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1. Introduction

Kac in [1] has proposed Lie conformal algebras, usually considered as an axiomatic
description of the singular part of the operator product expansion of chiral fields in con-
formal field theory. The past few years have witnessed considerable scholarly attention
to this algebraic structure in the past few years because they are closely related to vertex
algebras [2]. Many more properties and structures of Lie conformal algebras have been
developed; see [3-7] and references cited therein.

Leibniz conformal algebras were introduced in [8], which are closely related to field
algebras [9] and vertex algebras. Later, the author further elaborated upon and elucidated
the concept of a conformal representation of a Leibniz algebra in [10]. After that, Zhang
introduced the cohomology of Leibniz conformal algebras in [11] and Wu articulated the
notion of a Leibniz pseudoalgebra, which is a multivariable generalization of the concept
of Leibniz conformal algebras in [12]. Recently, Feng and Chen studied O-operators, also
known as relative Rota—Baxter operators on Leibniz conformal algebras with respect to
representations in [13]. Subsequently, the first author and Wang investigated some prop-
erties of relative Rota—Baxter operators on Leibniz conformal algebras with respect to
representations and their connections with Leibniz dendriform conformal algebras in [14].
For further details on Leibniz conformal algebras, see [15,16]. Recently, the authors [17]
introduced Leibs-conformal algebras where the Leibniz conformal identity holds up to
homotopy. Additionally, they presented equivalent descriptions of Leibe-conformal alge-
bras and identified certain characteristics of some particular classes of Leibs-conformal
algebras in terms of the cohomology of Leibniz conformal algebras and crossed modules
of Leibniz conformal algebras as a generalization of [18]. This study would introduce
two-term differential Leibs-conformal algebra and generalize the common characteristics
of some particular classes of such homotopy differential Leibniz conformal algebras, which
constitute the major academic focus of this paper.

The extension problem has persisted and incurred scholarly dispute. Non-Abelian
extensions were first developed in [19], which induces cohomology to the low dimensional
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non-Abelian group. The authors examined non-Abelian extensions of Leibniz algebras
in [20]. See [21] and references cited therein. Naturally, we look into non-Abelian exten-
sions of a differential Leibniz conformal algebra by another differential Leibniz conformal
algebras. Another interesting study linked to extensions of algebraic structures is given by
the inducibility of a pair of automorphisms, which, after all, is intimately connected with
extensions of algebras. Such a study was first initiated by Wells in extensions of abstract
groups in [22]. Later, the authors investigated extending automorphism in [23]. In [24], the
authors studied the inducibility of a pair of automorphisms about a non-Abelian extension
of Lie algebras. The results of [20,24] have been extended to Rota—Baxter Leibniz algebras
in [25]. Naturally, we study the inducibility of a pair of differential Leibniz conformal
algebra automorphisms and characterize them by equivalent conditions. This forms the
second research focus of this paper.

The paper is organized as follows. In Section 2, we recall some basic definitions
of differential Leibniz conformal algebras. In Section 3, we introduce homotopy differ-
ential operators on two-term Leibw-conformal algebras. A two-term Leibs-conformal
algebra equipped with a homotopy differential operators is called a two-term differential
Leibs-conformal algebra, and we give characterizations of some particular classes of such
two-term differential Leibs-conformal algebras. In Section 4, we introduce non-Abelian
cohomology groups and classify the non-Abelian extensions in terms of non-Abelian co-
homology groups. In Section 5, we explore the inducibility of pairs of automorphisms
and derive the analog Wells exact sequences under the circumstance of differential Leibniz
conformal algebras.

2. Preliminaries

Throughout the paper, all algebraic systems are supposed to be over a field C. We
denote by Z the set of all integers and Z - the set of all nonnegative integers. We now recall
some useful definitions in [8,11,26].

Definition 1. A Leibniz conformal algebra is a C[d]-module R endowed with a A-bracket [-)-]g,
which defines a C-bilinear map from R ® R to R[A] = C[A] ® R such that the following axioms hold:

[Px YR = —A[XAY]R, [X20Y]R = (0 + A)[x)y]R, (conformal sesquilinearity)
[xAlyuz]RIR = [[XAY]RA+u2Z]R + [Yu[*2Z]R]R, (Jacobi identity)

forany x,y,z € R.

Definition 2. A representation of a Leibniz conformal algebra R is a C[0]-module R endowed with
left and right A-actions, which are two C-linear maps

A:R®V - V[A], »: VR — VI[A]
that satisfy the following conditions:

(0x) u = —Axpyu, x,(0u) = (0 +A)xyu,
(Qu) x = —Auzx, uy(9x) = (0 + A)uyx,
up[xuyl = (ax) a4y + xu(ury),

Xu(upy) = (i) rpy + uaxuylr,

X (yuw) = [xXpYIRA 1t + yu(xau),

forany x,y € Randu € V.
It follows that any Leibniz conformal algebra R is a representation of itself with

xay=(Loa(y) = [xaylr and y-rx = (Ry)a(y) = [yax], forx,y € R.
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Here, Ly and R, denote the left and right A-bracket on R by x, respectively. This is called
the regular representation.

Let R be a Leibniz conformal algebra and V a representation of R. For n > 1, an
n-A-bracket on R with coefficients in V is a C-linear map fy, ... o, : R¥" — V[Aq,.., Ay_q]
denoted by

X1 ® e ® Xn — f)\],---,/\,/,,] (xll e /xi’l)/

satisfying the following sesquilinearity conditions:

f)\l/"'//\n—l (Xl,' e ,ax,‘, s xn) = _/\if)\l,"',)\n—l (xl, s ,xn),l <i<mn,
Frpg (1, ,0x0) = (A + -+ A1 +9) fag o p, (X1, Xn)-

Let C) o = V/3V. Forn > 1,let C} ;- = CI'.. (R, V) be the space of all n-A-brackets
on R with coefficients in V. Define C ;;,c = ®nenC{ ¢ as the space of all poly A-brackets.
Forn > 1, f € (¢, define

(OreibCf ) Ay, An (X1, Xng1)
n .

= Z(_1)1+1aiAifA1,---,/\n(xlr' o /xn+1) + (—1)n+1f)\1,~-,)\n,1(x1,' e /xn))\1+---+)\nxn+l
=1

+ ) (*1)if)\1,-~,A,-+A/-,-~,An(xl,'",[xiA,xj]R,“',an)
1<i<j<n+1

The cohomology of this complex denoted by H{ (R, V) is called the cohomology of the
Leibniz conformal algebra R with coefficients in a representation V.

Let R be a Leibniz conformal algebra. Recall that a C[d]-linear map dg : R — R is
called a differential operator such that

dr([xay]) = [dr(x)ay] + [xadr(y)] + a[dr(x)rdr(y)], Vx,y € R. 1

One denotes by Der(R) the set of differential operators of the Leibniz conformal
algebra R.

Definition 3. A differential Leibniz conformal algebra is a Leibniz conformal algebra R with a
differential operator dr € Der(R). One denotes it by (R, dR).

Definition 4. Given two differential Leibniz conformal algebras (R, dR ), (Q,dq), a homomorphism
of differential Leibniz conformal algebras from (R,dRr) to (Q,dq) is a Leibniz conformal algebra
homomorphism ¢ : R — Q such that ¢ odg = dg o .

Definition 5. Let (R, dR) be a differential Leibniz conformal algebra.
(i) A representation over the differential Leibniz conformal algebra (R,dR) is a pair (V,dy),

where dy € Cend(V), and V is a representation over the Leibniz conformal algebra R, such
that for all x € R,u € V, the following equalities hold:
dy(x-pu) =dr(x) pu+x-ydy(u) +adr(x) -y dy(u),
dy(u-px)=u-pdr(x)+dy(u) ) x+ady(u)-dr(x).

(ii) Given two representations (U, dy), (V,dy) over (R,dR), a conformal linear map f : U — V
is called a homomorphism of representations, if f ody = dy o f and

flx-yu)=x-f(u), fu-yx)=f(u)-rx, VxeRuelV.
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Define the set of n-cochains by

-1

Clenc (R V) @ Clgpc (R V), n>2,

Chieibc (R V) := { Clape (R, V) =Hom(R, V), n=1,
Cenc(R V)=V, n=0.

For n > 1, we define a linear map ¢ : CJ' ;.- (R, V) — CJ ;. (R, V) by

e Xp)

Z f)\]/“.,)\n(xl,. . .,dR(xil),. . .,dR(xik),.. .,Xn) — dvf/\lr...,)\n (xl,. . .,xn),

1§i1<*"<ikS1’l

forany f € C/' ; (R, V) and
6v = —dy(v), Yve (R V)=V/aV.
Define dpyeibc : Cl e (R V) = Ciopc (R, V) by
IpLeibc (f) = (QLiec(f), —0f),  Vf € Hom(R, V).

Then, for n > 2, we define dpy eibc : Cf oo (R, V) = ClEL-(R, V) by

IpLeibC (fr, §n—1) = (OLeibc (fn), OLeibc (§n—1) + (—=1)"3fn),

for any f, € Cl.c(R, V) and g,—1 € C'l-(R, V). The cohomology of the cochain
complex (Cfy; winc (R, V), 9pLeibc ), denoted by Hyy; (R, V), is called the cohomology of
the differential Leibniz conformal algebra (R, dr) with coefficients in the representation
(V,dy).

3. Crossed Modules and Two-Term Differential Leib-Conformal Algebras

In this section, we introduce homotopy differential operators on two-term Leibeo-
conformal algebras. A two-term Leibs-conformal algebra equipped with a homotopy
differential operator is called a two-term differential Leibe-conformal algebra. We show that
skeletal two-term differential Leibo-conformal algebras correspond to the third cocycles of
differential Leibniz conformal algebras. Next, we introduce crossed modules of differential
Leibniz conformal algebras and show that crossed modules of differential Leibniz conformal
algebras correspond to strict two-term differential Leib,-conformal algebras.

Definition 6 ([17]). A two-term Leibs-conformal algebra is a triple (R; —— Ry, 02, p3) consist-
ing of a complex Ry — Rq of C[0]-modules equipped with

»  a C-linear conformal sesquilinear map py : R; ® Rj — Riyj[A], for 0 <i,j,i+j <1,

e a C-linear conformal sesquilinear map p3 : Ry ® Ry ® Rg — Ry [A, y]

that satisfy the following set of identities: for all x,y,z,w € Roand u,v € Ry,
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(Leib1) (p2)1 (,2) = 0,
(Leib2) 7e((p2)a (x,u)) = (p2)a (x, 7u),
(Leib3) 7e((p2)a (1, %)) = (p2)a (w1, ),
(Leibd) (p2)a(77,0) = (p2)a (1, 70),
(Leib5) 7t ps)a,y(x,y,Z)) = (02)a (%, (02)(¥,2)) = (p2) a4 ((02)a (x,¥),2) = (02)u (¥, (p2)2 (%, 2)),
(Leit6) (03)2,5(x,,710) = (p2)a (%, (p2)(1,0)) = (P2)au(p2)a(x,),0) = (p2)u (v, (P2)a(x,0)),
(Leib) (p3)(x, 70, ) = (p2)a (%, (p2) (0,)) = (P2)au(p2)a(x,0), ) = (p2)u (2, (P2)a(x,),
(Leib) (p3)au(710,%,y) = (p2)a (0, (02)(x,1)) = (02Dt ((02)2(0,2),) = (p2)u(x, (o)A (0, 1)),
(Leib9) (p2)a (%, (03)ps (4,2,0) ) = (02)u (1 (P3)rw (5,2, w) ) + (p2)u (2 (03D (9, )

+ (P2)arp ((03)as (%, 2), @) = (P2)apa ( (02D (), 2,0) = (03) o (v, (02D (3, 2), )

— (p3)pw (}/r z, (p2)A(x, w)) + (03) A ptv (x, (02)u(y,2), w) + (03) 10 (x, 2, (02)u(y, w))
— (03) A1 (x, Y (Pz)u(z,w)) =0.

Definition 7. Let R = (R; —= Ry, 02, 03) be a two-term Leibeo-conformal algebra. A triple
d = (do,dy,dz), where dy : Ry — Ro and dy : Ry — Ry are conformal linear maps and
dy : N2Rg — Ry[A] is a conformal bilinear map, is called a homotopy differential operator on R,
ifrtody =dyom, andforall x,y,z € Roand u € Ry,

(D1) t((d2)a(x,y)) = do((p2)r(x,¥)) — (p2)a(do(x),y) — (p2)A(x,do(y)) — a(p2)a(do(x),do(y)),
(D2) (d2)(x, mu) = d((p2)a(x, 1)) — (p2)a(do(x), u) — (p2)a(x,d1 (1)) — a(p2)a(do(x),d1(u)),
(D3) (d2)a(mu, x) = d1((p2)a (1, x)) — (p2)r (1, do(x)) — (p2)a(d1 (1), x) — a(p2) 2 (d1 (), do(x)),
(D4) (03)r(do(x), y,2) + a(p3)pu(x,do(y), 2) + &*(03) 2 1 (%, y,do(2)) — dr(03)au(x, v, 2)
= (p2)a+u((d2)a(x,y),2) = (p2)a+v ((d2)A (%, 2), ¥) — (P2)A (%, (d2) (¥, 2)) + (d2) a4 ((02)1 (%, ), 2)
—(d2)r+v((p2)a(x,2),y) — (d2)a(x, (02) (. 2))-

A two-term differential Leibo-conformal algebra is a two-term Leibo.-conformal algebra
R = (R; - Ry, p2,p3) equipped with a homotopy differential operator d = (do, d1,d>).
We denote a two-term differential Leibo,-conformal algebra by (R; LN Ro, p2, 03, do, d1,d>)
or simply by (R, d).

Definition 8. Let (R, d) be a two-term differential Leibeo-conformal algebra. It is said to be

(i)  Skeletal if T =0,
(ii)  Strict if p3 = 0 and dp = 0.

Theorem 1. There is a one-to-one correspondence between skeletal two-term differential Leiboo-
conformal algebras and triples of the form (R<, Vs, (f,0)), where (R, dR) is a differential Leibniz
conformal algebra, (V,dy) is a representation and (f,0) € C3 . ~(R, V) is a 3-cocycle.

Proof. Let (Rq 5 Ry, 02, 03,do,d1,dy) be a skeletal two-term differential Leibo-conformal
algebra. Then, according to (Leib5) and (D1), we obtain (Ry, p2) and operator dy is a
differential Leibniz conformal algebra. On the other hand, by conditions (Leib6), (Leib7),
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(Leib8), (D2) and (D3), we obtain that (R, d;) is a representation of the differential Leibniz
conformal algebra (R, dy) with the left and right A-actions

‘At Ro®Ry = Ry[A], x-pu=(p2)r(x,u),
/\':R1®R0—>R1[/\], u-;\x:(pz);\(u,x), Vx € Rg,u € Ry.

The conditions (Leib9) and (D4) are, respectively, equivalent to

e (03, —d2) = (Oreibc(p3), —Oreibe (d2) — dp3) =0

Thus, (p3, —d2) € C3| ;.c(R, V) is a 3-cocycle.
Conversely, given a triple ((R,dr), (V,dy), (03,d2)) as in the statement, define confor-
mal bilinear maps py by

Bloy) = ylr (e)a(xu) =xau, (p2)a(u,x) =1 x,

for x,y € R,u € V. Then, (V LN R,p2, f,dr,dy, —d;) is a skeletal two-term differential
Leibe-conformal algebra. O

Next, we introduce crossed modules of differential Leibniz-conformal algebras and
characterize strict two-term differential Leibs-conformal algebras.

Definition 9. A crossed module of differential Leibniz conformal algebras consists of ((Ro, dp), (R1,d1),
7, b, pR), where (Ro, do) and (Ry,dy) are differential Leibniz conformal algebras, v : (Ry,dy) —
(Ro, do) is a differential Leibniz conformal algebra homomorphism , and p* : Rg ® Ry — Ry[A],
PR : Ry ® Ry — Ry[A] , and make (Rq,dy) into a representation of the differential Leibniz
conformal algebra (Ro, dy) satisfying

(Ca)  m(p"(x)a(w) = [am(u)lr,,  7(pR (x)a(u)) = [m(u)ax]R,,
(Cb)  pH(m(u))a(v) = [urv]r,, " (7(u)r(v) = [oru]R,,

forany x € Ro,u,v € Ry.

Proposition 1. Let ((Ro,dg), (Ry,d1), 7T, pb, pR) be a crossed module of differential Leibniz con-
formal algebras. Then, (Ry @ Ry,dy @ dy) is a differential Leibniz conformal algebra, where the
bracket is

[(x, 1)a(y,0)] = ([Xay]Ry, P ()0 + p" (Y)au + [a2]R,)
forany x,y € Ro,u,v € Ry.

Proof. Since Ry, Ry are both Leibniz conformal algebras and (Ry, p%, p®) is a representation
of Ry, then we have that Ry @ R; is a Leibniz conformal algebra. Moreover, for any
(x,u),(y,v) € Rg® Ry, we have

x,u))\(y,0)]
= (do & d1)([xay]Ro, P" (x)20 + R ()
= (do([xa]ry), d1(p" (x)20) + di (0% (y)ru) + di ([urv]R,))
= ([do(x)ry]ry + [xado(¥)]Rr, + a[do(
(do(x))ad1 (v) + R (y)ad (u) + p" (do(y)) are + ap® (do(y)) ada (1)
+[d1(u)rv]R, + [”/\dl( 0)]r, + ald1(u)rd1(v)]g,)
= [(do @ d1) (x, u)r(y, 0)] + [(x, u)r(do @ d1) (y,v)] + a[(do © d1) (x, u)r(do ® d1)(y,v)].

A+ [upv]R,)

x)rdo(y)] Ry, 0 (x)ad1 (0) + p" (do (x)) 10
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This shows that the map dy @ d; : Ry @ Ry — Ro @ R; is a differential operator. And the
proof is finished. O

Theorem 2. There is a one-to-one correspondence between strict two-term differential Leibeo-
conformal algebras and crossed modules of differential Leibniz conformal algebras.

Proof. Let (R; — Ry, 02,13 = 0,do,dy,d> = 0) be a strict two-term differential Leiboo-
conformal algebra. Then, according to (Leib5) and (D1), we obtain (Ry, p2), and operator
dy is a differential Leibniz conformal algebra. Next, we define [-)-|g, : R1 ® Ry = Rq[A] by
[urv]R, = (02)r (711, v) = (02)1(u, v), for any u, v € Ry. By conditions (Leib6) and (D3),
we obtain that (Ry,d;) is a differential Leibniz conformal algebra. On the other hand, the
condition (Leib2) implies that 7w : (Ry,d;) — (Ro,dp) is a differential Leibniz conformal
algebra morphism. Finally, we define

p":Ro = Ri = Ri[A], " (x)au = (02)a(x,u),
pR 'Ry —>R0—)R1[/\], pR(JC)/\M: (pz)A(u,x), V € Ry, u € Ry.

Then, we obtain that ((Ry,d7), ", pR) is a representation of the differential Leibniz confor-
mal algebra (Ry, dp); by the conditions (Leib9) and (D4), we also have

(ot (x)au) = m(p2)a (x,u) = (p2)a(x, mu),  7e(p" (x)au) = 7(p2)2 (1, %) = (p2)a (7w, %),

P

F(ru)ro = 1t(p2) (7, 0) = [upolR,, P (ru)yv = m(p2)a (v, 7t1t) = [opulr,,

for any x € Ry, u,v € Ry. Thus, ((Ro,dp), (R1,d1), n,pL,pR) is a crossed module of differ-
ential Leibniz conformal algebras.

Conversely, let ((Ro, do), (Ry,d1), 7, pL, pR) be a crossed module of differential Leibniz
conformal algebras. Define conformal bilinear maps ps : R; x R; — R;j[A],i+] < 1by

(p2)r(x,y) = [xaylry,  (p2)a(x,u) = p"(x) 1,
(p2)a(u, x) = pR(x) a1, (p2)r(1,0) =0,

for x,y € Ry, u,v € Ry. Hence, (Ry LIS Ry, p2,p3 = 0,dp,dq1,d, = 0) is a strict two-term
differential Leib-conformal algebra. [

Combining Proposition 1 and Theorem 2, we obtain the following result.

Proposition 2. Let (R, d) be a strict two-term differential Leibso-conformal algebra. Then, (Ry &
R1,dy @ dq) is a differential Leibniz conformal algebra, where the bracket is

[(x,u)a (v, 0)] = ((02)a (%, y), (p2)a(x, ) + (p2)a (4, y) + (02)a (1, 0)),
forany (x,u),(y,v) € Ro @ Ry.

Example 1. Let (R, dy) be a differential Leibniz conformal algebra. Then, ((Ro,do), (Ro,dp),id, Ly,
Ry) is a crossed module of differential Leibniz conformal algebras. Therefore, it follows that

id
(RO — RO/ ['r ’]ROI 03 = Or dOr dOr dZ - 0)
is a strict two-term differential Leibo.-conformal algebra.
Example 2. Let (Rg,do) and (Ry,dy ) be a differential Leibniz conformal algebras, let f : (Ro, do) —

(Ry,dy) be a differential Leibniz conformal algebra morphism and let i : Ry — Ry be the inclusion
map. Then, (Kerf, Ro, i, Lx, Ry) is a crossed module of differential Leibniz conformal algebras.
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4. Non-Abelian Extension of Differential Leibniz Conformal Algebras

In this section, we study non-Abelian extensions of a differential Leibniz conformal
algebra by another differential Leibniz conformal algebra.

Definition 10. Let (R,dr) and (Q,dq) be two differential Leibniz conformal algebras. A non-
Abelian extension of (R,dr) by (Q,dq) is a differential Leibniz conformal algebra (E, dg) equipped
with a short exact sequence of differential Leibniz conformal algebras

0— (Qdg) % (E,d) B (R,dg) — 0. @)

Definition 11. Let (E,dg) and (E',dp/) be two non-Abelian extensions of (R, dr) by (Q,do).
They are said to be equivalent if there is a morphism T : (E,dg) — (E',dg/) of differential Leibniz
conformal algebras making the following diagram commutative:

0 — (Qdo) —» (Ede) P (Rdg) — 0

idl | | idl @)

0 — (Qdg) —2> (E,dp) —2— (Rdg) — O.

The set of all equivalence classes of non-Abelian extensions of (R, dr) by (Q,dp) is
denoted by Extnap ((R,dR), (Q,dg)).

Example 3. Let ((Ro,dp), (Ry,d1), 7, p%, pR) be a crossed module of differential Leibniz conformal
algebras. Then, the exact sequence

0= (Ry,d1) - (Ro @ Ry, do @ dy) % (Ro,dg) — 0,
is a non-Abelian extension of (Ro, dr,) by (Rq,dR,).

We denote the set of equivalence classes of non-Abelian 2-cocyclesby H2,, (R, dR), (Q,dg)).

Let (E,dr) be a non-Abelian extension of the differential Leibniz conformal algebra
(R,dRr) by (Q,dg) as of (2). A section of p is a linear map s : R — E that satisfies p o s = idg.
We define conformal maps w : AR — Q[A],4 : R® Q — Q[A],x-: Q® R — Q[A] and
Q:R— Qby

wr(x,y) = [s(x)as(y)]e — s([xaylr),
x-yp=[s(x)aple,

poax=[pas(x)]E,

O(x) :=de(s(x)) —s(dr(x)), Vx,y€R,peQ.

Further, we define R & Q by the bracket
[, )y, @)] == ([aylr x 2 g+ p 2y +wrlxy) + [padlo).
with the conformal linear map
do(x, p) = (dr(x),dg(p) + Q(x)).

Lemma 1. With the above notations, R ® Q is a Leibniz conformal algebra if and only if w, - 5, -
satisfy the following conditions:
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[xAy]R AP =32y up) =y (xap) = [wr(x, y)apuplo 4)
wlaylr =x A (puy) = (xap) aen ¥ — [Puwr(xy)lo, (5)
wlaylr = (P px) Ay +xa (puy) — [puwr(x,y)lo, (6)
Alpuale = [(x A P)rsudlo + [pu(x -2 9o, )
Alpuale = [pu(x-a 9o — (P u ¥)r+pdlo ®)
[PM]Q Atp X = [pA(q X))o — [qu(p -2 X))o, )
x A wu(y,z) =y pwr(x,z) —wr(x,y) vz = wru([xaylr, 2) — wr(x, [yuzlr) + wu(y, [x2z]R)- (10)

Proof. Forany x,y,z € R,p,q € Q, we have

[0(x + p)aly +q)] = [(0x + 9p)r(y + q)]

= ([0xAy]R, (0% A q) + (Ip A y) + wr(9x,y) + [0pAqlQ)

= (=Alxaylr, —Mx-aq) = A(pay) — Awa(x,y) — Apaglo)
=AM +phly+9)]

Similar, we have
[(x+p)rd(y +q)] = (0 +M)[(x + p)rly +q)]-
Further, assume that R ® Q is a Leibniz conformal algebra. By
alyup]]l = [xaylrasup] + ulxapll,
we deduce that (4) holds. By
[ealpuyl] = [xeaplapy] + [pulxaylr],
we deduce that (5) holds. Similar to deduce that (6) holds. By
[ealprdla] = [[xaplasudl + [pulxagll,
we deduce that (7) holds. Similarly, we deduce that (8)-(9) hold. By

(XA [yuzlrIR = [[XAY]RA102IR + [Yu[X2Z]R]R,

we deduce that (10) holds.
Conversely, if (4)—(10) hold, it is straightforward to see that R & Q is a Leibniz confor-
mal algebra. The proof is finished. [

Lemma 2. The maps w, -5, -, Q) defined above satisfy the following compatible conditions: for all
x,y € Randp € Q,

dowar(x,y) + Q([xaylr) = Qx) Ay + wr(dr(x),y) +x -2 Qy) + walx, dr(y))

+adgr(x) A Qy) +aQ(x) -y dr(y) + awp(dr(x),dr(y)) + «[Q(x) A Q(Y)]E, (11)
[Q(x)aple + adr(x) -a do(p) +a[Q(x)adg(p)]e —do(x A p) +dr(x) A p+x-2dg(p) =0, (12)
[PAQ(x)]E +ado(p) -2 dr(x) +aldg(p)aQ(x)]g —do(p A x) +dg(p) A x+p-adr(x) =0. (13)

Proof. For any x,y € R, we have
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Q(x) Ay +wr(dr(x),y) +x ) Qy) + wa(x, dr(y)) — dowa(x,y) — Q([xry]r)
+adgr(x) A Qy) +aQ(x) ) dr(y) + awp (dr(x), dr(y)) + a[Q(x)1Q(y)]E
= [de(s(x))as(y)]e — [s(dr(x))as(y)]E + [s(dr(x))as(¥)]E — s([dr (%) ay]R) + [s(x)AdE(s(y))]E

2A 1D 1D 2B 2A
— [s(x)as(dr(¥))]E + [s(x)as(dr (¥))]E — s([xadr(y)|r) — dols(x)as(y)]e +dos([xry]Rr)
1C 1C 2B 2A 1B

—dp(s([xay]r)) +s(dr([xay]r)) + a[s(dr (x))adE(s(y))]E — a[s(dr (x))as(dr (v))]E

1B 2B 1E 1A
+alde(s(x))as(dr(y))]E — a[s(dr(x))as(dr(y))]E + a[s(dr(x))as(dr (¥))]E — as([dr(x)rdr (¥)]R)
1F 1E 1E 2B
+alde(s(x))ade(s(y))]E — a[de(s(x))as(dr(y))]E — als(dr(x))ade(s(v))]E + a[s(dr(x))as(dr (v))]E
2A 1F 1E 1A

and we deduce that (11) holds. Further, for any x € Rand p € Q, we have

[Q(x)ap]E +adr(x) 2 do(p) +a[Q(x)rdo(p)]e —dg(x-x p) +dr(x) A p+x-ado(p)
= [de(s(x))aple — [sdr((x))aplE + a[s(dr(x))rado(p)|E +alde(s(x))adg(p)]E —als(dr(x))rdo(p)]E
B

A B
—do[s(x)aple + [s(dr(x))aplEe +[s(x)ado(p)]E
A
= [de(s(x))aplE + [s(x)ado(p)]E + alde(s(x))rado(p)]E — dols(x)aplE

[
0.

This means Equation (12) is satisfied. Similarly, one can check that Equation (13) holds. [

Definition 12.

(i)  Let (R,dr) and (Q,dq) be two differential Leibniz conformal algebras. A non-Abelian 2-
cocycle of (R,dR) with values in (Q,dq) is a quadruple (w, -, -, Q) of conformal linear
maps w : A°R — Q[A],'» : R®Q — Q[A]a-: Q®R — QA]and Q : R — Q

satisfying the conditions (4)-(13).

(ii)  Let (w,-p,n-, Q) and (o', -1 -/, Q) be two non-Abelian 2-cocycles of (R, dr) with values
in (Q,dq). They are said to be equivalent if there exists a conformal linear map 17 : R — Q

that satisfies

wp(x,y) —wh(x,y) = x4 n(y) +1(x) Sy —nlaylr + 1(x)an(y)lo,

xap—xhp=[nE0hle
poax—p-hx=I[pan(x)]e,
O(x) — O (x) =do(n(x)) —n(dr(x)), Yx,y€R,peQ.

(14)
(15)
(16)
(17)

We denote the set of equivalence classes of non-Abelian 2-cocycles by H2 , ((R,dRr), (Q,dg)).

With the above notations, we obtain the following result.
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a2 ([(x, p)aly,
[xAy]R/x Aqtpay+walxy)+[padglo)

Theorem 3. Let (R,dr) and (Q,dq) be two differential Leibniz conformal algebras. Then,
the set of equivalence classes of non-Abelian extensions of (R,dr) by (Q,dq) is classified by
H2?, ((R,dr),(Q,dq)). In other words,

nab

Extoab ((R,dr), (Q,dg)) = Hyp ((R,dr), (Q,dq)).

Proof. Let (E,dg) and (E’,dp/) be two equivalent extensions of (R,dR) by (Q, do). If

s : R — Eis a section of the map p, then it is easy to observe that the map s’ := yosisa

section of the map p’. Let (', -},1 -/, )') be the non-Abelian 2-cocycle correspondmg to the

non-Abelian extension (E’, dg/) with section s’, for any x,y € R,q € Q, we have
wy (x,y) = [s'(x)s' ()] — s"[xay]r
= [nos(x)anos(y)le —noslxaylr
= 1([s(x)as(y)]e — s[xaylr)
= w)(x,y).
Similarly, x -y g = x-} q,4-2x = g} xand Q(x) = (Y (x). This shows that (', 4,1 -/, Q') =
(w, 2,1 -, Q). Hence they give rise to the same element in H2_, ((R,dR), (Q, dg)). Therefore,

nab

there is a well-defined map IT : Extnap ((R,dRr), (Q,dg)) — HZ,, (R, dR), (Q,dg)).
Conversely, let (w,-),) -, ()) be a non-Abelian 2-cocycle on (R,dg) with values in
(Q,dg). Define E := R & Q with the bracket

[(xx, Py, 9)] :== ([xaylr, x A g+ P2y +walxy) +[prdlo)-

and the conformal linear map

i (x, p) = (dr(x),do(p) + Q(x)).

According to the conditions (4)-(10), it can be easily verified that E is a Leibniz conformal
algebra. Moreover, we observe that

7))

R),dg(x -2 q) +do(p-ry) +do(wa(x,y)) +do([paglo) + Q([xay]r))

x)/\y]R + [xAdr(Y)]R + a[dr (x)Adr (Y)]r, do(x 2 q) +do(p 2 y) + Q([xry]Rr)

)+ [do(p)agla + [pada(q)lq +aldo(p)rda(9)l)

- ([dR(x)/\y]R + [xAdr (¥)]R + a[dr (x)rAdr (¥)]R, Q(x) -2 y + wa(dr(X),y) +x -2 Qy)

B C

+wy (x rdR(y)) adr(x) A Qy) +aQ(x) -2 dr(y) +awp(dr(x),dr(y)) + a[Q(x)2 Q(y)]E

C

+ [Q(x)aqle +adr(x) 2 dg(q) +a[Q(x)ado(9)]E +dr(x) A q+x -1 do(q) +adr(x) -1 do(q)
N—— _— Y Y¥—\—

C A B C

+ [PAQW)]E +adg(p) A dr(y) +aldo(P)AQW)]E +dg(p) Ay +p -2 dr(y) +adg(p) -2 dr(y)
N—_—— N———

C A C
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+ [do(p)aglo + [Prda(9)]lo +aldo(p)rdo(q)]o)
)/ ¥ ¢

= [(dr(x),dg(p) + Q(x))a(y,9)] + [(x, p)a(dr(y), do(9) + O(y))]

A B
+ af(dr(x),dg(p) + Q(x))r(dr(y),do(q9) + Q(y))]
C

= [d2(x, p)a (v, )] + [(x, P)AdE (v, 9)] + aldF (x, p)rdE (v, 9)]-

This shows that d! is a differential operator on the Leibniz conformal algebra E. In other
words, (E,d$}) is a differential Leibniz conformal algebra. Further, it is easy to see that

0 (Qdg) & (E,d2) B (R,dg) — 0

is a non-Abelian extension of the differential Leibniz conformal algebra (R, dR) by (Q,dp).
Let (o', )2/, Q) and (w, -y, -, Q) be two equivalent 2-cocycles. Thus, there exists a
conformal linear map 7 : R — Q such that the identities (14)—-(17) hold. Let (E,d%) be a
differential Leibniz conformal algebra induced by the 2-cocycle (', -} ,1 -/, Q)'). We define a
mapT:R®Q — R®Qby 1(x,p) = (x,p+n(x)) forall (x,p) € R® Q. Then, we have

(x,P)r(y,9)]E)

T([xaylr x A q+p-ay+walxy) +paglo)

([aylr, xaq+p-ay+walxy) + [paglo +n([xrylr))

(eaylr, x4 g+ [1(x)aqle +p-hy+ pan()]e + wi(x,y) + x4 ()

1(x) 3y —nlaylr + [1()any)lo + [paglg + 1 ([xay]r)

([
(

T

—~

_|_

QYR XY g+ x A n(y) +p-hy+ux) hy+wi(xy) + [(p+1(x))r@+17)lg

[(x,p+1(x))a(y, 9 +1)]e
= [t(x, p)at(y, q)]E.

This is similar to checking that T o d$} = dg,/ o 7. Hence, the map 7 : (E,d¥}) — (E/, dg,/)
defines an equivalence between two non-Abelian extensions. Therefore, we obtain a well-
defined map I' : H2, (R, dR), (Q,dq)) — Extnap((R,dg), (Q,dq)). Finally, it is straight-
forward to verify that the maps IT and I' are inverse to each to each other. This completes
the proof. [

5. Automorphisms of Differential Leibniz Conformal Algebras and the Wells Map

In this section, we study the inducibility of a pair of differential Leibniz conformal
algebra automorphisms and characterize them by equivalent conditions.
Let (R,dR) and (Q, d() be two differential Leibniz conformal algebras, and let

0 — (Q,dg) — (E,dg) = (R,dg) — 0,

be a non-Abelian extension of (R,dr) by (Q,dq). Let Autg(E) be the set of all differ-
ential automorphisms Y € Aut(E,dg) that satisfy Y|o C Q. For any automorphism
Y € Autg(E, dg), then Y|g € Aut(Q,dg). We define a conformal linear map Y : R — Rby

Y(x) = pYs(x), Vx €R.

Assume that s; and s, are two distinct sections of E, since psi(x) — psa(x) = 0,
s1(x) —sa(x) € Kerp = Q, it follows that Y(s1(x) —s2(x)) € Q. Thus, pYsi(x) = pYsa(x),
which indicates that Y is independent of the choice of a section.
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Forall x,y € R, we have

Further,

(drY — Ydg)(x) = (drpYs — pYsdg)(x)
= (pdgYs — pYsdg)(x)
= pY(dgs — sdr)(x)
=0,

which yields that Y is a homomorphism of differential Leibni- conformal algebras. It is
easy to check that Y is bijective. Thus, Y € Aut(R,dgr). Then, we can define a group
homomorphism

A Ath(E,dE) — Aut(R,dR) X Aut(Q,dQ), A(Y) = (Y,Y|Q)

Definition 13. A pair (®,¥) € Aut(R,dg) x Aut(Q,dg) is said to be inducible if (P,Y) is an
image of A.

Below, we investigate when a pair (®, ¥) is inducible.

Let0 — (Q,dg) — (E,dE) SN (R,dr) — 0be a non-Abelian extension of (R, dg)
by (Q,dg) and (w, -p,) -, Q) be the corresponding non-Abelian 2-cocycle induced by a
section s of E. Given any pair (®,¥) € Aut(R,dg) x Aut(Q,dp). Define conformal maps
Ww®¥ :RxR—Q[A], ¥ :RoQ — Q[A], »®¥: Q@R — Q[A], Q%Y :R — Q
respectively, by

WP (x,y) = Y (@71 (x), @71 (y)), (18)
2PV =¥(@ 7 (x) A ¥ 7)), (19)
g-P x =¥(¥ (q) 2 @ (x)), (20)

Q%Y (x) = ¥ (P 1(x)), (21)

forallx,y € R,q € Q.

WY P¥ ¥

Proposition 3. With the above notations, ( -2, Q%) is a non-Abelian 2-cocycle.

Proof. Using (18)—(21), we obtain

YTyt (7T a) = (awlr) v

F(@ 1 (x) A (@7 (W)Y ') = (@ (W)u(@ ()2 g) —¥([@ 7 ()2 (W)Y (9))
F (O () (@ W) 1 (9) =2 (W)u(@T (Y () — [@7H (x)a 2 (W)]RY ()
Flwp (@ 1(x), 2 W)Y (@)l

Y@ 1 (x), @ (y)asudlo
[ X, Y)a+udla

which implies that (5) holds. Similarly, (6)-(13) hold. The proof is finished. O
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Let0 — (Q,dQ) LN (E,dg) SN (R,dr) — 0be anon-Abelian extension of (R, dR)
by (Q,dp) . Suppose that (w, -5, -, Q) is the corresponding non-Abelian 2-cocycle induced by
a section s. Define a linear map W : Aut(R,dg) x Aut(Q,dg) — H2, ((R,dr),(Q,dg)) by

W(D,¥) = (0¥, 0%, -2%,0%Y) — (w, 1,1+, Q)].

It is remarkable that the map W is not a group homomorphism in general. The map W is
also said to be the Wells map.

Theorem 4. Let 0 — (Q,dp) N (E,dg) N (R,dr) — 0 be a non-Abelian extension of
(R,dRr) by (Q,dq) and let (w, -, -, Q1) be the corresponding non-Abelian 2-cocycle induced by a
section s. A pair (®,¥) € Aut(R,dg) x Aut(Q,dq) is inducible if and only if W(P,¥) = 0.

Proof. Suppose that (®,¥) € Aut(R,dr) x Aut(Q,dq) is inducible; then, there is an
automorphism Y € Autg(E,dg) such that Y|g = ¥ and pYs = ®. Forall x € R, since sis a
section of p, that is, ps = id,

p(Ysd ! —s)(x) =x—x=0,

which implies that (Ys®~! —s)(x) € kerp = Q. So we can define a conformal linear map
7:R— Qby
n(x) = (Ys& 1 —s)(x), VxR

For x € R,g € Q, we have

¥
X2 4—xaq

=¥(@ M (x) A ¥ () —x-ag
=¥ ([s(@" ()WY (9)]e) — [s(x)ag]E

= [Ys(@ ()Y (¥ (q)]e — [s(x)aglE
= [Ys(@ (x))aq]e — [s(x)rq]E
= [(x)Aq]g-

Hence, we obtain (15). Similarly, by direct calculations, we observe that (14), (16), (17) hold.
It follows from the above observation that the non-Abelian 2-cocycles (wq"qj, f’\y, G QQT)
and (w, -y, -, Q) are equivalent via the conformal linear map 7 : R — Q. Hence, we have

W((I)/T) = [(wq),‘l” 'j{\)"P/A 'CD,‘I’, QCDI‘P) - ((U, AIA Q)] =0.

Conversely, suppose that (®,¥) € Aut(R,dgr) x Aut(Q,dg), Since W(P,¥) = 0,
it follows that the non-Abelian 2-cocycles (w®Y¥, -f"y, A-2Y,0%%) and (w, ), -, Q) are
equivalent, there is a conformal linear map # : R — Q satisfying (14)—(17). Due to s being
a section of p, then for all e € E can be written as e = g+ s(x) for some g € Q, x € R. Define
a conformal linear map Y : E — E by

Y(e) =Y(g+s(x)) =¥(q) + nP(x) + sD(x).

If Y(e) =0, then s®(x) = 0 and ¥(g) + 7P (x) = 0. In view of s and P being injective, we
obtain x = 0; it follows that ¢ = 0. Thus, e = g + s(x) = 0; that is, Y is injective. For any
e=q+s(x) €E,

Y(¥ ) =¥y (x) +5@7H(2) = +5(x) =e,

which yields that Y is surjective. In all, Y is bijective.
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Next, we show that Y is a homomorphism of differential Leibniz conformal algebras.
In fact, foralle; = q; +s(x;) € E (i=1,2),

[Y(e1)rY(e2)]e
= [(¥(gq1) + 7@ (x1) +5P(x1))A(¥(g2) + 7P (x2) + 5P (x2))]E

= [Y(q1)AY (92)]e + [¥(q1)anD(x2)]e + [F(q1)A5P(x2) ] + [1P(x1)2 ¥ (92)]E
+ [P (x1)AnP(x2)]E + [P (x1)a5P(x2)]E + [sP(x1)A Y (92)|E + [sP(x1)anP(x2) £ + [sDP(x1) 5P (x2)]E
= [Y(q0)AY (q2)]e +¥((q1) A x2) =¥ (1) -2 P(x2) +¥(q1) A D(x2) +¥((x1) -2 2)
—®(x1) A ¥(g2) +¥(wa(x1,x2)) —wp (P(x1), P(x2)) —P(x1) A 7P (x2) =7 P(x1) -2 P(x2)
D B A C
+ 7@ ([(x1)ax2]R) + 7P (x1) -A P(x2) +D(x1) -2 ¥(g2) + P(x1) A 1P(x2) + wp (P (x1), P(x2))
C D A B
+ 5[®(x1) A P(x2)]r
=Y([q12q2]E + (91) -2 x2 + (x1) A 92 + wa (%1, %2)) + 7P ([x12%2]R) + 5[D(x1)21 P (x2)]r
=Y([q1292] + [(q1)as(x2)]E + [s(x1)Aq2]E + Wi (x1,%2)) + 7 P([x12%2]R) + sP[x12%2]R
= Y([q1092]E + [q148(x2)]E + [s(x1)aq2]E + [s(x1)18(x2)]R)
= Y([(q1 +5(x1))r(92 +5(x2))]g) = Y([e1re2])-

Similarly, one can check that Y o dg = dg o Y. This proves that Y is an automorphism of
differential Leibniz-conformal algebras. Thus, Y € Ath(E, dg). Finally, we show that
Y|g =Y and pYs = ®. In fact,

Y(q) =Y(q+s(0)) =¥(q), Vg€Q
and
(pYs)(x) = pY(0+s(x)) = p(x(x) +5®(x)) = ps®(x) = ®(x), Vx €R.

Therefore, Y|g = ¥ and pYs = ®. Thus, (®,¥) € Aut(R,dr) x Aut(Q,dp) is in-
ducible. [

Theorem 5. Let 0 — (Q,dp) N (E,dg) SN (R,dr) — 0 be a non-Abelian extension of
(R,dRr) by (Q,dq). Then there is an exact sequence

1— AutSR(E,dg) — Aut(E,dg) - Aut(R,dg) x Aut(Qs) ~ H2,,((R,dr), (Q,dg)),
where Aut3™ (E,dg) = {y € Aut(Ed) | A(Y) = (idg,idg)}.

Proof. Obviously, KerA = Im: and  is injective. By Theorem 6.3, one can easily check that
KerW = ImA. This completes the proof. O

More generally, if we define

AutS(E,dp) = {Y € Autg(E,dg) | Y|g =idg)},
Autg(E,dE) = {’)/ S Ath(E,dE) ‘ Y= pYs = idR},
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we obtain two morphisms of groups Ay : AutS(E, dg) — Aut(R,dg),Y — Y and Ag :
Autg(E,dE) — Aut(Q,dg),Y — Y|q. Define the maps W, : Aut(Q,dgo) — Hﬁab((R,dR), (Q.dp))
and Wg : Aut(R,dr) — HZ, ((R,dR), (Q,dg)) by

WR (Q)) _ [(wd>,id’ .T,id,/\ .<I>,id, Qd),id) _ ((/J, A Q)]/

(7, ¥, ¥, QR _ (), -0)],

s
=
I

Proposition 4. Let 0 — (Q,dg) N (E,dg) N (R,dRr) — 0 be a non-Abelian extension
of (R,dRr) by (Q,dq). Then, there are two exact sequences of groups

1— AwSR(E,dp) — Autd(E,de) ™% Aut(R,dg) —5 Hyp((R,dr), (Q.dg)),

W,
W,
1 — AutdR(E,dp) — Auth(E,dp) =3 Aut(Q,dg) —% H2((R,dR), (Q,dq)).
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