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Abstract: This paper focuses on applying the Marshall-Olkin approach to generate a new bivariate
distribution. The distribution is called the bivariate exponentiated Lomax distribution, and its
marginal distribution is the exponentiated Lomax distribution. Numerous attributes are examined,
including the joint reliability and hazard functions, the bivariate probability density function, and
its marginals. The joint probability density function and joint cumulative distribution function can
be stated analytically. Different contour plots of the joint probability density function and joint
reliability and hazard rate functions of the bivariate exponentiated Lomax distribution are given. The
unknown parameters and reliability and hazard rate functions of the bivariate exponentiated Lomax
distribution are estimated using the maximum likelihood method. Also, the Bayesian technique
is applied to derive the Bayes estimators and reliability and hazard rate functions of the bivariate
exponentiated Lomax distribution. In addition, maximum likelihood and Bayesian two-sample
prediction are considered to predict a future observation from a future sample of the bivariate
exponentiated Lomax distribution. A simulation study is presented to investigate the theoretical
findings derived in this paper and to evaluate the performance of the maximum likelihood and
Bayes estimates and predictors. Furthermore, the real data set used in this paper comprises the
scoring times from 42 American Football League matches that took place over three consecutive
independent weekends in 1986. The results of utilizing the real data set approve the practicality
and flexibility of the bivariate exponentiated Lomax distribution in real-world situations, and the
bivariate exponentiated Lomax distribution is suitable for modeling this bivariate data set.

Keywords: exponentiated Lomax distribution; Marshall-Olkin; joint hazard function; maximum
likelihood estimators and prediction; prior distribution; posterior distribution; Bayesian prediction;
credible intervals; Monte Carlo simulation

MSC: 62F10; 62F15; 62N05; 62E10; 62N0

1. Introduction

The main aim of this paper is to propose a new bivariate survival model, the Marshall-
Olkin Bivariate Exponentiated Lomax (MOBEL) distribution, which extends existing sur-
vival models to better capture the behavior of dependent lifetimes. This model addresses
the practical need for more flexible and accurate bivariate survival models, especially
when dealing with extreme values or asymmetric behavior, which are often inadequately
represented by current models. The novelty of this work lies in the combination of the
Marshall-Olkin framework with the Exponentiated Lomax distribution, providing closed-
form expressions for key functions such as the joint probability density function and joint
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reliability and hazard rate functions. Furthermore, both maximum likelihood and Bayesian
estimation techniques are developed for the unknown parameters, along with prediction
methods using real-world data. The application of the MOBEL model to football scoring
data demonstrates its practical utility and flexibility, showing its suitability for real-world
scenarios. This model is also differentiated from others in the literature by offering more
flexible tail behavior and dependence structures and by incorporating both estimation
and prediction methodologies, thus filling an important gap in the modeling of bivariate
survival data.

In survival and reliability analysis, there are situations in which we observed two
lifetimes for the same patient or equipment, that is bivariate survival data. An example
of medical situations occurs when the interest is to study the lifetimes of paired human
organs such as kidneys and eyes. Industrial applications include the life of engines in a
twin-engine airplane. In these situations, it is important to consider different multivariate
distributions that could be used to model such lifetime data. Although there are many
kinds of discrete and continuous multivariate distributions in the literature, Marshall
and Olkin [1] introduced a singular bivariate distribution; the same technique will be
applied here.

In reliability studies, bivariate data may include survival times for a system that
depends on the durability of two components, such as the lifetimes of motors in twin-
engine airplanes (see Louzada et al. [2]). An annuity, as defined in actuarial research, refers
to a retirement payment provided to both the retiree and their spouse. This payment is
guaranteed to be made as long as either one or both are alive. For more information, refer
to Denuit and Cornet [3]. Bivariate distributions have significance in both theoretical and
practical contexts.

The shock models proposed by Marshall and Olkin [1] are employed in the field of
dependability to depict various applications. Shocks can relate to the harm inflicted on
biological organs due to sickness or environmental factors that impact a technical system.
For instance, Sarhan and Balakrishnan [4] examined the bivariate exponential distribution
of Marshall and Olkin, whereas Kundu and Gupta [5] introduced the Marshall-Olkin
bivariate Weibull distribution. Furthermore, El-Gohary et al. [6] conducted a study on the
bivariate exponentiated modified Weibull extension distribution proposed by Marshall and
Olkin [1]. Some notable references in the field of bivariate distributions include Aboraya [7],
Shehata et al. [8], Ali et al. [9], Tolba et al. [10], Alotaibi et al. [11], Alotaibi et al. [12], Shehata
and Yousof [13], Abdullah and Masmoudi [14], Refaie et al. [15], Refaie and Mahran [16],
Abbas [17], and Farooq et al. [18].

The Exponentiated Pareto or Exponentiated Lomax (ELO) distribution, a novel ex-
tension of the basic Pareto Type II distribution, was introduced by Gupta et al. [19]. This
distribution has been a significant advancement in the field, as it offers a more compre-
hensive model for analyzing lifespan data. El-Monsef et al. [20] further expanded on
this by conducting a study on the exponentiated power Lomax distribution, analyzing
its effectiveness using both complete and censored data. Almongy et al. [21] also made a
notable contribution by introducing a modification to the Lomax distribution called the
Marshall-Olkin alpha power Lomax distribution and testing its performance using real
data sets from the fields of physics and economics.

Abd AL-Fattah et al. [22] conducted a thorough analysis of the inverted Kumaraswamy
distribution by employing a specific transformation. This distribution possesses the exact
probability density function (pdf) as the Exponentiated Pareto distribution. This distribu-
tion holds significant importance in various applications, such as engineering, medical
research, and lifespan problems. Gupta et al. [19] demonstrated the efficacy of the Ex-
ponentiated Pareto distribution in assessing various lifespan data. The ELO distribution
exhibits failure rates that follow either a decline or an upside-down bathtub form, depend-
ing on the choice of the shape parameter. Similarly, Mudholkar et al. [23] explored the
exponentiated Weibull distribution. The researchers noted that the exponential distribu-
tion, generalized exponential distribution, Weibull distribution, beta distribution, gamma
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distribution, uniform distribution, exponentiated exponential distribution, exponentiated
gamma distribution, and other distributions can be derived as specific instances of the
ELO distribution.

Abu-Zinadah [24] conducted a study on the peculiarities of ELO dispersion. Further-
more, Shawky and Abu-Zinadah [25] derived the precise probability density function (pdf)
and moments of single, double, triple, and quadruple lower record values from the ELO
distribution. For more details, see AL-Dayian et al. [26], Kundu et al. [27], Gupta et al. [28],
El-Sherpieny et al. [29], El-Gohary et al. [6], and Capitani et al. [30].

Al-erwi and Baharith [31] proposed a bivariate exponentiated Pareto distribution
as a versatile model for bivariate lifetimes. A bivariate distribution was created using a
Gaussian copula, with exponentiated Pareto distributions as the marginal distributions.
The Gaussian copula characteristic was utilized to demonstrate multiple aspects of the
proposed bivariate distribution. In addition, the researchers evaluated the maximum
likelihood (ML) and Bayesian methods to estimate the unknown parameters of the proposed
bivariate distribution. This study will examine the same distribution using the Marshall-
Olkin approach.

Ogana et al. [32] studied the Frank and Plackett copulas and evaluated seven distri-
bution models using data from moderate and tropical forests. One of these distributions
is the bivariate Burr Type III distribution. Azizi and Sayyareh [33] developed a bivariate
Burr Type III distribution using the Marshall-Olkin approach. They discussed several
distribution features and obtained the ML estimators.

Mondal and Kundu [34] introduced a modified version of the bivariate inverse Weibull
distribution that excludes the singular component. Bakouch et al. [35] proposed a bivariate
Kumaraswamy exponential distribution, where the individual distributions are univariate
Kumaraswamy exponential. Kamal et al. [36] provided a new generalization of the Lomax
model called arc-sine exponentiation Lomax. They also proposed a bivariate extension
of this model utilizing the Farlie-Gumbel-Morgenstern copula technique. Aljohani [37]
calculated the parameters of stress-strength reliability (R = P(X > Y)), where X represents
strength and Y represents stress. The two arbitrary components, X and Y, are independent
and follow the Lomax lifetime distribution with shared scale parameters.

Several studies have discussed bivariate distributions based on copulas. These include
the works of Elgohari and Yousof [38], Hamed et al. [39], Aboraya et al. [40], El-Sherpieny
et al. [41], El-Sherpieny et al. [42], El-Sherpieny et al. [43], Almetwally et al. [44], El-
Sherpieny et al. [45], Muhammed et al. [46], Abulebda et al. [47], Hassan and Chesneau [48],
Zhao et al. [49], and Qura et al. [50].

In this paper, a bivariate distribution is constructed based on the Marshall and Olkin
technique. Its marginal is the ELO distribution and is named the Marshall-Olkin bivariate
exponentiated Lomax (MOBEL) distribution.

This paper is organized as follows: In Section 2, the construction of the MOBEL
distribution based on the Marshall-Olkin method is introduced; also, some properties
of the distribution are obtained. In Section 3, maximum likelihood estimation for the
unknown parameters and the reliability function (rf) and hazard rate function (hrf) of the
MOBEL distribution are derived; also, ML two-sample prediction is considered. Bayesian
estimation and prediction are developed in Section 4. A numerical example is provided in
Section 5, including a simulation study to illustrate the derived theoretical results and two
real data sets to ensure the applicability of the MOBEL distribution in real life.
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2. Construction of Bivariate Exponentiated Lomax Distribution Based on
Marshall-Olkin Method

In this section, an MOBEL distribution is constructed using the Marshall-Olkin method
as a lifetime distribution, where its marginal distributions are ELO distributions. Several
properties are studied, such as marginal distribution functions, conditional pdfs, and some
rf and joint hrf functions.

Let a continuous non-negative random variable T have an ELO distribution, then its
pdf and cumulative distribution function (cdf) are given, respectively, by

ft:B,8) = ap+H" 1 (1+ t)*“]ﬁ_ , t>0, a,B>0, (1)
and p
F(t;B,a) = [1— (1+t)*“] , >0, 0,>0. 2)
The rf of the random variable T can be obtained as follows:
_.1B
R(t;ﬁ,a)zl—[l—(l—i-t) } . >0, 3)

The ELO distribution characteristics were studied by Abu-Zinadah [24]. Moreover,
Shawky and Abu-Zinadah [25] obtained the exact form of the pdf and moments of single,
double, triple, and quadruple lower record values from the ELO distribution. The ELO
distribution has a wide domain of applications in modeling and analysis of lifetime data
[see Hamedani [51]].

In this paper, an MOBEL is introduced by using the same procedure introduced by
Marshall and Olkin [1].

2.1. Joint Distribution Functions

Suppose that Z;, (i = 1,2, 3) are three independent random variables such that Z; ~ELO
(«, B;). Assuming that T; = max(Z;,Z3) and T, = max(Z, Z3) then the bivariate vector
(T1, T,) is a bivariate exponentiated Lomax distribution with parameters (8, B2, B3, &),
which can be denoted by MOBEL (B4, B2, B3, «). Then, the joint cdf of ( Ty, T,) can be
obtained as follows:

F(tl,tg) = PT’( T < t, Tr < tz) = Pr(max(Zl,Zg,) < t;,max (ZZ,Z3) < fz)
= PT’(Zl < tl)PT(Zz < tz)PT(Z3 < min( tl/ tz)) (4)
= Fz,(t1, B1,a)Fz,(t2, B2, &) Fz, (t3, B3, ).

3
E(ti,tp) = [Ilp(ti}ﬁir‘x)

= )
= [ ()P = (4 0) P (1),
Substituting (2) into (4), one obtains (5). Then, the joint pdf of (T;, T,) is
filt, k) if 0 <t <t <o,
f(tl,tz) = fz(tl, tz) Zf 0<t) <t < oo, (6)
f3(t) if O<t =t =t<oo
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where
fl (tlr tz) = fELO(tz; ,82/“) fELo(tl;ﬁl +ﬁ3r 0‘) Bitps—1 7
= Ba(By + Ba)a?(1+ 1) TV [1-(1 +tz>‘“}ﬁ271(1 ) = ()] oY
faltit) = fero(t Bre) feo(te B2+ B3 a) Bafs—1 8
= B1(By + B3)aP(1+ 1)@V [1 - (1+t1)_a}ﬁ1_1(1+f2)_(“+1) [1— (1+f2)_a} ' i

and
_(a _a B1tBatp3—

lt) = 5 Frio(6By+ P o) = o146 [1— (1= ©)

Suppose that if #; < tp, then fi(t1,t;) can be simply obtained by differentiating
the joint cdf; F(#y,tp), given in (4) with respect to t; and f;. Similarly, f2(#, ;) can be
derived when t; > ;. But f3(t, t) cannot be derived in a similar way; it can be obtained as
given below

oo  riy 0o rtp [=9)
/0 /0 f1(t1,t2)df1df2+/0 /o fz(tllfz)dfzdflﬂL/o fa(t, t)dt = 1. (10)

Let
00 ty 0o 51
o :/0 /(; f1(t1,t2)dt1dt2 and 4)22/0 /0 fz(tl,tz)dtzdh.
Hence
o0 _ _a1B1tBatps—1
4,1:/0 Boa(1+1) " [1— (14 6) " (11)
and - B4t ot
§02=/0 Brau(1+t;)~ (Y [—(1+f1)7“} U (12)

Substituting (11) and (12) into (10), one obtains

Jo falt,ydt =1— ¢, — @,

= J57 (Bt B2+ Ba)a(1+ )1 (14 t>“lﬁl+ﬁ2+ﬂ3‘1dt
—Ji a1+ £) D [1— (14 1) roprepad
— [ Bra(1 4 )Y [1 a4 tl),a}ﬂﬁﬁﬁﬂrldtl.

Thus,

_ _a|PrtBatps—1
() = paa@+ 6" - aen T

The plots presented in Figure 1 were generated using Mathematica 11. From Figure 1,
one can observe that the joint pdf of the MOBEL distribution has different shapes depending
on the values of its parameters, which reflect the ability of the joint pdf to model bivariate
skewed data.
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(1a) (1.b)

(1.c) (1.d)

Figure 1. Different plots of the joint pdf of the MOBEL distribution: (1.a) (x = 0.25, 57 = 1,
/52 = 2,[53 = 1), (1.b) (tx = 05, ,Bl = 1.5, ﬁz = 1,‘33 = 1), (1.C) (uc = 0.25,‘31 = 05, ,32 = 2,/53 = 2),
and (1.d) (x = 0.25, 81 = 0.25, 8, = 2,83 = 2).

2.2. Marginal Distribution Functions

The marginal pdf of T;, (i = 1,2) is given by
f(ti) = f(ti; Bi + B3, )

i -1 13
= (i P+ 1) V1= 1) P s gzt P
The marginal cdf for T; is
f - o] (BitB) -1
F(ti)=P(Ti§t,~)=/O (Bi+ Ba)a(1+ 1)V [1— (11| 7T

then
Fio = 1w+ [1- )"
= [1 -1+ ti)_“]ﬁi+ﬁ3 = F(t; Bi + s ), t; >0

where the pdf of T;, f(t;) = B%F(t,'), as in (13).

(14)
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2.3. Conditional Probability Density Functions
The conditional pdf of t; given T; = t;, (i,j = 1,2,i # j) is given by

fO(tl)  if 0<h <t,
ftilt;) = fP (t1]t2) if 0<th<t,
fO(hlt) if t1 =ty >0,

where

_ filtuh)
fmamg—iﬁbA,

using (7) and (13) after replacing ¢; by t;, then

Ba(B1 + B3) a(1+ t;)~ @D [1 a4 f1)_“} (Bi+p3)—1

FO(h]t) = 5 .
(Ba+B3)[1— (14+12) "

and
_ hltb)
f@ () = Zts

Also, using (8) and (13) after replacing t; by f,, then

O (t1]t2) = pra(1 + ) D1 - @)

and

_ h(bY)
O hlt) = 2555

using (9) and (13) after replacing t; by t;, then

i) = B 107"

2.4. Reliability Functions

In this subsection, the joint rf and joint hrf of (T}, T ), are obtained as follows:
The joint rf of (T, T) for three cases is given by

Rl(i’l, i’z) lf t <ty,
R(t1, ) = Ra(h,t2) if t<t,
R3(t) Zf tl = tz = t,
The joint rf of (Ty, Tp) is
R(tl,tz) =1- F(tl) — F(tz) + F(fl,tz),
From (17), the joint rf of the three cases can be derived as follows:

i =1 1= [ o e

Raltyt2) =1~ [1 -+ tl)ﬂx}ﬁ]ﬂ% - {1 -1+ tz)_a}ﬁﬁﬁs{l - [1 -1+ tl)_a}ﬁl },

and

Ry(tt) =1— [1—(1+t)‘“]ﬁ3{[1—(1+t)‘“}ﬁ1 +[1- (1+t)“"]'32 = [1_(1“)—“}!31%2}

(15)

(16)

(17)

(18)

(19)

(20)
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Substituting (4) and (14) into (17), the joint rf will be obtained as follows:

B1+B3 ] B2+B3

R(tb) =1-[1-(+0) " " = [1-(+n)™
E I I L LT S A R GRS o @

where t3 = min(ty, f).

Figure 2 shows the plots of the joint rf of the MOBEL distribution for different param-
eter values. From Figure 2, if (t1,t;) ~ MOBEL distribution for 0 < t; < 00,0 < t; < oo,
both components of R(t3, f;) are decreasing function in all points of t; and t,. The plots
shown in Figure 2 were created using Mathematica 11.

(2.0) (2.d)

Figure 2. Different plots of the joint reliability function of the MOBEL distribution: (2.a) (x = 0.25,
Bi = 058, = 2,83 = 1),2b) (x = 0258, = 05 B, = 2,83 = 2),(2¢) (&« = 025,
B1 = 025pB; = 2,83 = 1)and (2d) (« = 025,87 = 0.25,8, = 2,B3 = 2).

Monotonicity of failure rate function

The bivariate failure rate function (1, t5) for the random vector (T3, T,) (see Basu [52])
is as follows:

_ f (tll tz)
h(tll t2) - R(tll tZ) (22)
Substituting (7)-(9) and (18)-(20) into (22), hence the bivariate hrf can be obtained
when t; < (>)t, and t; =t = t as given below

hi(t, ta) if t1 < ta,
h(tl,tz) = hz(tl, tz) if hy < t1, (23)
hg(t) if ty =1ty =t
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Figure 3 displays the plots of the joint hrf of the MOBEL distribution for different
parameter values. The plots displayed in Figure 3 were created using Mathematica 11.

(3.a) (3.b)

(3.0) (3.d)

Figure 3. Different plots of the joint hazard of the MOBEL distribution: (3.a) (x = 0.25, B; = 0.5,
B2=2,83=2),(3b) (=025, 1 =025 B=2, f3=2),8c) (a =05 B1=1, B2 =2, B3=2)
and (3.d) (0( =1, ﬁl =2, ﬁZ =3, ﬁ3 = 4)

Figure 3 shows that the joint hrf of the MOBEL distribution represents increasing and
decreasing failure rates, which permit flexibility for modeling survival data. Figures 1-3
are constructed using Mathematica 11.

2.5. The Marginal Expectation

Based on the results presented in the last two subsections, the marginal expectation of
T;, (i = 1,2) can be derived as an infinite series expansion as follows:

e = gk ()T B(epa-t), < e

j=0

Proof. The rth moment of the random variables T; with pdf f(t;) can be given by
E() = [ tfa
Equation (13) can be used to obtain

i+pB3)—1
](ﬁ B3) dt,

E) = (Bi+ e | (1+1) D1 @+8)
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1
Applying the transformation (1+t;) " = y then t; = y*% —land dt; = _%y ¢

where
1

B() = (Bi+s) [ — 11— )PPy, @)

1

using the binomial series expansion of (y;, * — 1) given by

_1 > _j -1
=0V
then o
E(t) ﬁﬁﬁsz(> 7 [y gy, 7
j=0
Since, B(a, b) f u"1(1 — u)~1du, then
1 '
v ()P dy = B(ﬁi + B3, 1- i) )

where ﬁ < 1, substituting (28) into (27), one can obtain (24). O

3. Maximum Likelihood Estimation and Prediction

In this section, the ML estimation and prediction of the vector of parameters 8 =
(B1, B2, B3, «) for the MOBEL distribution will be considered.

3.1. Maximum Likelihood Estimators of the Parameters

In this subsection, the ML method is applied to estimate the unknown parame-
ters of the MOBEL distribution B, 2, 83 and a. Suppose that three samples of size n,
{(t11,t21), (t12,£22), - - -, (t1n, 21) } are drawn from the MOBEL distribution

wy = {ty; <ty}, wa={t; > ty}, ws={t=ty="t} w=wUwUws |wi|=mn,
|wa| = ny, and |w3| = n3, and n = ny + ny + n3.
Hence, the likelihood function has the following form
L(B1, B2, B3, «|D) = H f1(t1uf21)l—l fz(th,fzz)l—[ fa(ti ti)
B2—1
—{(patp + o) 2y 1u+t>w“n1ﬁ—u+n>ﬂ faa) e

i=1 i=

y Ell{l a4 tl)flx}ﬁlﬁL/SS* {[/51(/32 + Ba)a2]™ 1(1 +H)" (“H) 1—[1 {1 -1+ tl)’“}ﬁlfl (29)
Xﬁa+m<wnﬁ@_u+h>qhwrﬂ{mu I (10
i=1 i=1 =

xln"s[[l—(l—i-t)

i=1

7

_a} ﬁ1+/52+l331}

where D refers to the available data.
The log-likelihood function can be written as
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¢ =InL(B1, B2, B3, «|D) . n
= mIn (B2(B1 + B3)a?) — (a +1) g In(1+t5;) + (B2 — 1); In[1—(1+ )]

—(a+ 1)12]?1 In(1+ty;) + (B1+ B3 — 1)'1211 In [1 -1+ tli)*“} + nzln(,Bl(,Bz + [33)“2)

@+ ) £ (1 )+ (=) E 1= (14 0) ] = @+ D E In(1 +12) 0

i=1
+(B2+ B3 —1) n; [ (14ty)"~ ]+i’l3ln(ﬁ3a)—((x+l)nf: n(1+t)
(,31+,32+ﬁ3—1)n§ [ (1+ti)’“].

i=1

Deriving the first partial derivatives of (30) with respect to 81, B2, B3 and a then
setting them to zero, the likelihood equations are

ag n n a no Ny a

R In|1— ‘ 22 In(1— ,

9B fl + B3 JrEl n[l (1+hi) } * B1 +i§1 n{l (+8) } (31)
+y 1n[1 — 1+,

i=1

o/ = > h
o~ Rl it

+i§1 In [1 1+ ti)*“},

9 _ _ _ 13
w +ﬁ3 +i§lln{1 (1+0) ] + [32+ﬁ3 +i§ In[1-(1+8) "] + 5 -
+y 1n[1 - (1+ti)—“},
i=1
and
ol 2m G In(1+ty) W .
% - a Z In(1+ty) J(r (B2 )1) Lzl (14‘%)—1} - El In(1+t;) ( |
n1 In(1+ t1; 2ny n In(1+ tq;
#prorpa= )| £ mG e 22 B+ (-1 £ 0 y
2 2 In(1+ t21) n3 (34)
=Y In(1+1#y) + (ﬁ2+l33—1){2 } + - Z 1n(1+f)
i=1 iZ1 (L+16)" -1 i=1

" In(14 ) }

+(B1+p2+p3—1 —_—
(Pt Pat P )Lg (T+4)"~1

The ML estimators for R(t1,t2) and h(ty, t) can be derived from utilizing the invari-

ance property. Therefore, replacing the parameters in (21) and (23) by their ML estimators,

R(t,t2,8) and h(tl,tz, 9) are obtained.

e e (A G
+ [1 -1+ tl)_&}ﬁl {1 -1+ tz)—a]ﬁz [1 a4+ ta)_&}ﬁsl
and ) )
hi(ty, b, B) = Sty 12, 9) 6

R (tll tZ/Q) ’

where R(t, ta, ) and f (t1,t2, 19) can be evaluated numerically.
Using the second derivatives of the logarithm of the likelihood function, the asymptotic
variance-covariance matrix of the estimators 1, B2, B3 and & is derived dependent on the
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inverse of the asymptotic Fisher information matrix (see Cohen (1965)). The expression for
the asymptotic Fisher information matrix is as follows:

—1
920
'~ —E|l—| ,ij=1,23,4. 37

laﬁiaﬁj] J (37)

The derivatives in I~! are given by

PO m o m P wm P mm
BT (Br+ps)? BT OP19Bs  (Bi+pa)? BT BT (Ba+pa)
920 _ Ny ﬂ _ n _ Ny _n3 9%/ —0
B20fs  (By+P3)” B3 (Br+PBs)  (Ba+ps)’ BE 9Piofr

% "21 In(1 + ty;) L[ In(1 + ;) L3 In(1+¢)
ondfy |51 (1+4)" 1] L[5 (T+)" —1] L5 A +4)"—1])

% "21 In(1 + ty;) N n2 In(1+ ty) N 13 In(1+¢)
dwdfy  [Z1 (141t)" —1] L5 (T+6)" —1) L= (T+4)" —1)

% ”le In(1 + t;) n "2 In(1 + ty) n "3 In(1+t)
owdfs [ (1+t)" =1 [[S(A+t)"—1] S QA+ —1]

and

ﬂ — 2 (IB _ ) [ [11‘1(1 + t21)] (1 + tZi)a
on? 2 i=1 [(1 + i’zl’)lx — 1]2
B (In(1+ t1)]*(1 + 1)
HEE P [Og [(1+f1i)“—1]z
In(1+6)]* (A +1)" | n3

+(B2+p3—1) Ln; [(1+t2')a_1]2 2

) ol I+ 8) P+ )"
+(ﬁ1 1)[§l [(14—1’11‘)“—1]2

In(1+£)](1 + ;)"
=1 [(144) = 1]
The asymptotic normality of the ML estimates can be used to compute the asymptotic
confidence intervals (Cls) for the parameters 81, B2, B3 and a can be derived as follows:

+(B1+ B2+ B3 — )[

pi+Zy\Jvar(B;), i=1,23and &+ Zy\/ovar(a) ,
where Z 7 is the standard normal percentile and 7 is the confidence coefficient.

3.2. Two-Sample Maximum Likelihood Prediction

In the context of two-sample prediction, it is assumed that the two samples are in-
dependent and have been randomly selected from the same distribution. The predictive
density function of the s-th ordered statistic is obtained using the density of the s-th order
statistic in the future sample in the univariate situation. In the bivariate scenario, the first
variable in the vector of the bivariate distribution represents the ordered observation, while
the second variable represents its concomitants. Hence, it is necessary to have the joint prob-
ability density function (pdf) of the ordered observations and their accompanying variables
to derive the joint prediction density function of the forthcoming arranged observations
and their accompanying variables.

The joint probability density function (pdf) of a future s-th ordered observation and

its s-th concomitant, denoted by (yl(s:m), yz(s:m)), s =1,2,...,m, has the joint pdf which is
given by (6) after replacing t1 by yy(s.,,) and t2 by yy(s,). For simplicity, it can be written as

(]/1(s)r]/2(s)) instead of (yl(s:m,yz(s:m)). Then the joint pdf of (yl(s),yz(s)) can be derived
as follows:
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fsm (yl(s)ryz(s);ﬁ> = (S_l;,n('m_s),f (yl(s)/yz(s);ﬁ) [F (yl(s)/y2(5)>} o [1 - F(%(s)/yz(s))]misr

By applying the binomial expansion, the final term in the preceding equation can be
simplified as follows:

[ (%() ﬂ ;( ) )j[F(%(s)ryzw)]j-

Thus, the joint pdf of (yl (s) Y2 S)) is
fsm (yl(s)/yZ(s);ﬂ) mf(yl ]Zo (m (yl( s)s yz(s)ﬂﬁjil
= £ (11 272) Eo Wfﬂ)!m!(*l) 1¥( 1<s>fy2<s>)r+]f1 (38)

j|S+]'—1

y
=f (yl(s)/yZ(s)) ’7;_05 Cins,j [F (yl(s)/yz(s))

where

m!
(5 = 1)!(m —s — j)!(j)!
Substituting f(t1,t2) given in (6) and F(#1, t2) in (4) after replacing t; by yy,), t2 by
Yo(s) and £ by y (), then, the joint ML predictive density of the ordered observations and
their concomitants is given by

) {52“ (By+B3) (1 + 1 s)) (oD [1 - (1 - ]/2(5)) _a] e (1 " y1(s)) ~(a+1)

(1 ]WB 1} {[51(52+ﬁ3)a2] (Hyl(s))i(uﬂ) [l— (Hym))a]ﬁl_l

(14 12 ) (a+1) {1 B (1 —|—y2(s)>_a:| B2+pB3—1 )

(
X{ﬁ w(1+ye) {1— (1+y<s))“r1+52+ﬁ3—1}

m—s — B1 a B . 5 i1
<k m,s,]([l_@%)) [t (o) ] - 000) )

The point predictors of the future ordered observation and their concomitants

(Yl(s)l YZ(S))/
s =1,2,...,m, can be obtained as given below

Crsj = (1) (39)

f(]/l( ) Y2(s)

X

o0

Y1 = E(y1(6);9mr) = / ]/1(5)/ f(%(s)/yz(s)/‘@ML>d]/2(s)dy1(s), (41)

Y1(5)=0 Ya(s)

and - -
Yo = E(Ya(s; Omr) = /y S yZ(s)/y f(y1(s)/yz(s);ﬁML>dy1(s)dyz(s)~ (42)

2(s)— 1(s)

From (41), and (42), the point predictors Y; and Y, cannot be obtained in closed form.
Then, the joint point predictor of future ordered observations is

V1, Ya = E(y1(s), Ya(s): Bumr) = / / Yis)tas) ()ryz(s)PQML)dyz(s)d%(s)r (43)
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which can be evaluated numerically.

4. Bayesian Estimation and Prediction

In this section, Bayesian estimation of the unknown parameters ¢ = (81, B2, B3, &) us-
ing the MOBEL distribution is derived. Also, two-sample prediction for future observations
is considered.

4.1. Bayesian Estimation

The MOBEL distribution’s unknown parameters can be estimated using the Bayesian
criterion under the squared error loss (SEL) function. Previous distributions consider
any prior relationship between the unknown parameters. The explicit forms of the Bayes
estimators of the unknown parameters cannot be derived (see Pena and Gupta [53] and
Kundu and Gupta [5]).

Prior assumptions

Assuming the common shape parameter « is unknown and has a gamma prior and
the conjugate prior on (B, B2, B3), which was considered by Pena and Gupta [53]. If
B = B1 + B2 + B3 has a Beta (a, b) prior, say mo(.|a,b), then the pdf of the Beta (a, b)
distribution for 0 < g < 1, is

mo(Bla,b) = gt Lp - gl o< pa, (44)

Given f, (%, %) has a Dirichlet prior, say 711 (.|a1, a2, a3, b1, by, b3), then

B Bs
BB
(( ap+a3)T (b1 +by+b3)T (a1 +b1 )T (ap+bp)T (a3 +b3) 45
ar ﬂz)r(ﬂa)r(bl)r(bz) (b3) T (ay Tay-+a3-+51 + by bs) (45)

a1+
() T )
for 0< By, B2, B3 < 1, where B1 = B — B2 — B3, and the hyperparameters (a, b, ay, a3, a3, by,

by, b3) > 0. Considering that a is unknown and after simplification, the joint prior of
B1, B2 and B3 becomes

ap,as, bl/ b2/ b3) =

711(B1, Ba, Bala, b, ay, az, a3, by, b, bs) = gg—~_(a2)+E11131)+Ezilﬁzzjbbf-i)-l;ii:g) po-m—n—as
b—by—by—b T by) 1 b r b 1 by, —
(1) A B Y (1) e

az+b
Xr((a;)FUfs)) v=p)"

Ifa = ay +a, +az, b = by + by + bs, then

ﬂ](ﬁl,ﬁz,ﬁgla, b,al,{lz,ag,, bl,bz,bg,) =
r'@r(op)r b - . .
(a) ( ) (jl_'_,) a—ﬁ(l —‘B)h_bﬁ .
F(a)F(b)F(a+b) =1 ;

(47)

The Beta-Dirichlet (BD) distribution with parameters a,b,a1,a,,4a3,b1,by, and bs is
represented by (47) and will be denoted by BD(a, b, a1, a5, a3, by, by, b3). It is evident that, in
most cases, 1, B2 and B3 will be interrelated. However, if a can be expressed as the sum

a = ay + a, + az, then Bq, B2 and B3 will be unrelated to each other. Thus, it is possible
to derive independent priors as a specific instance of (47). Furthermore, the correlation
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fom (yl (s)rY2(s); ) [B2(B1 + B3)a (1 + yz(s)> e [1 - (1 +3/2(s)) ]
X {1 — (1 +y1(s)>

X (1 + yz(s)) e [1 - (1 + y2(5)> a} ﬁﬁﬂs_lﬁm (1 + y(s)) e [1 - (1 + y(s))

. %@ ewo) ][ (4va0) ][ (o) )

(y<>yz<)

between B; and B; for i # j can exhibit either a positive or negative relationship. If « has a
gamma prior, say 715 («), where

c

m(a) = macflexp(—kzx), a>0, (kc>0).

The priors, as mentioned above, are the conjugate priors.
The joint prior of &, B1, B2, B3 will be represented as 71(B1, B2, B3, ), where 7t(B1, B2, B3,
a) = 111(B1, B2, B3) 2 (). The posterior density function of (B1, B2, B3, &) can be formed as

7 (B1, B2, B3, «| D) < L(B1, B2, B3, &|D) 7t1(B1, B2, B3la, b, ay, az, a3, b1, by, b3) o (). (48)

Thus, assuming independence on 1, B and B3, if a = @ and b = b, it is easy to obtain
the explicit Bayes estimators of B1, 82 and B3 using (48) within the SEL function. However,
ifa # @ and b # b, it is impossible to obtain the Bayes estimators explicitly. A numerical
algorithm can be employed to calculate the Bayes estimates.

The Bayes estimators are the posterior means.

197(5}2) = E(ﬂ]“l/tZ) = /ﬁiﬁj N*(ﬁ1/ﬁ2/ﬁ3llx|D)dﬁ/ ]: 1/2/3/

where 8 = (1, B2, B3,a) and [5° =/ fl;: fg; f;: and d9 = dadB,dp,dps, and where D is
referred to as the data available.

One can use (21), (23), and (48) to obtain the Bayes estimators of the R(#1,tp) and
h(t;, t2) under the SEL function.

o

R3g(t1,t2) = E(R(t, 0)|8) = [ R(ty,12)7" (81, 12)d2, (49)

and
o0

Ip (1) = E(h(ty, 2)]9) = /*h(tl,tz)n*(mtl,tz)dﬁ. (50)

The Bayes estimates of the parameters, rf and hrf based on the SEL function, can be
solved numerically using the Metropolis—Hastings algorithm of the Markov chain Monte
Carlo (MCMC) method of simulation by means of the R programming language.

4.2. Two-Sample Bayesian Prediction

The Bayes predictive density of the ordered observations and their concomitants can
be obtained by substituting (4) and (6) in (38) after replacing t; by Yi(s), b2 by Ya(s) and ¢ by
Y(s) then

—q] P21 —(a+1)
(1 + yl(s))
—a] P11

—“r]% 1,31(,32+f33>w2(1+]/1(s))_(a+1) [l_ (1+310) }

_aB1tp2tps—1 (51)

s+j—1

0, >0
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Then, the joint Bayes predictive density of the ordered observations and their concomi-
tants is given by

h<y1(s)1y2(s) Q) = /f(]h(s)r}/z(s);ﬁ) 7T (8]y1, y2)de, (52)
9
where .
/ _ / / / / and do = dadBdp,dp; . (53)
8 & By paps
The point predictors of the future ordered observation and their concomitants
(Yl(s)/YZ(s))f
s =1,2,...,m ,under the SEL function can be obtained as follows:
Yy = E(?h(s) ﬁ) = '/.1/1(5)_0 y1(5)~/}’2(s) f(}h(s)/}/z(s) Q)dyz(s)dyl(s)/ (54)
and . o
Yi —E 9) = / / o ) Ay dyage. 55
> (yz(s) 7) =0 Yo(s) tl(s)f (]/1(5) Ya(s) 7) Ya(s)dY2(s) (55)

From (54) and (55), the point predictors Y;" and Y5 cannot be obtained in closed form.
The joint Bayes point predictors of the future ordered observation is

Q) :/0 /0 yl(s)yZ(S)f(]/l(s)/yz(s)

The point predictors can be obtained by solving the previous equations numerically
via the R programming language.

Yi,Y; =E (yl(s)/yZ(s) ﬁ) dy1(s)dyas)-  (56)

5. Numerical Illustration

This section aims to investigate the theoretical results of the ML and Bayesian estima-
tion and two-sample prediction using both real and simulated data. All simulation studies
are performed using Mathematica 11 and the R programming language.

5.1. Applications

In this subsection, the flexibility and applicability of the MOBEL distribution are
demonstrated by utilizing two real datasets. Our objective is to conduct a comprehensive
evaluation of the goodness-of-fit of the MOBEL distribution and compare its performance
against other distributions. To assess the goodness-of-fit, various measures are employed,
including the Kolmogorov-Smirnov (K-S) statistic and its corresponding p value, as well
as information criteria such as the Akaike Information Criterion (AIC), the Corrected Akaike
Information Criterion (CAIC), the Bayesian Information Criterion (BIC), and the Hannan—Quinn
Information Criterion (HQIC). These measures serve as indicators of the model’s fit to the
data, with lower values indicating a better fit. By calculating these statistics for the fitted
models, their performance can be compared quantitatively. The best distribution is the one
with the lowest values of the AIC, BIC, HQIC and CAIC.

This analysis allows us to assess the suitability of the MOBEL distribution for modeling
the given datasets and determine if it outperforms other competing models previously
employed by researchers. By providing a comprehensive evaluation and comparison, the
strengths and advantages of the MOBEL distribution can be highlighted in accurately
representing the underlying data structure. The two real datasets that were examined
demonstrate the theoretical outcomes of the ML and Bayesian estimation and prediction.

The P-P and Q-Q Plots were applied as follows: Importance: These plots are used
to validate that the MOBEL Distribution is an appropriate fit for the simulated system
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reliability data. The P-P and Q-Q Plots provide graphic assessments of how well the
theoretical distribution supports the empirical data. A good fit in these plots would suggest
that the model effectively captures the survival behavior. Method: To construct the P-P
Plot, the empirical data from the simulation are ordered, the cdf is calculated for each
data point based on the fitted MOBEL model, plot these theoretical cdf values are plotted
against the empirical cdf values derived from the data. For the Q-Q Plot, the theoretical
quantiles are calculated from the fitted distribution and then compared to the quantiles of
the ordered data. This is typically performed by plotting each empirical quantile against the
corresponding theoretical quantile to see if they align along a 45-degree line. Application
in Drawing: For the P-P Plot, the empirical cdf (x-axis) is plotted against the theoretical cdf
(y-axis) based on the MOBEL model. If the model fits well, the points should lie close to
the 45-degree line. For the Q-Q Plot, the quantiles of the empirical data (sample data) are
plotted against the quantiles of the fitted MOBEL model. A straight line along the diagonal
indicates a good fit, while deviations suggest areas where the model may need adjustment.

5.1.1. National Football League

The real dataset was suggested by Csorgo and Welsh [54]. The data used in this study
are derived from American Football (National Football League (NFL)) matches that took
place over three consecutive weekends in 1986. The variables in question are (T7), which
represents the time it takes for the first points to be scored by kicking the ball between the
goal posts, and (T3), which represents the time it takes for the first points to be scored by
pushing the ball into the end zone.

Each match within a weekend is independent, and the weekends themselves are also
separate. Therefore, there are a total of 42 independent pairs of measurements (Tj, T»).
The score durations, expressed in minutes and seconds, presented in Table 1 below were
obtained from match summaries published in the “Washington Post” newspaper. (The
time is measured in minutes using decimal notation).

Table 1. Scoring times from 42 American Football (NFL) matches.

T T, T T, T; T
02.05 03.98 05.78 25.98 10.40 14.25
09.05 09.05 13.80 49.75 02.98 02.98
00.85 00.85 07.25 07.25 03.88 06.43
03.43 03.43 04.25 04.25 00.75 00.75
07.78 07.78 01.65 01.65 11.63 17.37
10.57 14.28 06.42 15.08 01.38 01.38
07.05 07.05 04.22 09.48 10.35 10.35
02.58 02.58 15.53 15.53 12.13 12.13
07.23 09.68 02.90 02.90 14.58 14.58
06.85 34.58 07.02 07.02 11.82 11.82
32.45 42.35 06.42 06.42 05.52 11.27
08.53 14.57 08.98 08.98 19.65 10.70
31.13 49.88 10.15 10.15 17.83 17.83
14.58 20.57 08.87 08.87 10.85 38.07

Different goodness-of-fit tests are available for any given univariate distribution
function, but there are few for general bivariate distribution functions. The MOBEL model
allows for fitting a univariate exponentiated Lomax distribution to the two marginals and
the maximum value. Table 2 provides the K-S distances and the corresponding p values.
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Table 2. Kolmogorov-Smirnov distances and the associated p values.

Distribution KS Distance p Value
T 0.2619 0.1860
T, 0.2381 0.1859

max {Tq, To} 0.2659 0.1121

Mathematica 11 was used to compute the K-S statistics and p values. The K-S statistic
is calculated by comparing the empirical cumulative distribution function of the sample
with the theoretical cumulative distribution function; where in Mathematica 11, the built-
in function Kolmogorov Smirnov Test was applied to calculate the test statistic for each
comparison. For each K-S statistic, the associated p-value was computed using the same
Kolmogorov Smirnov Test function in Mathematica 11. This suggests that the MOBEL
distribution is suitable for assessing this bivariate data set.

5.1.2. Computer Series System-Simulated Data

These data represent n = 50 simulated primitive computer series systems proposed
by [55]. The computer works if both parts of the system are working correctly. If an
underlying degradation process occurs in the system, degeneration progresses rapidly
over a short period of time (in hours). It thus makes the system more vulnerable to
shocks, making it possible for a fatal shock to randomly destroy the first, second, or both
components. The assumption of independence cannot be accurate because lethal trauma
can kill both components at the same time. The data set is as follows:

Processor lifetime (X;): 1.3640, 1.9292, 1.0051, 3.6621, 1.0986, 3.6621, 1.5254, 3.6621,
1.1917, 1.0833, 2.5372, 1.0833, 2.5913, 0.3309, 0.5079, 0.3309, 0.7947, 0.5784, 0.6270, 0.5520,
5.7561, 1.9386, 5.7561, 2.1000, 0.9938, 0.9867, 0.1058, 0.9867, 0.1058, 1.3989, 1.7494, 2.3757,
0.9096, 3.5202, 1.6465, 2.3364, 5.0533, 0.8584, 0.1181, 4.3435, 3.3887, 1.1739, 0.4614, 1.3482,
0.1955, 3.0935, 0.8503, 2.1396, 0.1115, 1.3288.

Memory lifetime (X;): 1.3640, 3.9291, 1.0051, 0.0026, 1.0986, 0.0026, 4.4088, 0.0026,
0.0801, 3.3059, 2.4923, 3.3059, 2.5913, 0.3309, 5.3535, 0.3309, 0.7947, 1.8795, 1.7289, 0.5520,
0.3212, 4.0043, 0.3212, 2.0513, 1.7689, 0.9867, 0.1058, 0.9867, 0.1058, 4.1268, 2.3643, 2.7953,
0.6214, 1.4095, 2.0197, 0.1624, 2.3238, 1.9556, 0.0884, 1.0001, 1.9796, 3.3857, 0.8584, 1.9705,
0.1955, 3.0935, 2.8578, 2.1548, 0.1115, 0.9689.

The computer data is presented as a sequential system, and the likelihood function
should ideally depend on the likelihood of the sequential system data. However, in our
analysis, a different method of modeling the time to first failure as a continuous distribution
was used. Although this method is not limited to on-chain systems, it can still provide
useful insights into the data. For the data, we shall compare the MOBEL model with the
following models: Bivariate Burr Type III (BBurr III) (see Mahmoud et al. [56]); bivariate
compound exponentiated survival function of the Lomax (BCESF Lomax) (see Refaey
et al. [57]); bivariate Lomax (BLomax) (see Fayomi et al. [58]); and bivariate compound
exponentiated survival function of the Beta (BCESF Beta) (see Mahmoud et al. [59]). The
ML estimator of the marginal parameters with standard error (SE), as well as different
measures of goodness of fit such as AIC, BIC, HQIC, CAIC, and K-S statistics with p value
for all competitive models are provided in Tables 3-5. Figures 4—7 show the fitted pdfs, P-P
plots, and the MCMC plots for the MOBEL model and other distributions.
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Table 3. ML estimates, standard errors, and information criteria for the first data set.

Models Parameter ML Estimates SE AIC BIC HQIC CAIC
B1 6.8917 0.0007
B2 1.1013 0.0003

BELO 288.431 293.644 290.342 289.063
B3 3.8718 0.0009
« 1.3491 0.0006
2.5393 0.0004
a 0.5997 0.0005

BBurr III 635.197 642.147 637.745 636.278
1 0.6570 0.0004
o) 0.7968 0.0009
a 1.1727 0.0011
b 2.1179 0.0010
o 1.5014 0.0004

BCESF-Lomax 598.389 608.815 602.211 600.789
o 2.2098 0.0010
01 1.9132 0.0005
01 3.1330 0.0007
« 3.0877 0.0006

BLomax ap 2.6405 0.0005 1102.35 1107.56 1104.26 1102.98
oy 2.5699 0.0006

Table 4. ML estimates with measures of the goodness-of-fit test of the marginal distribution based on

the second data.

Measures of Goodness of Fit

X1

Xz

“Statistic”

p Value

“Statistic”

p Value

Kolmogorov — Smirnov

0.12

0.8638

0.16

0.5447

Table 5. ML estimates, standard errors, and information criteria for the second data set.

Models Parameter ML Estimates SE AIC BIC HQIC CAIC
B1 0.9943 0.1014
B2 0.9040 0.1885
MOBEL 172.972 178.709 175.157 173.494
B3 1.5662 0.4417
o 1.6951 0.4410
0.2046 1.0957
b 0.6867 23.6962
M 1.0879 3.4571
BCESF-beta 234.203 242.611 238.893 237.856
Ay 0.3995 0.3978
o 1.9584 1.1201
b 0.1997 0.9945
k 2.7392 5.7227
a 0.7712 1.0234
BBurr II1 278.388 283.992 280.181 279.988
€1 0.5846 0.0028
co 0.6739 0.5796
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Table 5. Cont.
Models Parameter ML Estimates SE AIC BIC HQIC CAIC
a 0.9809 1.4173
b 1.7997 4.0088
w1 1.5167 0.0278
BCESF-Lomax 487.127 495.534 491.816 490.779
1) 2.2331 0.1100
0, 1.9212 0.0447
01 3.1467 0.2184
o 1.1621 0.0038
BLomax o1 1.2659 0.0547 792.186 795.661 793.46 792.494
%3 1.4091 0.6255
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Figure 4. Estimated PDF and the PP plots of different distributions for the first data set.
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Figure 7. MCMC plots for the parameters of the MOBEL distribution.

5.2. Simulation Study

To demonstrate the performance of the presented ML estimates, a simulation study is
carried out based on data generated from the MOBEL distribution. The averages of the ML
and Bayes estimates, rf and hrf, are calculated. In addition, CIs and credible intervals for
the parameters rf and hrf are computed. The ML and Bayes two-sample point predictors
are obtained for future observation from an independent future sample from the same
distribution, the MOBEL distribution. Theoretical results are illustrated through simulation
studies conducted using Mathematica 11 and the R programming language.

Simulation algorithm

The steps of the simulation procedure are as follows:

L The ML estimates of B1, B2, B3 and « are obtained by following the steps given below:
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IL

For given values of 8 (where 8 = (B1, B2, B3, «)), random samples of size n
are generated from the MOBEL distribution;

Arrange tgjs, for each sample size, in the order: (t11,f21), (t12,t22), -, (tin t2n),
and so on;

Repeat the previous steps N times, where N is the number of replications for
each sample size of the simulated samples;

The Newton-Raphson method is utilized to calculate the ML averages for the
estimates and the CIs for the parameters. The rf, hrf, and the corresponding
ClIs are computed using the ML averages of the estimates;

The evaluation of the estimate performance is conducted using two measure-
ments of accuracy: the variance and the estimated risks (ERs);

The averages of the ML estimates, ERs, and CIs of the unknown parameters
are presented in Tables 6 and 7, where N = 10,000 and samples of size (n = 30,
50, 100), and the population parameter values (1 = 0.3, B = 0.6,53 = 0.5,
a = 02)and (B1 =05, B =075, B3 =2, a =1);

Tables 7 and 8 display the averages of the ML estimates, ERs, and CIs of the rf
and hrf for various time values fy1, toz. The two-sample predictors for ML are
provided in Table 9.

The Bayes estimates of 31, B2, B3 and « are obtained by following the steps given below:

1.

Assume different combinations of population parameter values and samples
of size n;

Generate random samples with different sample sizes (n = 30, 50, and 100)
from the MOBEL distribution;

Repeat Step 2 where N = 10, 000;

If 19]?k represents an estimate of ¢, where j =1,2,..., N, then the average for

the estimates over all the samples can be computed as 197* = %ZN v7;

j=1"j"
The ER of 9%, can be calculated as

ER(0") = % (8 - ﬁj)z.

Table 6. Averages of the ML estimates, variances, estimated risks, and 95% confidence intervals of
the parameter (N = 10,000, f; = 0.3, 2 = 0.6, B3 = 0.5, « = 0.2).

n Parameter Average Var ER UL LL Length
B1 0.3864 0.0024 0.0099 0.4819 0.2911 0.1908
30 B2 0.6400 0.0082 0.0098 0.8171 0.4629 0.3542
B3 0.5669 0.0094 0.0094 0.7041 0.4297 0.2744
o 0.1340 0.0014 0.0057 0.2070 0.0610 0.1459
B1 0.3706 0.0018 0.0068 0.4541 0.2871 0.1669
50 B2 0.6342 0.0052 0.0064 0.7756 0.4927 0.2829
B3 0.5829 0.0060 0.0128 0.7349 0.4309 0.3040
o 0.1464 0.0009 0.0038 0.2071 0.0858 0.1213
B1 0.2892 0.00004 0.0002 0.3018 0.2764 0.0254
100 B2 0.5914 0.0004 0.0005 0.6329 0.5501 0.0829
B3 0.4787 0.0003 0.0007 0.5106 0.4469 0.0638
o 0.1212 0.0002 0.0064 0.1474 0.0950 0.0524
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Table 7. Averages of the ML estimates, variances, estimated risks, and 95% confidence intervals of
the parameters (N = 10,000, 1 = 0.5, B =0.75, B3 =2, a = 1).

n Parameter Average Var ER UL LL Length
B1 0.6294 0.0210 0.0378 0.9139 0.3451 0.5689
30 B2 0.8245 0.0234 0.0290 1.1247 0.5242 0.6006
B3 2.0707 0.1734 0.1784 2.8870 1.2543 1.6327
o 0.6396 0.0192 0.1490 0.9109 0.3684 0.5426
B1 0.5148 0.0069 0.0072 0.6784 0.3511 0.3273
50 B2 0.7784 0.0181 0.0189 1.0422 0.5144 0.5277
B3 2.0164 0.1587 0.1590 2.7973 1.2356 1.5618
o 0.6402 0.0119 0.3252 0.8544 0.4261 0.4283
B1 0.5146 0.0054 0.0056 0.6583 0.3708 0.2875
100 B2 0.7441 0.0138 0.0139 0.9746 0.5134 0.4611
B3 1.8939 0.1067 0.1180 2.5344 1.2534 1.2809
o 0.6442 0.0103 0.1369 0.8429 0.4455 0.3973
Table 8. Averages of the ML estimates, relative absolute biases, variances, esti-
mated risks and 95% confidence intervals of the reliability and hazard rate functions
(N =10,000, 81 = 0.3, B = 0.6, B3 =05, a = 0.2, t5; = 0.2, top = 0.4).
n rf and hrf Average RAB Var ER UL LL Length
R(to1, to2)  0.8603 0.0611 0.0007 0.0005 0.9131 0.8075 0.1056
30 h(tor, te2)  0.3325 0.4124 0.0029 0.0781 0.4393 0.2257 0.2136
R(tp1,t2)  0.8270 0.0201 0.0003 0.0001 0.8593 0.7948 0.0645
>0 h(tor, to)  0.2729 0.1595 0.0011 0.0700 0.3393 0.2066 0.1326
R(to1, to2)  0.8707 0.0739 0.0001 0.0007 0.8879 0.8536 0.0344
100 h(tor, tox)  0.3549 0.5078 0.0001 0.0807 0.3818 0.3279 0.0538
Table 9. Averages of the ML estimates, relative absolute biases, variances, esti-
mated risks and 95% confidence intervals of the reliability and hazard rate functions
(N =10,000, 81 = 0.5, Bp =0.75, B3 =2, a =1, toy = 03, tgp = 0.5).
n rf and hrf Average RAB Var ER UL LL Length
R(tpr, tp2)  0.8195 0.0589 0.0007 0.0004 0.8711 0.7679 0.1032
30 h(tor, tox)  0.2148 1.2208 0.0052 0.1045 0.3559 0.0737 0.2822
R(tp1, top)  0.8207 0.0604 0.0004 0.0004 0.8581 0.7832 0.0749
20 h(tor, top)  0.2204 1.3734 0.0024 0.1048 0.3158 0.1249 0.1908
R(tpr, tp2)  0.8189 0.0582 0.0003 0.0004 0.8553 0.7824 0.0728
100 h(tor, to2) 02160 1.2334 0.0022 0.1043 0.3089 0.1231 0.1858

Use Steps 4 and 5 to compute 7, B, B5.a", ER(B;), ER(B,), ER(B;)andER (a”).

Tables 6 and 7 exhibit the averages of the ML estimates, variances, ERs and ClIs of the
parameters. Tables 8 and 9 provide the averages of the ML estimates, ERs, and CIs of the
rf and hrf for different time values (ty1, to2). The ML estimates and SEs of the unknown
parameters for the first real data set are shown in Table 10. Also, Table 11 displays the ML
estimates and SEs of the rf and hrf for various time values (g1, to2). The averages of the ML
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two-sample predictors are given in Table 12, and the ML two-sample predictors for the first
real data set are shown in Table 13.

Table 10. ML estimates and standard errors for the parameters for the first real data set.

Parameter Estimate SE
B1 0.4876 0.0002
B2 0.7822 0.0010
B3 1.9049 0.0090
« 0.8999 0.0100

Table 11. ML estimates and standard errors of the reliability and hazard rate functions for the first
real data set.

rf and hrf Estimate SE
R(top1, to2) 0.8249 0.0002
h(tor, toz) 0.2713 0.3476

Table 12. Averages of the ML predictors and bounds of the future observation under two-sample
prediction (n = 30, 1 = 0.3, B = 0.6, B3 =05, « = 0.2).

s Ui Average UL LL Length
. Y1s) 0.0758 0.2670 0.0129 0.2542
Ya(s) 0.0496 0.1751 0.0088 0.1664
1 Y1s) 1.6103 4.9987 0.4895 4.5092
a(s) 0.7386 2.3923 0.2634 2.1289
18 J1(s) 3.9922 12.6913 0.7063 11.985
Ua(s) 1.3738 4.9545 0.43951 4.5150

Table 13. ML predictors and bounds of the future observation for the first real data set under
two-sample prediction.

s U ML Predictor UL LL Length
. J1(s) 0.1679 0.4819 0.0462 0.4356
Ua(s) 0.1067 0.3076 0.0165 0.2911

1 Y1s) 0.5647 1.4856 0.1856 1.2970
Ya(s) 0.3215 0.1231 0.1231 0.7358

18 Y1s) 1.2861 3.7801 0.3380 3.4420
Ua(s) 0.6105 1.9066 0.2196 1.6869

Tables 14 and 15 present the averages of the Bayes estimates, relative absolute biases
(RABs), ERs, and credible intervals. These values are calculated using different samples of
size (n) and N = 10,000, under an informative prior. The population parameters that have
been created are as follows:
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Table 14.

Averages of the Bayes estimates, relative absolute biases, estimated risks and

95% credible intervals for the parameters of the MOBEL distribution using informative prior

(N = 10,000, B1 = 0.3, By = 0.6, B3 = 0.5, & = 0.2).

n Parameter Average RAB ER UL LL Length
B1 0.2974 0.0086 9.8501 x 10~° 0.2998 0.2945 0.0052
30 B2 0.5976 0.0039 6.5955 x 10~° 0.5996 0.5961 0.0035
B3 0.5009 0.0019 2.0227 x 10~ 0.5028 0.4991 0.0036
o 0.1990 0.0049 1.6111 x 107 0.1999 0.19705 0.0029
B1 0.2978 0.0072 6.7380 x 10~° 0.3006 0.2960 0.0040
50 B2 0.5992 0.0012 1.0058 x 107® 0.6000 0.5973 0.0027
B3 0.5009 0.0019 1.9952 x 1076 0.5026 0.4992 0.0034
o 0.2006 0.0032 7.8541 x 1077 0.2017 0.1995 0.0022
B1 0.3006 0.0021 1.1069 x 10~© 0.3018 0.2989 0.0029
100 B2 0.5992 1.2643 x 1073 6.1737 x 1077 0.5012 0.4983 0.0028
B3 0.4992 0.0015 1.9803 x 107© 0.5013 0.4968 0.0044
o 0.1996 1.6118 x 1073 3.4928 x 1077 0.2003 0.1984 0.0019
Table 15. Averages of the Bayes estimates, relative absolute biases, estimated risks and
95% credible intervals for the parameters of the MOBEL distribution using informative prior
(N =10,000, B1 =05, B =0.75, B3 =2, a = 1).
n Parameter Average RAB ER UL LL Length
B1 0.5004 0.0009 1.1133 x 107 0.5016 0.4987 0.0028
30 B2 0.7518 0.0024 3.6609 x 107° 0.7531 0.7500 0.0030
B3 1.9981 0.0009 4.2708 x 10~° 1.9993 1.9963 0.0017
o« 0.9976 0.0024 6.4350 x 107° 0.9996 0.9959 0.0036
B1 0.5005 1.1060 x 1073 7.4852 x 1077 0.5014 0.4987 0.0027
50 B2 0.7489 1.3481 x 1073 1.9269 x 1076 0.7508 0.7473 0.0030
B3 1.9999 4.4200 x 1072 22045 x 1077 2.0006 1.9989 0.0016
o 1.0001 6.5875 x 107> 5.8951 x 1077 1.0016 0.9982 0.0033
B1 0.5005 1.04103 x 1073 74172 x 1077 0.5013 0.4989 0.0023
100 B2 0.74989 1.3363 x 1074 4.1987 x 1077 0.7509 0.7485 0.0024
B3 2.0002 1.34274 x 1074 1.7647 x 1077 2.0007 1.9992 0.0015
n 1.0002 0.0002 1.6193 x 1077 1.0007 0.9991 0.0015
The specified vector of hyperparameters is (a; = 0.1, a; = 0.2, a3 = 0.3, by = 04,
b, = 05, b3 = 0.6), where (f,; =03, f =06, f3=05 a4 =0.2) and (1 = 0.5,

B = 075, f3 =2, a =1).

Tables 16 and 17 display the averages of the Bayes estimates, RABs, ERs, and credible
intervals of rf and hrf for time values fg; and fop, based on informative priors. Tables 18 and 19
propose the Bayes estimates and SEs for the parameters, 1f and hrf, based on the first real data
set, under an informative prior. Table 20 provides the Bayes two-sample predictors under
informative priors where the hyperparameters in are (17 = 0.1, a = 0.2, a3 = 0.3, by =04,
by =05, by = 0.6) and (B; = 0.3, B2 = 0.6, and B3 = 0.5). Table 21 displays the Bayes
predictors for future observations for the first real data set.
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Table 16. Averages of the Bayes estimates, relative absolute biases, estimated risks and
95% credible intervals of the reliability and hazard rate functions, using informative prior
(N =10,000, By =0.3, B = 0.6, B3 =0.5, a = 0.2, tg; =2, tpp = 3).

n Parameter Estimate SE
B1 0.2996 0.0005
n B2 0.6001 0.0006
B3 0.4994 0.0005
« 0.1998 0.0004

Table 17. Averages of the Bayes estimates, relative absolute biases, estimated risks and
95% credible intervals of the reliability and hazard rate functions, using informative prior
(N = 10,000, ,Bl = 05, ,Bz = 075, ,33 = 2, n = 1, tOl = 3, foz = 4)

n rf and hrf Average RAB ER UL LL Length
R(to1, ton) 0.0040 0.2414 2.9936 x 10~° 0.0056 0.0017 0.0039
30 h(to1, toz) 0.2868 0.0054 29411 x 1072 0.2884 0.2844 0.0039
R(to1, to2) 0.0046 0.1275 7.2942 x 1077 0.0056 0.0037 0.0019
%0 h(to1, toz) 0.2874 0.0034 2.9260 x 1072 0.2890 0.2857 0.0033
R(to1, to2) 0.0051 0.0322 2.4805 x 1077 0.0058 0.0036 0.0021
100 h(to, to2) 0.2891 0.0025 2.8764 x 1075 0.2899 0.2879 0.0019

Table 18. Bayes estimates and standard errors for the parameters of the MOBEL distribution for the
first real data set.

n rf and hrf Average RAB ER UL LL Length
R(to1, to2) 0.0049 0.0665 6.3879 x 107 0.0059 0.0031 0.0029
30 h(to1, toz) 0.28926 0.0029 29184 x 107° 0.2904 0.2876 0.0028
R(to1, to2) 0.0051 0.0432 21493 x 1077 0.0057 0.0042 0.0015
%0 h(to1, toz) 0.2879 0.0015 2.8941 x 1075 0.2888 0.2862 0.0026
R(to1, top) 0.0054 0.0179 1.1937 x 1077 0.0059 0.0046 0.0013
100 h(to1, toz) 0.2884 0.0001 2.8918 x 107° 0.2894 0.2868 0.0025

Table 19. Bayes estimates and standard errors of the reliability and hazard rate functions for the first
real data set.

rf and hrf Estimate SE
R(top1, to2) 0.0043 0.0004
h(tor, toz) 0.2897 0.0003
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Table 20. Bayes predictors and bounds, of the future observation (N = 10,000, 8; = 0.3, 8 = 0.6,

B3 =0.5).

n s Y Average UL LL Length
Y1(s) 3.9994 4.0009 3.9973 0.0036

! Pas) 6.9998 7.0009 6.9977 0.0033

30 " Y1(s) 3.9985 4.0001 3.9962 0.0039
Pas) 6.9977 6.9998 6.9963 0.0035

P1(s) 3.9979 3.9995 3.9954 0.0041

18 9a(s) 6.9992 7.0001 6.9959 0.0042

P1(s) 3.9999 4.0008 3.9983 0.0025

! Ya(s) 6.9993 7.0003 6.9976 0.0027

50 " J1(s) 4.0022 4.0036 3.9999 0.0036
Ua(s) 6.9995 7.0003 6.9974 0.0029

Y1(s) 4.0025 4.0045 3.9999 0.0046

18 Pos) 7.0008 7.0019 6.9986 0.0033

Y1(s) 3.9993 4.0000 3.9975 0.0025

! Pas) 6.9999 7.0016 6.9994 0.0022

100 " Y1(s) 4.0005 4.0015 3.9988 0.0027
Pas) 7.0001 7.0010 6.9986 0.0024

410 4.0025 4.0041 3.9999 0.0042

8 9a(s) 6.9994 7.0012 6.9982 0.0030

Table 21. Bayes predictors for the first real data set.

s U Predictor
) T1(s) 4.0006
P2(s) 6.9995
P1(s) 4.0020
12
Pas) 6.9995
P1(s) 4.0021
18 -
y2(s) 6.9998

6. Concluding Remarks

From Tables 611, one can observe that, as the sample size increases, the ML averages
increase and are close to the population parameter values. Furthermore, when the sample
size increases, the ERs decrease. This reflects that the estimators are accurate, consistent,
efficient, and give confidence that subsequent analyses, predictions, or decisions based on
the model will be more reliable. As the sample size increases, the confidence intervals for
the parameters get more precise; the ML averages of the rf and hrf perform better with
large sample sizes. Also, as the sample size increases, the ER decreases. The confidence
interval for the first future order statistic is shorter compared to the confidence interval for
the last future order statistic, as indicated in Tables 12 and 13. The ML interval involves
the estimated values, which lie between the lower limit (LL) and the upper limit (UL). From
Tables 14-19, one can observe that the RABs and ERs of the Bayes estimates decrease as
the sample size increases, and the credible intervals for the parameters get more precise
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as the sample size increases, as the credible intervals get narrower. The Bayes averages
for the rf and hrf improve when the sample sizes increase. In Table 20, Bayes predictors
are obtained for the future observations where NR = 10,000, and Table 21 displays the
Bayes predictors for the future observation from the first real data set. The performance
of the results improves as the size of the informative sample increases. The MOBEL
distribution closely resembles the MOBEL model. The MOBEL distribution can be utilized
to analyze the actual dataset. The shape parameters (B, B2, B3) were modeled using a
dependent prior, as recommended by Pena and Gupta [53]. Explicit formulas for the
Bayes estimators cannot be derived. The P-P plot and the fitted MOBEL distribution plots
indicate that the MOBEL distribution gives a better fit for the real data sets and indicate that
the MOBEL distribution is superior among others. Tables 22-27 show the results for the
second real dataset. Notably, both real datasets exhibit similar trends and characteristics,
leading to analogous conclusions across these tables. Key observations, such as specific
trends, patterns, or results, are consistent between the two real datasets. Thus, the remarks
provided for the first real data set are similarly applicable to Tables 22-27, indicating the
robustness of the observed patterns across both real datasets.

Table 22. ML estimates and standard errors for the parameters for the second real data set.

Parameters Estimates SE
B1 0.5246 0.3070
B2 0.8584 0.4632
B3 0.1862 0.0859
« 0.9448 0.0448

Table 23. ML estimates and standard errors of the reliability and hazard rate functions for the second
real data set.

rf and hrf Estimates Se
R(to1, ton) 0.2789 0.0712
h(to1, toz) 0.4377 0.0980

Table 24. ML predictors and bounds of the future observation for the second real data set under
two-sample prediction.

s U Predictors UL LL Length
10 Y1s) 0.2256 0.2498 0.1445 0.1053
Ua(s) 0.0904 0.0908 0.0362 0.0546

1 J1s) 0.1155 0.1241 0.05936 0.06471
Ua(s) 0.0742 0.0751 0.0301 0.0450

18 J1(s) 0.0812 0.0883 0.0428 0.0455

]72(5) 0.0482 0.0494 0.0199 0.0294
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Table 25. Bayes estimates and standard errors for the parameters of the MOBEL distribution for the
second real data set.

n Parameters Estimates SE
B1 0.2988 0.0004

50 B2 0.5992 0.0006
B3 0.4988 0.0006
« 0.2004 0.0004

Table 26. Bayes estimates and standard errors of the reliability and hazard rate functions for the
second real data set.

rf and hrf Estimate SE
R(to1, to2) 0.03412 0.0006
h(to1, toz) 0.38929 0.0007

Table 27. Bayes predictors for the second real data set.

s U Predictors UL LL Length
10 Y1s) 3.9997 4.0019 3.9988 0.0031
Ua(s) 6.9981 6.9985 6.9952 0.0032
1 J1s) 3.9995 4.00008 3.9970 0.0031
Ua(s) 7.0001 7.0005 6.9982 0.0022
18 J1(s) 3.9993 4.0009 3.9984 0.0025
Ua(s) 6.9983 6.9999 6.9969 0.0030

7. General Conclusions

In this paper, a bivariate survival model based on the MOBEL distribution is pro-
posed, with both Bayesian and maximum likelihood estimation approaches for parameter
estimation and prediction. Traditional bivariate survival models often fail to adequately
capture dependencies between variables or are limited in their ability to model heavy-tailed
behavior. The Marshall-Olkin structure allows for a more flexible dependence framework,
particularly useful for modeling events with shocks or dependencies in both variables.
Additionally, the Exponentiated Lomax distribution introduces flexibility to model survival
data with heavy-tailed properties, a feature lacking in many current bivariate models.

Some advantages of the model are that it can accommodate a wide range of depen-
dency structures, including asymmetric dependencies, which are common in real-world
applications such as reliability and life-testing experiments. The paper provides both
Bayesian estimation and prediction as well as ML estimation and prediction approaches;
the model gives researchers two complementary tools. The Bayesian approach allows
incorporating prior information, while the ML method offers a more classical approach.
Moreover, the Exponentiated Lomax distribution enhances the model’s flexibility and
ability to handle heavy-tailed data, improving its applicability to datasets where extreme
values play a significant role.

Despite the previous advantages, there were a few disadvantages that we faced:
computational complexity due to the added flexibility and complex dependencies, where
the model requires more computational effort, especially when using Bayesian methods
with posterior sampling. Also, we realized the interpretation challenges, where the model’s
parameters can be more difficult to interpret compared to simpler bivariate models.

The model is suitable for bivariate survival data with dependencies between the vari-
ables. It assumes that both variables are non-negative and that the survival functions exhibit
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heavy-tailed behavior. The model is particularly useful in situations where simultaneous
events or shocks are an essential factor, and where both the Bayesian and ML approaches
can provide complementary insights. However, large sample sizes are often required for
robust parameter estimation due to the complexity of the model.

In conclusion, the MOBEL distribution fills gaps in existing bivariate models by
offering greater flexibility in modeling dependencies and tail behavior. Applying both
Bayesian and ML approaches enhances the model’s applicability, making it a powerful tool
for bivariate survival analysis.

This paper mainly focuses on constructing the bivariate distribution, studying its
properties, and considering ML and Bayesian estimation and prediction, but it can be
extended to the multivariate case.
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