shows the function

¢)(y1/y2/y3/ V)-

It is clear from the solutions of Equations (18) and (49) that the TGLTDM and FGLTDM
have good agreement with the exact solutions to the problems.

6. Conclusions

In this article, we apply the TGLTDM and FGLTDM to solve the (2+1)- and (3+1)-
dimensional Navier—Stokes systems of fractional partial differential equations, respectively.
These methods have proven to be strong instruments that enable us to handle fractional-
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order differential equations and to reach the desired precision; it is only necessary to
increase the number of iterations. Therefore, it can be found that the TGLTDM and
FGLTDM are powerful methods in the search for exact as well as numerical solutions
for fractional Navier—Stokes equations.
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