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Abstract: The study of matrix functions is highly significant and has important applications in
control theory, quantum mechanics, signal processing, and machine learning. Previous work has
mainly focused on how to use the Krylov-type method to efficiently calculate matrix functions f(A)B
and BT f(A)B when A is symmetric. In this paper, we mainly illustrate the convergence using the
polynomial approximation theory for the case where A is symmetric positive definite. Numerical
results illustrate the effectiveness of our theoretical results.
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1. Introduction

The study of matrix functions is highly significant and has important applications
in control theory, quantum mechanics, signal processing, and machine learning. Some
studies on discrete matrix functions have been investigated in [1,2]. Let A € R"*" be
a large sparse matrix and B € R"” be a nonzero real vector. Many research works have
focused on computing f(A)B and BT f(A)B [3-5] using the Krylov-type method, where f
is a function that makes f(A) € R"*" well defined and BT f(A)B is called a bilinear form
when A is symmetric [6]. Theoretical results and numerical experiments have shown that
f(A)B and BT f(A)B can be calculated efficiently using the Krylov-type method [7-10].

In this paper, we consider the special case that matrix A is symmetric positive definite
and f(-) =log(+), f(-) = ()_% or f(-) = (-)~!. The logarithm of A is any matrix X that
holds exp(X) = A (refer to ([11], Chapter 11), [12,13], or [14]). Let the eigen decomposition
of Abe

A=UAU",

with

An

where U € R™", UTU = I,and Ay > Ay > --- > A, > 0. If an eigenvalue of A is
less than 0, then log(A) is not well defined ([11], Chapter 11). Thus, if A is symmetric, it
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must be positive definite. The matrix logarithm function is defined for A as follows ([11],
Definition 1.2):

log(A1)
log(A
log(A) := U - BlA2) , U’ e RN

log(Ax)

Similarly, the matrix square root is defined for A as follows ([11], Definition 1.2):

oo
NG»

Az :=U- , u” e RV
VAn

The estimation of the log-determinant of matrix A is widely used in, for example,
Markov random field models [15], lattice quantum chromodynamics [16], statistical learn-
ing [17], and so on. Moreover, the calculation of the bilinear form B log(A)B is crucial

for the estimation of the log-determinant of matrix A. The computation of A’%ﬁ arises in
the context of Markov function problems and domain decomposition methods [18]. The
computation of trace(A~!) has received much attention [6,19]. The utilization of modified
moments [6,20], Monte Carlo methods [21], and Gaussian quadratures [6,22] to estimate
trace(A~!) for symmetric positive definite matrices has been proposed. These estimates
have a wide range of applications in mathematics [6], physics [23], and statistics [24].
Moreover, the computation of 87 A~1 B is important for estimating the trace of the matrix
inverse [25,26]. The Lanczos method is a method commonly used to compute log(A)p,
BT log(A)B, A~2B and BTA1.

Using the polynomial approximation theory, we prove, in this paper, that the Lanczos
method converges at rates

O(k—1(g+1)k)lo<k_1(g+1)2k—1),0((g+1)k) and O((g+i)zk—1)

for computing log(A)B, BT log(A)B, S B, and BT A~1B, respectively. Here, k denotes the
iterations and » = ||A|| ||A™Y||, with || - || denoting the Euclidean norm of a matrix or a
vector in this paper.

Throughout our paper, we let A be symmetric positive definite and organized the

paper as follows. We present the Lanczos approximation to log(A)B, BT log(A)B, A2 B,
and BT A1 in Section 2. In Section 3, a convergence analysis of the Lanczos method for

computing log(A)B, BT log(A)B, Az B,and BT A~1B is provided. Numerical results are
presented in Section 4 to illustrate the effectiveness of our bounds, and in Section 5, we
present a conclusion.

2. Lanczos Approximation of log(A)B, BT log(A)B, A_%ﬁ, and BTA71B
For the Krylov subspace

Ki(A, B) = span{B, AB, ..., A¥16},

we can usually obtain an orthonormal basis Qy, of it using the Lanczos process [6]. Moreover,
it holds that
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AQr = QuSk + Okdrsre], (1)
where
_ Rnxk _ i
Qk—[qlr‘h/qu]e /ql_ Hﬂ”,
[Qk k11" [Qk k1] = Ly e1 = (10...0)7
and
@ 0
01 @ 0
Sk=QfAQ = e RFK,
Ok—2 @r_1 Ok
01 @y

_1
Thus, || Bl|Qklog(Sk)er, | Bl|e] log(Sk)er, | BIIQxS, *e1, and || B|[%e{ S, ey are taken as

approximations of log(A)B, B log(A)B, A~z B, and BT A~1 B, respectively ([11], Section 13.2).
If the Lanczos process (1) terminates at iteration kmax for the first time, then 6, = 0 and

Akaax = kaaxskmax' (2)

Let the eigen decomposition of S be
Skmax =W- diag(dl,dz, ce ’dkmax) . WT.

Hence, {dq,dy,...,dx, .} C {A1,A2,..., An}. By ([11], Definition 1.4), we have that

there exist three polynomials g, p, and & such that A"1 = q(A), log(A) = p(A) and
h(A) = A~1. Hence, q(A;) = VA;, p(A;) =log(A;), and h(A;) = A; 1, i=1,2,...,n. Thus,
it can be seen that g(d;) = /d;, p(d;) = log(d;), h(d;) = d;l, i=12,... kmax,

log(A)B =p(A)B

=[|Bl - P(A) Qxpacer

(2

Z1IBIl + Qkmax P (Skmax )€1

=[1BIl - Qe W - diag (p(d1), p(d2), ..., p(dy)) - W'e

=Bl - Qk.. W - diag(log(dy),log(dz), . .., log(dk,..)) - WTe;

=Bl - Qhtrax 108 (Skynar JE1,

and
BT 10g(A)B = 1Bl - BT Qkpnar 108(Ska Je1 = [IBII* - €] log(Sk,,. Jer- 3)
Similarly, it holds that

_1 -3 - ks
AT =|Bll-S,2 1 and BTATIB=BI?- ]S ] er

Thus, when the Lanczos process terminates, log(A)B, BT log(A)B, A~ 2 B,and pTA-1B
can be found exactly.

3. Main Achievements

The convergence of the Lanczos approximations to || 8]|Qx log(Sk)e1, || B]|%e] log(Sx)e1,

_1
|Bl|QkS, *eq, and || Bllel S, e, is mainly considered in this section. We first give the
following three lemmas.
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Lemma 1 (([27], eq.(5.6.2)), and ([28], p. 449)). Forany |z| < 1and x € [—1,1], we have

log(1—2xz+2%) =-2Y" Tu(x)z ,
n=1 n
and
1 [ee]
=) Pu(x)z", 4)

Vi-mz+22 o

where Ty, (x) represents the first kind of n-th degree Chebyshev polynomial
Tu(x) := cos(narccosx), x € [-1,1], n € N4,

and P, (x) represents the n-th degree Legendre polynomial

Py(x) = (=1 -ﬂ(l—xz)” xe[-1,1,neN
PV pnpl dxn ’ T +
Moreover,
max | P, (x)| = 1. (5)
[x]<1

Lemma 2 ([8], Lemma 2.2). If f is analytic on [Ay, A1], then

|F)B=1IBIQf(S)er |

A <2 p]_rg%g] \hax If(A) = p(A)l, (6)
BTAAB Bl fS)e| R 7
||,3H2 =< pjr€r71)12rj171 AEIY[[}\i,)S\l] |f( ) - P( )|’ ( )

where j € N, and 'Ps denotes the polynomials set with degrees no higher than s € N .

Lemma 3 ([29]). Forany w > 1, we have

(w—l— m)*]

<
- w?—1

min max
$EP; xe[-1,1]

—¢(x)

X —w
The main achievements of this article are presented below.

Theorem 1. Let e = || A ||A™Y|. Fork > 1,

6 Hlog(A)ﬂ_ 1B -leog(Sk)e1H - 2Bl VrE+1 <\/;_1>k ©

! | log(A)B|| ~ |[log(A)Bll k Vr+1
and
() ._ |IBI- e log(Sk)er — BT log(A)B IBI> VA1 (E—1\*
0= = BT Iog(A)B] = [BTlog(A)f] & (ﬁﬂ)' ©)
Proof. Let

Al‘i‘)\n %+1
= = . 1
R P W | (10)

Then,
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oy 2 _\/;_1 2
zp:=1] \/1771_\/;+1€(0,1), and 1+ zj = 2zg7. (11)

According to Lemma 1, we have

log (2zo(17 — x)) = log(1 — 2xzg + z3) i (12)

Consider the linear transformation

A= A”gA1x+A1;An, x e [-1,1],

which maps x € [—1,1] bijectively onto A € [A,, A1]. Then,

I 1og(A)B]e}”
—<2 min max |logA —
18] RLARE: o R I A

. An_/\l A] +)\n /\n_)\l /\1+/\n
=2 1 -
R Og( 2 T Pl Yt
=2 mij 1 Y
B max, Og[ (x )] q(x)
=2 min max |log M 220 )) —q(x)
qePr_1 —1<x<1 420
. — Ay
=2 log (2 1 .
i o (2o ) —a(x) + 1og (M )|

Let

A k=11 (x)z"
n> :—Zz%eﬂ,l.

420

1(x) — tog(

By (12) and | Ty, (x)| < 1 for x € [—1, 1], we obtain that

log(A) Bl

<2 maX log (2z( -
B 7% 108 (2200 ;
Zo s
<4 Z - Z "y
42’[‘) > ’6

L3 = i)

which yields (8).
Furthermore, a linear map ¥ : RM*™ — R™*™ jg called a unital positive linear
map ([30], p. 5) if the following hold:
(i) A is symmetric positive definite = ¥(A) is also symmetric positive definite;
(i) Y(In) = In,-
Define
®(A) = A(1:k1:k) € RPK, where A € Rfmax>kmax,

Thus, @ is a unital positive linear map. By ([30], Corollary 1.8),

log(Sk) — ®(log(Sk,,.,)) = log(®(Sk,.,)) — P(log(Sk,...)) is positive semidefinite.
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It follows that
0 SE{ log(Sk)e1 - e] (D(log(skmax))
:e{ log(Sk)e1 - e] log(skmax)el

DeT10g(Sc)er — Bl 72 - B log(A)B,

which yields the first inequality in (9). In light of (7), we see that

BT log(4)Ble}”
1Bl
<2 min max |log(A)—h(A)|

hePy_ 1)\6[/\n /\1]

=2 min max
hePy_1 —1<x<1

2 2
A — A A+ Ay Al — Ay
log(2zo(17—x))—h< Xt >+log< 1z >‘

Analogously, consider

A =M M+, M—Ag\ A T(x)zf
h( > X+ 5 > log< Iz >— 271:1 . € Por_1-

=2 min max
hePy_1 —1<x<

Recall that |T,,(x)| < 1 for x € [—1,1]. We then have

T
o < BTos(A)pel
1Bl
2%-1T
< —
<2 _ﬂ?él log (2zo(7 — x)) +2 Z
(12)
<4 i) —4 2k
Z Z n+2k

n= 2k
2k
2z

Z0 - n
— Zn = —_,
- nZ:O 0 k(l — ZO)
which yields (9). O

Theorem 2. Fork > 1,

1 _1
HAzﬁ 1B QS Fer

k+3
KON : < BlIVE+1) (V=1 (13)
’ 1A=l |A_2.B||\//\l_/\n<\/;+1>

Proof. By (11) and Lemma 1,

1 1 d
= =) Pu(x)z
V2201 — x) \/1 —2xzop+2z3 n=l
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It holds that
1 _1
A s 110, e
<2 mm max ‘
1Al i, s |5 )
. Ai=M Mt A=A M+
:2 —
G ) B G
1
(10) ) Al — Ay }_2
=2 2z0(n — x —q(x
qé%nlxé?af(u { 17 ( o(7 )) q(x)
1
—3
2zo9(n — x —g(x
T = qér;;;llxér[lafl] ( o(17 )) q(x)
<4, /20 2 N
: zo(n — x - x)z
Sy x?[‘fl’fl< o7 —x) nX:jln()o
*) Z0 d ) Zo zk
<4 . P, nlg . 0
=*V - nzk( max, [Pl )|>ZO M—An 1—z
1
2K +1)z 2
VA=A
which yields (13). O
Finally, we provide a convergence analysis of ’ BTAT1B— || Bl1%efS, ter ‘
Theorem 3. Fork > 1,
_ _ k—
o< FATB—lIBIPeiS e IBIP  (VE-1\TT
s FATE A pATB\VErl)

Proof. On the one hand, we deduce that
BTATIB—||Bl2e] s e
1Bl (e] QF, A~ Qupurer — €T S tex )
—1BIP (s} o1 — el s;er) > 0.

On the other hand,
TA—l 2 TS (6)
P - ||/32|| 1% el <2 min max 1 p(A)
||ﬁ|| kaPZk 1/\6[)\7[,)\1] /\
. (An — A)x A1+An)1 ((An—Al)x A1+An>
=2 min max + — +
pPEPy_1 x€[—1,1] ( 2 2 P 2 2
_ 4 - min max —p(x)
M —Au BEPy 1 xe[-11]| X — 711 P
(2k—1)
Lemma 3 4 (77 + \/F)
N /\1 — A 17 —1
(2k—1)

4 (77+\/777—>

An(e—1) n2—1
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Recall that = Z—ﬂ ; it follows that

g g VxE+l 2_q__ 4 4
Ny ol= g and el = ey > o

which yields (14). O

Remark 1. It is well known that the rate of convergence in computing A~' B using the conjugate

gradient method is
I8 — Ayl (ﬁ1>"
=1 <O ,
¢ 18]l NEES

where yy is the approximate solution of A~ B derived from the k-th step of the conjugate gradient

method for solving linear system Ay = B. It follows that eflk) = O(c?). Thus, in practice, we can
estimate the size of €4 from the size of .

Remark 2. According to Theorems 1-3, the convergence rates of egk), eék) eék), and eflk) are

=1k 1V —1 2k Vre—1k V7 —1 %1
Ok )), o(k( 7). o(( )*) and O(( ).
Vr+1 NS NS NeES
respectively. The smaller the condition number s of A, the faster these four quantities converge to zero. It
should be noted that the convergence rate of egk) is significantly higher than e§k> and e§k> and slightly higher

than that of eflk). The numerical experiments in Section 4 illustrate these two facts.
If f is analytic on [Ay, A1), then

1112 - el f(St)er — BT F(A)B| < 0<(ﬁ_ 1)2k>.

Vet

In contrast, for f(-) = log(-), the convergence rate provided by (9) is superior.

4. Numerical Experiments

We want to show the effectiveness of the bounds provided by (8), (9), (13), and (14)
with two examples.

Example 1. Let the matrix B = diag(tl[Z’b]) [31], where

= (5 (o (F12)) it = con B0 i1

Here, n = 5000, a = —10,b = 10, and tl[i’h] represents the n-th translated Chebyshev zero
node on [a,b]. Let

(4
A:B—Fgl, ﬁ:m,

with
v=(11... 1T € R and ¢ > 10.

The selection of { is listed in Table 1.

Table 1. Example 1: Different values of s with different choices of {.

{=104+10""1 {=104+10"2 {=104+10"3 {=10+10"1
% 2.01x10? 2.00x10° 2.00x10% 1.99 x 10°
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Example 2. Consider the Strakos matrix
A = diag({w:}/_y) with a; = a7 + (;11) (an —a1)p" ", i =1,2,...,n = 10000.
The distribution of the eigenvalue is controlled by the parameter p. We take
41 =1,p=099 and = ﬁ with o = (11 ... 1)T € R10000
in this example. The selection of ny, is listed in Table 2.
Table 2. Example 2: Different values of s with different choices of ;.
ay = 1072 ay =103 ay =1074 wy =105
> 1 x 107 1x10° 1x 10* 1x10°

So, we obtain different values of s with different choices of { and a;,; refer to
Tables 1 and 2. In Figures 1-4, we plot the curves of eik), eék), e:gk), and eik) with different s,
as well as the bounds in (8) and (9), respectively. It is obvious to see from Figures 14 that
(i) the iterations increase with the increasing of ¢, which is consistent with our results (see

(8), (9), (13), and (14)); (ii) the convergence rate of egk) is significantly higher than egk) and

eék) and slightly higher than that of eik), which is also consistent with our results; (iii) the
curves of the bounds in (8), (9), (13), and (14) are almost parallel to the curves of the real

(k)

values, except for €5’ in Example 2 (see Figure 4c,d). That is, our bounds can evaluate the

(k) (k) (k)

convergence rates of €;/, €, ', €5/, and eik) effectively, in most instances. All these show
the effectiveness of the theoretical results proposed in our paper.

N T Mo QuogSer] ‘ —_ [los(A)5 [ Qe log(S)ei]
w0 N Tlog(A)4] \ Tog(A)A]
A — =Bound \ — =Bound

Errors and bounds
Errors and bounds

0 10 20 30 40 50 60 70 80 0 50 100 150 200

The number of iterations k The number of iterations k
(a) ¢=10+10""and » = 2.01 x 102 (b) ¢ =10+10"2 and » = 2.00 x 10°.
Toe ()5 —[P[-Q logBilei] wi o [ os@B [0 og(ier]
\ [1og(A)B]] \ [1og(A)Bl
— =Bound — =Bound
E £
g 3
2 2
k] ]
51 &
S B
£ £
B B
= =
10—6 L L L L L L 10—6 L L L L L L L L
0 100 200 300 400 500 600 200 400 600 800 1000 1200 1400 1600 1800
The number of iterations k The number of iterations of &k
(€) 7 =10+10"3 and » = 2.00 x 10*. (d) ¢=10+10"*and » = 1.9 x 10°.

Figure 1. Cont.
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Errors and bounds

=

S
N
5

10°

Errors and bounds
=
°

1010

Figure 1. Example 1: Lines correspond to €

10°

10~

10"

Errors and bounds

Errors and bounds

\ 1< log(Si)er 3 log(A)B

WY |87 Tog(4)8]
S — =Bound

0 20 40 60 80

The number of iterations k

(€) ¢ =10+10"" and 5 = 2.01 x 102.

‘ IBI-eT log(Si)es—0" log(A)3
\ B Tog(A)3)
= =Bound

0 100 200 300 400 500 600
The number of iterations &

(8) ¢=10+10"%and 5 = 2.00 x 10*.

;
~ 181Qes der |
~ 4-2 5]
~ = =Bound
0 20 40 60 80 100
The number of iterations k
(a) ¢=10+10""and » = 2.01 x 102
~ A bosls te
S PRI
~ = =Bound
0 200 400 600 800 1000

The number of iterations k

(€) =10+10"3 and » = 2.00 x 10*.

Figure 2. Cont.

(k)
1

=
15}
>

Errors and bounds
=
°©

10710

\ 18T log(A)3]
\ — =Bound

I8 log(Se)e1 " log(A)3

0 50 100 150 200

The number of iterations k

(f) ¢ =10+10"2 and 5 = 2.00 x 10°.

Errors and bounds

1010

I8¢ log(5c)e1 3" log(A)3
57 Tog(A) A1

\ — =Bound

and egk)

200 400 600 800 1000 1200 1400 1600 1800
The number of iterations &

(h) ¢ =10+107* and 5 = 1.99 x 10°.

; refer to Theorem 1.

Errors and bounds

N P

~ |l4723]|
S — =Bound

50 100 150 200 250 300 350
The number of iterations k

(b) ¢ =10+10"2and » = 2.00 x 10°.

Errors and bounds

i i
~ A2 5-||BlQkS 2 ex
~ —T
~ [|A72 8|
~ = =Bound

500 1000 1500 2000 2500 3000
The number of iterations k

(d) ¢ =10+10"* and 5 = 1.99 x 10°.
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Errors and bounds

Errors and bounds
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E
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: : (k) (k)
Figure 2. Example 1: Lines correspond to €5’ and €, ’; refer to Theorems 2 and 3.
10? 10%
[Tog(A)F—[B[Qx log(S)ex | — og(A)B—18]Qx log(Sk)ex |
Tog(A)Al A [1og(A)A|
100EN = =Bound 10° = =Bound
4 102
':é 10%
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ﬁ 10'5
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E 102
1<)
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E 10
5 10°
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0 100 200 300 400 500 500 1000 1500 2000
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(€) &y =10"*and 5 =1 x 10%,

Figure 3. Cont.

The number of iterations &

(d) &, =105 and e = 1 x 10°.
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5. Concluding Remarks
We established the convergence rates of the Lanczos method for computing log(A)pB,
BT log(A)B, A3, and pTA1B, as

O<k71(g;bk>, O(kq(g;i)qu)/ O«g;l)k) and@((g;i)ﬂ(il),

respectively. Here, A is assumed to be symmetric positive definite. It is not difficult to see that the
convergence rate of e§k> is significantly higher than e§k) and eék) and slightly higher than that of eik).
Numerical experiments illustrate the effectiveness of our theoretical results.

The Lanczos method can also be used to compute some other matrix functions, e.g., exp(4)B,
APB (0 < p < 1), sin(A)B, cos(A)B, and so on. The key to convergence analysis is to find the
Chebyshev expansion of these functions. Furthermore, our analysis is confined to the scenario where
A is symmetric positive definite. The situation is complicated for a nonsymmetric matrix whose
eigenvalues are often complex. Therefore, we must resort to the theory of polynomial approxima-
tion over complex domains for convergence analysis. Extending this analysis to cases where A is
nonsymmetric warrants further investigation. Finally, it is clear from the numerical experiments that
the bounds we provide are not sharp enough when the condition number is large, and it is also an
interesting question to investigate whether these upper bounds can be improved further.
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