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Abstract: Distributionally robust optimization (DRO) is an advanced framework within the realm of
optimization theory that addresses scenarios where the underlying probability distribution governing
the data is uncertain or ambiguous. In this paper, we introduce a novel class of DRO challenges
where the probability distribution of random variables is contingent upon the decision variables, and
the ambiguity set is defined through parameterization involving the mean and a covariance matrix,
which also depend on the decision variables. This dependency makes DRO difficult to solve directly;
therefore, first, we demonstrate that under the condition of a full-space support set, the original
problem can be reduced to a second-order cone programming (SOCP) problem. Subsequently, we
solve this second-order cone programming problem using a projection differential equation approach.
Compared with the traditional methods, the differential equation method offers advantages in
providing continuous and smooth solutions, offering inherent stability analysis, and possessing a
rich mathematical toolbox, which make the differential equation a powerful and versatile tool for
addressing complex optimization challenges.

Keywords: DRO; SOCP; decision-dependent ambiguity set; projection differential equation approach
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1. Introduction

Distributed robust optimization (DRO) is a framework within the broader field of
optimization that specifically addresses decision-making problems under uncertainty,
where the optimization is carried out in a distributed manner and robustness is incorporated
to account for model inaccuracies, data uncertainties, or variability in the system parameters.
In essence, DRO aims to find optimal solutions that not only minimize the cost function
but also ensure a certain level of robust performance when facing a range of potential
perturbations or uncertainties in the system. For the latest research progress on distributed
robust optimization problems, please refer to literature [1–6]. General DRO is defined
as follows:

min
x∈X

max
P∈U

EP[ f (x, ξ)], (1)

where X is a closed set on Rn, ξ : Ω → Ξ is a random variable defined in the measurable
space (Ω,F ), its probability distribution P is supported by Ξ ⊆ Rk, f : Rn ×Rk → R, U
is a set of random distributions containing the true probability distribution P of random
variable ξ, and the set is related to decision-making. EP[·] represents the mathematical
expectation that P ∈ U. The key to this model is the probability distribution set U, and
we call U the ambiguity set. In the early research, scholars generally assumed that they
could not obtain the true distribution of probability for random variables and could only

Axioms 2024, 13, 699. https://doi.org/10.3390/axioms13100699 https://www.mdpi.com/journal/axioms

https://doi.org/10.3390/axioms13100699
https://doi.org/10.3390/axioms13100699
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-6579-5890
https://doi.org/10.3390/axioms13100699
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13100699?type=check_update&version=1


Axioms 2024, 13, 699 2 of 16

ascertain the conditions in the local moment, which were independent of the decision vari-
ables. Based on this, ambiguity sets could be constructed to solve optimization problems.
Bertsimas and Popescu [7], taking into account the mean and the covariance matrix of the
random variable ξ, established an ambiguity set as follows:

U1 =

P ∈ Γ |
P(ξ ∈ Ξ) = 1,
EP[ξ] = µ,
EP[(ξ − µ)(ξ − µ)T ] = Σ

, (2)

where Γ is the set of all the probability measures in space (Ω,F ), but they also proved that
a model under the ambiguity set U1 was difficult to handle. Then, Wiesemann et al. [8]
changed U1 in Σ to the upper bound and obtained a new ambiguity set:

U2 =

P ∈ Γ |
P(ξ ∈ Ξ) = 1,
EP[ξ] = µ,
EP[(ξ − µ)(ξ − µ)T ] ⪯ Σ

 (3)

They proved that the linear robust optimization problem under ambiguity set U1 is treatable.
Delage and Ye [9] further improved on U1 by setting r1 ≥ 0, r2 ≥ 1, and δ > 0 as the known
parameters, resulting in an ambiguity set as follows:

U3 =

P ∈ Γ |
P(ξ ∈ ξ) = 1,
EP[ξ

TΣ−1ξ]− µTΣ−1µ ≤ r1,
EP[(ξ − µ)(ξ − µ)T ] ⪯ r2Σ

 (4)

They proved the confidence level of the true probability measure α ≥ 1 − δ under the
appropriate conditions P0 ∈ U3. Based on the ambiguity set U3, Liu [10] discussed a type of
DRO involving distributions based on first-order and second-order moment information. It
is worth noting that the support set Ξ has an important impact on the processability of the
reconstruction problem in DRO. In these works, the ambiguity set of probability measures
was independent of the decision-making.

However, in practice, there are many cases where the ambiguity sets in DRO problems
are dependent on the decision variables, such as in facility location problems under demand
uncertainty [11] and in renovation planning problems [12]. Therefore, studying DRO
problems where the ambiguity set is dependent on the decision variables has important
practical significance.

In this paper, we propose a new DRO model in which the ambiguity set depends on
the decision variables:

min
x∈X

max
P∈U(x)

EP[xTQx + cTx + (Dx)Tξ + ξT ββTξ], (5)

where X is a closed and convex set on Rn, Q is an n × n semidefinite matrix, c ∈ Rn, β ∈
Rk, D ∈ Rk×n, ξ : Ω → Ξ is a random variable defined in the measurable space, and U(x)
is an ambiguity set defined by

U(x) =

P ∈ Γ |
P(ξ ∈ Ξ) = 1,
EP[ξ] ∈ [Ax, Bx],
EP[(ξ − µ0(x))(ξ − µ0(x))T ] ⪯ Σ(x)

, (6)

where A, B are k × n matrices; µ0 : Rn → Rk; and Σ(·) is a mapping from vector space Rn

to a k × k positive definite matrix space. We assume that the matrix Σ(x) here is positive
definite because it is in the form of an upper bound for the covariance matrix of a random
variable ξ. Since the covariance matrix is at least semi-positive definite, it is reasonable to
assume that this upper bound is positive definite. The upper bound, i.e., the matrix Σ(x),
is related to the decision variables because the random variable is actually related to the
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decision variables. Therefore, it is obvious that the upper bound of the covariance matrix
of this random variable is related to the decision variables. Of course, our assumption that
the matrix Σ(x) is positive definite also provides a convenient condition for converting the
DRO problem into a SOCP problem later.

Recently, there have been some new advancements in DRO problems based on
decision-dependent ambiguity sets. Zhang et al. [13] considered a class of DRO mod-
els in which the ambiguity set was dependent on the decision variables x and conducted a
quantitative stability analysis. The ambiguity set is represented as

U4(x) = {P ∈ Γ | EP[Ψ(x, ξ)] ∈ K}. (7)

Here, K represents a closed and convex cone, whereas Ψ denotes a random mapping of a vec-
tor or matrix, characterized by measurable random components, and its value is contingent
upon x. Lin et al. [14] considered conditions under which only the mean of the parameters
could be estimated and assumed that the mean was decision-related, thus constructing a
decision-related ambiguity set. This type of problem is widely used in practical applica-
tions. Basciftci et al. [11] address the facility location problem under decision-dependent
stochastic demand. These authors propose a distributionally robust optimization model
that considers the demand uncertainty, which is affected by decisions on the facility loca-
tions. They develop a mixed-integer linear programming reformulation and demonstrate
the effectiveness of their model through computational studies. Noyan et al. [15] introduce
a new class of DRO problems under decision-dependent ambiguity sets. They discuss the
computational challenges and provide tractable formulations for applications in machine
scheduling and humanitarian logistics. Duan [12] proposes a marginal-based DRO frame-
work for integer stochastic optimization with decision-dependent discrete distributions. It is
applied to a retrofitting planning problem, and an efficient constraint generation algorithm
is developed to solve the problem. Song et al. [16] present a decision-dependent Distri-
butionally Robust Markov Decision Process (DRMDP) approach to addressing dynamic
epidemic control problems. The DRMDP model allows for an ambiguous distribution of
the transition dynamics and considers the worst-case distribution of these probabilities
within a decision-dependent ambiguity set. Li et al. [17] investigate discrete approximation
and quantitative analyses for DRO problems with decision-dependent ambiguity sets. The
authors establish the local Lipschitz continuity of the decision-dependent ambiguity set and
conduct a quantitative analysis for the optimal value and the optimal solution. However,
most of the above literature has dealt with specific practical problems in DRO without
focusing on general DRO problems rooted in ambiguity sets (6), and it has not explored
transformable forms of such problems either.

Since the DRO problem (5) is a min–max problem and the ambiguity set depends on
the decision variables, this makes problem (5) difficult to solve directly. Therefore, in this
paper, first, we transform DRO (5) into a class of SOCP problem and then show how to
solve this kind of SOCP problem through projected differential equations, providing a new
way of thinking for solving this new type of DRO problem.

We transform DRO (5) into a SOCP problem for two reasons: one reason is that based
on the characteristics of this DRO model, such a transformation can be made, and this
method of transformation is common in general DRO problems, but it is not understood
in the context of DRO problems with decision-dependent ambiguity sets, such as that in
this paper, and it is also an exploration. The second reason is that as conic programming
problems, SOCP problems have relatively mature and diverse solving methods, so making
such a transformation can reduce the difficulty of solving the original problem. This is
equivalent to transforming a min–max problem with two-level solving into a one-level
solving problem.

Notice that there are many conventional methods for solving SOCP problems, such
as the interior point method [18], sequential quadratic programming [19,20], and the aug-
mented Lagrangian method [21,22]. However, these methods rely on iterative algorithms
that may only find local optima and may struggle with non-convex problems. We adopt
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the differential equation method due to the fact that it provides more accurate solutions,
as it directly simulates the dynamic behavior of the system. Moreover, this approach has
the potential to find global optimal solutions rather than being limited to local optima.
Finally, there are many ready-made toolboxes available for solving differential equations,
and the differential equation method offers a continuous framework for solving DRO
problems, which is helpful in dealing with nonlinear and non-convex issues. For the latest
research progress on using the differential equation method to solve optimization problems
or variational inequality problems, please refer to literature [23–32].

The remaining part of this article is as follows. Section 2 discusses equivalent forms
of problem (5), making the original problem easier to handle; Section 3 considers that
when the support set Ξ is the entire space, the original problem can be transformed into
semidefinite programming; and Section 4 further proves that semidefinite programming
can be transformed into SOCP under the conditions in Section 3.

To enhance clarity, we have listed a table of the notations and parameters in the
further research.

2. Reformulation of the Original Problem

This section presents a representation of problem (5) with ambiguity set (6).
Following duality theory, we next rewrite (5) with ambiguity set (6):

Proposition 1. Problem (5) can be rephrased as the following constrained optimization problem:

min
x,α0,α,Y

α0 + (Ax)Tα + (Bx − Ax)Tα+ + ⟨Σ(x), Y⟩

s.t. g(x, α0, α, Y) ≤ 0,

x ∈ X,

Y ⪰ 0,

(8)

where α+ = max{α, 0} and

g(x, α0, α, Y) = sup
ξ∈Ξ

{xTQx + cT x + (Dx)Tξ + ξT ββTξ − α0 − αTξ − (ξ − µ0(x))TY(ξ − µ0(x))}. (9)

Proof. The inner maximum problem for problem (5) is

p(x) = max
P∈U(x)

EP[xTQx + cTx + (Dx)Tξ + ξT ββTξ].

Let

V(µ) = {P ∈ Γ | P(ξ ∈ Ξ) = 1,EP[ξ] = µ,EP[(ξ − µ0(x))(ξ − µ0(x))T ] ⪯ Σ(x)}

and
Ψ(x, µ) = max

P∈V(µ)
EP[xTQx + cTx + (Dx)Tξ + ξT ββTξ].

We have
p(x) = max

µ∈[Ax,Bx]
Ψ(x, µ). (10)

Based on the structure of ambiguity set (6), the inner maximum problem can be written
as follows:
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max
dP(ξ)≥0

∫
Ξ
[xTQx + cTx + (Dx)Tξ + ξT ββTξ]dP(ξ)

s.t.
∫

Ξ
dP(ξ) = 1,∫

Ξ
ξdP(ξ) = µ(x),∫

Ξ
(ξ − µ0(x))(ξ − µ0(x))TdP(ξ) ⪯ Σ(x)

(11)

and Ψ(x, µ) is the optimal value for problem (11). Furthermore, the Lagrange function
of (11) is

L(dP, α0, α, Y) =
∫

Ξ xTQx + cTx + (Dx)Tξ + ξT ββTξdP(ξ)− α0

(∫
Ξ

dP(ξ)− 1
)

−
(∫

Ξ ξdP(ξ)− µ
)T

α −
〈(∫

Ξ(ξ − µ0(x))(ξ − µ0(x))TdP(ξ)− Σ(x)
)
, Y

〉
=

∫
Ξ

[
xTQx + cTx + (Dx)Tξ + ξT ββTξ − α0 − αTξ − (ξ − µ0(x))TY(ξ − µ0(x))

]
dP(ξ)

+α0 + µTα + ⟨Σ(x), Y⟩,

where α0, α, and Y are the multipliers. According to Shapiro’s duality theory in [33], it can
be concluded that

Ψ(x, µ) = minα0,α,Y⪰0 maxP(ξ)≥0 L(dP, α0, α, Y)

= minα0,α,Y⪰0 α0 + µTα + ⟨Σ(x), Y⟩

s.t. xTQx + cTx + (Dx)Tξ + ξT ββTξ − α0 − αTξ

−(ξ − µ0(x))TY(ξ − µ0(x)) ≤ 0, ∀ξ ∈ Ξ.

(12)

From the definition of g(x, α0, α, Y), it can be inferred that

p(x) = maxµ Ψ(x, µ)

= maxµ minα0,α,Y⪰0 α0 + µ(x)Tα + ⟨Σ(x), Y⟩

s.t.g(x, α0, α, Y) ≤ 0, µ ∈ [Ax, Bx]

= minα0,α,Y⪰0 maxµ α0 + µTα + ⟨Σ(x), Y⟩

s.t.g(x, α0, α, Y) ≤ 0, µ ∈ [Ax, Bx]

= minα0,α,Y⪰0 α0 + (Ax)Tα + (Bx − Ax)Tα + ⟨Σ(x), Y⟩

s.t.g(x, α0, α, Y) ≤ 0.

(13)

So, problem (5) is equivalent to min
x∈X

p(x), and the original problem is equivalent to the

constrained optimization problem (8).

3. The Equivalence between the Original Problem and the SOCP Model

In this section, we consider a case where the support set Ξ is the entire space. It can
be proven that when Ξ = Rk, the original problem can be transformed into a semidefinite
programming problem; let

H(x, α0, α, Y) =

[
Θ(x, α0, α)

(
Dx−α

2

)T
+ µ0(x)T ββT

Dx−α
2 + ββTµ0(x) ββT − Y

]
, (14)
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where Θ(x, α0, α) = xTQx + cTx − α0 + µ0(x)T ββTµ0(x) + (Dx)Tµ0(x) − αTµ0(x). The
following theorem can be obtained:

Theorem 1. In a case where Ξ = Rk, problem (5) can be transformed into the following semidefinite
programming problem:

min
x,α0,α,Y

α0 + (Ax)Tα + (Bx − Ax)Tα+ + ⟨Σ(x), Y⟩

s.t. H(x, α0, α, Y) ⪯ 0,

x ∈ X, Y ⪰ 0.

(15)

Proof. Notice that the constraint of Ψ(x, µ) is xTQx + cTx + (Dx)Tξ + ξT ββTξ − α0 −
αTξ − (ξ − µ0(x))TY(ξ − µ0(x)) ≤ 0, ∀ξ ∈ Ξ, and can be written equivalently as an
inequality related to H(x, α0, α, Y), i.e.,

[
1

ξ − µ0(x)

]T
[

Θ(x, α0, α)
(

Dx−α
2

)T
+ µ0(x)T ββT

Dx−α
2 + ββTµ0(x) ββT − Y

][
1

ξ − µ0(x)

]
≤ 0, ∀ξ ∈ Ξ.

This is exactly equivalent to H(x, α0, α, Y) ⪯ 0. The proof is completed.

Next, we will transform problem (5) into a SOCP problem.

Theorem 2. Assuming X is a non-empty compact set on Rn, then (5) is equivalent to the following
SOCP problem:

min
x,α,q,t

l(x, α) + 1T
k q + p

s.t. (Bx − Ax) ⋆ α − q ≤ 0,(
p, Σ(x)1/2(α − Dx − 2ββTµ0(x))

)
∈ Kk+1

q ≥ 0, x ∈ X,

(16)

where l(x, α) = (Ax)Tα + +cTx + xTQx + µ0(x)T ββTµ0(x) + (Dx)Tµ0(x) − αTµ0(x) +
βTΣ(x)β, Kk+1 ⊆ Rk+1 is a second-order cone, defined as

Kk+1 =
{
(ω0, ω) ∈ Rk+1 : ∥ω∥ ≤ ω0

}
,

1k = (1, · · · , 1)T ∈ Rk, and ⋆ denotes the Hadamard product.

Proof. The Lagrange function of problem (15) is

L(x, α0, α, Y, Ω) =α0 + (Ax)Tα + (Bx − Ax)Tα+ + ⟨Σ(x), Y⟩
+ ⟨Ω, H(x, α0, α, Y)⟩,

where Ω =

(
z0 zT

z M

)
, z0 ∈ R, z ∈ Rk, and M ∈ Sk×k. So, L(x, α0, α, Y, Ω) can be expressed

in the following form:

L(x, α0, α, Y, Ω) =α0 + (Ax)Tα + (Bx − Ax)Tα+ + ⟨Σ(x), Y⟩+ ⟨Ω, H(x, α0, α, Y)⟩+ z0Θ(x, α0, α)

+ zT DT x − zTα + 2zT ββTµ0(x) + ⟨M, ββT − Y⟩
=α0 + (Ax)Tα + (Bx − Ax)Tα+ + (xTQx + cT x − α0)z0 + zT(Dx − α)

+ ⟨ββT − Y, M⟩+ ⟨Σ(x), Y⟩+ z0µ0(x)T ββTµ0(x) + z0(Dx)Tµ0(x)

− z0αTµ0(x) + 2zT ββTµ0(x)
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Considering that problem (15) satisfies the Slater condition, its optimal solution satisfies
the following Karush–Kuhn–Tucker (KKT) condition:

−∇xL(x, α0, α, Y, Ω) ∈ NX(x),

∇α0 L(x, α0, α, Y, Ω) = 1 − z0 = 0,

∇αL(x, α0, α, Y, Ω) = 0,

Σ(x)− M = 0,

0 ⪯ Ω ⊥ H(x, α0, α, Y) ⪯ 0,

(17)

where NX(x) is the normal cone of X at x in the sense of convex analysis. By using the
second and fourth conditions in (17), the specific expression of Ω can be obtained:

Ω =

(
1 zT

z Σ(x)

)
.

Since for a fixed value of x, Σ(x) is a k × k positive definite matrix, according to the defini-
tion of Ω, we see that the rank of Ω is k + 1 or k. We know that matrices Ω and H(x, α0, α, Y)
can be simultaneously diagonalized due to the fact that 0 ⪯ Ω ⊥ H(x, α0, α, Y) ⪯ 0. There-
fore, we obtain −H(x, α0, α, Y) as a zero matrix or a positive semidefinite matrix with rank
1. Nest, we prove the results of the theorem in two cases.

Case 1. H(x, α0, α, Y) is a zero matrix.
In this case, according to the definition of −H(x, α0, α, Y) in (), we have xTQx + cTx −

µ0(x)T Yµ0(x) = α0, Dx + 2Yµ0(x) = α, and Y = ββT , which mean that the objective
function of problem (15) can be rewritten as

xTQx + cT x + µ0(x)T ββTµ0(x) + (Dx)Tµ0(x)− αTµ0(x) + (Ax)Tα + (Bx − Ax)Tα+ + βTΣ(x)β.

Combining H(x, α0, α, Y) = 0, according to the definition of l(x, α), and replacing α0 in (15),
we find that problem (15) can be rewritten as

min
x,α

l(x, α) + (Bx − Ax)Tα+

s.t. x ∈ X.
(18)

Notice that (Bx− Ax)Tα+ in the objective function can reach the constraint, and a parameter
t can be introduced; then, problem (18) can be rewritten as

min
x,α,q,t

l(x, α) + 1T
k q + p

s.t. (Bx − Ax) ⋆ α − q ≤ 0,

p ≥ 0, q ≥ 0, x ∈ X,

(19)

which is just problem (16) in the case where Dx + 2ββTµ0(x) = α.
Case 2. −H(x, α0, α, Y) is a positive semidefinite matrix with rank 1.
In this case, r0 ∈ R and r ∈ Rk such that (r0, rT) ̸= 0 and

−H(x, α0, α, Y) =
(

r0
r

)(
r0 rT). (20)

Suppose r0 = 0; then,

−H(x, α0, α, Y) =
(

r0r0 r0rT

r0rT rrT

)
=

(
0 0
0 rrT

)
,
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and then it can be concluded that Y − ββT = rrT . Since ⟨H(x, α0, α, Y), Ω⟩ = 0, we have
rTΣ(X)r = 0, r = 0, in contradiction with (r0, rT) ̸= 0, meaning r0 ̸= 0. Now substituting
(14) into (20), the following equation relationship can be obtained:

α0 + ⟨Σ(x), Y⟩

= r2
0 + cTx + xTQx + µ0(x)T ββTµ0(x) + (Dx)Tµ0(x)− αTµ0(x)

+
〈
Σ(x), ββT + rrT〉

= r2
0 + cTx + xTQx + µ0(x)T ββTµ0(x) + (Dx)Tµ0(x)− αTµ0(x)

+βTΣ(x)β +
(

α−Dx−2ββTµ0(x)
2r0

)T
Σ(x)

(
α−Dx−2ββTµ0(x)

2r0

)
≥ cTx + xTQx + µ0(x)T ββTµ0(x) + (Dx)Tµ0(x)− αTµ0(x)

+βTΣ(x)β + ∥Σ(x)1/2(α − Dx − 2ββTµ0(x))∥.

In this case, problem (15) can be transformed into the following problem:

min
x,α

f (x, α)

s.t. x ∈ X,
(21)

where f (x, α) = (Ax)Tα+(Bx− Ax)Tα++ cTx+ xTQx+µ0(x)T ββTµ0(x)+ (Dx)Tµ0(x)−
αTµ0(x) + βTΣ(x)β + ∥Σ(x)1/2(α − Dx − 2ββTµ0(x))∥. Next, introducing t ≥ 0, q ≥ 0
such that

∥Σ(x)1/2(α − Dx − 2ββTµ0(x))∥ ≤ t

and
(Bx − Ax) ⋆ α − q ≤ 0,

we can simplify f (x, α) and rewrite (21) as (16).
All in all, we complete the proof.

4. Solving Using Projection Differential Equations

In this section, we will use the projection differential equation method to solve prob-
lem (16).

To show the projection differential equation method, first, we introduce the relevant
concepts for projection on a second-order cone. For a second-order cone Km, the met-
ric projection ΠKm(x) of x onto Km is defined as an optimal solution of the following
minimization problem:

min
x′

∥x′ − x∥

s.t. x′ ∈ Km.

As shown in [34], a Jordan algebra is a very powerful tool for calculating the metric
projection onto the second-order cone Km. For any two vectors x = (x0, x) and y = (y0, y)
in R×Rm−1, the Jordan product of x and y is represented as

x ◦ y =
(

x0y0 + xTy, x0y + y0x
)

.

If we have this product, (R×Rm−1, ◦) forms a Jordan algebra, where e = (1, 0, . . . , 0)T in
R×Rm−1. Here is the following spectral decomposition for any x = (x0, x) in R×Rm−1:

x = λ1(x)c1(x) + λ2(x)c2(x),
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and where λ1(x), λ2(x) represent the eigenvalues of x, the specific formula is

λi(x) = x0 + (−1)i∥x∥, i = 1, 2,

while where c1, c2 represent the eigenvectors of x, the specific formula is

ci(x) =

{
1
2

(
1, (−1)i x

∥x∥

)
, if x ̸= 0,(

1, (−1)iω
)
, if x = 0.

Here, ω is any unit vector in Rm−1. Next, we show how to calculate the metric projection
onto the second-order cone Km through a Jordan algebra. If the spectral decomposition of x
is λ1(x)c1(x) + λ2(x)c2(x), then the projection ΠKm(x) of x onto Km is

ΠKm(x) = max{0, λ1(x)}c1(x) + max{0, λ2(x)}c2(x).

Substituting the formula λi(x), ci(x) into the above equation, we obtain

ΠKm(x) =


1
2 (1 +

x0
∥x∥ )(∥x∥, x), if | x0 |< ∥x∥,

(x0, x), if ∥x∥ ≤ x0,
0, if ∥x∥ ≤ −x0.

On this basis, we can use the differential equation method to calculate the second-order
cone programming (16). For simplicity, let µ0(x) = 0, β = 0, and Σ(x) = Σ; (16) becomes

min
x,α,q,t

cTx + (Ax)Tα + 1T
k q + p

s.t. (Bx − Ax) ⋆ α − q ≤ 0,(
p, Σ1/2(α − Dx)

)
∈ Kk+1

q ≥ 0, x ∈ X.

(22)

We write the Lagrange function for problem (22) as follows:

L(x, α, q, p, u, (v0, v), w) = cTx + (Ax)Tα + 1kq + p + uT((Bx − Ax) ⋆ α − q)

−(v0, v) ·
(

p, Σ
1
2 (α − Dx)

)
− wTq,

where u, (v0, v), and w are Lagrange multipliers. Then, it can be concluded that

∇x,α,q,sL(x, α, q, p; u, (v0, v), w) =


c + ATα + (B − A)T(α ⋆ u) + DTΣ

1
2 v

Ax + u ⋆ (Bx − Ax)− Σ
1
2 v

1k − u − w
1 − v0

.

According to literature [35], if (x∗, α∗, q∗, p∗) is the optimal solution to problem (22), un-
der some constraint qualification, u∗, (v∗0 , v∗), and w∗ exist such that the following KKT
condition holds:
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

−[c + ATα∗ + (B − A)T(α∗ ⋆ u∗) + DTΣ
1
2 v∗] ∈ NX(x∗),

Ax∗ + u∗ ⋆ (Bx∗ − Ax∗)− Σ
1
2 v∗ = 0,

1k − u∗ − w∗ = 0,
1 − v∗0 = 0,
0 ≤ u∗ ⊥ [(Bx∗ − Ax∗) ⋆ α∗ − q∗] ≤ 0,

Kk+1 ∋ (v∗0 , v∗) ⊥
(

p∗, Σ
1
2 (α∗ − Dx∗)

)
∈ Kk+1,

0 ≤ w∗ ⊥ q∗ ≥ 0.

(23)

Then, solving the second-order cone problem (22) is transformed into solving the KKT
system (23).

Notice that the sixth equation in (23) can be rewritten as

−Σ
1
2 (α∗ − Dx∗) ∈ NKk+1(v∗0 , v∗),

which, by Proposition 1.5.8 in [36], means that

ΠKk+1 [(v∗0 , v∗)− µΣ
1
2 (α∗ − Dx∗)]− (v∗0 , v∗) = 0

with µ > 0. The fourth equation in (23) can be rewritten as

−(1 − v∗0) ∈ NR(p∗),

which can be written as
ΠR[p∗ − µ(1 − v∗0)]− p∗ = 0.

In the same way, we can describe (23) by metric projection. Consequently,

(x∗, α∗, q∗, p∗u∗, (v∗0 , v∗), w∗)

satisfying (23) means that y∗ satisfies the following form of projection equation:

Φµ(y) := ΠM[y − µF(y)]− y = 0, (24)

where λ = (v0, v) and

y =



x
α
q
p
u
λ
w


, F(y) =



c + ATα + (B − A)T(α ⋆ u)α + DTΣ
1
2 v

Ax + u ⋆ (Bx − Ax)− Σ
1
2 v

1k − u − w
1 − v0

−(Bx − Ax) ⋆ α + q(
p, Σ

1
2 (α − Dx)

)
q


and M = X ×Rk ×Rk ×R×Rk

+ × Kk+1 ×Rk
+, and µ is a positive parameter.

Next, we obtain a projection differential equation, i.e.,{
dy(t)

dt = −τΦµ(y(t)),
y(0) = y0,

(25)

where τ > 0 is a scalar parameter. An analysis of the stability of the projection differential
equation system (25) can be found in [37]. Next, we solve the SOCP problem (22) by solving
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the system of projection differential equations (25). Here, we solve the specific problem
of (22), with c = −1, A = 2, B = 2, D = 1, and Σ = 4, that is,

min
x,α,q,p

(2α − 1)x + q + p

s.t (t, 2(α − x)) ∈ K2,

q ≥ 0, x ∈ X.

(26)

Let X be a set that contains the optimal solutions as its interior points; then, the KKT
condition corresponding to problem (26) is

− 1 + 2α + 2v = 0,

2x − 2v = 0,

0 ≤ (1 − w) ⊥ q ≥ 0,

K2 ∋ (1, x) ⊥ (p, 2(α − x)) ∈ K2,

0 ≤ w ⊥ q ≥ 0.

According to 0 ≤ (1 − w) ⊥ q ≥ 0 and 0 ≤ w ⊥ q ≥ 0, it can be inferred that w = q = 0.
So, the above equation can be simplified as

2α + 2v = 1,

x = v,

K2 ∋ (1, x) ⊥ (p, 2(α − x)) ∈ K2,

and
α =

1 − 2x
2

, v = x.

So, the above problem can be translated into a simple problem:

K2 ∋
(

1
x

)
⊥

(
p

1 − 4x

)
∈ K2.

Next, we use the projection differential equation (25) to solve the SOCP, which is
d
dt

(
s
x

)
= −τΠK2

[(
1
x

)
− µ

(
s

1 − 4x

)]
+ τ

(
1
x

)
,

s(t0) = s0, x(t0) = x0.
(27)

Many works in the literature have studied using the projection differential equation method
to solve constrained optimization problems, such as [37,38]. Consider the following projec-
tion differential equation:

du
dt

= −Λ{ΠZ[G(u)− F(u)]− G(u)}, (28)

where u ∈ Rn is the state vector, Λ = diag(λi) is a positive diagonal matrix, and F(u) and
G(u) are continuously differentiable vector-valued functions from Rn to Rn. A mapping F
is said to be G-monotone at u∗ if (F(u)− F(u∗))T(G(u)− G(u∗)) ≥ 0, and ∀u ∈ Rn.

Then, we provide the results of analyzing the convergence and stability from (28) in ([37]
Theorem 1).

Theorem 3. Assume an equilibrium point u∗ of (28) exists such that

S∗ = {u ∈ Rn : F(u) + G(u) = F(u∗) + G(u∗)}
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is bounded and F(u) is G-monotone at u∗. If JF(u) + JG(u) is symmetric and positive semidefinite
in Rn, then the differential equation (28) is stable in the Lyapunov sense and is globally convergent
to the equilibrium point of (28).

Next, we give some numerical test and simulation results. We used the toolbox dde23
in Matlab 2016 to solve the projection differential equation (27). The numerical experiments
in this part were conducted on a DELL laptop with an Intel(R) Core(TM) i7-7500U CPU @
2.70 GHz, using a 64-bit operating system for the simulations.

The starting point is (s0, x0) = (0, 1.5). The solutions and the final steps for different
values of µ are shown in Table 1.

Table 1. The solution x and error of (27) when τ = 10 and (s0, x0) = (0, 1.5) with different values
of µ.

Final Step i µ Solution x The Error of Solution to the Equilibrium Point

60 10 (0.2589, 0.0301)T 9.8522 ×10−4

273 50 (0.2512, 0.0062)T 3.9880 ×10−5

521 100 (0.2492,−0.0029)T 9.0500 ×10−6

1022 200 (0.2493,−0.0010)T 1.4900 ×10−6

1522 300 (0.2495,−0.0002)T 2.9000 ×10−7

2390 500 (0.2497,−0.0001)T 1.0000 ×10−7

We know from Table 1 that as the parameter µ increases, the solution of projection
differential equation (27) approaches the equilibrium point (0.25, 0)T , indicating that the
differential equation method has good convergence. However, in order to obtain a more
accurate solution, the final number of iterations required may continue to increase.

Next, we show graphs of projection differential equation (27), which are shown in
Figures 1–3, with µ = 40 and τ = 0.5, 1, and 10. (x1(t), x2(t)) in Figures 1–3 are just
(s(t), x(t))in projection differential equation (27).

We know from Figures 1–3 that all the trajectories converge to a corresponding static
state. When τ takes different values, the convergence speed of the solution trajectory is
different. It is found that in general, the larger the value of τ, the faster the convergence
speed of the solution, and it will eventually converge to the same value, (0.25, 0)T .

Overall, we can figure out that x = 1
4 and s = 0. So, the optimal solution to prob-

lem (26) is (x∗, α∗, q∗, t∗) =
(

1
4 , 0, 0, 0

)
.

Summarizing the numerical experiments in this section, the following conclusions can
be obtained:

(1) In this section, the SOCP problem is rewritten based on the KKT condition, and the
method for solving the original problem by using the projection differential equa-
tion constructed is feasible and effective, and the solution trajectory will eventually
converge to a certain equilibrium point.

(2) In the process of solving the problem using projection differential equation (27), the
scale factor τ has an effect on the time taken to converge to the equilibrium point;
specifically, the larger the parameter τ, the shorter the time taken. However, it has no
effect on the position of the equilibrium point. The parameter µ has an effect on the
final number of steps and the accuracy of the solution in converging to the equilibrium
point; specifically, the larger the parameter µ, the larger the final number of steps and
the more accurate the solution obtained—that is, the smaller the error.



Axioms 2024, 13, 699 13 of 16

0 5 10 15 20 25 30 35 40
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

time(s)

S
o
lu

ti
o
n
s
 x

(t
)

x1(t)

x2(t)

Figure 1. Evolution of x(t) in the projection differential equation with τ = 0.5.
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Figure 2. Evolution of x(t) in the projection differential equation with τ = 1.
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Figure 3. Evolution of x(t) in the projection differential equation with τ = 10.

5. Conclusions

This paper investigates a class of distributed robust optimization reconstruction prob-
lems with constraints in terms of dependency on the decision matrix. By using duality
theory, a DRO problem was transformed into a semidefinite programming problem, re-
sulting in an easily solvable second-order cone programming problem. On the basis of
introducing the Jordan projection of the second-order cones, the solutions to second-order
cone programming problems are transformed into solving KKT system problems. Specifi-
cally, using differential equations to solve the KKT condition yields the final result. These
problems can also be solved using the method of delayed differential equations, which has
high theoretical value and practical significance.
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Nomenclature

Notations or Parameters
x Decision variable in Rn

xT Transpose of vector x

Σ1 ⪯ Σ2
Σ2 − Σ1 is a positive semidefinite matrix for symmetric matrices
Σ1 and Σ2

X Set of decision variables in Rn

Q An n × n semideifinite matrix
c A vector in Rn

β A vector in Rk

D A k × n matrix
(Ω,F ) Measure space
Ξ Support set in Rk

ξ Random vector in Ξ on (Ω,F )

Γ Set of all probability measures in (Ω,F )

A, B k × n matrices
µ0(·) Mapping from Rn to Rk

Σ(·) Mapping from vector space Rn to a k × k positive definite
matrix space

P Probability distribution that is supported by Ξ ⊆ Rk

U(x)
Ambiguity set of random distributions containing the true
probability distribution P of random variable ξ

EP[Z]
Expected value of or expectation that P ∈ U(x) for a random
variable Z defined by the integral

∫
Ξ Z(ξ)dP(ξ)

α0 Multiplier corresponding to the first constraint of (2.10)
α Multiplier corresponding to the second constraint of (2.10)
Y Multiplier corresponding to the third constraint of (2.10)
α+ max{α, 0}
⟨Σ1, Σ2⟩ Trace of Σ1Σ2 for symmetric matrices Σ1 and Σ2

Kk+1 Second-order cone defined as
{
(ω0, ω) ∈ Rk+1 : ∥ω∥ ≤ ω0

}
⋆ The Hadamard product
∇ f (x) Gradient of f : Rn → R at x
Jg(x) Jacobian of g : Rn → Rm at x
a⊥b aTb = 0 for vectors a, b
∥ · ∥ Norm
Sk×k Space of k × k symmetric matrices
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