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Abstract


We study the class of random entire functions given by power series, in which the coefficients are formed as the product of an arbitrary sequence of complex numbers and two sequences of random variables. One of them is the Rademacher sequence, and the other is an arbitrary complex-valued sequence from the class of sequences of random variables, determined by a certain restriction on the growth of absolute moments of a fixed degree from the maximum of the module of each finite subset of random variables. In the paper we prove sharp Wiman–Valiron’s type inequality for such random entire functions, which for given   p ∈ ( 0 ; 1 )   holds with a probability p outside some set of finite logarithmic measure. We also considered another class of random entire functions given by power series with coefficients, which, as above, are pairwise products of the elements of an arbitrary sequence of complex numbers and a sequence of complex-valued random variables described above. In this case, similar new statements about not improvable inequalities are also obtained.






Keywords:


random entire function; Wiman’s inequality; Levy’s phenomenon; maximum modulus; maximal term; central index; dependent random variables; sub-Gaussian random variables; subexponential random variables; Pareto distribution; Cauchy distribution; maximum modulus of random variables




MSC:


30B20; 30D20












1. Introduction


Let us consider an entire functions of the form


  f  ( z )  =  ∑  n = 0  ∞    a n   z n   .  



(1)







Denote


      M f   ( r )  = max  { | f  ( z )  | : | z | = r }  ,    μ f   ( r )  =  max { |   a n   |  r n  : n ≥ 0 }  ,        ν f   ( r )  =  max { n : |   a n   |  r n  =  μ f   ( r )  }  ,   r > 0 ,     








as the maximum modulus, the maximal term, and central index of series (1), respectively.



The following Wiman–Valiron theorem is well known [1,2].



Theorem 1

([1,2]). For every non-constant entire function   f ( z )   of form (1) and any   ε > 0   there exists a set   E = E ( f ) ⊂ ( 1 , + ∞ )   of finite logarithmic measure, i.e.,


   ∫ E   d ( ln r )  < + ∞ ,  








such that for all   r ∈  ( 1 ; + ∞ )  ∖  E f   ( ε )    we have


   M f   ( r )  ≤  μ f   ( r )   ln  1 / 2 + ε    μ f   ( r )  .  



(2)









Note that the constant   1 / 2   in the inequality (2) cannot be replaced in general by a smaller number. Indeed, for the entire function   f  ( z )  =  e z    we have ([3], p. 177)


   lim  r → + ∞       M f   ( r )     μ f   ( r )    ln  μ f   ( r )       =   2 π   .  



(3)







Furthermore, from results proved in [4] for entire Dirichlet series it follows that there exists entire function   g ( z )   of the form (1) such that


   lim  r → + ∞       M g   ( r )     μ g   ( r )    ln  μ g   ( r )       = + ∞ .  











Therefore, inequality (2) is sharp in the class of non-constant entire functions. However, this inequality can be improved in some subclasses of entire functions, i.e., in the subclasses of:




	(1)

	
Entire functions of finite order ([3,5,6]);




	(2)

	
Entire function, which can be represented by gap power series ([7,8]);




	(3)

	
Random entire functions ([9,10,11,12,13]).









In this paper, we consider only random entire functions.



Let   ( Ω , A , P )   be the probability space, which allows the existence of a uniform distribution on it, where  A  is the  σ -algebra of subsets of  Ω , P is the probability measure on  A . In the paper, the notion “almost surely” will be used in the sense that the corresponding property holds almost everywhere with respect to the measure P on  A . We say that some relation holds almost surely if it holds for each analytic function   f ( z , ω )   from some class of almost surely in  ω .



Let    R n   ( ω )    be the Rademacher sequence, which is a sequence of independent random variables defined on the Steinhaus probability space   ( Ω , A , P )  . For any   n ∈  Z +  ,   we have


  P  { ω :  R n   ( ω )  = − 1 }  = P  { ω :  R n   ( ω )  = 1 }  =   1 2   .  











Firstly, we consider random entire function of the form


  f  ( z , ω )  =  ∑  n = 0  ∞   R n   ( ω )   a n   z n  .  



(4)







From the results proved in [11], the following theorem can be established.



Theorem 2.

For   f ( z , ω )   of the form (4) and any   ε > 0  , there almost surely exists a set


   E : = E ( ε , ω , f ) ⊂ [ 1 ; + ∞ )   








of finite logarithmic measure such that for all   r ∈ [ 1 ; + ∞ ) ∖ E   we have


    M f   ( r , ω )  : = max  { | f  ( z , ω )  | : | z | = r }  ≤  μ f   ( r )   ln  1 / 4    μ f   ( r )    ( ln ln  μ f   ( r )  )   1 + ε   .   













From the results proved in ([14], p. 45), the following statement can be derived. For the random entire function


  f  ( z , ω )  =  ∑  n = 0  ∞      R n   ( ω )   z n    n !     








we have, almost surely,


   lim  r → + ∞       M f   ( r , ω )     μ f   ( r )    ln  μ f   ( r )   4     ≥    π 8    .  



(5)







Furthermore, from results proved in [4], it follows that there exists a random entire function   g ( z )   of the form (4) such that


   lim  r → + ∞       M g   ( r , ω )     μ g   ( r )    ln  μ g   ( r )   4     = + ∞ .  











Wiman’s inequality for the most general class of random entire functions was established in [8]. Let   {  Z n   ( ω )  }   be a sequence of real, independent, centered sub-Gaussian random variables, that is for any   n ∈  Z +   , we have   E (  Z n  ) = 0 ,   and there exist a constant    C 1  > 0   such that for any   t ∈ [ 0 ; + ∞ ) ,  


   P { ω : |   Z n   ( ω )   | ≥ t }  ≤ 2 exp ( −    t 2   C 1    ) .  











Also, for such random variables (see [15]), there exists   D > 0   such that for any   k ∈ N   and all    λ 0  ∈ R   we have


     E  (  e   λ 0   Z k    )  ≤  e  D  λ 0 2    .     








We denote the class of such random variables by  Ξ .



For   {  Z n   ( ω )  } ∈ Ξ   we have ([15], p. 81 [Exercise 7.8]) for any   k ∈ N : E (  Z k  ) = 0   and


   sup  k ∈ N   E  (  Z k 2  )  =  sup  k ∈ N   D  (  Z k  )  ≤ 2 D ,  








where   D  (  Z k  )  : = E  (  Z k 2  )  −   ( E  Z k  )  2    is the variance of random variable    Z k  .  



From statement established in [8], the following result can be derived (specifically for the case when   ρ = 1  ).



Theorem 3

([8]). Let   Z ∈ Ξ , ε > 0   and


  f  ( z , ω )  =  ∑  n = 0  ∞   Z n   ( ω )   a n   z n  .  



(6)







Then there exists a set   E ( ε )   of finite logarithmic measure, such that for all   r  ∈  (  r 0   ( ω )  , + ∞ ) ∖ E  , almost surely


    M f   ( r , ω )  ≤  μ f   ( r )   ln  1 / 4    μ f   ( r )    ( ln ln  μ f   ( r )  )   3 / 2 + ε   .   













Also in [8], there was constructed an example of random entire function of the form (6), from which it follows necessity of boundedness of sequence   { D  (  Z n  )  } .  



Theorem 4

([8]). For any   α > 0   there exist a sequence of real independent random variables satisfying for all   n ∈  Z +   


  E  Z n  = 0 ,   sup n  D  Z n  = + ∞ ,  








with the entire function   f ( z )   of the form (6) and a constant   C > 0   such that almost surely


   M f   ( r , ω )  ≥ C  μ f   ( r )   ln  1 / 4 + α    μ f   ( r )  ,  r >  r 0   ( ω )  .  













It is worth noting that in the statements about random entire functions mentioned above (such as Theorem 1 from [7] and similar results), the expectation of the random variables is zero. In light of this, Professor M. M. Sheremeta, in 1996 asked whether it is possible to derive a sharper Wiman’s inequality for classes of random entire functions of the form


  f  ( z , ω )  =  ∑  n = 0  ∞   Z n   ( ω )   a n   z n  ,  








where   E (  Z n  ) = α ≠ 0   for   k ≥ 0  . One can find a negative answer to this question in [9].



Let  Δ  be the class of uniformly bounded real sequences   {  X n   ( ω )  }   such that


  E  (  X  i 1    X  i 2   …  X  i k   )  = E  (  X  i 1   )  E  (  X  i 2   )  · … · E  (  X  i k   )   








for any    i 1  <  i 2  < … <  i k  ,  i ∈ N .  



Theorem 5

([9]). If    { Re  Z n   ( ω )  }  ∈ Δ ,  { Im  Z n   ( ω )  }  ∈ Δ   and    | E   Z n   |   ≤ O   (  n  − α   )  ,  n → + ∞ ,      α ∈ [ 0 ; 1 / 4 ]  , then for any   ε > 0   and   f ( z , ω )   of the form (6) there exists a set   E ( ε , ω )   of finite logarithmic measure, such that for all   r ∈ ( 1 ; + ∞ ) ∖ E ,   almost surely,


   M f   ( r , ω )  ≤  μ f   ( r )   ln  1 / 2 − α    μ f   ( r )    ( ln ln  μ f   ( r )  )   1 + ε   .  



(7)









The sharpness of inequality (7) follows from the next statement.



Theorem 6

([9]). For any sequence   {  Z n   ( ω )  }   such that    { Re  Z n   ( ω )  }  ∈ Δ ,  { Im  Z n   ( ω )  }  ∈ Δ   and    | E   Z n   |   ≥ C   n  − α   ,  n → + ∞ ,  α ∈  [ 0 ; 1 / 4 )  ,   then there exists a function   f ( z , ω )   of the form (6) such that, almost surely,


   M f   ( r , ω )  ≥   C 8    μ f   ( r )   ln  1 / 2 − α    μ f   ( r )  ,  r >  r 0   ( ω )  .  













Remark that in all statements about random entire functions cited above, the inequalities were proved only with probability equal to 1 (almost surely) and only for sequences of random variables which are independent and sub-Gaussian.



The following questions also arise in this regard: are we able to obtain sharp estimates of maximum modulus of random entire functions:




	(a) 

	
with probability   p ∈ ( 0 ; 1 )  ;




	(b) 

	
in the cases when the sequence   {  Z n   ( ω )  }  :



	(1) 

	
is not sub-Gaussian;




	(2) 

	
may not be independent.













In this paper, we provide an answer to all these questions.




2. Additional Notations and Definitions


For two positive functions   φ ( N )   and   ψ ( N ) ,   the relation   φ ( N ) ≍ ψ ( N ) ,   as   N → + ∞ ,   signifies the asymptotic equivalence of the functions up to constant factors. Specifically,


  φ ( N ) ≍ ψ ( N ) ,  N → + ∞ ,  








which means that there exist positive constants   c , C   such that the inequality


  c φ ( N ) ≤ ψ ( N ) ≤ C φ ( N )  








holds for sufficiently large N.



Let us consider the random entire functions of the form


  f  ( z , ω )  = f  ( z ,  ω 1  ,  ω 2  )  =  ∑  n = 0  ∞   R n   (  ω 1  )   ξ n   (  ω 2  )   a n   z n  ,  



(8)




where


   a n  ∈ C : #  { n :  a n  ≠ 0 }  = + ∞ ,    lim  n → + ∞      |   a n   |   n  = 0 ,  








   R n   ( ω )    is the Rademacher sequence, and    ξ n   ( ω )    is a sequence of complex-valued random variables (denote by   Δ φ  ) such that there exist a constant   β > 0   and a function


  φ  ( N , β )  : N ×  R +  →  [ 1 ; + ∞ )   








non-decreasing by N and  β  such that


     ( E (  max  0 ≤ n ≤ N     |  ξ n  |  β  )  )  1 / β   ≍ φ  ( N , β )  ,   N → + ∞ ,     



(9)






     α =   lim ¯   N → + ∞      ln φ ( N , β )   ln N    < + ∞ .     



(10)







We denote such a class of random entire functions with   E ( φ , β ) .  



Remark that for any sequence    ξ n   ( ω )    function


  ψ  ( N , β )  = ( E (  max  0 ≤ n ≤ N     |  ξ n  |  β  )  )  1 / β    








is non-decreasing by N and  β  because


   max  0 ≤ n ≤ N    |   ξ n     ( ω )  |  β  ≤  max  0 ≤ n ≤ N + 1     |  ξ n   ( ω )  |  β   








and by Lyapunov’s inequality for   0 <  β 1  <  β 2    we have


  ( E (  max  0 ≤ n ≤ N    |   ξ n    |   β 1   )  )  1 /  β 1    ≤ ( E (  max  0 ≤ n ≤ N     |  ξ n  |   β 2   )  )  1 /  β 2    .  











Also, the class of random entire functions of the form


  f  ( z , ω )  =  ∑  n = 0  ∞   ξ n   ( ω )   a n   z n   








is denoted by    E 1   ( φ , β )  .  



In this paper, we will use the following notations.


     N =  { 1 , 2 , … }  ,   Z +  = N ∪  { 0 }  ,  R =  ( − ∞ , + ∞ )  ,        R +  =  ( 0 ; + ∞ )  ,  C =  { z = x + i y : x , y ∈ R }  ,        N  ( r )  = min {   n 0  ≥ ln  μ f   ( r )  :  ( ∀ n ≥  n 0  )   |   a n   |  r n  < 1 }  ,     ln 2  x = ln ln x ,        N ε   ( r )  = N  ( r  e ε  )   = min {   n 0  ≥ ln  μ f   ( r  e ε  )  :  ( ∀ n ≥  n 0  )   |   a n   |  r n   e  n ε   < 1 }  =        = min {   n 0  ≥ ln  μ f   ( r  e ε  )  :  ( ∀ n ≥  n 0  )   |   a n   |  r n  <  e  − n ε   }  ,  ε =   1   N γ   ( r )     ,  γ > 0 ,        W N   ( r , ω )  =  W N   ( r ,  ω 1  ,  ω 2  )  =  ∑  n =  N ε   ( r )   ∞   |   R n   (  ω 1  )   | |   ξ n   (  ω 2  )   | |   a n   |   r n  .     












3. Auxiliary Statements


We need the following statement about upper and lower bound of   N ( r ) .  



Lemma 1

([8]). For any   δ > 0   there exists a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure such that for all   r ∈ ( 1 ; + ∞ ) ∖ E  , we have


     ln  μ f   ( r )  ≤ N  ( r )  ≤ ln  μ f   ( r )    (  ln 2   μ f   ( r )  )   1 + δ   ,   N  ( r )  ≤  N ε   ( r )  ≤  ( 1 + γ )  N  ( r )  .     













In order to obtain estimates, which hold outside some exception set, the next lemma is useful.



Lemma 2

([9]). Let   l ( r )   be a continuous increasing to   + ∞   function on   ( 1 ; + ∞ )  ,   E ⊂ ( 1 ; + ∞ )   be a set such that its complement contains an unbounded open set. Then, there is an infinite sequence   1 <  r 1  ≤ . . . ≤  r n  → + ∞    ( n → + ∞ )   such that




	(1) 

	
   ( ∀ n ∈ N )  :   r n  ∉ E ;  




	(2) 

	
   ( ∀ n ∈ N )  :  ln l  (  r n  )  ≥   n 2   ;  




	(3) 

	
if    (  r n  ;  r  n + 1   )  ∩ E ≠  (  r n  ,  r  n + 1   )  ,   then   l  (  r  n + 1   )  ≤ e l  (  r n  )  ;  




	(4) 

	
the set of indices, for which (3) holds, is unbounded.











The following lemma is about the upper bound of    W N   ( r , ω )    for random entire functions from the class   E ( φ , β ) .  



Lemma 3.

Let   f ∈ E ( φ , β ) .   For any   δ > 0   there exist    r 0   ( ω )  > 0  , a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E  , one has


       W N   ( r , ω )  <   ( ln  μ f   ( r )  )   α + 1 + ( 2 + δ ) / β   .      













Proof. 

For   n ≥  N ε   ( r )    denote    B n  =  { ω : |   ξ n   ( ω )    | β  ≥  n  α β + 2 +  δ 1    }  ,   δ 1  > 0 .   Using Markov’s inequality and (9), we can estimate probabilities of these events. So, for some    C 1  > 0   we have


     P  (  B n  )  =  P { ω : |   ξ n   ( ω )    | β  ≥  n  α β + 2 +  δ 1    }  ≤     E |   ξ n    |  β    n  α β + 2 +  δ 1      ≤       ≤   1  n  α β + 2 +  δ 1      E (  max  0 ≤ k ≤ n     |  ξ k  |  β  ) ≤  C 1      φ β   ( n , β )    n  α β + 2 +  δ 1      ,   r → + ∞ .     











So,


      ∑  n =  N ε   ( r )   ∞  P  (  B n  )  ≤  C 1   ∑  n =  N ε   ( r )   ∞      φ β   ( n , β )    n  α β + 2 +  δ 1      ≤  C 1   ∑  n =  N ε   ( r )   ∞    1  n  2 +  δ 1  / 2     ≤   1   N ε  1 +  δ 1  / 3    ( r )     ,    r → + ∞ .     











Let


  B =  ⋃  n =  N ε   ( r )   ∞   B n  .  











Then,   P  ( B )  ≤   N ε  − 1 −  δ 1  / 3    ( r )   ,  r → + ∞ .   For   ω ∉ B  , we get


      W N   ( r , ω )  =  ∑  n =  N ε   ( r )   ∞   |   R n   (  ω 1  )   | |   ξ n   (  ω 2  )   | |   a n   |   r n  ≤  ∑  n =  N ε   ( r )   ∞   n  α + ( 2 +  δ 1  ) / β    e  − n ε   ≤       ≤  C 2    (  N ε   ( r )  )   α + 1 + ( 2 +  δ 1  ) / β   ≤   ( ln  μ f   ( r )  )   α + 1 + ( 2 + 2  δ 1  ) / β   ,  r → + ∞ ,   ( r ∉ E )  .     











Therefore, for   r → + ∞   we obtain


  P { ω :  ∑  n =  N ε   ( r )   ∞   |   R n   (  ω 1  )   | |   ξ n   (  ω 2  )   | |   a n   |   r n  ≥   ( ln  μ f   ( r )  )   α + 1 + ( 2 + 2  δ 1  ) / β   } ≤   1   N ε  1 +  δ 1  / 3    ( r )     .  











Let us choose   l  ( r )  =  μ f   ( r )  ,   a set E and a sequence   {  r k  }   from Lemma 2. Define


   F k  =  { ω :  W N   (  r k  , ω )  ≥   ( ln  μ f   (  r k  )  )   α + 1 + ( 2 + 2  δ 1  ) / β   }  .  











By the definition of    N ε   ( r )    we get


   ∑  k = 1  ∞  P  (  F k  )  ≤  ∑  k = 1  ∞    1   N ε  1 +  δ 1  / 3    (  r k  )     ≤  ∑  k = 1  ∞    1   ln  1 +  δ 1  / 3    μ f   (  r k  )     ≤  ∑  k = 1  ∞    1  k  1 +  δ 1  / 3     < + ∞ .  











Then, by the Borel–Cantelli Lemma for almost all   ω ∈ [ 0 , 1 ]   for   k ≥  k 0   ( ω )   , we obtain


   W N   (  r k  , ω )  <   ( ln  μ f   (  r k  )  )   α + 1 + ( 2 + 2  δ 1  ) / β   .  











Let   r ≥  r   k 0   ( ω )      be an arbitrary number outside the set   E ,    r ∈ (  r p  ,  r  p + 1   ) .   By Lemma 2


   μ f   (  r  p + 1   )  ≤ e  μ f   (  r p  )  ≤ e  μ f   ( r )  .  











Therefore, for almost all   ω ∈ [ 0 ; 1 ]   and   r ≥  r 0   ( ω )    outside of a set of finite logarithmic measure E we have


      W N   ( r , ω )  <  W N   (  r  p + 1   , ω )  <   ( ln  μ f   (  r  p + 1   )  )   α + 1 + ( 2 + 2  δ 1  ) / β   ≤       ≤   ( ln  ( e  μ f   ( r )  )  )   α + 1 + ( 2 + 2  δ 1  ) / β   ≤   ( ln  μ f   ( r )  )   α + 1 + ( 2 + 3  δ 1  ) / β   .     











It remains to choose   δ = 3  δ 1  .   □






4. Main Results


We derive sharp asymptotic estimates for the maximum modulus of functions   f ∈ E ( φ , β ) .   In this case, the elements of a sequence    ξ n   ( ω )    may not be sub-Gaussian and could be dependent. The main result of this paper is stated in the following theorem.



Theorem 7.

Let   δ > 0 .   For   f ∈ E ( φ , β ) ,   there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E ,   we have, with probability   p ∈ ( 0 ; 1 ) ,  


       M f   ( r , ω )  ≤       ≤     μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ·  ln  1 / 4 + δ        μ f   ( r )    1 − p    · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )   .      













Remark that the exponent   1 / 4   and the degree 1 of function  φ  cannot be replaced simultaneously by smaller numbers. This follows from the next theorem.



Theorem 8.

For any non-decreasing function   φ ( N , β )   in N and β that satisfies condition (10), there exist a sequence of random variables     ξ n   ( ω )   ∈  Δ φ   , an entire function   f ∈ E ( φ , β )  , and a constant   c ∈ ( 0 ; 1 )   such that, almost surely,


       M f   ( r , ω )  ≥  μ f   ( r )  φ ( c    ln  μ f   ( r )     ln 2   μ f   ( r )     , β ) ·  ln  1 / 4   {  μ f   ( r )  φ ( c    ln  μ f   ( r )     ln 2   μ f   ( r )     , β ) } ,   r → + ∞ .      













Also, we derive sharp asymptotic estimates for the maximum modulus of functions   f ∈  E 1   ( φ , β )  .   In this case, the elements of a sequence    ξ n   ( ω )    may be dependent or not centered.



Theorem 9.

Let   δ > 0 .   For   f ∈  E 1   ( φ , β )   , there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E ,   we have, with probability   p ∈ ( 0 ; 1 )  ,


       M f   ( r , ω )  ≤       ≤     μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ·  ln  1 / 2 + δ        μ f   ( r )    1 − p    · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )   .      













Remark that exponent   1 / 2   and the degree 1 of function  φ  cannot be simultaneously replaced by smaller numbers.



Theorem 10.

For any non-decreasing function   φ ( N , β )   in N and β that satisfies condition (10), there exist a sequence of random variables     ξ n   ( ω )   ∈  Δ φ   , an entire function   f ∈  E 1   ( φ , β )    and a constant   c ∈ ( 0 ; 1 )   such that for all   ω ∈ [ 0 ; 1 ]  


       M f   ( r , ω )  ≥  μ f   ( r )  φ ( c    ln  μ f   ( r )     ln 2   μ f   ( r )     , β ) ·  ln  1 / 2   {  μ f   ( r )  φ ( c    ln  μ f   ( r )     ln 2   μ f   ( r )     , β ) } ,   r → + ∞ .      













Proof of Theorem 7.

By Theorem 2,  ω -almost surely there exists a set   E : = E ( ε , ω , f ) ⊂ [ 1 ; + ∞ )   of finite logarithmic measure such that for all   r ∈ [ 1 ; + ∞ ) ∖ E   we have


   M f   ( r , ω )  =  M f   ( r ,  ω 1  ,  ω 2  )  ≤  μ f   ( r ,  ω 2  )   ln  1 / 4 + δ    μ f   ( r ,  ω 2  )  .  











Then by Lemma 3 we get


      μ f   ( r ,  ω 2  )  ≤ max   max  0 ≤ n ≤  N ε   ( r )     |   ξ n   (  ω 2  )   | |   a n   |   r n  ;  max   N ε   ( r )  < n < + ∞    |   ξ n   (  ω 2  )   | |   a n   |   r n   ≤       ≤ max   max  0 ≤ n ≤  N ε   ( r )     |  ξ n   (  ω 2  )  |  ·  μ f   ( r )  ;   ( ln  μ f   ( r )  )   α + 1 + ( 2 + δ ) / β    =       = max  η  (  ω 2  )   μ f   ( r )  ;   ( ln  μ f   ( r )  )   α + 1 + ( 2 + δ ) / β    ,   r → + ∞ ,   ( r ∉ E )  ,     








where


  η  (  ω 2  )  =  max  0 ≤ n ≤  N ε   ( r )     |  ξ n   (  ω 2  )  |   








is the non-negative random variable. Then, by Markov’s inequality, we obtain


  P { ω :  η β   ( ω )  <    E  η β    1 − p    } ≥ p ,   P { ω : η  ( ω )  < (    E  η β    1 − p     )  1 / β   } ≥ p .  











Remark that there exist   δ > 0 , C > 0 ,   a set   E ⊂ [ 1 ; + ∞ )   of finite logarithmic measure such that for all   r ∈ [ 1 ; + ∞ ) ∖ E   with probability   p ∈ ( 0 ; 1 )  , we have


       ( E  η β  )   1 / β   ≤ C φ  (  N ε  , β )  < C φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ,        μ f   ( r ,  ω 2  )  ≤ max { C (     E  η β    1 − p      )  1 / β    μ f   ( r )  ;   ( ln  μ f   ( r )  )   α + 1 + ( 2 + δ ) / β   } ≤       ≤ max     C  μ f   ( r )     ( 1 − p )   1 / β     φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ;   ( ln  μ f   ( r )  )   α + 1 + ( 2 + δ ) / β    =       =    C  μ f   ( r )     ( 1 − p )   1 / β     φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  .     



(11)







Finally, for   r ∉ E   with probability p we get


      M f   ( r , ω )  ≤  μ f   ( r ,  ω 2  )   ln  1 / 4 + δ    μ f   ( r ,  ω 2  )  ≤       ≤     μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ·  ln  1 / 4 + 2 δ        μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )   ,     








or more precisely


      M f   ( r , ω )  ≤  μ f   ( r ,  ω 2  )   ln  1 / 4    μ f   ( r ,  ω 2  )   ln 2  1 + δ    μ f   ( r ,  ω 2  )  ≤       ≤     μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ·  ln  1 / 4        μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )   ×       ×  ln 2  1 + 2 δ        μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )   .     



(12)







□





Proof of Theorem 8.

Let   φ ( n , β )   be a non-decreasing function by n and   β ,   for which (10) holds. Suppose that


   ξ n   (  ω 2  )  = φ  ( n , β )  ,   f  ( z )  =  ∑  n = 0  ∞     z n   φ ( n , β ) · n !    ,   g  ( z )  =  e z  =  ∑  n = 0  ∞     z n   n !    ,   h  ( z )  =  e  ε z   ,   ε > 0 .  











Remark that


  ( E (  max  0 ≤ n ≤ N     |  ξ n  |  β  )  )  1 / β   = ( E (  max  0 ≤ n ≤ N     ( φ  ( n , β )  )  β  )  )  1 / β   = (   ( φ  ( N , β )  )  β   )  1 / β   = φ  ( N , β )  .  











Then


     f  ( z , ω )  =  ∑  n = 0  ∞   R n   (  ω 1  )   ξ n   (  ω 2  )     z n   φ ( n , β ) · n !    =  ∑  n = 0  ∞   R n   (  ω 1  )     z n   n !    = g  ( z ,  ω 1  )  ,        M f   ( r , ω )  =  M g   ( r ,  ω 1  )  ,        μ g   ( r )  =  max  n ∈  Z +       r n   n !    =  max  n ∈  Z +    { φ  ( n , β )     r n   φ ( n , β ) · n !    } ≥ φ  (  ν f   ( r )  , β )   μ f   ( r )  .     











It follows from (10) that there exists   ε ∈ ( 0 ; 1 )   such that we have


     φ  ( n , β )  ≤ (   1 ε    ) n  ,    max  n ∈  Z +       r n   φ ( n , β ) · n !    ≥  max  n ∈  Z +        ( ε r )  n   n !    ,       ln  μ f   ( r )  ≥ ln  μ h   ( r )  = ln  μ g   ( ε r )  ≥ ε r − ln  ( ε r )  ≥   ε 2   r ,       ln  μ f   ( r )  − ln  μ f   ( 1 )  =  ∫  1  r      ν f   ( t )   t   d t ≤  ν f   ( r )   ∫  1  r     d t  t   =  ν f   ( r )  ln r ,       ln  μ f   ( r )  − ln  μ f   ( 1 )  ≤  ν f   ( r )  ln r ,        ν f   ( r )  ≥    ln  μ f   ( r )  − ln  μ f   ( 1 )    ln r    ≥   1 2   ·    ln  μ f   ( r )    ln r    ≥   ε 4   ·   r  ln r    ,          ln  μ f   ( r )     ln 2   μ f   ( r )     ≤    ln  μ g   ( r )     ln 2   μ g   ( r )     ≤    ln  M g   ( r )     ln 2   M g   ( r )     =   r  ln r    ≤    4  ν f   ( r )   ε   ,        ν f   ( r )  ≥   ε 4   ·    ln  μ f   ( r )     ln 2   μ f   ( r )     ,   r → + ∞ .     











Therefore, by inequality (5) we get  ω -almost surely


      M f   ( r , ω )  =  M g   ( r ,  ω 1  )  ≥    π  3    μ g   ( r )   ln  1 / 4    μ g   ( r )  ≥       ≥    π  3   φ  (  ν f   ( r )  , β )   μ f   ( r )   ln  1 / 4    ( φ  (  ν f   ( r )  , β )   μ f   ( r )  )  ≥       ≥    π  3   φ (   ε 4   ·    ln  μ f   ( r )     ln 2   μ f   ( r )     , β )  μ f   ( r )   ln  1 / 4   ( φ (   ε 4   ·    ln  μ f   ( r )     ln 2   μ f   ( r )     , β )  μ f   ( r )  ) ,   r → + ∞ .     











□





Proof of Theorem 9.

By Theorem 1, there exists a set   E : = E ( ε , f ) ⊂ [ 1 ; + ∞ )   of finite logarithmic measure such that for all   r ∈ [ 1 ; + ∞ ) ∖ E   and for almost all   ω ∈ [ 0 ; 1 ]  , we have


   M f   ( r , ω )  ≤  μ f   ( r , ω )   ln  1 / 2 + δ    μ f   ( r , ω )  .  











Finally, using (11) for   r ∉ E   with probability p we obtain


      M f   ( r , ω )  ≤  μ f   ( r ,  ω 2  )   ln  1 / 2 + δ    μ f   ( r ,  ω 2  )  ≤       ≤     μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )  ·  ln  1 / 2 + δ        μ f   ( r )     ( 1 − p )   1 / β     · φ  ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  , β )   .     











□





Proof of Theorem 10.

Let   φ ( n , β )   be a function which satisfies (10) and does not decrease by n and  β .



Suppose that


   ξ n   ( ω )  = φ  ( n , β )  ,   f  ( z )  =  ∑  n = 0  ∞     z n   φ ( n , β ) · n !    ,   g  ( z )  =  e z  =  ∑  n = 0  ∞     z n   n !    .  











Then


     f  ( z , ω )  =  ∑  n = 0  ∞   ξ n   ( ω )     z n   φ ( n , β ) · n !    =  ∑  n = 0  ∞     z n   n !    = g  ( z )  ,    M f   ( r , ω )  =  M g   ( r )  .     











As in proof of Theorem 8, for some   ε > 0  , we get


      μ g   ( r )  ≥ φ  (  ν f   ( r )  , β )   μ f   ( r )  ,    ν f   ( r )  ≥   ε 4   ·    ln  μ f   ( r )     ln 2   μ f   ( r )     ,   r → + ∞ .     











Therefore, by inequality (3) for   r → + ∞   we have for all   ω ∈ [ 0 ; 1 ]  


      M f   ( r , ω )  =  M g   ( r )  ≥  π   μ g   ( r )   ln  1 / 2    μ g   ( r )  ≥       ≥  π  φ  (  ν f   ( r )  , β )   μ f   ( r )   ln  1 / 2    ( φ  (  ν f   ( r )  , β )   μ f   ( r )  )  ≥       ≥  π  φ (   ε 4   ·    ln  μ f   ( r )     ln 2   μ f   ( r )     , β )  μ f   ( r )   ln  1 / 2   ( φ (   ε 4   ·    ln  μ f   ( r )     ln 2   μ f   ( r )     , β )  μ f   ( r )  ) .     











□






5. Some Corollaries


First, we consider the case of sequence    ξ n   ( ω )    is an almost surely bounded, i.e., for almost all   ω ∈ [ 0 ; 1 ]  


  ∃  C 0  > 0 :  max  n ∈ N    |  ξ n   ( ω )  |  ≤  C 0  .  











Then, we can choose   β = 1   and


  φ  ( N , 1 )  = E (  max  0 ≤ n ≤ N    |  ξ n  |  ) ≤  C 0  .  











Corollary 1.

Let   δ > 0   and a sequence    ξ n   ( ω )    be almost surely bounded. Then, for each function   f ∈ E ( φ , β ) ,   there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E ,   we have, with probability   p ∈ ( 0 ; 1 )  ,


       M f   ( r , ω )  ≤     μ f   ( r )    1 − p    ·  ln  1 / 4       μ f   ( r )    1 − p    ·  ln 2  1 + δ       μ f   ( r )    1 − p    .      













Let   Ξ ρ   be the class of random variables    ξ n   ( ω )    such that there exist a constant    C 1  > 0   such that for every   n ∈  Z +    and any   t ∈ [ 0 ; + ∞ )  , we have


      P { ω : |   ξ n   ( ω )   | ≥ t }  ≤ 2 exp ( −    t ρ   C 1    ) ,   C 1  > 0 ,  ρ > 0 .     



(13)







Remark, that if   ρ = 2   then   Ξ ρ   is the class of sub-Gaussian random variables and if   ρ = 1   then   Ξ ρ   is the class of subexponential random variables.



We prove that for any   N ∈ N  


     φ  ( N , 1 )  = E (  max  1 ≤ n ≤ N    |  ξ n  |  ) ≤  C 2   ( ρ ,  C 1  )  ·   ( 1 + ln N )   1 / ρ   .     



(14)







Inequality (14) is sharp in the case of   ρ = 2  . Indeed ([16], p. 28) [Ex.2.5.11], in the case of   {  ξ n   ( ω )  }   is a sequence of independent real standard Gaussian random variables there exists a constant    c 1  > 0   such that


     E (  max  1 ≤ n ≤ N    |  ξ n  |  ) ≥  c 1    ln N   ,  N → + ∞ .     











We will prove that the degree   1 / ρ   in inequality (14) is sharp for the class of random variables   Ξ ρ   for any   ρ > 0  . This follows from such a statement.



Lemma 4.

There exists a sequence    {  ξ n   ( ω )  }  ∈  Ξ ρ    such that for any   N ∈ N  , we have


      E (  max  1 ≤ n ≤ N    |  ξ n  |  ) ≥ ( 1 −   1 e   )   ( ln N )   1 / ρ   .      













Proof. 

Let   {  ξ n   ( ω )  }   be a sequence of independent non-negative random variables such that for any   n ∈  Z +   , we have


  P  { ω :  ξ n   ( ω )  ≥ t }  = exp  ( −  t ρ  )  ,  t > 0 .  











Then,    {  ξ n   ( ω )  }  ∈  Ξ ρ  .   In this case, we have


     E (  max  1 ≤ n ≤ N    |  ξ n  |  ) =  ∫ 0  + ∞   P { ω :  max  1 ≤ n ≤ N    ξ n   ( ω )  ≥ t } d t =       =  ∫ 0  + ∞   ( 1 − P { ω :  max  1 ≤ n ≤ N    ξ n   ( ω )  < t } ) d t =       =  ∫ 0  + ∞   ( 1 −  ∏  n = 1  N  P { ω :  ξ n   ( ω )  < t } ) d t =  ∫ 0  + ∞    ( 1 −   ( 1 − P  { ω :  ξ 1   ( ω )  ≥ t }  )  N  )  d t =       =  ∫ 0  + ∞    ( 1 −   ( 1 − exp  ( −  t ρ  )  )  N  )  d t .     











One can make the substitution   t =   ( ln N )   1 / ρ   · y .   Then, we obtain


     E (  max  1 ≤ n ≤ N    |  ξ n  |  ) =  ∫ 0  + ∞    ( 1 −   ( 1 − exp  ( −  y ρ  ln N )  )  N  )    ( ln N )   1 / ρ   d y ≥       ≥   ( ln N )   1 / ρ    ∫ 0 1   ( 1 −   ( 1 −  N  −  y ρ    )  N  )  d y ≥   ( ln N )   1 / ρ    ∫ 0 1  ( 1 − ( 1 −   1 N    ) N  ) d y =       = ( 1 − ( 1 −   1 N    ) N  )   ( ln N )   1 / ρ   ≥ ( 1 −   1 e   )   ( ln N )   1 / ρ   .     











□





The following statement holds without the condition of independence of sequence     ξ n   ( ω )   .  



Theorem 11.

Let   δ > 0   and     ξ n   ( ω )   ∈  Ξ ρ  .   Then, for   f ∈ E ( φ , β ) ,   there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E ,   we have, with probability   p ∈ ( 0 ; 1 )  ,


       M f   ( r , ω )  ≤     μ f   ( r )    1 − p    ·  ln  1 / 4       μ f   ( r )    1 − p    · (  ln 2      μ f   ( r )    1 − p     )  1 + 1 / ρ + δ   .      



(15)









Proof. 

Firstly, we prove (14). Let   b =   ( 2  C 1  )   1 / ρ   > 0 .   Then, using (13) we get


        E (  max  1 ≤ n ≤ N    |  ξ n  |  )    ( 1 + ln N )   1 / ρ     = E (  max  1 ≤ n ≤ N       |   ξ n   |     ( 1 + ln N )   1 / ρ     ) ≤ E (  max  1 ≤ n ≤ N       |   ξ n   |     ( 1 + ln n )   1 / ρ     ) =       =  ∫  0   + ∞   P { ω :  max  1 ≤ n ≤ N       |   ξ n    ( ω )  |     ( 1 + ln n )   1 / ρ     > t } d t =       =  ∫  0  b  P { ω :  max  1 ≤ n ≤ N       |   ξ n    ( ω )  |     ( 1 + ln n )   1 / ρ     > t } d t +  ∫  b   + ∞   P { ω :  max  1 ≤ n ≤ N       |   ξ n    ( ω )  |     ( 1 + ln n )   1 / ρ     > t } d t ≤       ≤ b +  ∫  b   + ∞    ∑  n = 1  N  P { ω :     |   ξ n    ( ω )  |     ( 1 + ln n )   1 / ρ     > t } d t =       = b +  ∫  b   + ∞    ∑  n = 1  N   P { ω : |   ξ n   ( ω )   | > t   ( 1 + ln n )   1 / ρ   }  d t ≤       ≤ b +  ∫  b   + ∞    ∑  n = 1  N  2 exp ( −     t ρ   ( 1 + ln n )    C 1    ) d t = b +  ∫  b   + ∞    ∑  n = 1  N  2 exp ( −    t ρ   C 1    )  n  −  t ρ  /  C 1    d t ≤       ≤ b + 2  ∑  n = 1  N   ∫  b   + ∞   exp ( −    t ρ   C 1    )  n  − 2   d t < b + 2  ∑  n = 1  ∞    1  n 2    ·  ∫  b   + ∞   exp ( −    t ρ   C 1    ) d t =       =   ( 2  C 1  )   1 / ρ   +   π 3   ·  ∫    ( 2  C 1  )   1 / ρ     + ∞   exp ( −    t ρ   C 1    ) d t =  C 2   ( ρ )  < + ∞ .     











Therefore, (14) holds. It continues to use (12). □





Using Lemma 4, we deduce the following statement.



Theorem 12.

There exist a sequence of random variables     ξ n   ( ω )   ∈  Ξ ρ   , an entire function   f ∈ E ( φ , β )   and a constant   c ∈ ( 0 ; 1 )   such that, almost surely,


       M f   ( r , ω )  ≥ c  μ f   ( r )   ln  1 / 4    μ f    ( r )  (   ln 2   μ f    ( r )   1 / ρ   ,   r → + ∞ .      













Proof. 

By Lemma 4, we can choose   β = 1   and   φ  ( N , 1 )  =   ( ln N )   1 / ρ     and by Theorem 8 we get


      M f   ( r , ω )  ≥  μ f   ( r )   ln  1 / ρ   ( c    ln  μ f   ( r )     ln 2   μ f   ( r )     ) ·  ln  1 / 4   {  μ f   ( r )   ln  1 / ρ   ( c    ln  μ f   ( r )     ln 2   μ f   ( r )     ) } ≥       ≥ c  μ f   ( r )   ln  1 / 4    μ f    ( r )  (   ln 2   μ f    ( r )   1 / ρ   ,   r → + ∞ .     











□





If    ξ n   ( ω )    satisfies


     ∃ a > 0 :  sup  n ∈ N   E   |  ξ n  |  a  < + ∞ ,     



(16)




then we obtain


  φ  ( N , a )  ≤  C 3   ( a )   N  1 / a   ,    C 3   ( a )  > 0 .  











Corollary 2.

Let   δ > 0   and    ξ n   ( ω )    satisfies condition (16). Then, for a random entire function f of form (8), there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E ,   we have, with probability   p ∈ ( 0 ; 1 )  ,


       M f   ( r , ω )  ≤     μ f   ( r )     ( 1 − p )   1 / a     · ( ln     μ f   ( r )    1 − p     )  1 / 4 + 1 / a + δ   .      













Proof. 

Here, we can choose   β = a .   Then


     ( E (  max  0 ≤ n ≤ N    |   ξ n    |  a  )  )  1 / a   ≤ ( E (  ∑  n = 0  N   |   ξ n    |  a  )  )  1 / a   = (  ∑  n = 0  N  E   |  ξ n  |  a   )  1 / a   ≤       ≤   ( N + 1 )   1 / a   (  sup  n ∈ N   E   |  ξ n  |  a   )  1 / a   ≤  C 3   ( a )   N  1 / a   ,    C 3   ( a )  > 0 ,   N → + ∞ .     








which continues to use Theorem 7. There exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E   we have with probability   p ∈ ( 0 ; 1 )  


      M f   ( r , ω )  ≤       ≤    C  ( a )   μ f   ( r )     ( 1 − p )   1 / a     ·   ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  )   1 / a   ·  ln  1 / 4 + δ        μ f   ( r )    1 − p    ·   ( ln  μ f   ( r )   ln 2  1 + δ    μ f   ( r )  )   1 / a    .     











□





Let    ξ n   ( ω )    be a sequence of independent Pareto distributed random variables with parameter   γ > 0  , which is the density function of    ξ n   ( ω )   


      f  ξ n    ( x )  =        γ  x  1 + γ     ,     x ≥ 1 ;       0 ,     x < 1 .          











Corollary 3.

Let   δ > 0   and    ξ n   ( ω )    be Pareto distributed random variables with parameter   γ > 0  . Then, for a random entire function f of the form (8), there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E ,   we have, with probability   p ∈ ( 0 ; 1 )  ,


       M f   ( r , ω )  ≤     μ f   ( r )     ( 1 − p )   1 / δ     ·   ln     μ f   ( r )    1 − p      1 / 4 + 1 / γ + δ   .      













Proof. 

It is enough to remark that    ξ n   ( ω )    satisfies Corollary 2 with   a = γ − δ   for any   δ ∈ ( 0 ; γ ) .   □





Remark that exponents   1 / 4 + 1 / a   and   1 / 4 + 1 / γ   in the inequalities of Corollaries 2 and 3, respectively, cannot be replaced by smaller numbers. This follows from the next statement.



Theorem 13.

Let    ξ n   ( ω )    be a sequence of independent Pareto distributed random variables with parameter   γ > 0  . For any   δ > 0   there exist an entire function   f ∈ E ( φ , β )   and a constant   c ∈ ( 0 ; 1 )   such that, almost surely,


       M f   ( r , ω )  ≥ c  μ f   ( r )      ( ln  μ f   ( r )  )   1 / 4 + 1 / γ     (  ln 2   μ f   ( r )  )   1 / γ     ≥  μ f   ( r )    ( ln  μ f   ( r )  )   1 / 4 + 1 / a − δ   ,   r → + ∞ .      













Proof. 

Let    ξ n   ( ω )    be a sequence of independent random variables having a Pareto distribution with parameter   γ > 0  . Then, for any   β > 0   we get


  φ  ( N , β )  =  N  1 / γ   ,  N → + ∞ .  











Firstly, we calculate expectation


     E (  max  1 ≤ n ≤ N     |  ξ n  |  β  ) =  ∫ 1  + ∞    x β  d ( 1 −   1  x γ     ) N  =  ∫ 1  + ∞    x β  N ( 1 −   1  x γ     )  N − 1     γ  x  γ + 1     d x =       = γ N  ∫ 1  + ∞   ( 1 −   1  x γ     )  N − 1     1  x  γ − β + 1     d x .     











One can make the substitution   t = 1 −  x  − γ   .   Then


     E (  max  1 ≤ n ≤ N     |  ξ n  |  β  ) = N  ∫ 0 1   t  N − 1     ( 1 − t )   − β / γ   d t = N B ( N , 1 −   β γ   ) = N    Γ  ( N )  Γ  ( 1 −  β γ  )    Γ ( N + 1 −  β γ  )    ∼       ∼ N    Γ ( 1 −  β γ  )   N  1 −  β γ      = Γ ( 1 −   β γ   )  N   β γ    ,   N → + ∞ .     











Therefore,   φ  ( N , β )  = 2   ( Γ  ( 1 −   β γ   )  )   1 / β    N  1 / γ   .   We can choose   β = δ .  



By Theorem 8, there exist   c > 0   and   ε > 0   such that we have almost surely


      M f   ( r , ω )  ≥  μ f   ( r )  ( c    ln  μ f   ( r )     ln 2   μ f   ( r )      )  1 / γ   ·  ln  1 / 4   {  μ f   ( r )  ( c    ln  μ f   ( r )     ln 2   μ f   ( r )      )  1 / γ   } >       >  μ f   ( r )    ( ln  μ f   ( r )  )   1 / γ + 1 / 4     (  ln 2   μ f   ( r )  )   − 1 / γ   ,   r → + ∞ .     











Also, for any    δ 1  ∈  ( 0 ; γ )   , we choose   a = γ −  δ 1   . Then, almost surely, one has


      M f   ( r , ω )  ≥  μ f   ( r )    ( ln  μ f   ( r )  )   1 / γ + 1 / 4     (  ln 2   μ f   ( r )  )   − 1 / γ   ≥       ≥  μ f   ( r )    ( ln  μ f   ( r )  )   1 / ( a +  δ 1  ) + 1 / 4     (  ln 2   μ f   ( r )  )   − 1 / ( a +  δ 1  )   ≥       ≥  μ f   ( r )    ( ln  μ f   ( r )  )   1 / a + 1 / 4 − δ   ,  r → + ∞ ,     








where   δ >    δ 1   a ( a +  δ 1  )    .   □





If    ξ n   ( ω )    has Cauchy distribution for all   n ≥ 0  , i.e., density function of    ξ n   ( ω )   


   f  ξ n    ( x )  =   1 π   ·   1  1 +  x 2     ,  x ∈ R ,  








we obtain such a statement.



Corollary 4.

Let   δ > 0   and    ξ n   ( ω )    be a sequence of Cauchy distributed random variables. Then, for random entire function f of form (8) there exist    r 0   ( ω )  > 0   and a set   E ( δ ) ⊂ ( 1 ; + ∞ )   of finite logarithmic measure, such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E  , we obtain, with probability   p ∈ ( 0 ; 1 )  ,


       M f   ( r , ω )  ≤     μ f   ( r )     ( 1 − p )   1 + δ     ·  ln  5 / 4 + δ       μ f   ( r )    1 − p    .      













Proof. 

Let    δ 2  ∈  ( 0 ; 1 / 3 )  .   Remark that


   E |   ξ n    |   1 −  δ 2    =   2 π    ∫ 0  + ∞      x  1 −  δ 2     1 +  x 2     d x < + ∞ .  











Therefore, we can choose   a = 1 −  δ 2    in Corollary 2. So, by Corollary 2, there exist    r 0   ( ω )  > 0   and a set   E  (  δ 2  )  ⊂  ( 1 ; + ∞ )    of finite logarithmic measure such that for all   r ∈ (  r 0   ( ω )  ; + ∞ ) ∖ E   we have with probability   p ∈ ( 0 ; 1 )  


      M f   ( r , ω )  ≤     μ f   ( r )     ( 1 − p )   1 / ( 1 −  δ 2  )     ·  ln  1 / 4 + 1 /  ( 1 −  δ 2  )  +  δ 2        μ f   ( r )    1 − p    ≤     μ f   ( r )     ( 1 − p )   1 + 2  δ 2      ·  ln  5 / 4 + 3  δ 2        μ f   ( r )    1 − p    .     











It continues to choose   δ = 3  δ 2  .   □





Remark, that exponent   5 / 4   in Corollary 4 cannot be replaced by smaller number. This follows from the next statement.



Theorem 14.

Let    ξ n   ( ω )    be a sequence of independent Cauchy distributed random variables. There exist an entire function   f ∈ E ( φ , β )   and a constant   c ∈ ( 0 ; 1 )   such that, almost surely,


       M f   ( r , ω )  ≥ c  μ f   ( r )      ln  5 / 4    μ f   ( r )     ln 2   μ f   ( r )     ,   r → + ∞ .      













Proof. 

Firstly, we remark that for   β < 1  


     E (  max  1 ≤ n ≤ N     |  ξ n  |  β  ) =  ∫ 0  + ∞    x β  d (   2 π   arctan x  ) N  =       =  ∫ 0  + ∞    x β  N (   2 π   arctan x  )  N − 1     2  π ( 1 +  x 2  )    d x ≤    2 N  π    ∫ 0  + ∞      x β   1 +  x 2     d x =  C 1   ( β )  N .     











On the other hand, one has


     E (  max  1 ≤ n ≤ N     |  ξ n  |  β  ) >  ∫ 1  + ∞    x β  d (   2 π   arctan x  ) N  =  ∫ 1  + ∞    x β  N (   2 π   arctan x  )  N − 1     1  π ( 1 +  x 2  )    d x ≥       ≥   1  2 π     ∫ 1  + ∞    x β  N ( 1 −   1 x    )  N − 1     1  x 2    d x =   N  2 π     ∫ 1  + ∞   ( 1 −   1 x    )  N − 1     1  x  2 − β     d x .     











Now, one can make the substitution   t = 1 −  x  − 1   .   Then


     E (  max  1 ≤ n ≤ N     |  ξ n  |  β  ) ≥   N  2 π     ∫ 0 1   t  N − 1     ( 1 − t )   − β   d t =   N  2 π    B ( N , 1 − β ) =   N  2 π    ·    Γ ( N ) Γ ( 1 − β )   Γ ( N + 1 − β )    ∼       ∼   N  2 π    ·    Γ ( 1 − β )   N  1 − β     =    Γ ( 1 − β )   2 π     N β  ,   φ  ( N , β )  ≥  C 2   ( β )  N ,   N → + ∞ .     











It continues to use Theorem 8. Then, there exist an entire function   f ∈ E ( φ , β )   and constant   c ∈ ( 0 ; 1 )   such that we have, almost surely,


      M f   ( r , ω )  ≥  μ f   ( r )  c    ln  μ f   ( r )     ln 2   μ f   ( r )     ·  ln  1 / 4   {  μ f   ( r )  c    ln  μ f   ( r )     ln 2   μ f   ( r )     } ≥   c 2    μ f   ( r )      ln  5 / 4    μ f   ( r )     ln 2   μ f   ( r )     ,   r → + ∞ .     








□






6. Discussion


Remark 1.

For the random entire function   f ∈  E 1   ( φ , β )    Theorem 13 and Corollaries 1–3 hold when we replace exponent   1 / 4   by   1 / 2  , and Corollary 4 and Theorem 14 also hold if we replace the exponent   5 / 4   by   3 / 2  , respectively.





It is obvious that the classical Wiman’s inequality (2) cannot be improved for   f ∈  E 1   ( φ , β )  .   Finally, we formulate the following open problem



Problem 1.

Is the degree   1 + 1 / ρ   of    ln 2      μ f   ( r )    1 − p      sharp in the inequality (15)?






7. Conclusions


We prove sharp Wiman–Valiron’s type inequality for random entire functions, which holds with a probability   p ∈ ( 0 ; 1 )   outside the set of finite logarithmic measure. Random variables, which are multipliers of Taylor’s coefficients of entire functions, may not be sub-Gaussian and may not be independent.
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