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Abstract: The article deals with the definitions of the distance, divergence, and similarity characteris-
tics between two finite fuzzy measures, which are generalizations of the same definitions between
two finite probability distributions. As is known, a fuzzy measure can be uniquely represented by
the so-called its associated probability class (APC). The idea of generalization is that new definitions
of distance, divergence, and similarity between fuzzy measures are reduced to the definitions of
distance, divergence, and similarity between the APCs of fuzzy measures. These definitions are based
on the concept of distance generator. The proof of the correctness of generalizations is provided.
Constructed distance, similarity, and divergence relations can be used in such applied problems as:
determining the difference between Dempster-Shafer belief structures; Constructions of collaborative
filtering similarity relations; non-additive and interactive parameters of machine learning in phase
space metrics definition, object clustering, classification and other tasks. In this work, a new concept
is used in the fuzzy measure identification problem for a certain multi-attribute decision-making
(MADM) environment. For this, a conditional optimization problem with one objective function
representing the distance, divergence or similarity index is formulated. Numerical examples are
discussed and a comparative analysis of the obtained results is presented.

Keywords: fuzzy measures; associated probabilities; distances; distance generator; divergence
indexes; fuzzy measure identification; conditional optimization

MSC: 28E10; 03E72; 60A86

1. Introduction
1.1. On the Information Measures of Distance for Two Probability Distributions

It is known that in statistics or probability theory, as well as in information theory, the
concept of distance quantitatively describes the proximity between two statistical objects
or the similarity. It can be reduced to two finite probability distributions and/or two
statistical samples. Thus, the distance between two populations is interpreted as a measure
of closeness between two finite probability distributions. Note that many of the already
defined statistical distances are not metrics, and some of them do not have the property
of symmetry. Some types of distances that generate so-called squared distances are called
(statistical) divergences.

When comparing finite probability distributions, as always Mahalanobis [1], Bhat-
tacharyya [2] and Hellinger [3] distance formulas are used. Of course, depending on
the need, the other distances may be used as well. Mahalanobis distance is used in
statistical analysis when comparable probability distributions have different means and
variances. Bhattacharya’s distance is mainly used in the construction of face recognition
processes, and Hellinger’s distance is mainly an important tool in the engineering of text
mining and classifying documents processes. Note that Hellinger’s distance is often called
Jeffrey’s distance.
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Let X = {xq,...,x,} be a finite set and P(X) denote the space of all probability
distributions defined on X. Let P(!) and P(?) be any two probability distributions from
P(X). Introduce notations

PO (x) =P and PA(x;) = P?, i=1,...,m; Y PP =1, k=12

1

The following expression is called Bhattacharyya’s coefficient of distributions P() and

P@) [4]:

n
Bc(p(l)’p(z)) _ Z(Pi(l) .Pi(Z))m. 1)
1

The Bhattacharyya’s distance between two probability distributions is defined as
follows [4]:

n
D(PY, P@) = —log(BC(P, P)) = —log(} P . p@y. )

Dg(-) does not represent a metrics in P (X), but it measures the similarity and closeness
between two probability distributions. There is also the Bhattacharyya’s angle [4], which
measures the distance between two probability distributions:

Ag(PW, P?)) = arccos(BC (P, P2)Y). 3)

The Hellinger’s distance between two probability distributions is called an expres-
sion [3]:

(2) 1/2

Dyy(PM,P@) = [1 - Bc(P™M, P2 \/ Z P! @)

Dy forms a bounded metric in P(X), which also measures the similarity and closeness
between two probability distributions.

The Mahalanobis distance is a measure of the distance between a point X = (x1,...,x4) €
R™ and a probability distribution P on R" [1]. Given a probability distribution P on R" with

expectation value m = (my,...,m,) and positive semi-definite covariance matrix C. Ma-

halanobis distance of a point x = (x,...,x,) from the probability distribution P is called
an expression

Du(x,P) = \/(x - m)C-1(x — m). 5)

1.2. On the Divergences for Two Probability Distributions

Now we turn to the analysis of divergences between two probability distributions. We
will give definitions of several divergences based on the concept of distances of probability
distributions, which will be important in our further synthesis problems.

In general, f-divergence is a type of function D« f(P(l) ||P(2)) [5] that measures the

difference between two probability distributions P(1) and P(?). However, here we present
a slightly different general divergence measure. Divergence was first introduced by A.
Rényi [6]:

n 1) @ (1) &1
@) (p 1 P
Doy (P | P?) ; o D=rqlos&ule) L ©

where 0 < & < 00, a # 1, €& is a symbol of mathematical expectation. When we
calculate the Rényi divergence for different values of «, we obtain well-known divergences
as particular cases of Rényi divergence.
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An important divergence is Kullbak—Leibler divergence [7,8]

1) (1)
(1) P P
P -log —P(Z) = &Epp) (log @ ), (7)

1

M-

I
—

Dy, (PM][P) = D) (P || PR)) =

1

which also represents Shannon'’s relative entropy with respect to the distributions P(!) and
P@, Dy,, is also called an asymmetric divergence.

The following symmetric divergence is produced from it, which today is called the
Jeffrey’s divergence [9]:

Day(PY, PP) = Doy (PY) || PO)) + Doy, (P || PV) = Doy (PP, P). (8)

Then

1) ) no () p @ (1)
Dy (P, P\)) = Y. (Pi -log o — P -log P(2)> =

i=1
i i

3 (P,U) _ p(2>1> (log PV —log Pl.(2>).

; i i
i=1

©)

The Kullback—Leibler divergence also produces the symmetric Jensen-Shannon di-
vergence [10-12]:

Duys(PW, P2)) = %(DumP(” | R) + Do (PP || R)) =

M) @) (10)
L (p 2P; 2) 2P,
25 (Pi o8 +p? ) o8 +p? )

i i i

where R = %(P(l) + P®@) is a probability distribution on P(X). Dujs(-) represents a
particular case of so-called A—divergence

Doy (PY), PP)) = A - Day,, (PV || R) + (1= A) - Doy (PP || R), (11)
where R = A- P +(1-1)-P@ , A € [0,1] is some probability distribution from

P(X). Obviously, DUIS(P(U,P(Z)) = Duq,o(PY, PR?)). The following relation of the
Jensen-Shannon divergence to the Shannon entropy is valid:

1) (2) 1) (2)
Doys (P, P?) = h<P ;LP ) _ h(P )‘;h(P ), (12)
where .
]’l(P) = —2 Pl'h’lpi (13)
i=1

is the Shannon entropy, P € P(X), P = (P, P,,...,P,;),0 < Dyvjs < log2.

We could continue the list of definitions of divergence, but the definitions above will
be enough to discuss the main problem of the research in this article. It would also be
natural to describe the relationships between the divergences mentioned here and the
entropy measures. However, this would take us far and go beyond the problems developed
in the article.

It should be noted that in recent years, fundamental studies on distance, similarity,
and difference relations in the space of finite probability distributions are hardly available.
We only find the use of classical definitions in important practical problems. Let us consider
some of them: Ref. [13] proposes an algorithm to measure the similarity between nomi-
nal variables of the same attribute based on the fact that the similarity between nominal
variables depends on the relationship between attributes subsets. This algorithm uses the
difference in the distribution which is quantified by f-divergence to form a feature vector
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of nominal variables. In [14], neighborhood-based collaborative filtering is considered.
A new similarity scheme is proposed that breaks free of the constraint of the co-rated
items. Moreover, an item similarity measure based on the Kullback-Leibler divergence is
presented, which identifies the relation between items based on the probability distribution
of ratings. In [15] the use of a distribution-free overlapping measure as an alternative
way to quantify sample differences and assess research hypotheses expressed in terms of
Bayesian evidence is illustrated. The main features and potential of the overlapping index
by means of three empirical applications are presented. The distance between probability
distributions of different dimensions is proposed in [16]. Ref. [17] introduces fuzzy parame-
ters and assesses the similarity between probability distributions using the fuzzy extended
Kullback-Leibler divergence. In [18] a new divergence measure is proposed based on the
Kullback—Leibler divergence to measure the difference between different basic probability
assignments (BPAs) for the Dempster—Shafer belief structure. The book [19] covers the
methods of metric distances and their application in probability theory and other fields.
The methods are fundamental in the study of limit theorems and generally in assessing the
quality of approximations to a given probabilistic model.

1.3. On Non-Additive, Monotone Measures and Their Probability Representations in Aggregation
Functions in the MADM Environment: A Basic Motivation of the Work

As is known, in stochastic modeling, the construction of the probability distribution
in the space of the system states X = {xy,...,x,} is reduced to the calculations of the
frequency distribution of the system states from the prehistoric objective data obtained by
conducting random experiments. When studying different populations, additive aggre-
gation functions such as expected value, weighted expected value, and others are mainly
used to estimate basic population parameters.

However, today we often encounter such experiments where there is very little or
no prehistoric objective data. At such times, the only source of estimation of population
parameters is experts and their knowledge. In processing these data, we use non-additive,
monotone (we often call them fuzzy) measures instead of additive, probability measures to
evaluate the degree of activity of the system state or group of states [20-22]. The syntactic
representations of expert assessments on the population are often quite intellectually free.
We often use the modern generalizations and extensions of L. Zadeh's fuzzy set theory
developed today to construct the corresponding semantic forms. Therefore, in aggregation
procedures, non-additive but monotone aggregation integral functions are used, such as
the finite integrals of Choquet [20] and Sugeno [21] and others. By then, in such type
aggregation functions two poles—the index of uncertainty of expert assessments (fuzzy
measures) and the imprecision characteristic (fuzzy sets, variables)—are considered.

Definition 1 [22]. Let X = {x1,...,x, } be some finite set. Denote the algebra of all its subsets by
2X. We will say that the set function g : 2X — [0,1] is a fuzzy measure if

(i) g(@) =0, (i) g(X)=1, (iii) if ACB, ABc2Xtheng(A)<g(B). (14)

On the basis of the reasoning presented above, it can be concluded that it is essential
for aggregating expert assessments in different types of problems, such as face recognition,
data classification, decision making, forecasting, and others, to identify the uncertainty
index—fuzzy measure; Additionally, on the space of all fuzzy measures G(X) defined
on X, let us construct the relations of their similarity and difference as it is performed in
the corresponding stochastic analysis (see the previous subsection) [21]. However, in this
problem, we face an almost unsolvable problem: From the number of values of the fuzzy
measure, 2/X| and not |X| as it is in the case of the probability distribution (measure), it is
clear that the direct extensions of the definitions of the distance and divergence between
the probabilistic measures given in Sections 1.1 and 1.2 for fuzzy measures are meaningless.
As is known, a fuzzy measure is completely equated with its associated probability class.
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Definition 2 [23]. Let us say that g : 2% — [0,1] is some fuzzy measure on 2% and S, represents
the class of all permutations of the elements of the set {1,2,...,n}. For each permutation ¢ =
(c(1),0(2),...,0(n)) €Sy

(15)

Probability distribution P, = {Pg(xg(l)), ey Pa(xa(n))} is called probability distri-
bution associated with fuzzy measure g, and {Ps(-)},¢s, is called associated probability
class (APC).

It should be noted that, due to its non-additivity, the fuzzy measure is a rather inflexi-
ble tool when it presents the index of uncertainty in the models of any difficult, complex
problem, for example, in MADM aggregation operators. In fact, its values are used in
practice in the integral operators of Choquet and Sugeno. Of course, logically, fuzzy mea-
sure APC should have more possibilities of use as additive measures, although they form
a single class whose “direct insertion” into aggregations requires quite convenient tech-
niques. Fuzzy measure APC has been widely used by authors in their research, especially
generalizations of MADM aggregation operators where the fuzzy measure is replaced by
probability distributions from its APC. Consider a brief overview of these studies. New
fuzzy aggregation operators based on the APC for the extension of the finite Choquet
integral are presented in [24]. In [25] the authors used associated probabilities in associated
probability intuitionistic fuzzy aggregations for MADM. Probabilistic OWA and other
weighted aggregation operators are generalized to fuzzy associated probability operators
for fuzzy intuitionistic fuzzy environments. For the same purpose, in [26], APC is used
in the construction of new aggregations. Particularly, in interactive MADM under g-rung
orthopair fuzzy and gq-rung picture linguistic environments. In [26] APC is used in MADM
aggregations with interacting attributes for the extension of the Choquet integral under
g-rung orthopair fuzzy information. Constructed operators are included in the definition
of new—type objective functions in the multi-objective facility location selection problem.
In [27] associated probabilities aggregations are developed in multi—stage investment
decision-making under g-rung orthopair fuzzy environment. In [28], new associated statis-
tical parameters are developed with the APC aggregations in the Interactive MADM. The
APC are developed in the new fuzzy extensions on binomial distribution in [29]. In [30]
possibilistic simulation—based interactive fuzzy MADM is constructed on the basis of
the APC under discrimination g-rung picture linguistic information. In the same article,
associated probabilities are used in the processing of insufficient expert data for the MADM.

As we have already noticed, there are no new studies on the definition of metric, simi-
larity, or divergence relations in fuzzy measures space. Only two works were found [31,32],
where the notion of metric for two finite fuzzy measures is introduced. Our study is the first
attempt in this direction for finite fuzzy measures. As for the introduction of the mentioned
relations in the space of finite probability distributions, this was conducted a long time
ago, and a significant place has already been given to this issue in this article too. The new
definitions of the mentioned relations in the finite fuzzy measures space, which are based
on the APCs of the fuzzy measures, are a kind of generalization of these definitions. It
is clear that, in recent years, there have been no new important studies of the mentioned
definitions in finite probability spaces. Therefore, what we have included in the article are
only the publications published in recent years that deal with the applications of similarity
and difference relations of finite probability distributions (Section 1.2).
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Based on the above presented, it is already possible to talk about the main motivation
of this research. As it was said, in many studies, the use of a finite fuzzy measure in various
types of problems is equated with the use of a class of probability distributions associated
with it. Definitions of distance, similarity or divergence indexes between finite probability
distributions are determined by elementary arithmetic calculations of probability distri-
bution values at the points of phase space. Why should we not use this idea for finite
fuzzy measures in the definitions of similar indexes if the probability distribution would
be changed by the class of associated probabilities—APC? This task can be formulated
formally in the case of distance in general as follows:

As was mentioned, the fuzzy measure g is uniquely represented by the so-called
associated probability class APC(g) C P(X) [31], and the distance between two fuzzy
measures is reduced to the distance between their associated probability classes. If g1 and
g2 are two fuzzy measures, and APC(g;), i= 1,2 are classes of associated probabilities,
then in general the distance between them is defined as

D(g1,82) = Dp(APC(g1), APC(g2)). (16)

We will use this idea in the current study to generalize classical measures of similarity and
divergence between two fuzzy measures from analogs of probabilistic measures, respectively.

If this could be done, then many interesting practical and applied problems, whose
uncertainty index researchers consider the fuzzy measure, would be reduced to algebraic
manipulations of the elements of the class of associated probabilities. After all, this class
is a very convenient tool, because each of its elements is a finite probability distribution.
All this would make it easier to solve many problems, because we will not be dealing
with a monotone, but an additive class of measures. Let us cite some examples of such
problems: effective solution of fuzzy measure identification, which is one of the problems
of this research; determining the difference between the Dempster—Shafer belief struc-
tures; measuring distribution similarities between samples; problems of determining the
similarity of non-additive measures of different dimensions; problems of constructing user
similarity relations in collaborative filtering models; metrics introduction problems in the
phase space of non-additive and interacting parameters of machine learning; clustering
and classification of complex objects and other problems.

The second section presents the preliminary concepts. In particular, certain classes
of fuzzy measures are briefly described: the Sugeno A-additive measures [21] and Cho-
quet second—order capacities equivalent to supermodular and submodular dual fuzzy
measures [20,33,34]. Representations of their associated probabilities, as well as Dempster-
Shafer’s belief structure [35,36] and its probabilistic representations, are formulated. The
third section discusses divergence and similarity indexes, as well as new definitions of
distance for two fuzzy measures. The proof of the correctness of the generalizations of
the definitions of distance, divergence, and similarity measures is presented in the fourth
section. The use of these generalized concepts in fuzzy measure identification problems for
different fuzzy measure classes is discussed in the fifth section. The obtained results and
prospects for research development are presented in the sixth section.

2. Preliminary Concepts
2.1. Sugeno A-Additive Measures and the Choquet Second-Order Capacities: Representations of
Their Associated Probabilities

In this subsection, we briefly introduce the important and frequently used fuzzy
measure classes in practice. Non-additive monotone measures (named A-additive fuzzy
measure) were first introduced by Sugeno [21]. He called monotone measures fuzzy
measures, and later A. Kandel called them fuzzy statistics [37].
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Definition 3 [21]. Let X = {x1, ..., x,} be some finite set. Denote the algebra of all its subsets
by 2X. A fuzzy measure gy : 2X — [0,1] (A > —1) is called an A-additive fuzzy measure if for
every two sets A,B €2X, ANB =g

SA(AUB) = gr(A) +ga(B) +A-ga(A) - gr(B), (17)

by the following normalization condition

I a+ag(a) -11 =1 18)
A xieX
It is easy to show that VA € 2X
gr(A) = )1\{ IT @+Aga({xi}) - 1}' (19)
x;€A

t is not difficult to write the associated probabilities of A-additive fuzzy measure:

U
Yo € Sy, P( ) g {xl H 1+/\g)\ { ()}), (20)
wherei=1,2,...,n; i(0) is the index of location of element x; in the permutation

c=(c(1),...,0(n)).Ifi(c) =1, then 19[5
j=1

Definition 4 [23]. g and ¢* dual fuzzy measures on 2% are called the Choquet second-order lower
and upper capacities, respectively, if VA, B € 2%

¢«(ANB)+g.(AUB)

8 «(A) +g+(B)
¢'(ANB)+g* (AUB) @b

> 8
<g"(A)+g"(B)”’

where g*(A) =1 — g.(A).

The Choquet second-order capacities are a fairly broad class of fuzzy measures. Sugeno
A-additive fuzzy measures also belong to them. It is not difficult to show that for g* |, (144)
is dual to ..

It is easy to prove that

Proposition 1 [23]. If g.,¢* : 2% — [0,1] are dual fuzzy measures, then they have a common

associated probability class {Py(-)} g, and for every o € Sy, we have Pég” ()= P(g‘f*) (+), where

o* is a dual permutation to the permutation o:

ci)=c"(n—i+1), i=1,...,n (22)

Let us introduce the following notations:
Suppose G(X) is a class of all fuzzy measures defined on 2% and g((fh) (X) is the Choquet
second-order capacities class on 2X(gg3 (X) C G(X)); Let Gs(X) be Sugeno A-additive

fuzzy measures class on 2% (Gs(X) C Qgh)(X) C G(X)). Itis clear that if P: 2% —[0,1] is
any probabilistic measure (probability distribution), then it can be formally considered as a
fuzzy measure and its associated probability class consists of one element and it coincides
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with this distribution itself. Let us denote by P (X) the class of all probabilistic measures
defined on 2%, then

P(X) C Gs(X) € 62 (X) C G(X). (23)

Proposition 2 [23]. If g.,¢* : 2X — [0,1] are the Choquet dual capacities of the second order
(808" € G2 (X)), then VA C X:
g+(A) =min P,(A); g¢"(A) =max P, (A), (24)

TgEeS, TESy

where {Py(+)} 5cs, is the common associated probabilities class of dual measures g, and g*.

2.2. Dempster-Shafer’s Belief Structure and Its Probabilistic Representations

The theory of evidence is based on two dual fuzzy measures—belief (Bel) and plausi-
bility (PI) measures [35,36]. It is easy to show that these two classes of dual measures are
also subclasses of second-order Choquet capacities. These two fuzzy measures on 2% are
uniquely determined by the so-called basic probability assignment on 2% (BPA) [36]:

m: 2% —[0,1] (25)
with the following two conditions:
(i) m(@)=0; (i) Y m(B)=1. (26)
Be2X

Of course, generally speaking, m is probability distribution on 2%, not on X!

Then
PI(A)= Y m(B), VAe?2,
B:ANB#£Z 27)
Bel(A)= Y m(B), VAe2X
B:BCA
There is also feedback:
m(A)= Y (~1)"BlBel(B), vAe2X. (28)
B:BCA

Each set A € 2%, for which m(A) > 0, is called a focal element. The pair (F,m) is
called the body of evidence, where

F= {A, A€ 2%, m(A) > 0}. (29)
It is easy to show that
mA) = Y (=) EminpPV(B), vA €2X, (30)
BeF,BCA TESn

where {P;Bel) () } is a class of associated probabilities of measure Bel.
TESy

Definition 5 [38]. A possibility measure Pos on 2% is called a fuzzy measure for which there is a possi-
bility distribution on X, w: X — [0,1), 7(x;) = Pos({x;}), i=1,...,n; 3xp:7m(x) =1,
such that

Pos(A) = maxm(x;), VA e2X. (31)

X,‘GA
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The necessity measure Nes is dual to the possibility measure, so that Nes(A) =

1—Pos(A), VA € 2X[38]. It is known that for every Pos measure on 2X there is a
so-called consonant data body [36]

F:{AhCAlZC'-'CAlk}r Ali:{xl,xz,...xli}, i=1,2,...,k (32)

and by the possibility distribution m;, = m(A;), i=1,...,k T = n(x]-) , j=1,...,n,
there is the following connection between them:

= Y m, i=12,...,n
]:xiGAlj (33)
my = 70— T nlkHEO, i=12,... k.

Let {P(ﬁp"s) () } be the associated probabilities class of the Pos measure. Then the

oeS,

connections between elements {7;} , {m; } and {P§POS> ()} ; are easily obtained:
7€y
(Qre ) = mx (e} = pox e = mex, T oo max | B mi o
On the other hand
71; = Pos({x;}) = m%xpépos)({xi}) , i=1,2,...,n (35)
7€y

Since Pos is the second-order Choquet capacity, we obtain

- - (Pos) (Pos) .
my, =70, =, = Iaréz?:Pg (xlj) - (r,ré%):P‘T (xlfﬂ) , j=1,...,k (36)

Denote by Gp,s(X) the class of all possibility measures defined on 2%.
Let m be some BPA(F,m), F = {A1,Ay,..., Ax}. Suppose for each focal element
Aj, j=1,...,kwehave |A;|]—dimensional W; weight vector W; = (w;(1),...,w;(|A;j]))
|4
in this focal element for each x € X, such that w;(i) € [0,1], Y w;(i) = 1. This is called
i=1

the allocation vector of the element A;. R. Yager [39] has studied the set function

g(A):z;[m(Aj)' Zl w;(i)], (37)
= i=

which represents the fuzzy measure associated with the belief structure (F,m) on 2%.
Denote by Gz ) (X) is the class of fuzzy measures associated with the body of evidence
(F,m) on 2X. Obviously, each of such fuzzy measures is uniquely defined by the class
of certain allocation vectors W = {Wy,..., Wi}. IfVj = 1,...,k, W]- is chosen so that
w;j(1) = 0and w;(i) =0, i=2,...,|Aj|, then the fuzzy measure g coincides with the
measure Pos. And vice versa, if wj(|Aj)| =land w;(i) =0, i=1,..., Aj| —1,then g
coincides with the measure Nes. Let us note here that all fuzzy measures of this class have
a common Shapley entropy [39]. It is easy to see the relationship between the associated
fuzzy measure, the associated probability class, the focal elements, and the allocation vector
class W = {wy, ..., wg}.

k LA (1) (i) } [A;N x5 (1) X o(i-1) }
i) wj(r) = L wj(i)

(38)
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3. Divergence, Similarity and Distance Parameters for Two Fuzzy Measures

In this section, we will realize the main problem formulated in the introduction, which
is formulated in the case of distance in the form (16). We will try to generalize the distance
and divergence measures of two probability distributions to the case of two fuzzy measures.
As it was shown in the previous paragraph, any fuzzy measure ¢ € G(X) generates its

APC—{P;g ) ()} . The reverse statement is also valid.

oESy

Proposition 3 [23]. Let us be given a fuzzy measure g € G(X) and its APC—{Pég) ()} If

U’ESH‘
A={x;,xi,,...,x; } €2%issome set, then

g(A) = P (4), (39)

where in permutation T = (t(1),7(2),...,7(s),...,T(n)) of the first s indexes coincide with
indexes (i1, ip,...is): T(j) =1;, j=12,...,s

Therefore, with associated probabilities, we always get the g fuzzy measure’s values
on the arguments A € 2X. Thus, we will say that the fuzzy measure ¢ € G(X) is given if

and only if the class of its associated probabilities {Pég ) ()} . is known.
TESy

The main concept of our study is to relate the measurement of similarity or divergence
between two fuzzy measures to the similarity and difference between their APCs (15).

3.1. Distance Generalizations for Two Fuzzy Measures on G(X)

Definition 6.  Let T" = {(z1,2z2,...,2m) € R™|2; >0, i=1,2,...,m}. Let also
F:T™ — R* be a function. We say that F is a distance generating function if it satisfies the
following five properties:

(1) F(z1,2z0,...,2m) =0 if zy=2z0=---=25, =0
(2) If zl <z forany i then F(z},z),...,2,) <F(Z] 2y ,...,Zm )
That is, F is monotonically non-decreasing.

(3) F(zh+2],25+2y,..., 20 +2zm) < F(2,25,...,20) + F(z] ,25 ,...,zm ). (40)

That is, F is sub-additive.

That is, F is idempotent
(5) F(zg(l),zg@), .. .,Za(m)) = F(Z1,Zz, .. .,Zm) , Vo e Sy,.
That is, F is symmetric.

Sort the permutations n! = m ¢ = (¢(1),...,0(n)) from S, by some criterion
to renumber them from 1 to m, and, therefore, we get the associated probability class
{Pr()} e s, as a m-dimensional vector (P1, P, ..., Py) where m = n!. Let d be a distance
on P(X).

Definition 7. Let us be given two fuzzy measures g1,8» € G(X). A binary argument function
D(F,d) (g1,g2) — F(d(Pl(gl), Pl(gZ))’ o ,d(P,Sfl), P,5182))) (41)

is called the distance between two fuzzy measures, where (Pl(gl), .., P,Sfl)) and (Pl(gZ), .., P,SfZ))
are associated probability classes of fuzzy measures g1, 8> € G(X), respectively.
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It is not difficult to show that the function D(F4) : G(X) x G(X) defined by the distance
generator function has distance properties. Here are two examples of generator function F
that we will use in the future:

m 1/q
Fy(z1,22, .- 2Zm) = (ilzlz?) , g>1
i=

Fnax (21,22, -+, 2m) = 1rgel>§n{zl}

(42)

If the distance d between probability distributions is calculated by the following two
formulas:
dmaX(P(gl)/ P(gZ)) = max

1<i<n

d,(P&), Pls2))y — (E Pl (x;) — P& (x;)

P8V (x;) — P82)(x;)
N\ (43)
)

>1

- 4

i=1

then it is easy to show.

Proposition 4. Let us be given two fuzzy measures g1, 8> € G(X). The distances between fuzzy
measures and their corresponding dual fuzzy measures coincide

DD (g1,82) = DFA (g7, 03), (44)

where g7 and g5 are dual fuzzy measures to g1 and g, respectively.

As a concrete example, consider the case when

Ex(z1,.--,2m) = 12212 (45)
mi3
and distance on P (X) is defined by the formula:
dy(PY), P?)) = ¢ Y- (PO(x;) = PO (%)), (46)
i=1

then

(47)

Let us introduce the concepts of associated parameters with associated probabilities of
any fuzzy measures g1, $>» € G(X), which will be analogous to the definitions provided in

the introduction of the article. Let {Pég“ } . and {P§32) } . be the APCs for the fuzzy
TES, TESy

measures g1 and g from G(X), respectively.

Definition 8. 1. Bhattacharyya’s F—coefficient for two fuzzy measures g1,8> € G(X) is called

BCF) (g1,5,) = F(BC(P\Y, pl82)), . BC(PISY, Ps?)y), (48)
n 1/2
where BC(Pi(gl),Pi(gZ)) =) [Pi(gl)(xj)lpi(&)(xj)} , i=1,...,m
j=1

2. Then Bhattacharyya’s F—distance between two fuzzy measures 1,82 € G(X) is called

D) (g1,92) = F(—log(BC(PEY, P, ., —log(BC(PYE, Pi)). (49)
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Other generalized F—distances between two fuzzy measures are defined similarly. Calculate
the distance for the F = Fyax function:

Dl(gFmaX) (gl/gZ) — max {—log((BC(Pi(gl),Pi(gZ))} _ _min{log(Bc(Pégl)/P‘ggz))}

1<i<m oESy,

n 1/2
_ —min{log(lz [P (x55)) - P& (x00))] )}
c€eS i=1

n

(50)
while for F = Fy, (9 > 1), we have

(Fy) _ ¥ 1 7—

Dy (81,82) = (/m-g “"gBC(Pﬁgl),P,(gz))] -
1 1 (51)

| &, O @
7o ;1 (Po*V (%41 ) Po™® (X))
For the particular case F = F;, we have simple expression
1
Dy (s1,82) = =, T, log(BC(P, P)) =
TCon

(52)

ces, i=1

1 () () 12
—alog [TI (L (P (xg((i))'Pa (xa((i))) )N

In the same way, we can construct Bhattacharyya’s F—angle between two fuzzy
measures. We also similarly can construct the Helling F—distance for two fuzzy measures
(omitted here).

3.2. Divergence Generalizations and Similarity Index for Two Fuzzy Measures

Now let us turn to generalizations of divergences for two fuzzy measures.

Definition 9. Rényi F—divergence between two fuzzy measures g1,$2 € G(X) is called:

Dol (g1 1| g2) = FDo) (P | B, DoAD B[P, 69
where 0 < o < 0o, a # 1.
For the function F = F; we obtain
, 1 P q
Do (51 82) = \/ o L [P (), )| =
oESy,
®  q (54)
1 (Pégl)(xa(i)))
1 m r (108(2 (22 uc—l)) .
oS (B ()

Definition 10. The Kullback—Leibler F—divergence between two fuzzy measures 1,82 € G(X)
is called:

Dol (81 1 82) = F[Dowcc (P || P, .. Do (B | )] (59)
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As an example, let us build the Kullback—Leibel F,—divergence (a — 1).

K 1 ,
DU%Z)(gl | $2) = i’/’” Y {'DUKL(P(ggl),P(ggz))} _

oES,
(81) 1
1 n Pa (x )
0 B (L (B () - log — =) .
oS, 5 P (x5

Let us also construct the Kullback—Leibler F,x—divergence.

Doy (31 | g2) = %asﬁ{mm(pgsn, pE)} =

(81)

n PV (xpiy) (56)
max Z (Ptggl)(xa(i))'log fE ) 70 ) :

i P (x())

Definition 11. The Jeffrey’s F—divergence for two fuzzy measures g1, > € G(X) is called:

Dol (g1,82) £ Doll) (g1 1| 2) + Do) (g2 | 81) = Dol (g2, 81). (57)

Let us construct the Jeffrey’s divergence for F = F:

() 1 CNPNPS (s2) PEY (xg1))
Doy (g1,82) = | 1 b (LIPS (xa(s) = Bo™ (xo(3))) - log —— g (58)
yes, i=1 Py (xa(i))

For F = Fy2x we obtain:

(81)
n P .
(Fmax) _ (s1) (82) v o(i)
Do ™™ (81,82) = max Z (P (x4 (iy) — Po™ (X ())) -1og1)(g2)% (59)
i=1 [ (xa(z))
Definition 12. (F, A)—divergence for two fuzzy measures g1, 3> € G(X) is called
Do(FN(g1,82) 2 ADerd) (31 || R) + (1= 2)Doig (52 || R), (60)

where the associated probabilities of a fuzzy measure R are obtained as a convex combination of the
associated probabilities of fuzzy measures g1 and .

P () = APEY (xy00)) + (1= DPE (x,5), 0<A <L (61)

If in this definition A = 1/2, then we get a generalization of Jensen-Shannon’s classical
divergence with respect to fuzzy measures.

Definition 13. The Jensen-Shannon F—divergence for two fuzzy measures g1,g2 € G(X) is
called

1
Dojg) (81,82) = Do (1, 82) = 7 (Do) (g1 | R) + D) (g2 | ). (62)

Let us construct the Jensen-Shannon F = F;—divergence
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D, ) _ T I AR S i L
vys (8u82) = | 2'1le (21 ) los( (81)+P(gz))+ ) los( (21)+P(gz)) -
[ (81) (82) 1 (63)
1o 2P (xyqj) (22 2P (7))
=1 ¥ (L |P¥)(x, () log(— ) + P (x4 - log(
2Tnl &%, o | g1 (x ,7<]’))+P§g2)(x,7(]’)) a(j) Po(vgl)(xg(]'))+P§g2)(x,7(j))
Let us also construct the Jensen-Shannon F = Fnax—divergence
N P 2P (xy3))
L | B (o)) log(— oy @
(Fmax) 1 j=1 Pot (xo(j)) + P (%o (j))
D™ (81,82) = ;max (52) . (64)
20¢eS, (22) 2P,8? (xv(.))
P (x47) - log( L )
o a(j)) 108\ e (s2)
Pot (xg(j)) + P (x,j))

As we can see, there are many options and combinations of generalizations, however,
their further definitions would take us too far from the main topic of the article.

3.3. Similarity Index Between Two Fuzzy Measures

In this subsection, we will consider the generalization of the definition of similarity
relation to the space of fuzzy measures. We will also provide a short analysis of it.
Huang [40] defined the index of similarity of two probability distributions.

Definition 14 [401. If two probability distributions P, PQ) € P(X) are defined on X, then their
distributions similarity index is defined as:

(1) p2)
DsI(PM), p?) = _ p(PY), p2) , (65)
3[B(P) + B(PE))]
where the expression
n
B(P) = ) (P(xi))* = &p(P) (66)
i=1
is called an informity of the distribution P € P(X), and the expression
n
(P, P = 3 PO () PO (1)) (67)

Il
MR

is called a cross informity of two distributions.

Huang noted [40] that if DSI = 0.75, 0.5, and 0.25, then the similarity of distributions
P and P() is high, medium and low, respectively. This informational analysis and related
synthesis issues are indeed questionable, and many authors have even noted the lesser
correctness of this analysis. Perhaps it would be useful to describe the linguistic variable
of similarity with fuzzy terms, in order to use it further in synthesis issues. See one of the
examples of this in Figure 1:

Obviously, if we start the analysis of the divergences defined above, we have to
introduce new strong semantic forms to solve their practical problems of synthesis.

We can easily generalize Huang’s similarity index in the case of two fuzzy measures
as well.
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Figure 1. Fuzzy terms of similarity of two fuzzy measures. Q; = “very low similarity”, Q, = “low
similarity”, Q3 = “medium similarity”, Q4 = “high similarity”, Qs = “very high similarity”.

Definition 15. Huang's F—similarity index for two fuzzy measures g1,g» € G(X) is called:

DSIF)(g1,g2) = F(DSI(PEY, Py Dsi(pi$), Py, m = nt, (68)

For F = F,—similarity index we have:

q
1 2 (1) B (37))
DSI(Fq)(gl,gz):Z”E Y | = ]*() | | (69)
" | o€Sn ;1 (P (%)) + (P (x7)) ]
and for the F = Fy,x case:
B ()P ()
DI (g1,g2) = 2max] oy (70)
€on
7 ;1 (P (x))) + (P (x7)) ]

It is easy to show that DSI(F)(-) € [0,1].

3.4. On the Correctness of the Generalizations of Definitions of Distance, Divergence and
Similarity Measures

As was mentioned, the APC—{Pr} ¢, of a probability distribution consists of one
element, and this element is the probability distribution itself. Obviously, if we consider
the definitions developed in the article for two fuzzy measures in relation to distance,
divergence and similarity, when these two fuzzy measures are probability ones, then the
generalized expressions should coincide with the corresponding classical formulas for the
probability measures.

Proposition 5. If in the role of fuzzy measures g, and gy in Formulas (47)—(64) and (68) we
consider probability distributions g, = P and g, = P®), then for any F—distance generator
these formulas coincide with the Formulas (2)—(13) and (65) of classical probabilistic definitions,
respectively.

Proof. Let us show the validity of this proposition in the cases of distance, divergence, and
similarity relations.
(a) Let us show for a distance that

pED(pM) p@)y = 4(p), p@) (71)

for any F—distance generator function.
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Consider

(2))

D(P,d) (P(l),P(Z)) — P(d(Pl(P(l)),Pl(P(Z))), . ’d(Pr(np(D)’P’Sf ) (72)

Since the associated probabilities of the probability distribution are unique, that is

(1 2
PP = p), and PP = P, i =1,2,...,m, therefore,

D(de)(p(l),p(Z)) - F(d(p(l),p@)), ) “/d(p(l),p@)) - d(p(l),p(z))/

because F is idempotent.
(b) Let us show for the divergence that

Do (P || ) = Do) (P | PO)) 73)
for any F—distance generator function. Similarly, to the previous case, we have

DulEN (PO) || P2)) = F(Du (PP | PP, Dul®, (PP || PP =

, (74)
= F(Do\ (PO || P@),..., Do, (PO || P@) = Dol (PO || P@)

~—

(c) A similar proposition will hold for Huang’s F—index DSI(F) (-, -) (without proof)
ps1t)(pW, p2)y = psr(p™, p)) (75)

O

4. The Use of Generalized Distance, Divergence, and Similarity Parameters in Fuzzy

Measure Identification Problems for G®? (X),g(cz,:(X),gs(X),gpos(X) and G g,y Fuzzy
Measures Classes

Let us briefly review fuzzy measure identification problems and results that are widely
used in interactive MADM models.

In [41], the practical applicability of two probability representations of a finite fuzzy
measure—the Campos-Bolanos representation (CBR), equivalent to the APC of a fuzzy
measure and the Murofushi-Sugeno representation (MSR)—is examined within the context
of multi-criteria decision-making (MCDM) models. This work constructs a new MSR-type
representation-interpreter specifically for a particular class of finite fuzzy measures. In [41],
a universal interpreter for a capacity (fuzzy measure) in probability MSR, under the Cho-
quet integral framework and second-order dual capacities, is explored. The next research
focus is on analyzing fuzzy measure non-additivity indexes, which are relevant for interac-
tive MCDM models where attribute interactions are observed. The non-additivity index
effectively measures the degree of attributes interaction. In [42], this index is employed to
evaluate the range of advantages concerning decision-maker alternatives. [43] introduces
the use of the non-additivity index to replace the Shapley concurrent interaction index and
develop an undated MADM decision scheme. A method for calculating the non-additivity
index and a decision support algorithm to establish dominance relationships for optimal
alternatives ranking are also presented. Key properties of the non-additivity index are
considered in [44], along with a capacity identification algorithm based on this index. The
algorithm uses linear constraints to reflect decision-maker advantages over alternatives and
formulates a linear programming problem to determine the optimal capacity. A capacity
identification simulation algorithm based on the non-additivity index is developed in [45].
Another research direction involves the additivity defectiveness of capacities, as discussed
in [46]. This paper introduces the concept of capacity defectiveness, representing the degree
of capacity non-additivity, and calculates or approximates the defectiveness coefficient
for certain capacity classes. An optimal approximation approach for fuzzy integrals is
also developed for replacing fuzzy measures with classical measures. The identification of



Axioms 2024, 13,776

17 of 27

fuzzy measures, including interaction indexes and importance values (Shapley values), is
further examined in [47], where various fuzzy measure representations, such as Mobius
transformations and k-order additive measures, are considered. Ref. [48] shows that ev-
ery discrete fuzzy measure can be represented as a k-order additive fuzzy measure, and
presents alternative representation methods using interaction indexes and Shapley values.
A learning algorithm for identifying k-maxitive measures based on heuristic least mean
squares is given in [49]. Ref. [50] explores the structure and properties of a specific fuzzy
measure type applicable to interactive MADM models, utilizing interaction coefficients,
Mobius representation and dual fuzzy measures. Ref. [49] introduces the generalized inter-
action index, or g-index, which requires significant computational resources, and presents
algorithms to calculate the g-index for k-maxitive measures. Ref. [51] provides a new visual-
ization scheme for understanding fuzzy measures, while Ref. [52] examines a joint Choquet
integral-fuzzy measures operator that uses attribute interactions. Ref. [53] utilizes a hesitant
fuzzy linguistic term set to describe attribute interactivity in fuzzy measure identification.
Finally, Ref. [47] reviews current approaches to fuzzy measure identification and their
advantages and limitations, with Ref. [54] discussing fuzzy measure representations for
learning Choquet and Sugeno integrals.

In this section, we present a completely new approach to fuzzy measure identification
problems. Conditional optimization problems will be constructed, where the similarity,
distance, and divergence parameters defined in the previous sections for two fuzzy mea-
sures will be used as objective functions, and the requirements and data of the interactive
MADM will be considered in the constraints. The identification fuzzy measure APC will be
considered as optimization unknown variables. Specific identification will be performed
for specific fuzzy measure classes.

As a first example, let us consider the class G (2)(X) of two-additive fuzzy measures.
Suppose we are given an interactive MADM model [55,56] with possible alternatives
D = (dq,dy,...,dn) and attributes X = {x1,x2,...,x,}. Suppose that in the interactive
MADM model, attributes importance values {I, I, .. ., I, } and pairwise interactions are

known in the form of a symmetric matrix {Iif}i:i w1, o’ i # j[57-62]. Asis known

in [26], if ¢ € G@(X), then its associated probabilities are calculated by the following
formula: Vo € S,

. . 1 i—1 1 2 )
Py (xg(1)) = P (x,)) = Loy + EZ{ Loio() = 5 Z+1 Loy i=1...,n.  (76)
j= j=i

In (76), if i = 1, then the second addend is equal to 0, and if i = #n, then the third
addend is equal to 0. Assume that in the decision-making matrix there are alternatives with
ratings {Z;;} from [0, 1] (see Table 1):

Table 1. MADM decision-making matrix.

X

d X1X2 x]' Xn
dq
do
d; ¢inGi2 e Gij e Cin
dm

Suppose that the index of uncertainty of expert evaluations on attributes X = {x,x2,...,x,}
is represented by ¢ € G(X) fuzzy measure. If there is a dependence between the attributes in
the form of interactions, then it is completely acceptable to use the Choquet finite integral as an
aggregation tool [20]. Then, to obtain a scalar evaluation of the ranking of each alternative d; and
to aggregate its ratings (i1, Gip, -+ , Gijy ¢in) to make a final decision, we will use the value
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of the Choquet integral with respect to the fuzzy measure g [20]. We highlight the following
publications of the authors of this study in the direction of using associated probabilities based
on extensions of the Choquet and Sugeno integral operators [63,64]. We also know that this
population parameter is known in fuzzy statistics as monotone expectation (ME(d;)) [23], i.e.,

+o00

ME(d;) = / g{x;€X, & >al)de, i=12,...,m, 77)
0
or "
ME(d) = Y P¥) (xy) -Gy, i=12,...,m, (78)
=1

where T = (7(1),...,7(m)) € Sy is a permutation for which 1 > &ir(q) > Girp) > -+ >
Gir(n) = 0

Now let us consider the concepts of the best approximation of a particular fuzzy
measure § € G(X) from a given class of fuzzy measures. The idea is that this approximation
is achieved for such fuzzy measure ¢ from the given fuzzy measures subclass that the
distance or divergence to a particular fuzzy measure g is the smallest or this approximation
is achieved for such fuzzy measure ¢ from the subclass of given fuzzy measures that the
similarity to the fuzzy measure g is greatest. In doing so, we determine a similar to concrete
approximate fuzzy measure g € G(X) from the given class of fuzzy measures. Consider
Definitions (16)—(19), which are different cases of approximation.

Definition 16. The fixed two-additive fuzzy measure § € G (X) is called the F—best approx-
imation of the fuzzy measure § € G(X) according to the similarity relation for the F—distance
generator
DSIF(3,8) = sup DSIF)(g,9). (79)
8€G(X)

Therefore, the best, highly similar fuzzy measure g among the two-additive fuzzy
measures is the known fuzzy measure §.

Analogous definitions can be made in relation to the distance and divergence between
fuzzy measures.

Definition 17. A fixed two-additive fuzzy measure § € G\?)(X) is called the F—best approxima-

tion of the fuzzy measure § € G(X) according to the D4 —distance relation for the F—distance
generator

D (g,8) = inf DFA(g,g). 80

(8:8)= inf D77(g8) (80)

Note that the DF4) —distance in Definition 17 can be replaced by the Dg)—distance
defined above or other distances generalized here.

Definition 18. The fixed two-additive fuzzy measure § € G\?)(X) is called a F—best approxi-

mation of the fuzzy measure g € G(X) according to the Dvg’“)—divergence for the F—distance
generator

Doli™ (3|1 8) = inf Dol (g | Q). 81

k71 = inf D™ (g8 (81)

Note here again that the Dvg’“)—divergence in Definition 18 can be replaced by

divergences DU%FL) , DU;F) , Dv}? defined above or other generalized ones mentioned
here.
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Note that the area of approximation G()(X) in Definitions 16, 17, and 18 can be
replaced by other practically important subclasses of fuzzy measures and presented here:

Gs(X)—Sugeno A—additive fuzzy measures, ggj (X)—Choquet second-order capacity,
Gpos(X)—possibility measures, Gr ) (X)—fuzzy measures associated with the body of
evidence and other classes. Obviously, such subclasses of fuzzy measures are considered,
for which their associated probability classes are derived, whose representations include
only the basic data of these classes. For example, formulas: For the possibility measures (31);
for the Sugeno A—additive measure (17); for the measure associated with the data body (37).
Therefore, let us introduce analogous definitions for these fuzzy measures’ classes.

Definition 19. The fixed §) € Gs(X)—Sugeno A—additive fuzzy measure is called the F—best
approximation of the fuzzy measure g € G(X) according to the D\F4)—distance relation (according
to the Dv\F)—divergence relation), if for the F—distance generator

DEA) (G 6,) = inf DFEA (¢ ¢
(8.81) ety (8/81)

Do) (T ) = inf Dul) )
(P = inf Del5,9)

(82)

Let us now introduce a completely new type of fuzzy measure identification problem
in the MADM environment based on the definitions given here. In general, the idea is as
follows: a scalar problem of conditional optimization will be constructed, the objective
function of which will be the concept of one of the approximations. The problem con-
straints are constructed from the particular MADM problem data and constraints, and the
optimization unknown variables will be the associated probabilities from the APC which
should be identified; specifically Definitions 16-18 in the MADM environment allow us to
construct the model uncertainty index—fuzzy measure g with the best approximation from
the given fuzzy measures class, while taking into account other MADM data as constraints.
For example, from a practical point of view it is possible to create an approximate interval
evaluation of their monotone expectation for some alternatives (with confidence intervals
and others). Consider a particular problem with respect to the DSI index when considering
a class G(?) (X). To solve this problem, let us make a conditional optimization problem, in
which the associated probability class { Pr(-) },¢g, of the fuzzy measure g will be unknown:

Ds1F)(g, §) = F(DSI(Py, Py), o € Sy) = max

n

S.C. Y Po(x;), o €Sy,
=1

ceS,, i=12....n, (83)

i
<1,
Ml; < ME(dik) = s P’Tk(x»rk(j)) . gika(]-) < M;’; , k=1,2,...,s,

where ME(d; ) are the monotone expected values for the alternatives d; , d;, ..., d; eval-
uated at intervals by the experts. In the formulas of (83) for each i 37 € S, that
Chn() = Cirm(2) = 7 2 Ciyg(n)-

The conditional optimization problem’s (83) solution fuzzy measure g € G(X) is the
closest, similar fuzzy measure to the second-order additive capacity g, which takes into
account the constraints associated with probabilities in the form of attribute interaction
indexes and MADM data on expert evaluations of expected ratings of alternatives. Consider
the numerical example of (83):

Example 1. Let F = F;, n = 3and m = 4. Suppose that the decision-making matrix is as
follows (Table 2):
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Table 2. Decision matrix.

Xi

d; x1 X2 X3 ME(d;)
dq 0.3 0.7 0.5 -
do 0.6 0.4 0.8 0.45 < ME(dy) < 0.65
ds 0.5 0.6 0.7 .
dy 0.8 0.7 0.4 0.35 < ME(dy) < 0.55

Assume that the importance values {I;} of the attributes and the indexes of their
pairwise interaction {I;; } are as follows (Table 3):

Table 3. Magnitudes of attribute values {I]-} and pairwise interaction indexes {Iij}.

I X1 X2 X3 I
X1 - 0.15 0.25 0.3
X2 0.15 - 0.10 0.4
3 0.25 0.10 - 0.3
Using Table 3 and Formulas (76), calculate the associated probabilities class { Py (-) o css
of the fuzzy measure ¢ € G (2)(X) (see Table 4).
Table 4. The class of associated probabilities { Py ()} . 5
i P,() X1 X2 X3
o
=(1,2,3) By () 0.100 0.425 0.475
o = (1,3,2) Py () 0.100 0.525 0.375
03 =(2,1,3) Py () 0.250 0.275 0.475
oy = (2,3,1) o, (+) 0.500 0.275 0.225
o5 = (3,1,2) Pr () 0.350 0.525 0.125
=(3,2,1) Py (+) 0.500 0.375 0.125

Then (83) will take a specific form with respect to the unknown associated probabilities
values {P,(-)}:

5 [Py ) By )]
DSI(Fl)(g,g) = % 3 1?1:1 = max
L & [(pe )P
SC. 0<Py(x)<1, j=12,...,6, i=123,
3
Y Pr(x) =1, j=12,...,6, (84)

3
0.45 S ';1 Pg5 (x175(i)) . 6205(1’) = ME(dz) S 0.65 , 05 = (3, 1,2),

3
035< L Py (X, (i) - Caoy (i) = ME(dyg) <055, o1 =(1,2,3),

where
(Coos(1)r Goos(2),  G205(3)) = (0.8,0.6,04),

(Caoy (1)) Ca0y(2)r  Gacy(3)) = (0.8,0.7,0.4).
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The numerical solution of the conditional optimization problem (84) as an associated
probabilities class of the fuzzy measure § € G(X) is presented in Table 5.

Table 5. Associated probabilities class of the fuzzy measure g (for the problem (84)).

i Ps() x1 x2 X3
o
o1 = (1,2,3) Py (+) 0.0855 0.4398 0.4747
o = (1,3,2) Py, (+) 0.1103 0.5322 0.3575
o = (2,1,3) Py, (+) 0.2500 0.2750 0.4750
o= (2,3,1) Py, (+) 0.5000 0.2750 0.2250
o5 = (3,1,2) Po () 0.3500 0.5250 0.1250
o = (3,2,1) Py, (+) 0.5000 0.3750 0.1250

The maximum similarity index is equal to DSI(3,§) = 0.89997.

Of course, it was possible to use any distance or divergence Formulas (47)—(52)
or (53)—(64) as the objective function in the problem (83)—(84). Additionally, we could
use the distances Dy, Dg) (ng), ng“)) as a minimization criterion. Also, we could

3 FI F (F ) Fmax F Fmax (F )
use the divergences Dvg2 “), D”§<L) (Dvy] /D”§<L )), Dv} )(Du§ ),Dv] 17), and

DolEn), Dvg) (Dv§s ), Dv(Pm"‘X)) as a minimization criterion. Consider another example:
Example 2. We consider the conditional optimization problem (83) and (84), but we choose the
Jeffrey’s Fi—divergence as the objective function, and the constraints will be the same. MADM
data are not changed, that is, the class of associated probabilities { Py (-) } resy 18 the same. We get
the following conditional optimization problem:

X Py, (x;
Dufl)(g, ;) = 31% <Z [Paj(xi)_P‘Tj<xi)} IOg[ i )D = min

i=1 P(TJ(xz)
3
S.C. Y Pr(x)=1, j=12...,6
i=1
O<Pg(x,)<1 ji=12,...,6; i=1,23 (85)

045 < ngs( (i) - o (i) < 0.65

0.35 < ZPg‘l( ) Caoy (i) < 055

Table 6 presents the results of the numerical solution of the conditional optimization
problem (85) in the form of the class of associated probabilities of the fuzzy measure
g € G(X).

The minimum divergence value is equal to Dv}m (3,8) = 0.00021.

Of course, for the identification of the associated probabilities class of a fuzzy measure,
one could also consider multi-objective conditional optimization problems by considering
several objective functions. This should be derived from the issues of the synthesis of a
specific research problem.
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Table 6. The class of associated probabilities of fuzzy measure g for problem (85).
i P,(-) x1 X2 X3
o
o =(1,2,3) Py, (+) 0.1052 0.4203 0.4745
o = (1,3,2) Pp, (+) 0.1002 0.5249 0.3749
o3 =(2,1,3) Pr, () 0.2500 0.2749 0.4751
o =(2,3,1) Py, (+) 0.5000 0.2749 0.2251
o5 = (3,1,2) Prs (+) 0.3500 0.5250 0.1250
06 =(3,21) Py, (+) 0.5000 0.3749 0.1251

Consider one last example:

Example 3. Consider another example. Let us choose the domain of approximation of a fuzzy
measure g as all classes of fuzzy measures G r,,, (X) associated with the body of data (F,m)
defined on 2%, where for each fuzzy measure g its associated probabilities are calculated as follows
(Formula (38)), Vo € S,:

Pr(xp(i)) = ) m(A;) -wj(‘Ajﬁ {xa(l),...,xg(i)} ), i=1,...,n. (86)

Aje]-':A]-ﬁ{xUU)};é@

As the index of the difference between the approximation fuzzy measure g and the

fuzzy measure ¢ for the objective function of the corresponding conditional optimization

problem, let us choose the Jeffrey’s symmetric F,—divergence DU§P 2) (-,-):

2
Do (g,8) = ( Y (Y [Po(xi) — Bo(xi)] - [logZPg(xi)—logng(xi)]> . (87)

ceS, i=1

To construct a numerical example, let us take the same matrix from Table 2 as the
decision-making matrix of the MADM model. Consider the Choquet integral with respect
to the fuzzy measure g as an aggregation operator. Consider the following body of evidence
(f,m): F = {AllAZ}/ A1 = {X1,X2}, A2 = {XZ,Xg,} P m(Al) = % , m(Az) = % and
the vector of allocation weights W = {wy, wy}, w1 = {w1(1),w1(2)} = {%,%} ; Wy =

{w2(1),wp(2)} = {%, %} Table 7 presents the fuzzy measure § associated with this body

of evidence and weights, and more precisely, its associated probability class { P, } for

oeS3’
this we used Formula (38).

Table 7. Class of associated probabilities {150} ress of the fuzzy measure ¢ associated with the body
of evidence (F,m) and the given allocation weights vector W = {wq, w2 }.

Xi

o P,(-) X1 X2 X3
o = (1,2,3) B (+) 0.500 0.233 0.267
o =(1,3,2) P, (+) 0.500 0.433 0.067
o3 =(2,1,3) Py, () 0.167 0.567 0.267
oy =(2,3,1) Py, () 0.167 0.567 0.267
o5 = (3,1,2) Py () 0.500 0.433 0.067
06 = (3,2,1) Py () 0.167 0.767 0.067
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To identify the fuzzy measure g as the MADM uncertainty index, consider the con-
ditional optimization problem with the constraints of the previous examples and the

divergence DngZ) (+,-) minimization criterion:

’Dy;Fz)(g,g) = $ 31|<
J

3

S.C. Y P(x)=1, j=12,...,6
i=1

0<Py(x)<1, j=12,...,6; i=123

3
0.45 < ';1 Pgs(x%(i)) '6275(1-) < 0.65

3

Ite

1

2
) [Pa].(xi) — Iﬁgj(xi)] . [log2 Py;(x;) —log, pgj(xi)}) = min

(88)

3
0.35 < ;1 Pgl (xvl(i)) '640-2(1-) <0.55

The associated probability class of the fuzzy measure § € G(X) for the solution of the
problem (88) is given in Table 8:

Table 8. The associated probability class of the approximation fuzzy measure g.

i Py () X1 X2 x3
o
o = (1,2,3) Po, (+) 05218 0.2411 0.2371
o = (1,3,2) Ps, () 0.4953 0.4332 0.0715
o3 = (2,1,3) Po () 0.1839 0.5478 0.2683
o = (2,3,1) Po, (+) 0.1678 0.5636 0.2686
o5 = (3,1,2) Pos (+) 0.4991 0.4457 0.0552
06 = (3,2,1) Pr () 0.1714 0.7632 0.0654

The minimum value of the objective function Dv}FZ) (,8) is:Dv}FZ) (g,8) = 0.00506.

For all three examples, at the last stage, we complete the MADM problem presented
in Table 2 and rank the alternatives (dy,ds, d3, ds) using the identified fuzzy measure g.
Aggregation will be accomplished again with the Choquet integral

3
ME(d;) = ) Py (x00)) “ Sitijy - 1= 1,2,3,4,

where for each alternative d; there is a permutation 7() = (t()(1),7(®(2),7()(3)) € S3
such that

Cirt(1) = Sizl(2) = Sinl(3)-
Table 9 summarizes the aggregation values for all three examples, and Table 10 presents

the ranking of the alternatives.

Table 9. Values of aggregations on alternatives (dy, dy, d3, dy) for all three examples.

Aggregation Values Aggregation Values  Aggregation Values
for Example 1 for Example 2 for Example 3
dy 0.461 0.454 0.578
dy 0.529 0.529 0.520
d3 0.569 0.563 0.590
dy 0.577 0.570 0.680
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Table 10. Rankings of alternatives (dq,dp, d3,dy4).

Alternative Rankings

Example 1 dy > ds > dp > dq
Example 2 dy = d3 = dy - dy
Example 3 dy >=ds >=dy = dp

It becomes clear that the alternative dy is the best for all problems.

Comparative Analysis: We note again that the examples given here are for illustrative
purposes only and their purpose is to make it easy for the reader to construct the analogous
optimization model they need. However, a little comparative analysis can be conducted.
Examples 1 and 2 are practically indistinguishable examples in that the MADM environ-
ment is the same, only the objective functions differ. e.g., In 1, the objective function is
the similarity parameter DSI(F1)(,,.) and its maximization is considered. However, the
maximum similarity parameter is quite high—DSI1) = 0.89997. And, e.g., in 2, the

objective function is the divergence parameter DU;FZ) (+,+) and its minimization is con-

sidered. Here too, the minimum divergence parameter is quite high—Dv}ﬁ) = 0.00021.
Both examples consider interactive MADM in the approximation of pairwise interaction
of environmental attributes, where the two-additive fuzzy measure is considered as the
uncertainty index (Table 4). In both examples, the approximation class is the same, and the
similarity between the identified fuzzy measures is high (Tables 5 and 6). Therefore, the
ranking of the alternatives should be almost identical (in our case it is completely identical
(Table 10).

As for the third example, here the MADM environment is partially different from the
case of the previous two examples. Here, the uncertainty index is considered to be the body
of evidence and the class of fuzzy measures associated with it (86). A specific allocation
weight vector and a specific body of evidence are considered. Probabilistic representations
of the associated fuzzy measure are given in Table 7. There is agreement in all three
examples, where all conditional optimization problems’ constraints are the same. In the

third example, the objective function is the same as the divergence parameter Dv}FZ) (,-) of
the second example, and its minimization is considered. Here too, the minimum divergence
parameter is quite high—Dv;FZ) = 0.00506. As a result, the ranking of the alternatives in
the third example partially coincided with the rankings of the alternatives in the first and
second examples.

We tested different divergence or similarity parameters in the objective function role
for the same MADM environment. We also changed the environment of MADM. As a result,
the rankings of the alternatives for the fixed MADM environment are almost identical
when we take the Choquet finite integral as the aggregation operator. Which indicates the
sensitivity of the identification problem constructed in the article.

5. Conclusions

The presented paper discusses the binary relations of distance, divergence and sim-
ilarity defined on the space of finite fuzzy measures, which in a certain sense represent
generalizations of similar binary relations defined on the space of finite probability distribu-
tions. The correctness of the generalizations is proved. The generalizations are based on the
class of fuzzy measure—associated probabilities. More precisely, the distance, divergence,
and similarity parameters between two fuzzy measures are determined by the distance,
divergence, and similarity parameters between their associated probability classes. For
the definition of the mentioned parameters between the associated probability classes,
the concept of distance generator is introduced, which scales the values of the associated
probability class in the scalar value of the corresponding parameter.

The concepts of distance, divergence and similarity between fuzzy measures are used
in the fuzzy measure identification problem for a certain multi-attribute decision-making
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(MADM) environment. For this, a conditional optimization problem with a single objective
function that actually represents a parameter of distance, divergence, or similarity, is
formulated. The constraints of the optimization problem represent constraints on the
MADM data, as well as constraints on the associated probabilities of identification fuzzy
measure. Given the extrema of the objective function, the identification fuzzy measure is
the best approximation for the class of fuzzy measures allowed in the MADM environment.

The classes of the second-order Choquet capacities, two-additive fuzzy measures,
Sugeno A—additive fuzzy measures, possibility measures, and fuzzy measures associated
with the body of evidence are considered. Numerical examples are discussed and a
comparative analysis of the obtained results is presented. In the conditional optimization
problem corresponding to a simple example of three parallel MADMSs, one and the same
constraints are considered. The only difference is in the allowable classes of the search
fuzzy measure, which are associated with the nature of the specific problem. There is also
a difference in the selection of the objective function, which derives from the choice of
preferences of the decision-maker.

The results are obtained at the level of ranking of MADM alternatives. For ranking,
data aggregations of alternatives are created using the fuzzy measure identified in it from
the Choquet aggregation operator. The results show some differences, which are due to the
selection of the search class of the fuzzy measure approximation and the preferences of the
decision-maker in the selection of the objective function.

We have considered the same examples in the case of the Sugeno finite integral. The
ranking of the alternatives was found to be in great agreement with the case of the Choquet
integral. It would also be interesting to consider other aggregation integral operators that
use fuzzy measures in their calculations.

Future studies will consider other classes of fuzzy measure approximations related
to specific important practical problems. Other important new divergence and distance
generalizations for fuzzy measures that are not within the scope of this article will also be
considered. Changing the aggregation operator was sensitive.

In future studies, we will consider the use of metrics, similarity and divergence
relations defined in the fuzzy measures space in aggregation relations with non-additive
and interacting parameters or attributes, such as users’ similarity relation in collaborative
filtering systems, phase space metrics of non-additive components of machine learning,
measures of clustering and classification of complex objects, etc. In our future studies, it
would also be natural to describe the relationships between the divergences mentioned
here and the entropy measures.
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