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Abstract: In this paper, we introduce a new Orlicz function, namely a b-Orlicz function, which is
not necessarily convex. The Orlicz spaces L® generated by the b-Orlicz function ® equipped with
a Luxemburg quasi-norm contain both classical spaces L (p > 1) and LP(0 < p < 1). The Orlicz
spaces L® are quasi-Banach spaces. Some basic properties in quasi-normed Orlicz spaces are dis-
cussed, and the criteria that a quasi-normed Orlicz space is strictly monotonic and lower (upper)

locally uniformly monotonic are given.
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1. Introduction

The study of quasi-Banach spaces did not start until in the late 1950s and early 1960s,
being studied by Klee, Peck, Rolewicz, Waelbroeck and Zelazko. In 1969, the subject greatly
promoted this theme by the paper of Duren, Romberg and Shields. The possibility of using
quasi-Banach spaces was proved in classical function theory, and many important problems
related to the Hahn-Banach theorem were emphasized. A crucial breakthrough was that
Roberts, who proved that the Krein-Milman theorem failed in the general quasi-Banach
space, developed a powerful new technology in 1976 [1,2].

In 1984, Davis, Garling and Tomczak-Jagermann introduced the concepts of complex
convexity moduli and uniform PL-convexity of complex quasi-Banach spaces in [3], and
it was shown that L(X)(0 < p < o0) is uniformly PL-convex under the assumption
that the continuously quasi-normed space X is uniformly PL-convex. The monotonicity
and convexity properties in quasi-Banach lattices were studied by Han Ju Lee in [4] by
establishing the relationship between uniform monotonicity, uniform C-convexity, H- and
PL-convexity. In [5], examples of separable quasi-Banach spaces were constructed by Albiac
and Kalton, which are Lipschitz isomorphic but not linearly isomorphic. Therefore, these
showed that the Lipschitz structure of a separable quasi-Banach space does not determine
its linear structure. In recent years, the nonlinear structure and geometric properties
of quasi-Banach spaces have been studied in more detail (see [6-9]). In this paper, we
introduce a new class of Orlicz functions, which remove the restriction of convexity and
add a new condition. The Orlicz spaces generated by the new Orlicz function ® contain
both classical spaces LF(p > 1) (see [10]) and LP(0 < p < 1). Because the generating
function has no convexity, the study of geometric properties of quasi-normed Orlicz spaces
is more complicated than that of classical Orlicz spaces generated by convex functions. The
unit ball of a non-convex Orlicz space is not necessarily convex, since a non-convex Orlicz
function could lead to difficulties in applying established mathematical techniques and
theories in this context. In ordering to study some basic properties, we first introduce some
ideas and terminology.
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2. Preliminaries
Let X be a vector space over the field F = R or C. A non-negative mapping defined
on X is called a quasi-norm if it satisfies the following properties:
(i) ||x|]| =0if and only if x = 0;
(i) |lax|| = |a|||x]| foralla € Fandall x € X;
(iii) There exists K > 1 such that ||x; + x2|| < K(||x1]| + [|x2||) for all x1, x, € X.

We say that X is a quasi-normed space if X equipped with the quasi-norm.
The Aoki-Rolewicz theorem (see [11,12]) shows thatif 0 < p < 11is given, then there
exists a constant B such that

" 1y
<o( i) g
k=1

n
Y X
k=1

for any {x;}}_; in X. Consequently, we can find an equivalent p-subadditive quasi-norm
-1l ie., y
e+ xalll < Clllaea (17 4 1l 22017)"7,

for any x1,xp € X. X is said to p-normable if (1) holds. We will say that X is p-normed if
the quasi-norm is p-subadditive on X. The complete quasi-normed space X with respect
to the quasi-norm topology is called a quasi-Banach space. In general, we will assume
that a quasi-Banach space is p-normed for some p > 0. For background information on
quasi-Banach spaces, we refer the reader to [13] or [14].

Definition 1 (see [10]). A function ® : R — [0, 4-c0) is called an Orlicz function if it has the
following properties:

(i) @ is even, continuous, convex and ®(0) = 0;
(i) ®(u) > 0 forallu > 0.

It is clear that ®(u) = |u|P, where 1 < p < +o09, is an Orlicz function. In this paper,
we will introduce a new class of Orlicz functions, as follows:

Definition 2. A function ® : R — [0, +-00) is called a b-Orlicz function if it has the following
properties:

(i) @ is even, continuous and ®(0) = 0;
(i) @ is nondecreasing on [0, +oco) and ®(u) > 0 for all u > 0;
(iii) There exists b > 1 such that &(3) < 1®(u) forall u € R.

Example 1. Let ®(u) = |u|P, where 0 < p < 1, then ® is a b-Orlicz function. In fact, we can
1
take b = 27 such that ®(}) < 1®(u) forallu € R.

The following example shows that there exists a function which satisfies parts (i) and
(ii) of Definition 2 but does not satisfy part (iii) of Definition 2.

Example 2. Let

S (1 jul € [0,bn),
%(M—bn)—i—an, lu| € [bn, byi1),n=1,2,....
where by = 2, b, 1 = b2, a1 =2, 4,1 = 2(ay, — %), n=12...

Now let us verify that, for any b > 1, there exists uy > 0 such that ®(42) > 1®(uy).
In fact, for any b > 1, we can find by, such that b < by,,. If we take uy = bby,,, we get
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1 1 1 1 1
EqD(“O) = E(D(bbno) < §®(bﬁa) = §<I>(bn0+1) = E”n(ﬁ-l
1 Uup
= fny — 3 < ny = P(bny) = (1)(?)

Definition 3. Let (G, X%, ) be a finite non-atomic measure space, i.e., (G, %, u) is a measure
space for which u(G) < 400, and if A € L with u(A) > 0, then, for any a € (0, u(A)), there
exists a subset Ag C A such that u(Ag) = a. Moreover, let L° be the space of all (equivalence)
classes of X-measurable real-valued functions defined on G. Any b-Orlicz function O determines
a mapping lo : L® — [0, 400], so we define the modular Io(x) = [ P (x(t))dt and the Orlicz
space L® = {x € LV : I (Ax) < +oo for some A > 0}.

Lemma 1 (Levi Theorem). Let {x,}5; be a sequence of measurable functions defined on G. If
0 <xu(t) < xpy1(t) forallt € Gand n € N, and nh_r}olo xu(t) = x(t) for almost all t € G, then

lim 'xn(t)dt:/cx(t)dt

n—eoo JG

For any x € L?, let
x

||| = inf{A >0 Iq;(X) <1}
We can easily get that || - ||¢ is a quasi-norm on L%, called the Luxemburg quasi-norm.
In fact, we only prove that || - ||¢ satisfies part (iii) of the quasi-norm definition. By the

definition of || - ||, there exists A, | ||x||o such that I (A—"n) < 1,and Lemma 1 ensures that

I(D (x) S ]-/
l[xlle

for any x € L®\ {0}. Then, for any x,yy € L® \ {0}, we obtain

Icp( x+y )Squ)( x+y )
b([[xllo + llylle) 277\ lxllo + llylle
(e vl v )
27\ lxlle + lylle Ixlle  lxlle + llylle lyllo
1 X y
3o (max( o )

1 x vy
2 (I‘D( e’ ““nyn@)) =1

IN

IN

Hence,
[x+ylle < b(l[x]le + yllo)-

Definition 4 (see [10]). We say that ® satisfies the Ay-condition (P € A, in short) if there exist
constants K > 2 and uy > 0 such that

®P(2u) < KO(u),
whenever u > uy.

Definition 5 (see [10]). We say that ® satisfies the Aj-condition (& € A; in short) if, for any
I > 1and ug > 0, there exists a constant K > 0 such that

D(lu) < K®(u),
whenever u > u.

It is easy to prove the following results in the same way as for the convex Orlicz
function ® (see [10]).
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Lemma 2. ® € Ay ifand only if & € A;.

Definition 6 (see [10]). We say that ® satisfies the A] | -condition (® € A}, in short) if, for any
e > 0and uy > 0, there exists 6 € (0,1) such that

P((1+0)u) < (1+e)P(u),
whenever u > uy.

Definition 7. A point ug is said to be a strictly monotone point of ® if, for any u > ug, we have
CD(M) > <I>(u0).

Definition 8 (see [8]). A quasi-normed space (X, || - ||) is called a quasi-normed Kothe space if it
is a linear subspace of L satisfying the following conditions:

(i) Ifxel® ye Xand|x| < |y|ae., thenx € Xand ||x|| < |yl|;
(i) There exists a strictly positive x € X (called a weak unit).

Clearly, each quasi-normed Kothe space is a quasi-Banach lattice.

Definition 9 (see [8]). A quasi-Banach lattice (X, || - ||) is said to be strictly monotone (X € (SM)
for short) if, for any x,y € X such that 0 < y < x, we have ||y|| < | x|| whenever y # x (or
equivalently ||x — y|| < ||x|| whenever y # 0).

Definition 10 (see [8]). A quasi-Banach lattice (X, || - ||) is said to be lower locally uniformly
monotone (X € (LLUM) for short) if for any x € X and {x,}5°_; in X such that 0 < x, < x for
alln € Nand ||x,|| — ||x|| as n — oo, the condition ||x — x,|| — 0as n — oo holds.

Definition 11 (see [8]). A quasi-Banach lattice (X, || - ||) is said to be upper locally uniformly
monotone (X € (ULUM) for short) if for any x € X (the positive cone in X) and {x, }_; in
X4 such that x < xp, foralln € Nand ||x,|| — ||x|| as n — oo, the condition ||x, — x|| — 0 as
n — oo holds.

3. Main Results
Lemma 3. Forany {x,}_, C L® and x € L%, the following statements are true:
(i) If im ||xu||e = 0, then lim Ip(x,) = 0;
n—00 n—r00
(i) If ||x|lo <1, then Ip(x) < 1.

Proof. (i) By ||xu|l¢ — 0as n — oo, we get that for any ¢ > 0, there exists 1y € N such that
L < eand ||xyo < b%o,whenever n > np. Hence,

210
Xn 1 xy 1 ( Xn )
Io(x,) = I X — | < Ip| — < —Jp| —— ) <g
@(xn) q’(” ””‘I’|xn|¢>— ‘P(bno ||xn|<p>—zno‘b Tl

whenever n > ng. This shows that I (x,) — 0as n — oo,
(@) To(x) = lo (Ixllo sy ) < To (55 ) <1

O

Theorem 1. (L%, || - ||o) is a quasi-Banach space.

Proof. Let {x,}_; in L® be a Cauchy sequence.

(1) We first prove that {x,(t)}$_; is a Cauchy sequence with respect to the measure.
Assume that {x,(t)};>_; is not a Cauchy sequence with respect to the measure, then there
exist g > 0, &g > 0 and two subsequences {x;, }, {xy,} of {x} such that

p({t € G [xm; (8) — 2, (H)] = €0}) = o
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By step (1) of Lemma 3 and ||x;, — Xp;||@ — 0 asi — co, we have Ip(xy, — Xxp,) — 0 as
i — 00. On the other hand,

o (X, — ;) = /G D (x, (£) — 2, (1))dt

>

_/ D(xm
{teG:|xm, (£) —xn; ()| >e0}
> @(80)50 >0,

which is a contradiction.
(2) Since L? is complete in measure convergent, there exists x € L such that x,, (t) LN
x(t). By the Riesz theorem, there exists {x,,} C {x,} such that

lim x,, (t) = x(t), a. e teG.

i—00

(3) We will prove that x € L®. {x,,} is a Cauchy sequence in quasi-norm || - ||e, which
implies that for any & > 0, there exists 19 € N such that I (x,, — xnj) <easi,j > ny,ie,

/G D (xn, (t) — xp, (£))dt <&
Let j — oco. Thus, with the Fatou Lemma, we have

/G O (x, (1) — x(8))dt < liminf | (v, (£) — 2, (1))t < e.

j—oo JG
Hence, for any & > 0, there exists 19 € N such that Ip(x,, — x) < eas i > ny, that is,
lim I (xpm, —x) = 0.
1—00

Thus, Iq)(xmi —x) < 4o00. As @ is increasing, we have

X
Io(

X — Xy Xy
3 = lo (S5 ) < ol ) + o) < +oo

2 2

and the inequality holds.
(4) We will prove that lim;_,« || x5, — x|l = 0. As {x,,} is a Cauchy sequence in quasi-

norm || - |, we know that for any ¢ > 0, there exists ng € N such that [[x,, — x|l < € for

alli,j > no, that is,

Xp. —

1

Xn;
<1

[

Xpn: — X Xn. (1) — x5, (t
Iq)("zm) -/ q)("r()"f”)dtg L
5 G 5
Let j — oo. Thus, with the Fatou Lemma, we have
- . —x(t
(B0 - [ a(020),
€ G 3

X (t) — xp, (E
< liminf (D(M)dtgl.

j—oo JG

Then,

Hence, ||xy; — x||o < & whenever n > ng. That is, lim ||x,, — x|l = 0.
1—00

®) }111_I>Iolo |xn — x|l = 0. Using



Axioms 2024, 13, 696 60of 16
[0 = xllo = llxn = %u; + xn; — xl[@
< bllxn = xullo + bllxn; — xll@
we can easily get r}gr(}o |xy — x|l = 0. Consequently, we obtain (L?, || - ||¢), which is a

quasi-Banach space. [J
Theorem 2. I (m) = lifand only if ® € A,.

Proof. Sufficiency. If ® € A,, then Iy (%) is a nonincreasing continuous function of A on
(0, +00). By the definition of || - ||, we obtain Ip (m =1
Necessity. If ® ¢ Ay, by Lemma 2, there exists uy T +oo such that CI)(lul) < u(Gp) and

c1><(1 + i)uk> > 2Fd(uy),

where Gy € X with u(Gp) > 0 are given previously. Select a sequence {G;} of disjoint
subsets of Gy such that

1
G)==———,k=1,2,....
‘u( k) 2"<I>(uk)
Moreover, define
[ee]
xa(t) = Y wxg,(t), n=0,12,...
k=n+1

where xg/(t) is the characteristic function of set E. Then, for each n > 0, we have

Iq,(xn):/G@(xn(t))dt: " ®(u)u(Gy) —Zln <1

k=n+1
However, for any A € (0,1), let ny € N, which satisfies 1 + % Then, for all n > ny,
we have
1
() > ¥ of(a k)uk)mck)
k=n+1
> Z 20(u)pu(Gy) = Y, 1= +oo.
k=n+1 k=n+1

Hence, ||x,||@ = 1, which is a contradiction. O
Theorem 3. ® € A, if and only yfnlgrgo Ip(xy) = 0 implies nl1_r>ro10 [E S

Proof. Necessity. Since @ € A, for any € > 0 and 1y > 0, there exists K > 0 such that

Q(%) < K®(u) (u > up).

By lim fG n(t))dt = 0, there

Take a small enough 1 > 0 such that ¢ (70) j
n Thus, we get that

(G) <
exists 119 € N such that [ ®(x,(t))dt < o (n > np).
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of2)- [o[*2)a

; <p<xn<f>)dt+ | o (40
{tec |xn< )/ <o} e {t€G: (1) | 200} e

<o +K/
1 1

— i1 (n> )
2+2 (7”1_1’10)

Hence, ||xq||le < € (n > ng), that s, lgn Ixn]|le = 0.
n—00
Sufficiency. It can be obtained by the same argument as in Theorem 3. [

Theorem 4. Suppose ® € Ay. If x,(t) B x(t) and I (x,) — Io(x), then
[[xn — x[|e — 0.
Proof. By the absolute continuity of the integral, for any € > 0, there exists 6 > 0 such that

/d) dt<

where p(e) < 6. Since x, () LR x(t) and according to the Egorov theorem for the mentioned
above > 0, we obtain ey C G such that x,(f) uniformly converges to x(f) on G \ eg. Thus,
there exists 11 € N such that

() — x(t)] < 2071 (ZMEG))’

whenever n > ny. Consequently,

fo 2 (< 2(2 (5 1o =2

By the assumption that x, (¢) uniformly converges to x(t) on G \ ey, we have

1¢(anG\eo) - I<I>(xXG\eO)'

By Ip(xy) — Ip(x), we obtain the following:

Lo (XnXey) = T (XXe,)-

Then, there exists 1, € N such that

/d>(xn(t))dt</ D(x(t))dt + 7,

€ €0

( )m
wﬁ<( yw/ ( ”yf
N << TH/ 0M|+M)Vf

\%<M(Z“+L¢Wmnmﬁéﬂmww

whenever n > n,.

Iq,(x” —x)

|
\\

IN
S

S— 5—
o

IN
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Hence, for any € > 0, take ngp = max{ny,n}; thus, we get

Iq;( >< +2/ dt+ <g,

whenever n > ng. Then, by ® € Ay, we get ||x, — x||¢ — 0. O

If @ is a constant on the interval [g,b] and ® is not a constant on either [a — §, b]
or [a,b+ ¢] for each 6 > 0, then we call [a,b] a structural constant interval of ®. Let
{lan, bu]}"_, be all structural constant intervals of ®, where m is finite or infinite. The next
result is different from the classical Orlicz spaces.

Theorem 5. For any x € Lo, Ip(x) = 1 implies ||x||¢ = 1 if and only if the following condi-
tions hold:

(i) {bu}5 is a bounded sequence;
(ii) for any {Gi}f.‘zl such that U;(:l G CGand G;N G =0,i #jandi,j=1,2,...,k either
YK ®(an)u(Gn) < 1or S5 _ ®(ay)pu(Gy) = 1 implies k = co.

Proof. Necessity. We first discuss the case lim sup b,, = oo, then there exists b, and Gy C G

n—oo
such that ®(by,)u(Go) = 1. Let
xO(t) = a?’l[)XG(]'

Hence, [p(xg) = 1. Let Ag = h ; thus, we have

lo(30) = ®(bn)u(Go) = 1.

Furthermore, for any 0 < A < Ay, we have

lo(3) = (52)1(Gug) > @by )1 (Guy) = 1.

Thus, ||xo|le = Ao < 1, which is a contradiction.
The case if there exists a segmentation {G,}' ; of G, ie, G C U;_; Gy, and
GiNG;=Q,i# jand m < oo satisfies } ;' ; ®(bn)(Gu) = 1. Let

m
i’) = Z AnXG,-
n=1

Take A :max{g—z:nzl,...,m},then0<)\1 < 1and“i <b,,n=1,...,m Hence,
X m an m
Io(— O( =1.
<D</\l) Z )\1 Z G”

n=1

Thus, ||x1]]e < A1 < 1, which is a contradiction.
Sufficiency. For any x € Le with Ip(x) =1, let

Gn=1{t€G:ay<|x(t)] < by,

then G; ﬂ G =@ #)). Mg P(bn)u(Gn) <1, then p(supp(x) \ Uyzq Gu) > 0, where

supp(x) = {t x(t) # 0}. Since for any A € (0,1), we have
X x(t) x(t)
Ip(— :/ O(—=)dt + O(—=)dt
CD(/\) Uniz1 Gn ( A ) supp(x)\Up=1 Gn ( A )

>/ q)xtdt+ O(x(t))dt =1 x),
Un=1 Gn ( ()) supp(x)\U"_, Gn ( ()) q;( )
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and we obtain Ip(§) > Ip(x) =1, [|x[|e > A, ie, [|x|lo = 1.
Without a loss of generality, we suppose that supp(x) = U, Gy, thatis,

ZCDan (Gn) =1,

it follows that m = 0. It follows from {b, }$>_;, which is a bounded sequence, that there
exists {by,} C {b,} such thatb,, —a, — 0. By passing to a subsequence, it may be assumed
that b, — a, — 0. Thus, for any A € (0,1), there exists 19 € N such that

ﬂno

T buy-
Then, we have
s ay Aay a}’lo
Y P(5)H(Ga) = 3 @()H(Gn) + () (Guy)
- A A A
n=1 n#ng
> Y ®(an)u(Gu) + P(bug) 1#(Gy)
n#ngy
= Z D (an)u(Gn) =1,
n=1
ie,Ip(F) > 1, |x|le > A. According to the arbitrariness of A, we know that || x| > 1, and
since Ip(x) = 1, we know that ||x||¢ < 1. Hence, x| = 1. We complete the proof. O

Theorem 6. |xy|o — 1 = lo(xn) — 1ifand only if ® € AY ..

Proof. Necessity. Assume ® ¢ A, . Then, there exist &g > 0 and a sequence u,, T +o0

such that
q><<1 + i)w) > (14 e0)@(un)

for each n € N. Choose G, C G such that ®(u,)u(G,) = 1+€0 Let x, = uyxg,, then

1
1+eo

lo(¥0) = [ ®(xa(t))dt = D(u)p(Gn) =

Hence, ||x, || < 1. However,

1q>< - ) =I¢<(1+Tll>xn) :@((Hi)un)u(cn)

1+1
> (1+¢0)P(un)u(Gp) = 1.

n

Then, ||xu||e > ;2. Hence, we get ||x,[|o — 1, Io(x) - 1, which is a contradiction.
Suff1c1ency Let ® € A}, which means that, for any ¢ > 0 and ug > 0, there
exists 6 € (0,1) such that CI>((1 +0)u) < (14 ¢)P(u) whenever u > uy. We conclude
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Iq)(l‘;fﬁ) = 1. Suppose ||x,||le — 1, then there exists ny > 0 such that ||x,||l¢ < 1+
Xn

whenever n > ny and
Io(xn) = I | ||2n]| <Ip((1+9) Xn :/(1) (149) X (t) dt
R S P Y i [Jn | G l[xnle

)
= c1><(1 +6) X (t) )dt

-~ Jjtea: O] <)

|xn
[xnlle

Xn(t
+/{teG' AT ¢((1+5)|x(|) )dt
Tl 40} n

(o]
< ®((1+6)up)u(G) + (1 +e)1¢( n )
=P((14+0)ug)u(G) +1+e.

1

The condition ||x,||¢ — 1, Tl

1+ dasn > nyand

1= 1¢<x”) :I¢<1 ) <Io((1+9)xy) Z/GdD((l—i-(S)xn(t))dt

Xn
l[xnlo [E[EY

= O((1+6)x,(t))dt O((1+6)x,(t))dt
{t€G:[xu(t)|<uo} ((1+8)xa(e))dt + {t€G:|xn ()| >u0} (A +0)x(t))

<P((1+0)ug)u(G)+ (1 +¢)lp(xy)
= ®((146)ug)u(G) + Ip(xy) +eL,

— 1 implies that there exists 77 > 0 such that ||x,[|¢ <

where L = sup{lp(x,)}.
n
Take a small enough 1y > 0 such that ®((1 + )ug)u(G) < ¢ thus, we get
1—(1+L)e<Ip(xy) <142
when n > max{ng,n1},ie., lim Ip(xy)=1. O
n—oo

The following example shows that although there exists an Orlicz function ® € A,

® ¢ A}, forany e > 0.

Example 3. Let

o _ {1 ul € [0,b1),
%UM —by) +au, |u| € by, byi1),n=12,...,

where ay = 2, a3y = 2ap,1, dop1 = b2, b1 = 2, byy = (1 + %)bz;q—lx bany1 = 2boy,
n=12,....

D & Ay, Infact, if we take gg = % and u, = by,_1,n=1,2,..., we have
q)(uﬂ) = q)(bnfl) = dp—1,

@((1 + i)u) - @((1 + i)bZn—l) = D(by) = 3 = 203 1

— 20(u) > (1+ e0)P(un).
® € Ay. Infact, ifu € [by, _1,b2,),n=1,2,..., then

D(u) > D(boy—1) > azy—1
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and by, < 2bp, 1 < 2u < 2byy, = by, 41, thatis, 2u € (boy, byyi1). Thus
®(2u) = D(bay) = 24211 = 2091

Hence, for any K > 2, we have ®(2u) < K®(u).
If u € [byy, bops1), n=1,2,..., then

D(u) = D(bon) = az,
and by, 11 < 2bp, < 2u < 2byy, 1 = boyys, thatis, 2u € (bay o, byyes). Thus
D(2u) = D(bpy13)P(bayt2) = a2nt2 = 2,20 + 1 = 2ay,.
Hence, for any K > 2, we have ®(2u) < K®(u).

Theorem 7. The following statements are equivalent:

(i) L% is lower locally uniformly monotone;

(i) L% is strictly monotone;

(iii) ® is strictly increasing on R and P satisfies the Ay-condition.

Proof. (i) = (ii) is obvious. Now, we will prove that (ii) = (iii). If @ is not strictly increas-
ing on the interval [0,+c0), then there is an interval [a,b] in [0,+c0) such
that ®(u#) = C on [a,b], where C is a constant. Take Gy € X, with y(Gp) > 0 and
0 < @(b)u(Gp) < 1. Let us take a sufficiently large strictly monotone point ¢ of ® such that

(b)pu(Go) + @(c)u(G\Go) > 1.
By the fact that the measure y is non-atomic, we have G; C G\ Gy such that
D (b)(Go) + P(e)u(Gr) = 1.

Define
X =axg, + X, Y = bxg, + cxa,-

Then, we can easily get that x < y and Ip(x) = Ip(y) = 1. Since c is strictly a monotone
point, thus || x|l = ||y|/e = 1, which is a contradiction.

Now, we will prove that (iii) = (7). Assume that ® is strictly increasing on R and
& satisfies the Ay-condition. For any 0 < x, < x and ||x,|l¢ — [|x|l¢ as n — oo, we will
prove that ||x, — x|[¢ — 0as n — oo holds.

First, we will prove that Ig (m) — 1asn — oo. If not, then Ip (L) >1+4,

lxn o
where 41 is a positive number. By the absolute continuity of the integral, for any ¢ > 0,

there exists g > 0 such that [, CID( x(t) )dt < ¢, where j(e) < &. By the assumption that

[EAIE

[[xn]le — ||x|lo as n — oo, we can assume that ‘JL’;H‘ED < 2. Using @ € A, there exist ug > 0

and K > 0 such that ®(2u) < K®(u), whenever u > ug, which together gives the previous
condition, as follows:

o(ets) = o (e s = (i)
Fallo EIREE EE

< ®(ug)p(G) + Ko (”x’iq)) = ®(u9)p(G) + K.
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Denote ® (1)1 (G) + K = M; thus, we have

M > Iq>(x> > / d)(x(t)>dt
|20 [|lo Jitee: 20>py — \ [lxalle
xnlle

> oDp({tec: > pyy.

12nlle

Thus, u({t € G : x> D}) < 3 M- Since @ is strictly increasing, we conclude that there

[xnllo = ®(D)
exists D > 0 such that u({t € G : EI D}) < ép. Let G4(D) = {t € G : Hx( H) > D};

thus, we obtain

(B

/n(m q)(chyl)q)dt =

Because @ is continuous, then @ is uniformly continuous in the interval [0, D]. For the
above g, there exists § > 0 such that

¢<ﬁﬁﬁ>‘¢Qﬁﬁ)<&

< 4. We can easily understand that

whenever Xt x(f)
lxnllo  [xllo

%§/®@ﬁﬂy“/ (7w ) |
- G\Gn(D)(q>< xit) )dt+./cn(D)q><|zit|)cb)dt-/G\Gn(D)qD(||xx(|T<)b)dt
<[§@u»( Qwub)"¢<ﬁxl>)”*'cﬂDfDQéﬁﬁ)dt

< eu(G) +e.

Due to ep(G) + ¢ < &, we get a contradiction.
Now, we will prove that {x,(t)}5> , converges to x(t) in measure. Otherwise, there
exist g > 0 and &y > 0 such that

u({t € G x(t) —xu(t) = e0}) > do.

By @ € Ay, there exists D > 0 such that

>

u({t € G:x(t) — xu(t) > e, x(t) > D}) < 50

Denote A, = {t € G : x(t) — x,(t) > €0, x(t) < D}. By the assumption that ® is strictly
increasing and by the proof of Theorem 15 in [9], there exists ¢’ > 0 such that

*( 1) =@ (mis) +
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fort € A,;, so we have

FeCite )= Lo e L o (s )

fo(* |xn|+<:o> L ()
/ CD( ) )dt+ c\Anq’<|rfn(|t|l a
. (e

t)
dt+ 5" u(A +/ c1><x”( )dt
) HADE Jorn P\ Tl
+(5l(50,

v

v

0/—\'@

where 6’ > 0, which is a contradiction.

Now, we are going to show that Ip (HXXW — m) — 0asn — co. Since {x, ()} ; con-
[e9)
verges to x(t) in measure and ||x,||¢ — ||x||@ as n — oo, we derive that { H’Z’(Ht; - Hi(t\llp } .

converges to 0 in measure. The absolute continuity of the integral implies that for any € > 0,
there exists 6 > 0 such that |, <I>< Hxn;H<I> Hand))dt < ¢, where ji(e) < J, and the Egorov’s

theorem implies that for the above 6 > 0, there exists ey C G such that {L() e }00

[lxn ]l lxn o n=1
uniformly converges to 0 on G\eg. Further, we obtain that

/ cp( () - x(t) >dt—>0
G\eo  \lxnlle  [lxnlle
as n — oo. Hence, for the above ¢ > 0, there exists N € N such that
[a(m0 0y,
G\eo  \lxnlle  [lxnlle

whenever n > N. Therefore, we conclude that

W) x() xult) x(t)
/cq’<||xn|t|q>‘|xnt||q>>d*:/c\eﬂq’(||xn|t|¢ ) v (nxnucp |x,f|q>>””

<e4+e=2¢,

whenever n > N. By Theorem 3, we obtain that ||x, — x||¢ — 0 as n — co, which finishes
the proof. O

Theorem 8. L® is upper locally uniformly monotone if and only if ® is strictly an increasing
continuous function on Ry and ® satisfies the Ay-condition.

Proof. We only need to prove the sufficiency. Let
0<x(t) <xu(t), |Ixflo=1 and |xu]le — 1.

By passing to a subsequence, it may be assumed further that ||x,|¢ > 1/2 foralln € N.
Since ® € Ay, by the same argue of the proof of Theorem 7, we have

X
Iim Ip(—
A e (T

. xn X
Iim|(Ilp| —— | — Ip| ——— =0.
Hoo< ‘D<|xn|q>> q’(nxnncp))

) =1

Hence,
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That is,

i [ (@( ) 2 (s ) ) =0
o(is) () 2

H Yn oo X
|20l %0 @

Using

forall t € G, we have

—0
LY(Q)

as n — oo. Therefore, there exists a strictly increasing subsequence {rn;}{? ; of natural
numbers, a sequence of positive numbers {;}%° ; C (0,1),and y € L;(Q)* such that

lim € = 0,
k—o0
and N
0<do —do < ey
||xn||q> [E[E

for all k € N (see [15]). By the absolute continuity of the integral, we obtain that, for any
e > 0, there exists & > 0 such that

[o( B0 X0y,
e \lrllo [xlo
where p(e) < 6. Egorov’s theorem implies that for the above 6 > 0, there exists ¢ C G
such that .
{ xa(t)  x(t) }
lxnlle  lxllo J =y
is uniformly convergent on G \ ey; further, we obtain that
t t
/ c1>< xa(t) - x(t) >dt—>0
G\ \lxnlle  [Ix]le
as n — oo. Hence, for the above ¢ > 0, there exists N € Nt such that
[a(m0 50y,
G\eo  \lxnlle [x[le
whenever n > N. Therefore, we conclude that

W) x() o (8) x(t)
/cq’<||xn|t|q>‘|xx|t|q>>dt:/c\mq’(||xxn||¢ )””*/ (nxnucp |x|tq>>””

<e+e=2¢,

whenever n > N. This implies that

X () x(t)
[ [l {2 [l

— 0

in measure. Since @ is a strictly monotonically increasing function on R, it follows that

() x()
‘D(nxnkn@ ||xnk||q>)%0
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in measure. Without a loss of generality, we may assume that

q>< X, () x(t) ) o

EArEAE
Hence,
X (t)  x(b) Xn, (1)
q’(|xnk|¢ ||xnk|¢)§“’(||xnk||¢>
x(t)
< Q)(nxnku@) eyt
< ®(2x(t)) + ().

By the Lebesgue dominated convergence theorem, we have

¢
lim cp( x(t)__ o (b) )dt:O.
k= JG lxnelle Nl llo

Xn

By ® € Ay, we have

e X

—F —+ 0.
e

as k — oo. Since |x,,|l¢ — 1ask — oo, it follows that ||x,, — x||¢ — 0. By the twin
sequences theorem, ||x, — x||¢ — 0. as n — oo. This completes the proof. [

4. Conclusions

In this study, we defined a new class of Orlicz functions and successfully extended
classical Orlicz spaces. We discussed some fundamental properties of quasi-normed Orlicz
spaces and provided criteria for strict monotonicity and lower (upper) local uniform
monotonicity within these spaces. Our in-depth exploration of the newly defined Orlicz
spaces offers powerful tools for understanding broader function spaces, which are of great
importance in classical function space theory and regarding their practical applications.
Moving forward, we aim to explore a characterization for the uniform convexity of new
Orlicz spaces. Our theoretical insights will provide valuable support for the field of non-
convex optimization, contributing to its further development.
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