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Abstract: With the continuous expansion of databases, the extraction of information has been an
urgent research topic in many fields. As an effective method to remove redundant attributes, attribute
reduction demonstrates extraordinary ability in simplifying information systems. This paper applies
a novel form of conditional entropy to investigate the attribute reduction in incomplete information
systems. Firstly, a novel definition of conditional entropy is introduced based on tolerance relation.
Additionally, in order to reduce time complexity, we propose a binsearch heuristic attribute-reduction
algorithm with conditional entropy as heuristic knowledge. Furthermore, two examples are used to
illustrate the feasibility and validity of the reduction algorithm.
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1. Introduction

Human society has been in the era of network information for many years. How
to efficiently extract useful information from information systems with massive data has
become a hot and difficult topic in big data analysis and machine learning. Sometimes, the
data are incomplete and many redundant attributes exist in an information system. How
to reduce the number of redundant attributes without changing classification ability is a
tricky question in many fields. Fortunately, attribute reduction, as one of the core contents
of a rough set, can reduce redundant attributes effectively and has been studied by many
researchers [1-8]. Attribute-reduction methods for complete information systems have
been well established; however, there are limitations in dealing with attribute-reduction
problems in incomplete information systems since the objects with missing data cannot be
classified effectively by an equivalence relation. Therefore, developing reliable attribute-
reduction methods in incomplete information systems is an important direction for current
research [9-11].

So far, there exist two main kinds of algorithms for attribute reduction. One is the dis-
cernibility matrix-based method proposed by Skowron [12]. In recent years, Liu et al. [13-15]
published several works about attribute-reduction algorithms based on discernibility ma-
trix, but the high time complexity in transforming a conjunctive normal form into a dis-
junctive normal form has always been a problem. Although the time complexity of this
algorithm is high, it can obtain all reducts. The other is the heuristic algorithm, which has
low time complexity and is effective for large data sets, but it can only obtain one reduct,
not all reducts. For information systems with a large number of attributes, a heuristic
algorithm is a better choice. Heuristic knowledge is a core element for heuristic algorithms,
so it is crucial to use appropriate heuristic knowledge to obtain an accurate reduct. In many
heuristic algorithms, attribute significance is usually adopted, as heuristic knowledge and
information entropy are the most-favored choices to measure attribute significance, such
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as Shannon entropy [16], joint maximum entropy [17], and relative decision entropy [18].
Specifically, Dai et al. [19] introduced a novel form of conditional entropy to calculate
attribute significance and further constructed three attribute-selection algorithms from
the viewpoint of exhaustive search, greedy (heuristic) search, and probabilistic search for
incomplete decision systems. To reduce the complexity of attribute-reduction algorithms,
Thuy and Wongthanavasu [20] adopted stripped-quotient sets to identify several reducts
based on information entropies. However, only one candidate attribute can be tested at
a time in their algorithms. Zou et al. [21] employed a supervised strategy to update the
conditional neighborhood entropy of three-layer granulation and considered the mutual
influence between conditional attributes, then proposed a neighborhood rough set attribute-
reduction algorithm. Chen and Zhu [22] proposed variable-precision multigranulation
rough sets (VPMGRSs) and designed a heuristic algorithm to incorporate the a lower distri-
bution reduct into the multigranulation environment. On the other hand, to reduce time
complexity, Zhou et al. [23] designed a binsearch heuristic algorithm based on attribute
significance, in which the attribute significance is measured with the help of a similarity
matrix. It turns out that the idea of binsearch can effectively reduce the time complexity
of attribute reduction. Until now, the research about binsearch heuristic algorithm has
been scarce.

In summary, algorithms based on the discernibility matrix can identify all reductions,
but they have high time complexity when transforming data representations. On the
other hand, heuristic algorithms generally have higher computational efficiency and are
suitable for large datasets. However, they are limited to identifying only one reduction and
cannot capture the full complexity of the dataset. Therefore, this paper proposes a novel
form of conditional entropy as heuristic knowledge and combines the idea of binsearch to
investigate the attribute-reduction algorithm in incomplete information systems.

The remainder of this paper is organized as follows. In Section 2, we review some
basic definitions and give the calculation method of conditional entropy based on the
tolerance relation. In Section 3, the method for acquiring core attributes and the binsearch
heuristic attribute-reduction algorithm are proposed. In Section 4, two examples are given
to illustrate the feasibility and availability of our algorithm. Section 5 concludes the paper.

2. Preliminaries

In this section, we recall some basic definitions about incomplete information systems,
tolerance relations, and conditional entropy.

Definition 1 ([23]). Let U = {x1,x2,- -+, Xy} be an object set, A = {ay,az,- -+ ,am} be an
attribute set, and f: U x A — V be an information function. The value set is defined as V =
Ugea Va, where V, represents the set of evaluation values of all objects associated with attribute
a€ A Then, S = (U, A, f,V) is called an information system. If there exist a € A, x € U such
that f(x,a) = %, where “x” represents missing value, then S = (U, A, f, V) is an incomplete
information system.

Sometimes, S = (U, A, f, V) is abbreviated as S = (U, A)—as long as there are no
confusions. f A=CUD and CND = @, then (U, CU D) is called a decision information
system, where C and D are termed as the condition attribute set and decision attribute
set, respectively.

In incomplete information systems, an equivalence relation is often not effective in
categorizing objects since missing data make it difficult to recognize the similarity between
objects. To classify objects effectively in incomplete information systems, a tolerance relation
is introduced. It regards objects as similar if they have the same values under all attributes
with complete data. The specific definition is as follows.
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Definition 2 ([12]). Suppose that S = (U, A) is an incomplete information system, C C A; for
any x,y € U, tolerance relation R is defined as

Re={(x,y)Va € C, f(x,a) = f(y,a) or f(x,a) = xor f(y,a) = +}.

In many situations, f(x,a) is also denoted as a(x) for simplicity. Obviously, Rc is
reflexive and symmetric, but not necessarily transitive, and U/R¢c = {Rc(x1), Re(x2),- -,
Re(xy))}(x; € U) is a covering of U, where Re(x;) = {y € U[(x;,y) € Rc)} represents
the tolerance class of x; with respect to C. Let Ucp = {x|Rc(x) € Rp(x)}; then, Ucp is
called the consistent part of (U, C U D) [24].

Theorem 1. Let S = (U,C U D) be an incomplete information system. If T C C, then
Urp € Ucp.

Proof. Since T C C, we can have R¢(x)
Rr(x") € Rp(x'). Furthermore, Rc(x') C
obtain Urp C Ucp. O

Rr(x) for any x € U. If x' € Urp, then
/

-
Rp(x). Thus, x' € Ucp. Therefore, we can

Definition 3 ([24]). Suppose that S = (U, C U D) is an incomplete decision information system,
@ # T C C. If T satisfies the following conditions:

(1) Urp = Ucp;

(2) Forany @ # T C T, Upp, # Ucp;

then T is called a reduct of C.

It should be noticed that there may be many different attribute reducts for an informa-
tion system, and the attributes that appear in all reducts are called core attributes.

Information entropy, proposed by Shannon [25], refers to the average uncertainty of
information sources, also known as unconditional entropy. When some certain conditions
affect the probability distribution of information sources, they may affect the uncertainty of
information sources, so conditional entropy appears. Conditional entropy represents the
conditional uncertainty of one event under another event [26]. The smaller the conditional
entropy, the smaller the conditional uncertainty of one event with respect to another event,
and vice versa. Thuy [20] gave a calculation method of conditional entropy for complete
information systems.

Definition 4 ([20]). In a complete information system S = (U, C U D), the conditional entropy of
D with respect to C is defined as

HDIO) =~ Y f‘u'”z

Xel/C eu/D

Xny], X0y
X x|

where U/ C denotes the partition of U with respect to C and U /D denotes the partition of U with
respect to D.

The above definition suggests that conditional entropy is the extent to which un-
certainty about another variable (Y) is reduced after some of the information (X) is
known. H(D|C) denotes the uncertainty of D under condition C. The smaller the value
of H(D|C), the smaller the uncertainty of D under condition C, and vice versa. Then,
H(D{a;})(Ya; € C,i =1,2,---,|C|) denotes the conditional entropy of D with respect to
condition attribute ;. The smaller the value of H(D|{a;}), the smaller the uncertainty of
D under condition attribute a;, indicating that attribute a; is more significant in a system.
Therefore, we can determine the significance of an attribute in an information system
according to its conditional entropy, i.e., conditional entropy can be used as the heuristic
knowledge in the process of attribute reduction.
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When dealing with the attribute-reduction problem of a complete information system,
the conditional entropy defined in Definition 5 is often adopted, but it is not suitable for
incomplete information systems. To overcome this difficulty, we define a novel form of
conditional entropy based on the tolerance relation as follows.

Definition 5. Given an incomplete information system S = (U, C U D), the conditional entropy
of D with respect to C is defined as

U Re(x;)] UPHRe(x) N Dy |Re(x;) N D]

H(D‘C):_;T ]; Re(x)]  ° " [Re(x)]

3. Binsearch Heuristic Reduction Algorithm Based on Conditional Entropy

In order to reduce time complexity and space complexity, many heuristic reduction al-
gorithms start from core attributes. Thus, determining the core attributes of an information
system is of great significance. Next, we give a sufficient condition to determine the core
attributes of an incomplete decision system.

Theorem 2. Given an incomplete decision system S = (U,C U {d}), for objects x;, x; € U
(x; # xj), if d(x;) # d(x;), min{|oc(x;)], |oc(xj)|} = 1 (oc(xi) = {d(y),y € Rc(x:)}),
and only one ay(ay € C) satisfies the condition ay(x;) # ax(x;), then ay is a core attribute, i.e.,
ay € core(C).

Proof. Let D = {d}. Consider min{|oc(x;)|, [oc(x;)|} = 1. If loc(x;)| = 1, then
Rc(x]-) - R{d}(x]-), SO Xj € Ucp. If |0'C(xi)| = 1, then Rc(xi) - R{d}(xl-), so x; € Ucp.
In addition, since there is only one attribute a;(ax € C) satisfying ax(x;) # ax(x;), so
ai(x;) = a(x;)(a; € (C—{ax}), and x; ¢ Re(x;), x; € Re(xj). Let E = C — {ay}; then,
xj € Rg(x;), x; € Re(x;). Since d(x;) # d(x;), it can be observed that x; ¢ Rygy(x;) and
x; & R{d}(x]‘). Ugp = {X|RE(X) - R{d}(x)}, which means that x; ¢ Ugp and Xj ¢ Ugp.
Then, Ugp & Ucp. Therefore, a; € core(C). O

Example 1. Suppose that S = (U, C U {d}) is an incomplete decision table (as shown in Table 1),
U={xy,x, - ,x8}, C={ay,ap,a3,a4},and D = {d}. The numbers in Table 1 indicate scores
for each decision alternative, while * signifies missing values. The core attributes can be obtained
as follows.

Firstly, it can be seen that object pairs that satisfy condition d(x;) # d(x;j) are (x1,x2),
(x1,x5), (x1,x8), (x2,%3), (x2,%4), (x2,%6), (X2,%7), (x3,%5), (x3,%8), (X4,%5), (X4,X3),
(x5,%6), (x5,%7), (x6,x8), (x7,x8)-

Secondly, we can observe that Rc(x1) = {x1}, Re(x2) = {x2,x3}, Rc(x3) = {x2,x3},
Re(xs) = {xa}, Re(xs) = {x5,x6x7}, Rc(xe) = {x5%}, Rc(x7) = {xs5,27},
Re(xg) = {x2,x3,x¢6,x8}. Accordingly, o(x1) = {1}, o(x2) = {1,2}, o(x3) = {1,2},
o(xq) = {1}, o(xs5) = {1,2}, 0(x¢) = {1,2}, 0(x7) = {1,2}, o(xg) = {1,2}. Thus,
all the object pairs that satisfy conditions d(x;) # d(x;) and min{|o(x;)|, |o(x;)[} = 1 are
(x1,%2), (x1,x5), (x1, x8), (%2, x4), (x4, x5), (x4, xg).

Thirdly, it is obvious that objects x1 and xo can be distinguished by ay and ay, objects x1 and
x5 can be distinguished by ay and a4, objects x, and x4 can be distinguished by aj, objects x4 and
x5 can be distinguished by a1 and a4, objects x1 and xg can be distinguished by a,, and objects x4
and xg can be distinguished by ay.

Consequently, ay and ay are core attributes, i.e., core(C) = {a,az}.
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Table 1. Incomplete decision Table 1.

al ar as ag d
xq 2 3 2 0 1
X7 * 2 * 1 2
X3 * 2 * 1 1
X4 2 3 2 1 1
X5 3 * * 3 2
Xg * 0 0 * 1
Xy 3 2 1 3 1
Xg 1 * * * 2

In fact, the essence of attribute reduction is to obtain the smallest T(T C C) such that
Urp = Ucp. Next, we apply the idea of binsearch to propose a heuristic attribute-reduction
algorithm based on conditional entropy to obtain T. The process of Algorithm 1 and the
corresponding Figure 1 are shown below.

Algorithm 1 Process of the binsearch heuristic reduction algorithm based on conditional
entropy

Input: An incomplete information system S = (U, C U D).
Output: A reduct T of C.
Step 1: Calculate Ucp. core(C) is obtained by Theorem 2; other remaining attributes are
placed in ascending order in a candidate attribute set Z according to their conditional
entropies.
Step 2: Initialization: T = core(C); if Urp = Ucp, then go to Step 4, else go to Step 3.
Step 3: Initialization: min = 1, max = |C|—|core(C)|.
while (true) do

tempt = T, // Save T before making the change.

. min + max
mid = [———];

Attributes numbered from min to mid in Z are added to T. Then, calculate Urp and
Ucp.
if (Urp C Ucp) then
if (max —mid < 1) then
(1) Attribute numbered max in Z is added to T;
(2) Exit the cycle; // End of the algorithm.
else
min = mid + 1; // Enter the next cycle.
end if
else (Urp = Ucp) then
if (min = mid) then
(3) Exit the cycle; // End of the algorithm.
else
(4) max = mid;
T = tempt; // Restore T to its previous state, and enter the next cycle.
end if
end if
end while
Step 4: End of the algorithm.

This algorithm is designed to reduce the time complexity by testing multiple candidate
attributes each time. When one half of the attributes in Z are added to T, if Urp C Ucp,
this indicates that other attributes need to be added to T, and, if max —mid < 1, this means
that only the attribute numbered max in Z can be added to T. Therefore, the attribute
numbered max in Z is directly added to T, and we stop the algorithm. If max —mid > 1,
which means that attributes with a number larger than mid should be added to T, then
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mid + 1 is directly assigned to min. When Urp = Ucp, if min = mid, this indicates that
T is the smallest reduct, and we end the algorithm. If min # mid, this means that T may
not be the smallest reduct. In order to obtain the smallest reduct, let max = mid. The
attribute reduction of information systems can be obtained by repeating this computation.
Obviously, when adding one half of the attributes in Z to T, if Urp = Ucp, this implies
that the algorithm terminates before an attribute numbered mid in Z or terminates at the
position of mid. If Urp C Ucp, this means that the algorithm terminates after an attribute
numbered mid in Z. It can be seen that, during the process of attribute reduction, our
heuristic algorithm can add multiple candidate attributes each time, thereby reducing
time complexity.

Input an incomplete information
system S={U,CU D}

Calculate Ucp and Core(C),
determine Z.

[

Set T=Core(C).

No
Ucp=U7p?

Yes

Set min=1 and max=|C|-|Core(C)|.
1

Save the current T to tempt and calculate

mid=0.5>(min+max).
Attributes numbered from min to mid in Z are added to T.
Calculate Utp and
Ucp
‘ Yes
No
Attribute numbered max
inZisadded to T; I min = mid + 1 |
|

./ Output Tasan ",
\_ attribute reduct /°

Figure 1. The flowchart corresponding to the proposed algorithm.
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The time complexity of the conditional entropy-based binary search heuristic reduction
algorithm can be summarized as follows. The input phase is completed in O(1). In Step 1,
calculating Ucp takes O(mn) time, where n is the number of attributes and m is the number
of attributes. Sorting the attributes takes O(nlog n), resulting in a total of O(mn + nlog n).
In Step 2, initializing T in O(1) and checking the condition Urp = Ucp requires O(mn)
time. Thus, the total time complexity for Step 2 is O(mn). In Step 3, the binary search
runs in O(log n) iterations, with each iteration requiring O(mn), leading to a complexity of
O(nmlog n). The termination step is O(1). In conclusion, the overall time complexity of
the algorithm is O(nmlog n). In addition, the time complexity of the algorithm in [23] is
O(n?), which is significantly higher than that of our algorithm when dealing with large
sample data. This shows that the algorithm in this paper has superior efficiency.

4. Examples

To verify the effectiveness of the proposed algorithm, an incomplete decision table
S = (U,CU D) (as shown in Table 2) from reference [23] is adopted. Next, we apply the
binsearch heuristic algorithm to obtain a reduct of C.

Table 2. Incomplete decision Table 2.

X
fary
X
N
Q
)
N
'~y
)
&)
N
=)
)
N
N
@

X1
X2
X3
X4
X5
X6
X7
X8
X9
X10
X1
X12

W % = W% WN ¥ ¥ DN W
NN % NO % WNhDNWWN
— % ¥ P O % N ¥ ¥ NN P~
¥ ¥ ¥ Wx WE == OO
KXo = = X = O % R X e
O ¥ OFR OO R, NN X% = O
N O *¥ NDNNN X OO WW *
W O O % o = e %
OO R R ORRRFREFRLOO|

Example 2. An incomplete decision table S = (U,C U {d}) is shown in Table 2, where
U={xy,x2,--,x12}, C={ay,az,---,ag}. We can obtain a reduct of C as follows:

Step 1. We first use a Boolean matrix to calculate Ucp. According to Table 2, the Boolean
relation matrices of Ryg 1, Rya,y, -+ Rygg), and Rygy can be acquired as follows:

001 1 1 0 1 1 100110 1011 11
101 00 1 0 01 100 110010 0
101 00 1 0 01 100 1 100100
11 1 1 1 1 1 100 110101111
11 11 1 1 1 1001 1010 1 1 1 1
101 00 1 0 Mg, = 01 100 1 100100
01 1 10 1 1 ’ (a2} 111111111111 ’
11 11 1 1 1 0000 0O0OT1T1TU010 0
01 1 1 0 1 1 10011010 1 1 1 1
001 01 10 111111111111
1 1 1 1 1 1 1 100110 101111
01 1 10 1 1], (1001 1010 1 1 1 1] .
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(1 00 11 01 0 1 1 1 1] 1 0 01 11 01 0 1 1 1]
01 1111100110 01 100 00 10 1 1 1
01 1111100110 011000010 1 1 1
111111111111 100 1110 101 11
111111111111 100 1 1 10 10 1 1 1
01 1111100110 100 1110 101 11
Mg , Mg ’
(a3} 1711111111111 {ag} 00 00O0O0OT1T1 1111
000 1 10110110 111111111111
1001 1010 1 1 11 0000 0O0T1 111 11
111111111111 111111111111
111111111111 111111111111
(100 1 10 1 010 1 1], . (111 11111111
1100 0 0 1 0 0 1 1 1] (1 0 0 0000 0 0 0 1 1]
1100 0 0 1 00 1 1 1 01 1000 0O0UO0UO0O0 O
001 1110110 00 01100 0 00000 O
001 11101100 0 000 1 1 00O0UO0TUO0T10
001 1 110110 0 0 000 1 1 00UO0UO0TUO0T1 0
e R R R R R
i=1
001 1 1101100 0 00000011010 0
001 1110110 00 000 0 O0O0O0O0OT1TTUO0TO0O0
11000 01 00 1 1 1 0000 O0O0TO0T1U0T10 0
1100 00 1 00 1 11 100 1 1 00 000 1 0
110000 100 1 1 1], . L1 0000010000 1],
It is easy to obtain Rc(x1) = {x1,x11, %12}, Re(x2) = Re(x3) = {x2,x3},
Rc(xs) = Rc(xs) = A{xg,x5,x11}, Re(xs) = {x6}, Rc(x7) = {x7,x3x12},

Re(xg) = {x7,x8,x10}, Re(x9) = {x9}, Re(x10) = {x8,x10}, Re(x11) = {x1, x4, %5, 11},

Re(x12) = {x1,x7,x12} from matrix /\?:1 MR{:«,-}' Similarly, we obtain
R{d}(x ) = {x1, %2, x7, x10, X11, 12}, R{d}(xz) = {x1, x2, 7, x10, X11, ¥12},
R{d} (x3) = {x3,x4,x5,%6, %8, %0}, Rygy(xs) = {x3, x4, x5, %6, X8, X0},

Rygy (x5) = {x3, x4, x5, %6, %8, %0}, Rygy(xe) = {x3, x4, x5, X6, X8, X9},
Rip(x7) = A{x,x,x7, xioxn, X2}, Ry (xs) = {x3,x4,x5,%, X3, %9},
Rygy(x9) = {x3,x4,x5,%6,x8, %0}, Rygy(x10) = {x1,x2,x7,x10, 211, X12},
Rygy(x11) {x1, %2, 27, x10, X11, X12}, Rygy(*12) {x1,x2,x7,x10, X11,X12} from matrix

MR{d}; thef’l, UCD = {x|RC (X) g R{d} (x)} = {xl/ X6, X9, le}'
According to Theorem 2, we can have core(C) = {au, ag, a7 }. The remaining attributes are
ai, Ay, as, as, and ag. Next, calculate their conditional entropies, taking aj as an example.

U/Ryay ={Ryay (x1), Ry (x2), Ryayy (x3), -+, Rygyy (%12) }
={{x1, x4, x5, x7, X8, X9, X11, X12}, {X2, X3, X4, X5, X6, X5, X11 }, { X2, X3, X4, X5, X, X5, X11 },
{x1, %2, -+, xan}, {x1, %2, - -+, x12}, {x2, X3, X4, X5, X6, X8, X11 },
{x1, x4, x5, x7, x5, X9, X11, X12}, {X1, X2, - - -, X12}, {1, X4, X5, X7, X8, X9, X11, X12 },

{x4/ X5, X8, X10, X11 }/ {xll X2, 0, x12}l {xll X4,X5,X7,X8,X9,X11, xlz}}/
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U/D = {{x1,x2, %7, 10, X11, X12}, { X3, X4, X5, X6, X8, X9 } },
H(DH{a1})
7 Z IR,y (xi Z IR {4, (xi) N Dj og |R{a,y (xi) N Dj
i=1 | j=1 |R{u1}(xi)‘ |R{a1}(xi)|
8 4 4 7 2 2 2 12 6 6
—[4x ﬁ(Slog +7log )+3>< E(7log7 §log7)+4 ﬁ(ﬁl 815 +—log )
5
+ 12(510g +710g )]
= 2.58335.

Similarly, H(D|{ay}) = 224587, H(D|{a3}) = 2.83235, H(D|{as}) = 3.24598,
H(D{ag}) = 2.33118. Obviously, H(D|{ax}) < H(D|{as}) < H(D|{m1}) < H(D|{a3}) <
H(D|{as}). Therefore, Z = {ay,ag,a1,a3,as};

Step 2. Let T = core(C) = {ay, ag, az}; then, Urp = {x1, x9, X120} and Ucp = {x1, X6, X9, X12},
Urp C Ucp;

Step 3. Enter the first circulation. Initialization: min = 1, max = |C| — |core(C)| =
i 1+5 .
8—3 =05 mid = [mm—i—max + | = 3, tempt = T = {ay,a¢,a7}. Attributes

I =1

numbered from 1 to 3 in Z are added to T; we can obtain T = {a4,ae,ay,a,as,a1}. It can

be obtained that Urp = {x1,%e,%9,x12}, Ucp = {x1,%6,%9,x12}, Urp = Ucp. Since
min = 1, mid = 3, min # mid, so max = mid = 3, T = tempt = {ay,a¢,a7}. Then,
min 4 max 1+3

] =1
bered from 1 to 2 in Z are added to T, we have T = {ay,a¢,ay,a,ag}. It is easy to calculate
Urp = {x1,%6,%9,x12}, Ucp = {x1,%6,X9,x12}, Urp = Ucp. As min = 1, mid = 2,
min # mid, so max = mid = 2, T = tempt = {ay, a¢,a;}. Then enter the third circulation,

enter the second circulation, min = 1, mid = | | = 2, attributes num-

i 142 .
mid = [rn1n+max] = il | =1, tempt = T = {aq,a6,a7}. The attribute numbered 1
in Z is added to T; thus, T = {ag,a¢,a7,a2}. It can be obtained that Urp = {x1,%9,x12},
Ucp = {x1,%¢,%9,x12}, Urp C Ucp. As max—mid = 2—-1 = 1, we can have

T = {ay4,a¢,a7,ay,a8}. Consequently, the reduct is T = {ap, a4, a¢,a7,as}.

From the above calculation, we acquire the reduct T = {ay, ag, az,a, ag}. This means that our
algorithm is effective. In addition, the reduction result in reference [23]is T = {a1, a3, a4, as, a¢, a8 }.
Obviously, the number of attributes in our reduction is one less, so our algorithm is more efficient.

The proposed attribute-approximation algorithm adopts a bisection search method,
which effectively reduces the space of candidate attributes in each iteration, thus signifi-
cantly reducing the number of iterations required for attribute reduction. In contrast, the
attribute approximation method in [23] is based on a tolerance relation similarity matrix
and employs a strategy of ranking attributes by their importance and adding them gradu-
ally. This approach may lead to more iterations on large-scale datasets, which significantly
increases the time complexity. On the other hand, our approach quantifies the uncertainty
and incompleteness of data by conditional entropy, which, in turn, improves the accuracy of
attribute-importance assessment. Comparatively, although the method in [23] is able to deal
with incomplete data by extended rough set theory, its adaptability to missing values in
data may be insufficient, which, in turn, weakens the accuracy of attribute approximation.

Example 3. In order to verify the effectiveness of our algorithm for decision systems with multiple
attributes, we run the algorithm with the hepatitis data set in the UCI machine learning repository
(http://archive.ics.uci.edu/datasets accessed on 21 June 2023). The hepatitis data set is considered
as an incomplete decision table (U,C U D), where U = {x1,x2,--- ,x155}, C = {a,b,--- ,s},
D = {w}, as shown in Table 3
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Table 3. The representation symbol of the attributes of the hepatitis data set.

a b c d e

age sex steroi antivirals fatigue

f g h i i

malaise anorexia liver gig liver firm spleen palpable
k I m n 0

spiders ascite varices bilirubin alk phosphate
p q r s w

sgot albumin protime histology class

Using Python software 3.11.0, we implement our binsearch heuristic reduction algorithm and
successfully obtain the attribute-reduction result of C as T = {q,p,b,s,0,r,8,i,c}. Moreover,
it can be concluded that our algorithm can be successfully applied in many practical problems,
especially for large incomplete information systems.

5. Conclusions

In this paper, we introduce a novel conditional entropy in an incomplete decision in-
formation system and use conditional entropy as heuristic knowledge to design a binsearch
heuristic attribute-reduction algorithm. Because the algorithm can test multiple attributes
at one time, the time complexity is significantly reduced. Therefore, when dealing with
incomplete information systems with large attributes, the advantage of this algorithm is
obvious. In addition, two examples show that our algorithm can obtain attribute-reduction
results quickly and accurately. It is worth mentioning that the algorithm is effective not
only for consistent decision information systems, but also for inconsistent decision infor-
mation systems. In the future, we will focus on extending the proposed heuristic reduction
algorithm to a variety of information systems, so as to obtain more accurate decision rules.
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