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Abstract: The study of matrix functions is highly significant and has important applications in
control theory, quantum mechanics, signal processing, and machine learning. Previous work has
mainly focused on how to use the Krylov-type method to efficiently calculate matrix functions f (A)β

and βT f (A)β when A is symmetric. In this paper, we mainly illustrate the convergence using the
polynomial approximation theory for the case where A is symmetric positive definite. Numerical
results illustrate the effectiveness of our theoretical results.

Keywords: matrix logarithm function; Chebyshev polynomial; Legendre polynomial; Lanczos
method; Krylov subspace

MSC: 65K10; 65K05; 90C20

1. Introduction

The study of matrix functions is highly significant and has important applications
in control theory, quantum mechanics, signal processing, and machine learning. Some
studies on discrete matrix functions have been investigated in [1,2]. Let A ∈ Rn×n be
a large sparse matrix and β ∈ Rn be a nonzero real vector. Many research works have
focused on computing f (A)β and βT f (A)β [3–5] using the Krylov-type method, where f
is a function that makes f (A) ∈ Rn×n well defined and βT f (A)β is called a bilinear form
when A is symmetric [6]. Theoretical results and numerical experiments have shown that
f (A)β and βT f (A)β can be calculated efficiently using the Krylov-type method [7–10].

In this paper, we consider the special case that matrix A is symmetric positive definite
and f (·) = log(·), f (·) = (·)− 1

2 or f (·) = (·)−1. The logarithm of A is any matrix X that
holds exp(X) = A (refer to ([11], Chapter 11), [12,13], or [14]). Let the eigen decomposition
of A be

A = UΛUT ,

with

Λ =


λ1

λ2
. . .

λn

,

where U ∈ Rn×n, UTU = I, and λ1 ≥ λ2 ≥ · · · ≥ λn > 0. If an eigenvalue of A is
less than 0, then log(A) is not well defined ([11], Chapter 11). Thus, if A is symmetric, it
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must be positive definite. The matrix logarithm function is defined for A as follows ([11],
Definition 1.2):

log(A) := U ·


log(λ1)

log(λ2)
. . .

log(λn)

 · UT ∈ Rn×n.

Similarly, the matrix square root is defined for A as follows ([11], Definition 1.2):

A
1
2 := U ·


√

λ1 √
λ2

. . . √
λn

 · UT ∈ Rn×n.

The estimation of the log-determinant of matrix A is widely used in, for example,
Markov random field models [15], lattice quantum chromodynamics [16], statistical learn-
ing [17], and so on. Moreover, the calculation of the bilinear form βT log(A)β is crucial
for the estimation of the log-determinant of matrix A. The computation of A− 1

2 β arises in
the context of Markov function problems and domain decomposition methods [18]. The
computation of trace(A−1) has received much attention [6,19]. The utilization of modified
moments [6,20], Monte Carlo methods [21], and Gaussian quadratures [6,22] to estimate
trace(A−1) for symmetric positive definite matrices has been proposed. These estimates
have a wide range of applications in mathematics [6], physics [23], and statistics [24].
Moreover, the computation of βT A−1β is important for estimating the trace of the matrix
inverse [25,26]. The Lanczos method is a method commonly used to compute log(A)β,
βT log(A)β, A− 1

2 β and βT A−1β.
Using the polynomial approximation theory, we prove, in this paper, that the Lanczos

method converges at rates

O
(

k−1(√κ − 1√
κ + 1

)k
)

,O
(

k−1(√κ − 1√
κ + 1

)2k−1
)

,O
((√κ − 1√

κ + 1
)k
)

and O
((√κ − 1√

κ + 1
)2k−1

)
for computing log(A)β, βT log(A)β, A− 1

2 β, and βT A−1β, respectively. Here, k denotes the
iterations and κ = ∥A∥ ∥A−1∥, with ∥ · ∥ denoting the Euclidean norm of a matrix or a
vector in this paper.

Throughout our paper, we let A be symmetric positive definite and organized the
paper as follows. We present the Lanczos approximation to log(A)β, βT log(A)β, A− 1

2 β,
and βT A−1β in Section 2. In Section 3, a convergence analysis of the Lanczos method for
computing log(A)β, βT log(A)β, A− 1

2 β, and βT A−1β is provided. Numerical results are
presented in Section 4 to illustrate the effectiveness of our bounds, and in Section 5, we
present a conclusion.

2. Lanczos Approximation of log(A)β, βT log(A)β, A− 1
2 β, and βT A−1β

For the Krylov subspace

Kk(A, β) = span{β, Aβ, . . . , Ak−1β},

we can usually obtain an orthonormal basis Qk of it using the Lanczos process [6]. Moreover,
it holds that
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AQk = QkSk + θkqk+1eT
1 , (1)

where

Qk = [q1, q2, . . . , qk] ∈ Rn×k, q1 =
β

∥β∥ ,

[Qk qk+1]
T [Qk qk+1] = Ik+1, e1 = (1 0 . . . 0)T

and

Sk = QT
k AQk =


ϖ1 θ1
θ1 ϖ2 θ2

. . . . . . . . .
θk−2 ϖk−1 θk−1

θk−1 ϖk

 ∈ Rk×k.

Thus, ∥β∥Qk log(Sk)e1, ∥β∥2eT
1 log(Sk)e1, ∥β∥QkS− 1

2
k e1, and ∥β∥2eT

1 S−1
k e1 are taken as

approximations of log(A)β, βT log(A)β, A− 1
2 β, and βT A−1β, respectively ([11], Section 13.2).

If the Lanczos process (1) terminates at iteration kmax for the first time, then θkmax = 0 and

AQkmax = Qkmax Skmax . (2)

Let the eigen decomposition of Skmax be

Skmax = W · diag(d1, d2, . . . , dkmax) · WT .

Hence, {d1, d2, . . . , dkmax} ⊆ {λ1, λ2, . . . , λn}. By ([11], Definition 1.4), we have that
there exist three polynomials q, p, and h such that A− 1

2 = q(A), log(A) = p(A) and
h(A) = A−1. Hence, q(λi) =

√
λi, p(λi) = log(λi), and h(λi) = λ−1

i , i = 1, 2, . . . , n. Thus,
it can be seen that q(di) =

√
di, p(di) = log(di), h(di) = d−1

i , i = 1, 2, . . . , kmax,

log(A)β = p(A)β

=∥β∥ · p(A)Qkmax e1

(2)
=∥β∥ · Qkmax p(Skmax)e1

=∥β∥ · QkmaxW · diag
(

p(d1), p(d2), . . . , p(dkmax)
)
· WTe1

=∥β∥ · QkmaxW · diag
(

log(d1), log(d2), . . . , log(dkmax)
)
· WTe1

=∥β∥ · Qkmax log(Skmax)e1,

and
βT log(A)β = ∥β∥ · βTQkmax log(Skmax)e1 = ∥β∥2 · eT

1 log(Skmax)e1. (3)

Similarly, it holds that

A− 1
2 β = ∥β∥ · S− 1

2
kmax

e1 and βT A−1β = ∥β∥2 · eT
1 S−1

kmax
e1.

Thus, when the Lanczos process terminates, log(A)β, βT log(A)β, A− 1
2 β, and βT A−1β

can be found exactly.

3. Main Achievements

The convergence of the Lanczos approximations to ∥β∥Qk log(Sk)e1, ∥β∥2eT
1 log(Sk)e1,

∥β∥QkS− 1
2

k e1, and ∥β∥2eT
1 S−1

k e1 is mainly considered in this section. We first give the
following three lemmas.



Axioms 2024, 13, 764 4 of 14

Lemma 1 (([27], eq.(5.6.2)), and ([28], p. 449)). For any |z| ≤ 1 and x ∈ [−1, 1], we have

log(1 − 2xz + z2) = −2
∞

∑
n=1

Tn(x)zn

n
,

and
1√

1 − 2xz + z2
=

∞

∑
n=1

Pn(x)zn, (4)

where Tn(x) represents the first kind of n-th degree Chebyshev polynomial

Tn(x) := cos(n arccos x), x ∈ [−1, 1], n ∈ N+,

and Pn(x) represents the n-th degree Legendre polynomial

Pn(x) =
(−1)n

2nn!
· dn

dxn (1 − x2)n, x ∈ [−1, 1], n ∈ N+.

Moreover,
max
|x|≤1

|Pn(x)| = 1. (5)

Lemma 2 ([8], Lemma 2.2). If f is analytic on [λn, λ1], then∥∥∥ f (A)β − ∥β∥Qj f (Sj)e1

∥∥∥
∥β∥ ≤ 2 · min

pj∈Pj−1
max

λ∈[λn ,λ1]
| f (λ)− p(λ)|, (6)∣∣∣βT f (A)β − ∥β∥2eT

1 f (Sj)e1

∣∣∣
∥β∥2 ≤ 2 · min

pj∈P2j−1
max

λ∈[λn ,λ1]
| f (λ)− p(λ)|, (7)

where j ∈ N+, and Ps denotes the polynomials set with degrees no higher than s ∈ N+.

Lemma 3 ([29]). For any ω > 1, we have

min
ϕ∈Pj

max
x∈[−1,1]

∣∣∣∣ 1
x − ω

− ϕ(x)
∣∣∣∣ ≤

(
ω +

√
ω2 − 1

)−j

ω2 − 1
.

The main achievements of this article are presented below.

Theorem 1. Let κ = ∥A∥ ∥A−1∥. For k ≥ 1,

ϵ
(k)
1 :=

∥∥∥ log(A)β − ∥β∥ · Qk log(Sk)e1

∥∥∥
∥ log(A)β∥ ≤ 2∥β∥

∥ log(A)β∥ ·
√
κ + 1

k

(√
κ − 1√
κ + 1

)k

, (8)

and

0 ≤ ϵ
(k)
2 :=

∥β∥2 · eT
1 log(Sk)e1 − βT log(A)β

|βT log(A)β|
≤ ∥β∥2

|βT log(A)β|
·
√
κ + 1

k

(√
κ − 1√
κ + 1

)2k
. (9)

Proof. Let
η :=

λ1 + λn

λ1 − λn
=

κ + 1
κ − 1

. (10)

Then,
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z0 := η −
√

η2 − 1 =

√
κ − 1√
κ + 1

∈ (0, 1), and 1 + z2
0 = 2z0η. (11)

According to Lemma 1, we have

log
(
2z0(η − x)

)
= log(1 − 2xz0 + z2

0) = −2
∞

∑
n=1

Tn(x)zn
0

n
. (12)

Consider the linear transformation

λ =
λn − λ1

2
x +

λ1 + λn

2
, x ∈ [−1, 1],

which maps x ∈ [−1, 1] bijectively onto λ ∈ [λn, λ1]. Then,

∥ log(A)β∥ϵ
(k)
1

∥β∥
(6)
≤ 2 min

p∈Pk−1
max

λ∈[λn ,λ1]
| log λ − p(λ)|

=2 min
p∈Pk−1

max
−1≤x≤1

∣∣∣∣log
(

λn − λ1

2
x +

λ1 + λn

2

)
− p

(
λn − λ1

2
x +

λ1 + λn

2

)∣∣∣∣
=2 min

q∈Pk−1
max

−1≤x≤1

∣∣∣∣log
[

λn − λ1

2
(x − η)

]
− q(x)

∣∣∣∣
=2 min

q∈Pk−1
max

−1≤x≤1

∣∣∣∣log
[

λ1 − λn

4z0

(
2z0(η − x)

)]
− q(x)

∣∣∣∣
=2 min

q∈Pk−1
max

−1≤x≤1

∣∣∣∣log
(
2z0(η − x)

)
− q(x) + log

(
λ1 − λn

4z0

)∣∣∣∣.
Let

q(x)− log
(

λ1 − λn

4z0

)
= −2

k−1

∑
n=1

Tn(x)zn
0

n
∈ Pk−1.

By (12) and |Tn(x)| ≤ 1 for x ∈ [−1, 1], we obtain that

∥ log(A)β∥ϵ
(k)
1

∥β∥ ≤2 max
x∈[−1,1]

∣∣∣∣∣log
(
2z0(η − x)

)
+ 2

k−1

∑
n=1

Tn(x)zn
0

n
(x)

∣∣∣∣∣
≤4

∞

∑
n=k

zn
0

n
= 4zk

0

∞

∑
n=0

zn
0

n + k

≤
4zk

0
k

∞

∑
n=0

zn
0 =

4zk
0

k(1 − z0)
,

which yields (8).
Furthermore, a linear map Ψ : Rn1×n1 → Rn2×n2 is called a unital positive linear

map ([30], p. 5) if the following hold:

(i) A is symmetric positive definite ⇒ Ψ(A) is also symmetric positive definite;
(ii) Ψ(In1) = In2 .

Define
Φ(∆) = ∆(1 : k, 1 : k) ∈ Rk×k, where ∆ ∈ Rkmax×kmax .

Thus, Φ is a unital positive linear map. By ([30], Corollary 1.8),

log(Sk)− Φ(log(Skmax)) = log(Φ(Skmax))− Φ(log(Skmax)) is positive semidefinite.
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It follows that
0 ≤eT

1 log(Sk)e1 − eT
1 Φ(log(Skmax))e1

=eT
1 log(Sk)e1 − eT

1 log(Skmax)e1

(3)
=eT

1 log(Sk)e1 − ∥β∥−2 · βT log(A)β,

which yields the first inequality in (9). In light of (7), we see that

|βT log(A)β|ϵ(k)2
∥β∥2

≤2 min
h∈P2k−1

max
λ∈[λn ,λ1]

| log(λ)−h(λ)
∣∣

=2 min
h∈P2k−1

max
−1≤x≤1

∣∣∣∣log
(

λn − λ1

2
x+

λ1 + λn

2

)
−h
(

λn − λ1

2
x+

λ1 + λn

2

)∣∣∣∣
=2 min

h∈P2k−1
max

−1≤x≤1

∣∣∣∣log
(
2z0(η − x)

)
− h
(

λn − λ1

2
x +

λ1 + λn

2

)
+ log

(
λ1 − λn

4z0

)∣∣∣∣.
Analogously, consider

h
(

λn − λ1

2
x +

λ1 + λn

2

)
− log

(
λ1 − λn

4z0

)
= −2

2k−1

∑
n=1

Tn(x)zn
0

n
∈ P2k−1.

Recall that |Tn(x)| ≤ 1 for x ∈ [−1, 1]. We then have

0 ≤
|βTlog(A)β|ϵ(k)2

∥β∥2

≤2 max
−1≤x≤1

∣∣∣∣∣log
(
2z0(η − x)

)
+ 2

2k−1

∑
n=1

Tn(x)zn
0

n

∣∣∣∣∣
(12)
≤ 4

∞

∑
n=2k

zn
0

n
= 4z2k

0

∞

∑
n=0

zn
0

n + 2k

≤
2z2k

0
k

∞

∑
n=0

zn
0 =

2z2k
0

k(1 − z0)
,

which yields (9).

Theorem 2. For k ≥ 1,

ϵ
(k)
3 :=

∥∥∥∥A− 1
2 β − ∥β∥QkS− 1

2
k e1

∥∥∥∥
∥A− 1

2 β∥
≤ 2∥β∥(

√
κ + 1)

∥A− 1
2 β∥

√
λ1 − λn

(√
κ − 1√
κ + 1

)k+ 1
2

(13)

Proof. By (11) and Lemma 1,

1√
2z0(η − x)

=
1√

1 − 2xz0 + z2
0

=
∞

∑
n=1

Pn(x)zn
0 .
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It holds that∥∥∥∥A− 1
2 β − ∥β∥QkS− 1

2
k e1

∥∥∥∥
∥β∥ ≤ 2 · min

pj∈Pj−1
max

λ∈[λn ,λ1]

∣∣∣∣ 1√
λ
− p(λ)

∣∣∣∣
=2 min

p∈Pk−1
max

x∈[−1,1]

∣∣∣∣∣
(

λn − λ1

2
x +

λ1 + λn

2

)− 1
2
− p

(
λn − λ1

2
x +

λ1 + λn

2

)∣∣∣∣∣
(10)
= 2 min

q∈Pk−1
max

x∈[−1,1]

∣∣∣∣∣
[

λ1 − λn

4z0

(
2z0(η − x)

)]− 1
2
− q(x)

∣∣∣∣∣
=

2√
λ1−λn

4z0

min
q̃∈Pk−1

max
x∈[−1,1]

∣∣∣∣∣(2z0(η − x)
)− 1

2 − q̃(x)

∣∣∣∣∣
≤4
√

z0

λ1 − λn
· max

x∈[−1,1]

∣∣∣∣∣(2z0(η − x)
)− 1

2 −
k−1

∑
n=1

Pn(x)zn
0

∣∣∣∣∣
(4)
≤4
√

z0

λ1 − λn
·

∞

∑
n=k

(
max

−1≤x≤1
|Pn(x)|

)
zn

0
(5)
= 4

√
z0

λ1 − λn
·

zk
0

1 − z0

=
2(
√

κ + 1)zk+ 1
2

0√
λ1 − λn

,

which yields (13).

Finally, we provide a convergence analysis of
∣∣∣βT A−1β − ∥β∥2eT

1 S−1
k e1

∣∣∣.
Theorem 3. For k ≥ 1,

0 ≤ ϵ
(k)
4 :=

βT A−1β − ∥β∥2eT
1 S−1

k e1

βT A−1β
≤ ∥β∥2

λn · βT A−1β

(√
κ − 1√
κ + 1

)2k−1

. (14)

Proof. On the one hand, we deduce that

βT A−1β − ∥β∥2eT
1 S−1

k e1

=∥β∥2
(

eT
1 QT

kmax
A−1Qkmax e1 − eT

1 S−1
k e1

)
=∥β∥2

(
eT

1 S−1
kmax

e1 − eT
1 S−1

k e1

)
≥ 0.

On the other hand,

βT A−1β − ∥β∥2eT
1 S−1

k e1

∥β∥2

(6)
≤ 2 min

pk∈P2k−1
max

λ∈[λn ,λ1]

∣∣∣∣∣ 1
λ
− p(λ)

∣∣∣∣∣
=2 min

p∈P2k−1
max

x∈[−1,1]

∣∣∣∣∣
(
(λn − λ1)x

2
+

λ1 + λn

2

)−1

− p
(
(λn − λ1)x

2
+

λ1 + λn

2

)∣∣∣∣∣
(10)
=

4
λ1 − λn

· min
p̃∈P2k−1

max
x∈[−1,1]

∣∣∣∣ 1
x − η

− p̃(x)
∣∣∣∣

Lemma 3
=

4
λ1 − λn

·

(
η +

√
η2 − 1

)−(2k−1)

η2 − 1

=
4

λn(κ − 1)
·

(
η +

√
η2 − 1

)−(2k−1)

η2 − 1
.



Axioms 2024, 13, 764 8 of 14

Recall that η = κ+1
κ−1 ; it follows that

η +
√

η2 − 1 =

√
κ + 1√
κ − 1

and η2 − 1 =
4κ

(κ − 1)2 >
4

κ − 1
,

which yields (14).

Remark 1. It is well known that the rate of convergence in computing A−1β using the conjugate
gradient method is

ςk :=
∥β − Ayk∥

∥β∥ ≤ O
((√

κ − 1√
κ + 1

)k
)

,

where yk is the approximate solution of A−1β derived from the k-th step of the conjugate gradient
method for solving linear system Ay = β. It follows that ϵ

(k)
4 = O(ς2

k). Thus, in practice, we can
estimate the size of ϵ4 from the size of ςk.

Remark 2. According to Theorems 1–3, the convergence rates of ϵ
(k)
1 , ϵ

(k)
2 ϵ

(k)
3 , and ϵ

(k)
4 are

O
(

k−1(√κ − 1√
κ + 1

)k
)

, O
(

k−1(√κ − 1√
κ + 1

)2k−1
)

, O
((√κ − 1√

κ + 1
)k
)

and O
((√κ − 1√

κ + 1
)2k−1

)
,

respectively. The smaller the condition number κ of A, the faster these four quantities converge to zero. It
should be noted that the convergence rate of ϵ

(k)
2 is significantly higher than ϵ

(k)
1 and ϵ

(k)
3 and slightly higher

than that of ϵ
(k)
4 . The numerical experiments in Section 4 illustrate these two facts.

If f is analytic on [λn, λ1], then

∣∣∣∥β∥2 · eT
1 f (Sk)e1 − βT f (A)β

∣∣∣ ≤ O
((√

κ − 1√
κ + 1

)2k
)

.

In contrast, for f (·) = log(·), the convergence rate provided by (9) is superior.

4. Numerical Experiments

We want to show the effectiveness of the bounds provided by (8), (9), (13), and (14)
with two examples.

Example 1. Let the matrix B = diag(t[a,b]
in ) [31], where

t[a,b]
in =

( b − a
2

)(
tin +

( a + b
b − a

))
with tin = cos

(2i − 1)π
2n

, i = 1, 2, . . . , n.

Here, n = 5000, a = −10, b = 10, and t[a,b]
in represents the n-th translated Chebyshev zero

node on [a, b]. Let
A = B + ζ I, β =

v
∥v∥ ,

with
v = (1 1 . . . 1)T ∈ R5000, and ζ > 10.

The selection of ζ is listed in Table 1.

Table 1. Example 1: Different values of κ with different choices of ζ.

ζ = 10 + 10−1 ζ = 10 + 10−2 ζ = 10 + 10−3 ζ = 10 + 10−4

κ 2.01×102 2.00×103 2.00×104 1.99 × 105
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Example 2. Consider the Strakoš matrix

A = diag({αi}n
i=1) with αi = α1 +

(
i − 1
n − 1

)
(αn − α1)ρ

n−i, i = 1, 2, . . . , n = 10000.

The distribution of the eigenvalue is controlled by the parameter ρ. We take

α1 = 1, ρ = 0.99 and β =
v

∥v∥ , with v = (1 1 . . . 1)T ∈ R10000

in this example. The selection of αn is listed in Table 2.

Table 2. Example 2: Different values of κ with different choices of αn.

αn = 10−2 αn = 10−3 αn = 10−4 αn = 10−5

κ 1 × 102 1 × 103 1 × 104 1 × 105

So, we obtain different values of κ with different choices of ζ and αn; refer to
Tables 1 and 2. In Figures 1–4, we plot the curves of ϵ

(k)
1 , ϵ

(k)
2 , ϵ

(k)
3 , and ϵ

(k)
4 with different κ,

as well as the bounds in (8) and (9), respectively. It is obvious to see from Figures 1–4 that
(i) the iterations increase with the increasing of κ, which is consistent with our results (see
(8), (9), (13), and (14)); (ii) the convergence rate of ϵ

(k)
2 is significantly higher than ϵ

(k)
1 and

ϵ
(k)
3 and slightly higher than that of ϵ

(k)
4 , which is also consistent with our results; (iii) the

curves of the bounds in (8), (9), (13), and (14) are almost parallel to the curves of the real
values, except for ϵ

(k)
3 in Example 2 (see Figure 4c,d). That is, our bounds can evaluate the

convergence rates of ϵ
(k)
1 , ϵ

(k)
2 , ϵ

(k)
3 , and ϵ

(k)
4 effectively, in most instances. All these show

the effectiveness of the theoretical results proposed in our paper.

0 10 20 30 40 50 60 70 80
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10-2

100

(a) ζ = 10 + 10−1 and κ = 2.01 × 102.

0 50 100 150 200
10-6

10-4

10-2

100

(b) ζ = 10 + 10−2 and κ = 2.00 × 103.

0 100 200 300 400 500 600
10-6

10-4

10-2

100

(c) ζ = 10 + 10−3 and κ = 2.00 × 104.

200 400 600 800 1000 1200 1400 1600 1800
10-6

10-4

10-2

100

102

(d) ζ = 10 + 10−4 and κ = 1.99 × 105.

Figure 1. Cont.
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(e) ζ = 10 + 10−1 and κ = 2.01 × 102.
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10-10
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(f) ζ = 10 + 10−2 and κ = 2.00 × 103.

0 100 200 300 400 500 600

10-10

10-5

100

(g) ζ = 10 + 10−3 and κ = 2.00 × 104.

0 200 400 600 800 1000 1200 1400 1600 1800

10-10

10-5

100

(h) ζ = 10 + 10−4 and κ = 1.99 × 105.

Figure 1. Example 1: Lines correspond to ϵ
(k)
1 and ϵ

(k)
2 ; refer to Theorem 1.
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(a) ζ = 10 + 10−1 and κ = 2.01 × 102.
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0 200 400 600 800 1000
10-8

10-6

10-4

10-2

100

(c) ζ = 10 + 10−3 and κ = 2.00 × 104.
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(d) ζ = 10 + 10−4 and κ = 1.99 × 105.

Figure 2. Cont.
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(e) ζ = 10 + 10−1 and κ = 2.01 × 102.
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Figure 2. Example 1: Lines correspond to ϵ
(k)
3 and ϵ

(k)
4 ; refer to Theorems 2 and 3.
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Figure 3. Cont.
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Figure 3. Example 2: Lines correspond to ϵ
(k)
1 and ϵ

(k)
2 ; refer to Theorem 1.
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Figure 4. Example 2: Lines correspond to ϵ
(k)
3 and ϵ

(k)
4 ; refer to Theorems 2 and 3.

5. Concluding Remarks
We established the convergence rates of the Lanczos method for computing log(A)β,

βT log(A)β, A− 1
2 β, and βT A−1β, as

O
(

k−1(√κ − 1√
κ + 1

)k
)

, O
(

k−1(√κ − 1√
κ + 1

)2k−1
)

, O
((√κ − 1√

κ + 1
)k
)

and O
((√κ − 1√

κ + 1
)2k−1

)
,

respectively. Here, A is assumed to be symmetric positive definite. It is not difficult to see that the

convergence rate of ϵ
(k)
2 is significantly higher than ϵ

(k)
1 and ϵ

(k)
3 and slightly higher than that of ϵ

(k)
4 .

Numerical experiments illustrate the effectiveness of our theoretical results.
The Lanczos method can also be used to compute some other matrix functions, e.g., exp(A)β,

Apβ (0 < p < 1), sin(A)β, cos(A)β, and so on. The key to convergence analysis is to find the
Chebyshev expansion of these functions. Furthermore, our analysis is confined to the scenario where
A is symmetric positive definite. The situation is complicated for a nonsymmetric matrix whose
eigenvalues are often complex. Therefore, we must resort to the theory of polynomial approxima-
tion over complex domains for convergence analysis. Extending this analysis to cases where A is
nonsymmetric warrants further investigation. Finally, it is clear from the numerical experiments that
the bounds we provide are not sharp enough when the condition number is large, and it is also an
interesting question to investigate whether these upper bounds can be improved further.
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