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Abstract: In this article, we introduce, for the first time, multivariate symmetrized and perturbed hy-
perbolic tangent-activated convolution-type operators in three forms. We present their approximation
properties, that is, their quantitative convergence to the unit operator via the multivariate modulus of
continuity. We continue with the multivariate global smoothness preservation of these operators. We
present, in detail, the related multivariate iterative approximation, as well as, multivariate simulta-
neous approximation, and their combinations. Using differentiability in our research, we produce
higher rates of approximation, and multivariate simultaneous global smoothness preservation is
also achieved.
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1. Organization

In Section 2 we give the preliminaries of our theory. In Section 3, we present the basics,
as well as an introduction to our multivariate symmetrized and perturbed hyperbolic
tangent-activated convolution-type operators and their properties. In Section 4, we present
the main multivariate approximation results. We also include the multivariate global
smoothness preservation achieved by our operators. We further study the differentiation
of these operators, and we introduce their iterations and give their basic properties. Next,
we present the convergence of our operators under differentiability, achieving higher rates
of approximation. Following this, we present the multivariate simultaneous differential
approximation and, in detail, the multivariate simultaneous global smoothness preserva-
tion, as well as the multivariate iterative approximation. We finish with the combination of
multivariate simultaneous and iterative approximations.

We are motivated and inspired by [1-3].

Other related recent interesting developments in this field are given in the works [4-17].

2. Symmetrization Related to g-Deformed and A-Parametrized Hyperbolic Tangent
Function 8qA

In this section, all of the initial background information comes from Chapter 18 in [1].

We use g, 1 (see (1)), and exhibit that it is a sigmoid function and we will present
several of its properties related to approximation by neural network operators.

So, let us consider the activation function

e qef/\x
gan(X) = T g Ag>0,xcR. (1)
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We determine that

_1—9q
g4 (0) = T+q
We also notice that
Ax _ 1,—Ax
(_x) B e—/\x - qe)\x o (e qe ) o (x) (2)
8q,A T oM +qe)tx - e %e—/\x B g%//\ ’
That is,
Sy (—x) = —g%//\(x), VxeR, 3)
and
glr)\(x) = *8q,A(*X),
Hence,
gh (%) = g5, (=x) (4)
We obtain ;
o2Ax q 1-— o
= = - 1,
8%( ) 62)‘3(+q 1_’_82% (x—>+00)
ie.,
gga(too) =1, (5)
Furthermore,
62/\x —q —q
- 1=,
gq,A( ) €2Ax+q (x——c0)
ie.,
gga(—00) = —1. 6)
We find that -
4gre
gha) =125 >, @)
(EZAX + q)

Therefore, g, ) is strictly increasing.
Next, we obtain (x € R):

_ eZAx

gy (x) = 8gA%e*N (M) € C(R). 8

We observe that

1
q—ez’\x20@q262’\x@1nq22)\x@x§;—)?.

So, in the case of x < %\q, we determine that g, ) is strictly concave up, with

1
83 (%) =0.
And in the case of x > 1;—/\‘7, we determine that g 18 strictly concave down.
Clearly, g, 1 is a shifted sigmoid function with g, 1 (0) = %, and g2 (—x) = —g,-1 (%)

(a semi-odd function).
Basedon1l > —1,x +1 > x — 1, we consider the function

Mya(x) 1= (894 (x +1) ~ gpa(x—1)) >0, ©

Vx € R; g,A > 0. Notice that M ) (£00) = 0, so the x-axis is a horizontal asymptote.
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We determine that

(gq A(=x+1) *gq,)\(*x - 1)) =

»M»—\

Mq,/\(* )

1
1 (st D g, ) = (10

=~ =

<g1,\(x+1) — 81 )\(x—l)> =M; A(x), VxeR.
q” q” q”

Thus,
M,M(—x) = M%,A(x), VxeR; g,A>0, (11)

a deformed symmetry.
Next, we determine that

1
M )\(x) = E(g;,A(X—i- 1) —goa(x— 1)), VxeR. (12)

Letx < M0 _1;then, x —1 < x+1 < 24 v and g, (x+1) > gl (x —1) (based on

84, being str1ct1y concave up for x < ln’7) that is, M’ A(x) > 0. Hence M, , is strictly

. . Ing
mcreasing over | —oo, A 1).

Now, let x — 1 > l;—/\q; then,x+1>x—1> 1;—/@, and g;,/\(x +1) < g‘;,A(x —1), that is,
M, (x) <O.
Therefore M, » is strictly decreasing over (1;—/{7 +1, —|—oo).

Let us next con51der ﬁ —1<x< lnq + 1. We determine that

1
M (x) = 5 (8ha(x+1) —gia(x =1)) =

29A2 M) (1T At _ M- [ 4T Al . (13)
(e2Mx+D) +q)3 (e2Mx-=1) +q)3
1;‘)? 1<x& lnq <x+1eIng<2A(x+1) & g < 2A0H) o g — 20+ <,
x < 1;7'74—1(:)3(—1 < 1;—)? S2A(x—1) <Ing & 2D < g o g — PP >0,
Clearly, according to (13), we determine that M;’ L(x) <0forx e {1%7 -1, 1;—;7 + 1} .

. . Ing Ing .
More precisely, M, ) is concave down over [ﬁ -1, 5+ 1} , and strictly concave

down over (l;—)? -1, 1;—)? + 1).
Consequently, M, ) has a bell-type shape over R.
Of course, it holds that M;’ (1nq) < 0.

1
Atx = %, we have

Mia(3) = 5 (80 (r + 1)~ gha(x — 1) =

e2M(x+1) 2Mx-1)
g2 2A(x+1 2 oA(x-1 2 ) (14)
(D +9)° (22071 4 g)
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Thus,
v (M) 62)\(1;‘7'7“) 62)\(1;‘7%1) -
q’)‘<2/\>_q 2A(1“—"+1) 2 2/\(1“—"71> 21
PET
e2r (e’m + 1)2 —e 2t (62)‘ + 1)2
A —0. (15)
(e )

Thatis, 1;—/\'7 is the only critical number of Mq, A over R. Hence, at x = 1;7[’, Mq/ A achieves
its global maximum, which is

Ing\ 1 Ing _ Ing _
Moo (3t) = 2l (5 +1) s (5 -1)] - 1
1 2(e*—e)|  tanh(A)
4 erter | 2

Conclusion: The maximum value of M, , is

M, (1“”7) _tanh(d) (17)

2A 2

We mention the following:

Theorem 1 ([1], Ch. 18, p. 458). We determine that

2 Mga(x—i)=1 Vx€R VA q>0. (18)

i=—00
Also, the following holds:
Theorem 2 ([1], Ch. 18, p. 459). It holds that

/jo Mg a(x)dx =1, A,q>0. (19)

So that M, ) is a density function on R; A,q > 0.
Similarly, we determine that

/ M (x)dx =1, A,q>0, 20)
—00 q”

so that M , is a density function.
g

Furthermore, we observe the important symmetry

(Mq,A‘FM;’A)(X) = (Mq,)\+M;//\> (X), VxeR. (21)
Furthermore
Mq,)\ + M%,A
g=—>5 (22)

is a new density function over R, i.e.,

/oo p(x)dx = 1. (23)
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Clearly, then,
/ pnx —u)du=1, YVneN,x R (24)
An essential property follows:
Theorem 3 ([2]). Let0 < a < 1,n € N:n!=% > 2. Then,
o+
p(nx —u)du < ——"~, q,A > 0. (25)
P2 (n7e 1)
{ueR:\nxfu\anf“}
We need the following;:
Proposition 1 ([2]). It holds for (k € N) that
1 2AJ1
o tanh(A) (’7 + q)e :
z|"p(z)dz < + (26)
/—oo| Fo(z) (k+1) (2/\)7‘
We mention the following:
Definition 1. The modulus of continuity here is defined by
wi(f,8) == sup [f(x) = f(y)l, 6>0, (27)

x,y€RN:
eyl <6

where f : RN — R is bounded and continuous, denoted by f € Cg(RN), N € N. Similarly, wy is
defined for f € Cy (RN) (uniformly continuous functions). We determine that f € Cyy (RN), iff

wi(f,0) = 0asé 0.
Denote |||, := max{|x1|, ..., |xn|}, x € RN.

3. Basics
We establish the following:

Remark 1. We introduce

—.

Il
_

Z(xl,...,xN) = Z(x) =

It has the following properties:
(i) Z(x)>0,VxeRN;Z(—x) = Z(x),

(i1)
/N Z(x —u)du = / / Z(x1 — Uy, .., XN — un)duq..duy =
R oo oo
N oo )
H/ @(x; — u;)du; @ 1, Vx e RN,
=17~
Hence,
(1ii)

/NZ(nx—u)du =1, Vxe RN, n e N, and
R

¢(x;), x=(x1,..xn) €RN,N e N.

(28)

(29)

(30)
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(iv) according to (23),
/RN Z(x)dx =1, (31)

That is, Z is a multivariate density function.
(v) Let0<B<lneN: nl=PB > 2. Then, using Theorem 3 and (24), we derive that

Z(nx —u)du < E<q i %)
e

{u€erRN:||lnx—u| ,>n'"F}
The latter is true, because the condition any u € RN : ||nx — u||, > n'~P, implies that there
exists at least one uy : |nx, — uy| > nl=B, where r € {1,..,N}.

Indeed, the following holds for some r* € {1, ..., N}.

{uERN: an—u||002n17ﬁ} C (33)

Uﬁ\le{RN_l U {ur eR: |nx, —u| > nl_ﬁ}} C
RN-Ty {u,* € R: |nxp —up| > nl_ﬁ},

We also mention a useful related result.

Theorem 4. It holds for (k € N) that

/RN||x||’;OZ(x)dx < Nk (34)

wnn(y)  (145)H]
(k+1) (27)* '

When k = 0, (34) is again valid.

Proof. We determine that

N k
k
[ ez < [ <]§|x].|> L)z <

(according to a convexity argument)
k—1 S k k—1 N k
NE- 1) Z(x)dx = N*- / 1*z(x)dx | = 35
/]RN ];‘x]| (x)dx ]; RN|x]| (x)dx (35)

N N
Nk-1 <]; ‘/RN|Xj‘kE§0(XZ')dx> =

Nk-1 % </o:°|xj|k(p(xj)dxj> ﬁ/z o(x;)dx @)

7]

j=1
N (i/w ’xj|k‘P(xj)dxf> <
j=1 /e
oo (O [tanny | (2+7)e e
N (]g{ +

(k+1) (2A)F
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Jannr) | (g+4)

A RCESY (27)F

, (36)

proving the claim. O

We will use the following differentiation result.

Theorem 5 (H. Bauer [18], pp. 103-104). Let (Q), A, it) be a measure space. Let U be an open
subset of R, d > 1,and let f : U x Q — R be a function with the following properties:

(1) w — f(x,w) is u-integrable for all x € U.
(b)  x — f(x,w) is, at each point in U, partially differentiable with respect to x;.
(c)  There exists a p-integrable function h > 0 on Q) such that

af(x,w)‘ < h(w), forall (x,w) € U x Q.
Then, the function @, defined on U as
9() = [ flxw)n(deo)

is partially differentiable with respect to x; on all of U. The mapping w — % (x, w) is p-integrable,
and we have

ag , . [ of
o %) = /Q 3, (@), all x € U.
We give the following:

Definition 2. Let f € C5(RN), N € N. We define the following activated symmetrized and
perturbed hyperbolic tangent multivariate convolution-type operators:
The basic one:

Su(f)(x) == /RNf(E)Z(nx—u)du, VxeRY, (37)

n
The activated Kantorovich type:

Sa(F) () = [

RN

(/U“Z f(f)dt> Z(nx —u)du, VxRN, (38)

Now, let 8 = (64, ...,0N) € NN, r = (r,...,TN) € Zf, Wy = Wryry..ry = 0, such that
0 01 0 N N
Z Wy = Z Z Z Wriry.ry = 1; uelk s
r=0 r1=0r=0 rny=0

and

0
§n(f)(u) = §n(f)(u1,...,uN) = ;)wrf(% + é) =

0 O On u rou r u r
2 Z Z wrlrz__.er(l + T}/ 72 + T?/ ey 7N + GI\]>/ (39)
r1=0r=0 ry=0 n nvp n nu, n non

r._(nn I'Nn
where 5 1= (91’92’“" GN)'

We define the activated quadrature operators

Sn(f)(x) := Su(f,x1,..., XN) 1= / On(f)(u)Z(nx — u)du = (40)

RN
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/_0; /_i /_i Su(F) (11, i) (ﬁgo(nx,, _ Mi)>du1...du1\], vx e RN

One can rewrite
/ / / ul u2 . T/l?N) <H q)(nxi — ul)) dul..-du]\]/ (41)
i=1

and

UN

- [ [

N
(H (p(nx,» — ui)>du1...duN, (42)
i=1

u2+ un+1
" / / f(l’],..., tN)dtl...dl’N>

n

neN,VxeRN.
For some f € Cy (RN), the above operators can exist.

In this work, we study the approximation properties of the operators S, S;; and Sy,
especially their convergence to the unit operator I.

4. Main Results

We present the following approximation results:

Theorem 6. Let0 < f<1,neN:n'"P >2 fe Cg(RN), n e N, x € RN. Then,

2(3+ 1)1/l
5.0006) ~ 0] < wr(fr5) + % = %, @)

and
150(f) = fllo < A%, (44)

where ||-|| , is the supremum norm.
So, for f € Cyg(RY) := Cy (RN) N Cp (RN), we determine that lim S, (f) = f, pointwise

and uniformly.

Proof. Call
Ay = {uERN:HZ—xHOO<nlﬁ}, (45)

and
Ay = {ueRN H**XH zlﬁ} (46)

That is, Ay U Ay = RN,
We determine that

/RNf<%>Z(nx—u)du—f(x) /RN Z(nx —u)du| =

u

/RN (f(ﬁ> _f(x))z("x—u)du <

/RN‘f(%> _f(x)‘Z(nx — u)du =

(47)
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[ [#(%) = 50| =y +

fy e

(32)
E—xH )Z(nx—u)du+2||f||oo/ Z(nx —u)du <

wl(f,nlﬁ>/AlZ(nx—udu+2||f|oo (a+ )

Alﬁl)—

R G L
RN

P2 (P -1)

2(g+ 1) Iflleo
w1<frnlﬁ> +(€2A( q)

nl’ﬁ—l) ’

A f(Z) _f(x)‘z(”x—u)du <

2

(48)

O
We continue with the following.

Theorem 7. This theorem is all as in Theorem 6. Then

2(g+ 1)l
SN0 —F@] <@ (fg+ 25 ) + (M(")ﬁl) —p, )
and
1530/) ~ flo <

(50)
For f € Cyp(RN), we determine that lim Sh(f)
n—oo

= f, pointwise and uniformly.

Proof. We notice that
u+1 up+1 up+1

f(t)dt /71»« /72 ,_,/MNTf(tl,...,tN)dtl.,,dtN:

n n

= SIR

// /ft1+—t2+— tN+”7N)dt1...dtN:/

ol Nf(t+ %)dt. (51)

2]

Thus, it holds that
SiA@ = [ ([ (e 2 )t ) 7Gx = 2)
! rv\Jo )" N

We observe that

1Sn(f)(x) = f(x)| =

/RN (nN/[OI’]]Nf(t—y-Z)dt)Z(nx—u)du—f(x) /RN Z(nx —u)du

1

/w( N /{oj]Nf(H Z)dt) —f(x))Z(nx_u)du
/]RN (nN /[0,},}N<f<t+ %) —f(x))dt)Z(nx_u)du <
/RN (nN /[O,HN‘f<t+ %) —f(x)‘dt) Z(nx —u)du =

(53)
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/A1 <nN /[0 ‘dt)Z nx — u)du+
/Az< / ‘ft+ ‘dt)an u)du <
/Al (nN/[o,l] w1<f ||t\|oo+Hffo )dt) nx — u)du+
20fl.a 200w =i <
q+3
an(fiyt5) [, 2o —wur 21l 2E( - Z)) < )
o1y 29+ ) Ifle
“ (f +/5) + 2 (1 P-1)
O
Thus, the following are true:
Theorem 8. This theorem is all as in Theorem 6. Then,
— o1y 200+ DIl
|Sn(f)(x)—f(x)|§W1<frn+n,g)+em(nlﬁ_l)_Pr (55)
and o
154 (f) = fllow < 0. (56)
For f € Cyg(RN), we determine that nlgrt}og(f) = f, pointwise and uniformly.
Proof. We determine that
|Su(F)(x) = f(x)| =
/RN(S (Y(w)Z(nx —u)du f(x)/ Z(nx —u)du| =
[ (0a(F) () = F(x) Z(nx = )| =
0
/RN<§Jwr(f %—i—% —f(x)))Z(nx—u)du < (57)

[, (B (51, =0, e

2[| flloo / (nx — u)du <
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1
w1 <fnlﬁ+i> /A]Z(nx—u)du+2||f||ooez/(\lznl:)1) < (58)
2(q+ ) Ifll
w1<f’i+nlﬁ>+(€2)\(n?)ﬁl)'

O

Next, we describe the global smoothness preservation property of our activated
multivariate operators.

Theorem 9. Here, f € Cg(RN) U Cy (RYN). Then,
w1(Sn(f),0) <wi(f,6), 6>0. (59)
If f € Cy(RN), then Sy (f) € Cy(RYN).

Proof. We determine that

Sul(f)(x) = /RNf(x - 2)z(z)iz. (60)
Let x,y € RYN; then,
S:(A@ = SuH) = [ (F(x=2)=£(v-2)) 20z (61)
Thus,
SN =N < [ F(x=2) = f(v=2)|z(2)z <
wr(f =yl [, 2@z E (s, Ix =yl (62)

Let ||x — y|| <, 0 > 0; then, we obtain (59). [

Remark 2. Let f be the projection function onto the x; coordinate, call it pri(x) := x;,
i€ {1,..,N}, where x = (x1,...,X;,...,xn) € RN. Then, it holds that

Zj 1
Su(pri)(x) = /RN (x,- — ;)Z(z)dz =X /RN z;Z(z)dz. (63)
Hence,
[Su(pri)(x) = Su(pri)(y)| = |xi —yil = [pri(x) — pri(y)],
proving that
w1 (Su(pri), 0) = wi(pri,9), (64)
forany 6 > 0.
So, (59) is an attained sharp inequality.
Furthermore,
1N oo )
Sn(pri)(x) = xi — H/ ¢ (zj)dz (/ Zi‘P(Zi)dZi) (65)
]-:1 —00 —0o0
j#i
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and 1 oo
Sulpr) @) < il + [ [zilo()dz
4 1) ,24
£ |xi| + % [tanle()\) + (q zj’\>e ] < co. (66)
Thus, Sy (pr;)(x) is well defined.
Theorem 10. Let f € Cg(RN) UCy (RN). Then,
w1(Sy(f),6) < wi(f,6), 6 >0. (67)
If f € Cy(RN), then S (f) € Cy(RYN).
Inequality (67) is an attained sharp inequality according to f(x) = pri(x),i € {1,..,N}.
Proof. According to (52), one can write
* _ u —
B (f)(x) = /RN (nN /[O,;]Nf<t + n)dt) Z(nx — u)du = (68)
z
/RN (nN /[O’HNf<t n (x - n))dt)Z(z)dz,
and
. B z
SN = [ (nN Joyp £t (- n))dt)Z(z)dz, (69)
where x,y € RN,
Thus,
[Sn () (x) = Su(H) W) =
z z
fo (2 o U (= 2) =1 (e (5= 2)) )zt <
z z
Lo oo (e 20) 1 o 2))fr) 0=
w1 (f/ ¥ = ylle) /RN Z(z)dz = wi(f,[|x = ¥ll)s (70)
proving inequality (67).
We do have
* Zi
1S5 (pri) (x)] < /RN (nN /[o,;]N (ti+ (xi - ;)) ‘dt)Z(z)dz <
/RN (nN/[Ol}N<|ti—|—|xl-—|—|zni|>dt>Z(z)dz§ (71)
/RN (111 + |xi + |'Z|)Z(z)d2 = /_0:0 <Tll + |xi] + |:|> ¢(z)dz; =
o (26)
Yibal 4 [ gt < 72
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Thus, S;;(pr;)(x) is well defined. O
Theorem 11. Let f € Cg(RN) U Cyy (RN). Then,

1 (5a(f),6) < wi(f,6), &> 0. 73)

If f € Cy(RN), then S, (f) € Cy(RYN).
Inequality (73) is an attained sharp inequality according to f(x) = pri(x),i € {1,..,N}.

Proof. Let x,y € RV; then,

Sn(f)(x)=/H{N<éwrf((x—rzl)—i-nrg))Z(z)dz, (74)
and B , . )
5N = [, (;0 wif ((y—=) + M))zcz)dz. (75)

<

/H§N<iwr(f(<x—;) +=) = f((v-2) +nr9))>2(z)dz

(=2 ) -H((-3)+ ) 2z oo

wr(f =yl [, 2z = wr(f, lx = ylo).

That is, (73) is true, and it is an attained sharp inequality according to f(x) = pr;(x),
ic{1,.,N}
Indeed, we determine that

|Su(pri) ()] = /RN (éw{(x—i) nréiDZ(z)dz <
d z; ri
/RN (gw, (xl - ;) Py >Z(z)dz <
/RN (gwr {|xi + % + H ) Z(z)dz = (77)

(as in (72))
*© zZ 1
S |t Bl D pteide < oo
Thus, S, (pr;)(x) is well defined. O
We establish the following:
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Remark 3. Let i € N be fixed. Assume that f € CU) (RN), N € N. Here, f, denotes a partial

N
derivative of f, a := (a1, ..., an), &j € Z1,j=1,...,N,and |a| := }_ aj = I, wherel = 0,1,..., 1.
j=1
We also write fy := g‘%{, and we say it is of the order I.
We assume that any partial f, € Cg(RN) foralla: x| =1,1=0,1,...,i.
Through the repeated application of Theorem 5, we obtain

(SuMa@) = [ fa(x =7 ) Z()dz = 79)

wa“(%)z(”x* w)du = (Su(fa))(x), ¥x €RY.

Similarly, we determine that

(Sn(f))a(x) = (Sp(fa)) (%), (79)
and o B
(Su(f)a(x) = (Sulfi)) (x), ¥ x € RY; (80)
foralla: || =1,1=0,1,..,1i.
So, all of our results in this work can be written in the simultaneous approximation

context (see Theorems 15-17).
We establish the following;:

Remark 4. Activated Iterative Multivariate Convolution

We determine that .
() = [ F(x=2)2@)0,
V x € RN, where f € CB(RN).
Let x5y — x,as N — oo, and
Sa(F)n) =Su(F) () = [ (Flv=2) = f(x=2)) 2()ez. 1)

We determine that
z z
f(xN - H)Z(Z> — f(x — Z)Z<Z)' VzeRN, as N — co.
Furthermore, it holds that
[Sn(f)(xn) = Su(f)(%)] < (82)
z z
/RN‘f(xN— E) —f(x— E)’Z(z)dz—)O,asN—)oo,
according to the dominated convergence theorem, because we determine that
z
-z <
(v = 2)|2(2) < 1 l2(2),
and || f||Z(z) is integrable over RN, ¥ z € RN,

Hence, Sy(f) € Cp(RN).
Furthermore it holds that

[Sn(f)(*)] < ||f||oo/RN Z(z)dz = | flleor
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ie.,
158 (H)lleo < M1 flloo- (83)
So, Sy, is a bounded positive linear operator.
Clearly, it holds that
IS20A)|| . = 188(Su(Dlew < 158(A)lleo < 1l (84)
And for k € N, we obtain
Issn] = s < ||sk20) L < - < 1f (85

so the contraction property is valid and S is a bounded linear operator.

Remark 5. Let r € N. We observe that

Sif—f=(Suf =i f) + (Sif = Si72f) + (2 f = i)

oot (SHf = Suf ) + (Suf = f). (86)
Then,
150 = flleo < ||S0f = ST |+ [[si7F = si2f |+ |[si2F = s
ot || 82 = Suf ||+ 1Suf — fllos =
|5571Suf = )| +]|S525uf = D+ -+ 1Su(Suf = Hllot
150 = fllew < 711Snf ~ flleo
Therefore,

150f = flloo < 7UISnf = fllo- (87)

Now, let my, my, ..., my € N:my <mp < ... <my, and Sy, as above.

Sty (S, (-Siy (S, f))) = f = o =

Sy (Smy 1 (--Smy) ) (S f = f) + S, (S, 1 (+:Sms)) (Sma f = )+ (88)

Smr (Smrfl (Sm4)> (Sme - f) +.+ Smr (Smrflf - f) + Smrf - f
Consequently, it holds, as in [1], Chapter 2, that

H$m5m1@5mG%JW)—fMOSi;Bmf—ﬂu- (89)

Next, we have

Remark 6. We obtain

SE(fF)(x) = nN /RN (/[Oll]Nf(t + (x - Z))dt) Z(2)dz,

fE CB(RN).
Let x5y — x,as N — oo, and

1Sa(f)(xn) = Sp(f)(%)] =
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(ol (=) s (=2 )z < o
Jo (2 oy v 20) 1 (o= 2)) )zt 0
as N — oo.
This is true according to the bounded convergence theorem, and we determine that
XN — X wt+( N—E) —>t+(x—§)
and
o o 2)) o (e ) on
£+ (v =) < 1l
where {0, ﬂ N is a cube. Thus,
nN/[o,HN‘f<t+ (xN - %)) —f(t+ (x— %)) ’dt — 0, as N — oo. (91)

Therefore, it holds that

nN/[O’}i]Nf(t+(xN—Z))dt%nN/[o ]Nf<t+(x—a>>dt as N — oo.

and we obtain

[ fap s o= e (o fp st (=)o

as N — oo,V z € RN,
Furthermore, we have

|<nN/[01]Nf(t+ (xN—)>dt> (2)

n

< [IflleZ(2),

with || f|| Z(z) being integrable over RN.
Therefore according to the dominated convergence theorem,
Sn(f)(xn) = Su(f)(x), as N — eo.

Hence, S;;(f)(x) is a bounded and continuous in x € RN,

(92)

(93)

(94)

The iterated facts hold for S, as in the S, (f) case, all the same! See (83)—(85) and all of

Remark 5.

Remark 7. Next, we observe the following: Let f € Cg(RN), and

506 (x /(2%]‘((“) nre)>z<2>d2-

Let x5y — x,as N — oo. Then,

[Su(F)(xn) = Su(F)(2)] =
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LBl v+ ) =1((x=3) 4 5) Jeoae < oo
JuBor (o300 25) (e 3) + ) s 0
as N — oo.
The latter is obtained according go the dominated convergence theorem:
(-3 D) 0
and ,
Yot (o= 2) ) = Bs (e 2+ )
and
(Eonr((on=2)+30) )20+ (Sws (- 3) + 35) )20,
as N — oo,V z € RN,
Furthermore, it holds that
Zwrf((xN—*) 2|2 < 1flZ(@), (96)

in which the last function is integrable over RN.
Therefore,

Su(f)(xn) = Su(f)(x), as N — co.

Hence, Sy (f)(x) is bounded and continuous in x € RN.
The iterated facts hold for S, in the same manner as with S, (f)! See (83)-(85) and all of
Remark 5.

See the related Theorems 18 and 19, which we describe later.
Next, we greatly improve the speed of convergence of our activated multivariate
operators by using the differentiation of functions.

Notation 1. Let f € C™(RN), m,N € N. Here, f, denotes a partial derivative of f,
N

o = (a1,..,an), & € Z4,i = 1,.,N,and || = ¥ a; = 1, wherel = 0,1,...,m. We
i=1

also write fy 1= %, and we say it is of the order I.

We denote
w{n,‘;‘lx(fa,h) := max wi(fa, h), h > 0. 97)
w:|a|=m
also written as
| falloom = max{llfa\loo} (98)

where ||-|| , is the supremum norm.
Theorem 12. Let 0 < B < 1, n € N:n'"P > 2, x e RN, f € C"(RN), m,N € N, with
fa € CB(RN) forall w := (a1,..,an), & € Z4,i = 1,..,N, and |a| = g «; = 1, where
1=0,1,..., m. Then, =
(i)

1Su(f)(x) — f(x)—
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[{ngE

N = (0(1,..., D‘N)/“i < Z+
N
i=1,..,N, |a|:= Y a;=]
i=1

Nm max 1
§<m!nmﬁ>wl,m farﬁ +
20l N2 [ranha) (9 §)e
nmm!

(m+1) (20"
(i) Assume that fo(x) =0foralla: |a| =j,j=1,.., m. We have

[Su(f)(x) = f(x)] < @,

=: dj,

with a high speed of n—PM+1),

(iii)
[Su(f)(x) = f(x)] <
N 1 L] [ nh() (9+1)ePa
E{ Tt ”nf{ﬂlwﬁ @
o =j
+5,
and
(iv)
152 (f) = flleo <

1
1 tann() (15 §) !

(a; 4+ 1) (2A)%

N 1[N
DR e (VAR

f—l{ a: ITa! =
laf =j

i=1
We determine that S,,(f) — f, as n — oo, pointwise and uniformly.

Proof. Consider g;(t) := f(xo + t(z — x0)), t > 0; x9,z € RN. Then,

(Ee-

forallj=0,1,.., m.
We have the multivariate Taylor’s formula

j
0
in)ax-> f] (x01 + t(z1 — x01), -, XoN + H(zN — X0N)),
1

m ()
Flzterzn) = g2 = 3 80
=

(mil)! /01(1 —0)" " (51" (0) — g™ (0) ) de.

1 N .
Z N fa(x)5n<<n(.—xi)“l>>(x)

}+q>§.

(99)

(100)

(101)

(102)

(103)

(104)
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Notice that ¢-(0) = f(zp). Also, for j =0, 1, ...,m, we have
. it
g9 (0) = y J (105)
o= (ay,..,aN),0; € Z4 1T «;!
N i=1
i=1,.,N, |a| =Y a=]
i=1
N .
[ 1(zi = x0)™ ) fu(x0).
i=1
Furthermore we obtain
m!
g (9) = Y N
o= (ay,.,an),0; € Z ;!
N i=1
i=1,.,N, |a| =Y a;=m
i=1
N N
(zi — x01)™ | fa(x0 +6(z — x0)), (106)
i=1
0<6<1.
So, f € C™(RN).
Thus, we determine, for 1, x € RN, that
u un
F (G ) =0 =
1 1
) )3 N
= ai=(ag, e, an), 0 € Zy IT ;!
N i=1
i=1,.,N, |a|:=Y a; =]
i=1
N ”
T1(5 —x)" | fulx) +R, (107)
=1
where
! m—1 1
R:= m/o (1-0) y _
o= (aq,..,aN), 0 € Z4 1T «;!
N i=1
i=1,.,N, |a|:=Y aj=m
i=1
T1(% %) ) [+ 0(% ) = saco]o a0
LG, X; falx X falx
We see that
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1 _ 1 u ®;
m/ 1-o" ' Y . <Hnlxi ) (109)
|a|=m T «;! i=1
i=1
u
o (furb]|5 —x ‘m))de < (%)
Notice here that
H*_’CH <t iz N (110)
1’113/ 1| = }’lﬁ’ - 700y .
We further see that
max 1 ! m—1 1 N 1 i
(*) < mwfiX{ far —5 /(1—9) Y| % [1{-5 do
n 0 |a|=m IT «;! i=1 \"
i=1
(s om |
(ml)nmﬁ |a|=m ll_\][ DCZ‘!
i=1
(omax f/i
M N™. (111)
(m!)yn™p

Conclusion: When [|% — x|| < niﬁ’ we prove that

RIS( I,\]Tnﬁ) max(f,x, 5) (112)

According to (108) we determine that

1

1
-1
Rl<m| [(1-0)" D 5
o= (0, ..., aN), & € L4 IT a!
i=1,.,N, |a] =m =1

N
(q( )2||fa|oo>d9> ~
1 N a;
2 )« (H’—Xi )IIfalmS
|a|=m H a;! i

2|4 — x|l el oo m!
(= r o
|a|=m IT !

i=1
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2|5 —x oolIfaHmaXN’”
] .
We prove, in general, that
mame
) < 2 I -
Next, let
0, = /RN RZ(nx — u)du, (115)
Then,

U, | < /RN|R|Z(nx—u)du =

R|Z(nx — u)du—+
oy RIZ(0 =)

/{uERN:|nxu

HOO

{(112), (114))
|R|Z(nx —u)du <

/{uGRN:|nxu|oo2n1f5}

<ml'\’];ﬁ) b <fa'> (116)
<W> <[{”ERN lnx—u] g 21~ ﬁ}H* B "HZZ(”X - u)du) <
(s )t (o5 )+
<W> /RNan —u||" Z(nx — u)du =
<’%) b <f“' > (117)
(W> L2z @
(%) L (fa, )
<W> v [fanh@) + o+ ;)emm!]- (118)

n"m! (m+1) (A"
_ N™
T < (g ) (for g )+
2 fulmN2\ [rann(ay  (7+1)e?m!
n"m! + '

(m+1) (2/\)m
Next, we estimate

We prove that

(119)

N u; i
/ H‘—’ —xi| | Z(nx —u)du =
Jry \ 31l n
N | u; &
H/ A @(nx; — u;)du; =
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N roo
l 11/ —nx;|Y o (u; — nx;)du; = (120)
1N (26)
STI(/ g <
<ﬁ[tanh)\ (‘H' )e ”‘1']>

; (a; +1) (2A)%

3

so that the following holds:

1 (% +1) 2A)

N + 112 i!
1{1_[ tanh(\) n (q 'i)e “ ]} (121)
i=1

According to (107), we can write

RNf(%)Z(nx — u)du — f(x)—

) )
FU( = (ag, .. an), 0 € Zy
N
i=1,.,N, |a|:=Y a; =]
i=1

</RN (ﬁ(t}t; — xl-)"‘i> Z(nx — u)du> fu(x) = /RN RZ(nx — u)du. (122)

i=1
The theorem is proven. O

We continue with the activated multivariate Kantorovich operators under differentiation.

Theorem 13. Let 0 < f < 1,n € N: =P >2xe¢ RN,f € Cm(RN), m,N € N, with
fu €Cp(RN) :|a| =1,1=0,1,..., m. Then,

(i)

(B,

(ii) Assume that fo(x) =0foralla: |a| =j, j=1,..., m; we have

[Sa(f)(x) = F(x)] < ¥, (124)
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+1
with a high speed of (% + nl—ﬁ) S

(1ii)
1Sh(F)(x) = f(x)] <
S 1 2\/
I T R LCIE
]_1{ e I a;!
af =7 N
N tanh(A) (q + %)62’\(&1- +1)! -
(E t (a; +2) (27)% 11 + ¥, (125)
and
(iv)
1S5 (f) = flleo <
. j
YL | [IA0e(3)
j=1 { Q: H D‘i!
la| =j N
N tanh(A) (q + %)62’\(ai +1)! -
(z‘zl t (@i +2) i (27)%H] + 11 (126)

We determine that S3,(f) — f, as n — oo, pointwise and uniformly.

Proof. It holds that

f(”%)_f(x)_i Y| (N (ti+1:—Xi)ai>fa(x):R, (127)
=1 o 1! | \i=1
{ af =j N
where
— ! _ gym—1 1
Ri=m [ (1-0) % T (128)
{ | =m \i=l
(ﬁ(tﬁ- % —xi)“i> [fa(x-i—@(t—i— % —x)) —fa(x)}dﬂ.
We see that
! _ pym—1 1
‘R|§m/0 o Itx\gm I%zxi!
i=1
<lej trk%—xi "‘z‘) fa<x+9<t+%—x>)—fa(x)‘d9§ (129)
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1 " 1
m/o(l—e) 1 ||Z . (H‘wr —x
a|=m I—_[OCI! 1=

i=1
wr (fu 0|+ % —me))de < (%).

)

Notice that

5=l =
—— X
n [ n/5'

Here we consider 0 < ¢; < %, i=1,..N.
We further see that

() < mai (g + ) [a-or

5 | 1G3)) -
me(fa,%:ﬁ)(l 1)m

m! n  nP

m! n ' nP (130)

max 1 1
wlm (ff""n + nﬁ) (1 n 1 )mNm_

Conclusion: When H% — xHoo < niﬁ’ we prove that

N™ /1 1\" max 1
RI< (L Y e (4 ). (131)

According to (128), we determine that

Ri<m[ a0 ¥ |

|oc\“::m 111“1'!
1=
N
Ui
B hd <
(ﬂ(w i w])’ 2|fa||oo>d9
1 1
m—1
m [ (1-0) Z N
|ac|=m I—[lal'
1=

N/ u; %i
<l‘{<n + ;' —x; > 2|fa||oo> de = (132)
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)“")znmm <

u 1 n max
2(||ﬁ_x||oo+ﬁ> ”f“”oo,m m!
2 _

1 N /1w
= | (110 [
|1x\a::m “i! i=1

2

1

! N
m! W 1]
i=1
2(]1 = xllo + ) Sl
N™. (133)
m!
We prove, in general, that
2(]1% = %l + 2) " fall N
n %) n & lloco,m
R| < - : (134)

Next, we see that

) % fa(x) (135)
,xv‘é::]’ '71061'!

N /to,i]N <INI(1L1‘ + % _ xi)«l)dt _ N /to,;]N i

i=1

nN./['O’HNf(t—I— Bt — f(x) —];

So, when ||% — x| < nl—ﬁ,we obtain

N™ /1 1\" 1 1
N - - . max - _
n ./[O’HN|R|dt§ — (n + nﬁ> W <f,x,n + nﬁ>‘ (136)
and, in general, it holds that
N
n Rldt < 137
Jope R < (137)
m
2([1% = xllo + 3) " Nl TN
m! ’
Furthermore, it holds that
Sp(f)(x) = f(x) =} N fa)SE (TTC—x)" ) | (x) =
j=1 & K i=1
la|=j &
i=1
/RN (nN /[Oryl,]N Rdt) Z(nx — u)du. (138)
Let
u; = /]RN (nN /[0,},]NRdt>Z(nx —u)du. (139)

Here, Aq is asin (45), and Aj is as in (46).
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We do have, under ||4 — x|, < %,
e n
. N™ /1 1\ 1
Unllay = -+ (n+nﬁ> max(fm n5>- (140)
Furthermore, we determine that
|| falloom N u 1\"
* < [ Z/ANeom” " - o
Uy |la, < ( - /Az(Hn xHoo+ n) Z(nx — u)du. (141)
or, better still,
. 2|| falloomN™
Uila, < (m [ (= nxll g + 1200 —mo)du = 42)
. 2
2|| fall oo N"™" m
- <
( e ) ([ el 17202 <
2"|| falloom N m
<nm;,n! (Az(1+|zllw)z(z)dz> < (143)
2N)" |l fullcom
( =) |14 [ Jalzz ] <
( ) ||fu¢”max 1+Nm tanh()\) N (q+ %)62)\171!
n"m! (m+1) (2A)™ '
We prove that
. 2N)"| fulloom
[Unlla, < (nmm,
1) .24
o[ fanky) | (a+5)em!
{1+N CES TV . (144)
Consequently, we derive that
[Up| < |Unlla, + [Unlla, <
N" /1 1\ max 1
m(ﬁw) (f“' )*
max q_l’_l 2 !
N Wfallosmn \ [ 1 | tanh(}\)+< “’)m . (145)
n"m! (m+1) (27)
Finally, we estimate
N
52((]—[(‘—3@')”))(96) =
i=1
N N Uu; &
/RN /[O]N H(fi"‘g—xi) dt | Z(nx — u)du (146)
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(147)

1=
AU
=
T
2 3
—
+
=
S
+
P
Ko
QL
=
N———
IA

[ =
VR
—1=
N
2
I
3 2
—
—_
+
B
i
+
~
N—
s
2
U
=
~
Il

) . (148)

Y (- by,

(a; +2) (22)% 1

We derive that

1
The theorem is proven. [
We continue with the activated multivariate quadrature operators under differentiation.

Theorem 14. Let 0 < B < 1, n € N:n'™P > 2;x e RN, f € C"(RN), m,N € N, with
fa €Cp(RN) :|a| =1,1=0,1,..,m. Then,

(i)

— N 1 (N .
sn(f)(x)—f(x)—z; Y S fa(x)5n<<n(-_xi)“z>>(x>

Foa: | Ty i=1
jaf =j M
N™ 1 1\" 1 1
< | = _ max - .
- m! (n+nﬁ> “1m (f“'n+nﬁ>+

tanh(n) (7 1)e¥m!
(m+1) 21)"

((zmmmnziz) {HN,”
n"m!

(ii) Assume that fo(x) =0 forall a : |a| =j,j =1, ..., m; we have

f-n

|Su(f)(x) = f(x)| < ¥y, (150)

with a high speed of (% + n%) mH,
(iii)
1Su(F)(x) = f(x)] <
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N ]
1 2
YL | [1eI(2)
]_1{ [ I—_[ 0(1'
jaf =j M
N + 1) e (a; + 1)
tanh(A q —
[T+ ()+( ) . +¥, (151)
i1 (“i + 2) (2)\)“1+1
and
(iv)
152(F) = fllo <
N
1
YL |5 [15(3)
=1 a: IT a;!
jaf =7 M
N tanh(/\) (17 + %)EZA(M +1)! _
]’[ 1+ , +Y,. (152)
i (i +2) (22)4H
We determine that S, (f) — f, as n — oo, pointwise and uniformly.
Proof. We determine that
u U 1 N fupon i B
fE+2)-f D=L Y| 5 (g(ﬁnei—xi) fax)=R,  (153)
el | Tt )N
i=1
where
R :— 1 m—1 1
=m | (1-190) Y| % (154)
|zx|“:m H“z'
i=1
N o;
uj ot ‘ r
(F1(%+ )" (e 0 =) = o)
We see that
1
IR| < m/ (1—0)" ! Nl
0 lal=m | 1T a;!
i=1
N a
up ot r
L T _ <
(E w T ng; ) f“(x+9( no )) fa ‘d@ (155
1 N . &i
ar (el
0 w=m | TLa | =2

i=1

(o + 2y o <
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Notice that

5=l < o

We further see that

Wi (o i+ ) (L 1) !
’ + - Z .
|al

m! E nﬁ N
=m 17 «;!
i=1

1 1
wf%)((f“’ﬁ_'—r?) <1 +1>mNm

m! n

n n/3

Conclusion: When [|% — x|| < niﬁ’ we prove that

N™ (1 1\"™ /. 1 1
RI< S () <t (45

According to (154), we determine that

1

Ri<m[ (-0 ¥

- N
% r
|| =m &
i=1

1\%

|+3) 2|fa||oo>d9—
1\%

|+3) >2||fa|oo5

m
2(”%_9(”00"’%) (7 e m!

m! ’ LW |~

lal=m TT a;!
i=1

u 1\™" max
Z(HE - xHoo + ﬁ) ||f0¢||oo,m

Nm
m! '

We establish, in general, that

m
2([[# — xlloo+¥) " Ifel
IR| < m!

max m
oo, m N

(156)

(157)

(158)

(159)
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Next, we observe that
0 m
u r 1
Ywf(b+)—f@-L L |5 £
r=0 n n j=1, & |
jaf=j \ TT !
=1
u; i 0
Zw, 1‘[ n+n—0i—xi :Zer (160)
i=1 r=0
So, when ||% - x||oo < niﬁ’ we obtain
1 1\" omax 1
Ew,R < Zwr|R| < + 5 fa, +-5 ) (161)
and it holds, in general, that
0 2(]12 = %o + 1) " Ifall N
Y wR| < ' . (162)
= m!
Furthermore, it holds that
o N 1 o N .
Sn(F)) = f) =) Y |« Sa@)Su | (TTC—x)" | | (x) =
/=1 |,;“:] 1131 ;! i=1
0
R |Z(nx —u)d 163
/]RN rgowr (nx —u)du (163)
Let
0
E, = / Y wR | Z(nx — u)du. (164)
RN r=0
Here, Aq is asin (45), and A; is as in (46).
We derive, under || % — x|| < ;117’
N™ /1 1\™ max 1
|E”||A1 =T <n + nﬂ) <fuu nﬁ) (165)
Furthermore, we determine that
= [ fallomN™\ [ (11u \"
< | SRRt - - — .
IEn|la, < ( b /AZ(Hn xHOO + n) Z(nx — u)du (166)
As in the proof of Theorem 13, we obtain
— 2N)" || falloomm
Bl < (o
1) ,24
q+z)em!
{1+N’” tanh(d) | ( q) ] } (167)
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Consequently, we derive that

|En| < |En|la, + |Enlla, <

N™ /1 1\" max 1 1
i\ Tp ) i \ oy o )
2N)™ ; max q—|—l 62)\71’[!

m+1) A
At the end, we estimate

/ <iwr<N W+n—xi>ai>>Z(nx—u)du <
RN r=0 i=1 n no;
/ (iwr<N E—xi +1)“i>>Z(nx—u)du: (169)
RN r=0 i=1 n n
/ (rN[( E_xi +)ai>Z(nxu)du
RN G\ 7

(as in the proof of Theorem 13)

2\ [N anh(A g+ 7 )e* (i +1)!
O e

i=1
The theorem is proven. [

Next comes the simultaneous multivariate activated approximation.

Theorem 15. Let i € N be fixed, with f € C)(RN), N € N. We assume that f, € Cy(RN) for
a:la|=1,1=0,1,.,i.Hre, 0< B <1,ne N:ul"B >2 xRN

Then,
(1)
2(q+ 7 ) lfelloo
(SuN) = o] < (o ) (M(q)ﬁl) =, a7
and
1(Sn(f))a = fallw < As (172)
(ii)
: 11y (g D)l
[(Sn(f))a(x) = falx)] Swl(f“’n+,1/5> +W = Pus (173)
and
1(Sa(f)a = falloo < P2 (174)
and
(iii)

. 2(9+ 3 )l fulleo
[(S1(f)) (%) = fu(x)| < wn <fuui+nlﬁ) +<e2A(’Z)“) =05, (175)
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and

1Sn () = fallos < o (176)
Proof. We prove Theorems 6-8 and Remark 3. O

Next comes simultaneous global smoothness preservation.

Theorem 16. Let i € N be fixed, with f € C/)(RN), N € N. We assume that f, € Cg(RN) U
Cu(RN) fora:|a|=1,1=0,1,..,i.

Then,
wW1((Su(f))er6) < wi(fa,6), 6>0 177)
w1((S5(f))ar6) < wi(fa,9), (178)
and
w1((Sn(f)) 6) < wWi(fa,6). (179)

If fu € Cu(RN), then (Su(f)) (Si(f))y and (Su(f)), € Cu(RYN).

Proof. We prove Theorems 9-11 and Remark 3. [

Under simultaneous activated multivariate extended differentiation, we derive the
following result.

Theorem 17. Let 0 < p < 1,n e N: nl=F > 2, x e RN, N e N. Let f € CU) (RN),i e ; f,
N

denote a partial derivative of f, v := (71, ..., YN), Y € Z4,j=1,..,N,and 7] =¥ v =1,
=1

wherer = 0,1,...,i. We assume any f,, € Cg(RN) forall v : |y| =r,r =0,1,...,i.
We further assume that f, € C"(RN), m € N, with (f,), € Cg(RN) : |a| = I,
1=0,1,.. m. Then,

(i)
[(Su(£)),(x) = (f) (x)—
m 1 N
Y Y| (fv)a(X)5n<<l_[(—xz)“’>>(X) <
1:1‘“‘,] 1:[10(11 i=1
(g )t (s )+
2| (£2)u N2 [ranna) (2 3)
( n'm! ) (m—b—l)Jr (Zq)t)m ’ (180)
(ii)

[(S5(£)),(¥) = () (x)—
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n"m! (m+1) (2A)™

<(2N)m{|(f7)a||$f’n’i>{l+Nm tanh(A) <q+$)emm!] } _(w). a8

and

(iii)

Proof. We prove Theorems 12-14 and Remark 3. [

In the final part of this work, we present our results related to activated iterative
approximation. This is a continuation of Remarks 4-6.

Theorem 18. Let0 < B <1, n € N: P >2rc N, f e CB(RN), Then,

(D
15 = Fllw < IS0~ flo <7 [wl (Fr)+ WI 153)
(11)
s ]| <rlisif —flo <7 [wl (Fa+as)* W] (184)
and
(111)

So, the speed of convergence of SI,, S%', S, to unit I is not worse than the speed of convergence of
Sn, Sk, Sptol.

! ) L2050l

Si'(f) _fHoo < lSuf = fllo <7 [wl (fi B 2A (P 1) ] (189

Proof. We prove Theorems 6—8 and (87). O

We continue with the following;:

Theorem 19. Let 0 < B < 1, mqy,my,...,my € N :my < mp < ... < m,, with mg_ﬁ > 2,
i=1,.,1,f€Cp (]RN). Then,

()
1S, (S 2 Sy (S ) — fll., < ; 1Smsf — Fllo <

r 1 2(‘14—%)”](”00 1 2(q+%)||f”oo
i=1[wl<f"ﬂf>+ﬁ("ﬂl) Sr%(f’mf)*ﬁ(m]wl), (186)
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(1
15, (S, (Sia (S5 f))) — £ < ;\ swf—1]|_ < (187)
Lo 1y 2000 ]
L ‘”1<f'm+mf>*u<%> :
(o1 1 201+
r_w1<f,n11+7n/13>+2)\(m1 B 1) _/
and
(I111)
1Sy (Sm,—y (+-Smy (Smi £))) = flloo < lesmf fllo =
A R 2( l)nfnw

11 2(q l)nfnoo
rwq f, — + 7 + —ﬁ .
I mq ml 2)\ (m] l) |
Clearly, we notice that the speed of convergence to the unit operator of the above activated multiply

iterated operator is not worse than the speed of operators Sy, Sy, , and S, to the unit, respectively.

Proof. We prove Theorems 6-8 and (89). O

We finish our work with multivariate simultaneous iterations.

Remark 8. Let i € N be fixed. Assume that f € C)(RN), with f, € Cg(RN), witha : |a| = 1,
1=0,1,...,i;r € N. Then, according to (87), we obtain

153 (fi) = falloo < 7lISn(fu) = falleo- (189)
According to (78) and inductively, we obtain
152 (o = falloo < 7(Sn(f))a = fulloor (190)

Similarly, we derive that
I(s(h) —1#|_

\\(?"r<f>)a —fu| <7 (Sa(F) g = falloo (192)

Now, let mq,my, ..., m, € N:my < my < ... < my. Then, based on (89), we find that

< 7S (o = fulloor (191)

and

1S (S oSS D)) = Fill € L[S (P~ file 199

Similarly, we determine that

[(55 (Shs(-Sin(5300)), -

r

=L

(55 0), £,

, (194)



Axioms 2024, 13,779 35 of 35

and

S o (S G D), — fell < LG )y~ fell 199

i*=1

All the above inequalities (189)—(195) prove that our implied multivariate iterative simultane-
ous approximations do not have a speed worse than our basic simultaneous approximations using
activated convolution operators.

Conclusion: Here, we presented a new idea of going from neural networks” main
tools, the activation functions, to multivariate convolution integral approximation. This
represents a rare case of applying applied mathematics to theoretical mathematics.
Funding: This research received no external funding.
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