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Abstract: In this article, we delve into delayed fractional differential equations with Riemann–Stieltjes
integral boundary conditions and fractional impulses. By using differential inequality techniques
and some fixed-point theorems, some novel sufficient assessments for convenient verification have
been devised to ensure the existence and uniqueness of solutions. We further employ the nonlinear
analysis to reveal that this problem is Ulam–Hyers (UH) stable. Finally, some examples and numerical
simulations are presented to illustrate the reliability and validity of our main results.
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1. Introduction

Fractional calculus is a generalization of the traditional integer-order calculus to an
arbitrary real order. The earliest exploration of fractional derivatives dates back to a
correspondence between L’Hospital and Leibnitz in 1695. In the 1970s, it was discovered
that fractal geometry, the memory process, the power-law phenomenon and the genetic
phenomenon are closely related to fractional derivatives. Fractional derivatives are excellent
instruments for memory and genetic processes. Concurrently, due to the widespread
application of fractional differential equations in disciplines such as physics, chemistry,
aerodynamics, complex dielectric electrodynamics, polymer rheology, capacitor theory,
circuits, biology and control theory (see [1–6]), they have received increasing attention
and focus. As a consequence, many articles on fractional-order differential equations
have been published to explore the existence, uniqueness and multiplicity of solutions
by using Green’s function and related fixed-point theorems. One can see [7–17] and
references therein.

Since the last century, some researchers have begun to apply impulsive differential
equations to depict sudden events such as diseases, food shortages, natural disasters, etc.,
in population dynamics systems. Recently, impulsive fractional differential equations have
been widely applied in physics and social sciences. The impulsive effect makes the study
of fractional differential systems more complex and challenging. Specifically, the impulsive
term has affected the dynamic behavior of the system (see [17–19]). Meanwhile, the integral
boundary value problem (IBVP) for fractional differential systems has been widely used
in modern scientific and technological applications such as groundwater flow, chemical
engineering, thermoelasticity, population dynamics, etc. Many scholars have studied the IBVP
for fractional differential systems and obtained many excellent conclusions (see [7–9,20]).

In the process of information transmission between different nodes in brain neural
networks, internet and information networks, due to the influence of transmission speed,
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transmission medium and other factors, the information cannot arrive in time, and there
is always a certain time delay which is inevitable. In many cases, a small time delay
can lead to great changes in the dynamic behavior of the system [7,8,21]. So, we need to
consider the effect of time delay on fractional differential models. In addition, stability
is crucial for a differential system with practical application settings. Many definitions
of stability have been proposed based on actual needs. In 1940s, Hyers and Ulam [22,23]
defined a new type of stability i.e., Ulam–Hyers (UH) stability. Subsequently, this concept
of stability was promoted as a generalized UH-type, Ulam–Hyers–Rassias (UHR)-type and
generalized UHR-type. Some scholars have conducted systematic research on UH-type
stability and published corresponding survey papers and monographs (see [24–28]). In the
past decade, the UH-type stability of fractional-order systems has been heavily researched,
and many excellent results have been obtained (see [29–36]). Nevertheless, the UH-type
stability of delayed fractional differential systems with fractional impulses has been rarely
studied, as it is much more difficult to investigate than fractional differential equations
with integer-order impulses. Accordingly, it is interesting and challenging to explore the
Riemann–Stieltjes IBVP for delayed fractional differential systems with fractional impulses.

Motivated by the above arguments, this article emphasizes the following Riemann–
Stieltjes IBVP for a delayed fractional-order system with fractional pulses

cDq
0+u(t) + f (t, ut, u′(t), cDp

0+u(t)) = 0, t ∈ J = [0, 1], t ̸= tk,
cDp

0+u(t+k )−
cDp

0+u(t−k ) = Ik(u(tk)), k = 1, 2, . . . , m,
αu(0)− βu′(0) =

∫ 1
0 h1(s, u(s))dA1(s),

γu(1) + δ(cDσ
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s),

u′′(0) = 0,

(1)

subject to the initial function

u(s) = ξ(s), s ∈ [−τ, 0], (2)

where α, β, γ, δ ≥ 0, 2 < q ≤ 3 and 0 < p, σ < 1. cDq
0+ ,cDp

0+ and cDσ
0+ express q, p, σ-

order Caputo derivatives. f ∈ C(J ×R3,R), hi ∈ C(J ×R,R+)(i = 1, 2), Ik ∈ C(R,R)
(k = 1, 2, · · · , m), 0 = t0 < t1 < · · · < tm < tm+1 = 1. Both the left and right
limits cDp

0+u(t−k ) and cDp
0+u(t+k ) exist, and cDp

0+u(t−k ) =
cDp

0+u(tk). Ai : J → R(i = 1, 2)

indicates the increasing bounded variation.
∫ 1

0 hi(s, u(s))dAi(s)(i = 1, 2) denotes the
Riemann–Stieltjes integrals. R = (−∞,+∞), R+ = [0,+∞). τ > 0 means the constant lag,
ξ(t) ∈ Cτ (Cτ defined as Section 3), ut ∈ Cτ , ut(θ) = u(t + θ), θ ∈ [−τ, 0].

The main objective of the article is to consider the existence and UH stability for IBVPs
(1) and (2). The contribution of this article is mainly reflected in three aspects. (a) Since
there are few studies on the Riemann–Stieltjes IBVP for the delayed fractional system with
fractional pulses, this study of IBVPs (1) and (2) is the first to fill this gap. (b) We derive the
existence, uniqueness and UH stability of IBVPs (1) and (2). (c) We use the appropriate ODE
toolbox in MATLAB to obtain the numerical solution and simulation of IBVPs (1) and (2).

The remaining parts of this paper are organized as follows. Section 2 mainly introduces
some essential notions, lemmas and the properties of the integral function. Section 3
presents the existence and uniqueness of the solution for IBVPs (1) and (2) by applying
differential inequality techniques and some fixed-point theorems. The UH stability of
IBVPs (1) and (2) are assessed in Section 4. Some interesting examples and simulations
are presented to illustrate the correctness and availability of the main findings in Section 5.
A brief summary is provided in Section 6.

2. Preliminaries

In this section, we introduce some necessary definitions and lemmas, which can be
found in [37–39].
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Definition 1 ([37]). The Riemann–Liouville fractional integral of order α > 0 of a function
u : (a,+∞) → R is given by

J α
a+u(t) =

1
Γ(α)

∫ t

a
(t − s)α−1u(s)ds,

provided that the right-hand side is point-wise defined on (a,+∞).

Definition 2 ([37]). If u ∈ Cn((a,+∞),R) and α > 0, then the Caputo fractional derivative of
order α is defined as

cDα
a+u(t) =

1
Γ(n − α)

∫ t

a
(t − s)n−α−1u(n)(s)ds,

where n − 1 < α ⩽ n, provided that the right-hand side is point-wise defined on (a,+∞).

Lemma 1 ([38]). Assume that u ∈ C(0, 1) ∩ L(0, 1) with a Caputo fractional derivative of order
α > 0 that belongs to u ∈ Cn[0, 1], then

J α
0+

cDα
0+u(t) = u(t) + d1 + d2t + · · ·+ dntn−1,

for some di ∈ R, i = 1, 2, · · · , n, where n satisfies n − 1 < α ≤ n.

Lemma 2 ([38]). If α, β > 0, t ∈ [a, b] and u(t) ∈ L[a, b], then

cDα
a+J

α
a+u(t) = u(t), J α

a+J
β

a+u(t) = J α+β
a+ u(t).

Lemma 3 ([39]). Let X be a Banach space and Ω be a closed convex subset of X. If the operator
L : Ω → Ω is completely continuous, then the operator L has at least one fixed point u∗ ∈ Ω.

Lemma 4 ([39]). Given a Banach space X, let E ̸= ∅ be a closed subset of X. If the operator
F : E → E is contractive, then there is a unique u∗ ∈ E such that Fu∗ = u∗.

Consider the following fractional-order impulsive boundary value problem and im-
pulsive integral equation:

cDq
0+u(t) + f (t) = 0, t ∈ J := [0, 1], t ̸= tk, 2 < q ≤ 3,

cDp
0+u(t+k )−

cDp
0+u(t−k ) = Ik(x(tk)), k = 1, 2, . . . , m, 0 < p < 1,

αu(0)− βu′(0) =
∫ 1

0 h1(s, u(s))dA1(s), α, β ≥ 0,
γu(1) + δ(cDσ

0+u)(1) =
∫ 1

0 h2(s, u(s))dA2(s), 0 < σ < 1, γ, δ ≥ 0,
u′′(0) = 0,

(3)

and

u(t) =
∫ 1

0
G(t, s) f (s)ds +

1
∆1

[
(1 − t)γ +

δ

Γ(2 − σ)

] ∫ 1

0
h1(s, u(s))dA1(s)

+
β + αt

∆1

∫ 1

0
h2(s, u(s))dA2(s)

− Γ(2 − p)
β + αt

∆1

[
(γ +

δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j Ij(u(tj))− γ

m

∑
j=1

tp
j Ij(u(tj))

]

+ Γ(2 − p)
k

∑
j=1

tp−1
j (t − tj)Ij(u(tj)), t ∈ (tk, tk+1], k = 1, 2, . . . , m, (4)
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where

∆1 =

∣∣∣∣∣∣
α −β

γ γ +
δ

Γ(2 − σ)

∣∣∣∣∣∣ = (α + β)γ +
αδ

Γ(2 − σ)
, (5)

G(t, s) =

{
− (t−s)q−1

Γ(q) + g1(t, s), 0 ≤ s ≤ t ≤ 1,
g1(t, s), 0 ≤ t ≤ s ≤ 1,

(6)

and

g1(t, s) =
β + αt

∆1

[
γ

Γ(q)
(1 − s)q−1 +

δ

Γ(q − σ)
(1 − s)q−σ−1

]
.

Lemma 5. Let f ∈ C(J,R) and ∆1 ̸= 0. Then, a function u ∈ C((tk, tk+1], R) solves the
IBVP (3) iff u ∈ C((tk, tk+1], R) solves the Equation (4)

Proof. When t ∈ [0, t1], from Lemma 1 and system (3), we obtain

u(t) = −J q
0+ f (t) + c10 + c11t + c12t2. (7)

It follows from (7) that u(0) = c10, and

u′(t) = − 1
Γ(q − 1)

∫ t

0
(t − s)q−2 f (s)ds + c11 + 2c12t. (8)

From (8), we derive that u′(0) = c11 and u′′(0) = 0, which implies that c12 = 0.
In the light of the integral boundary value condition of system (3), we have

αc10 − βc11 =
∫ 1

0
h1(s, u(s))dA1(s). (9)

By Lemma 2 and (7), one yields that

cDp
0+u(t) = −J q−p

0+ f (t) +
c11

Γ(2 − p)
t1−p, (10)

and

cDp
0+u(t−1 ) = −J q−p

0+ f (t1) +
c11

Γ(2 − p)
t1−p
1 . (11)

When t ∈ (t1, t2], we similarly have

u(t) = −J q
0+ f (t) + c20 + c21t, (12)

cDp
0+u(t) = −J q−p

0+ f (t) +
c21

Γ(2 − p)
t1−p. (13)

From (7) and (12), we know that

u(t−1 ) = −J q
0+ f (t1) + c10 + c11t1,

and

u(t+1 ) = −J q
0+ f (t1) + c20 + c21t1.
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In view of the continuity of u(t) at t1, we obtain

c10 − c20 = (c21 − c11)t1. (14)

From (13), we have

cDp
0+u(t+1 ) = −J q−p

0+ f (t1) +
c21

Γ(2 − p)
t1−p
1 . (15)

By (11), (15) and cDp
0+u(t+1 )− cDp

0+u(t−1 ) = I1(u(t1)), one has

c21 − c11 = Γ(2 − p)tp−1
1 I1(u(t1)). (16)

Similarly, when t ∈ (tk, tk+1], 2 ≤ k ≤ m − 1, we obtain

ck0 − ck+1,0 = (ck+1,1 − ck1)tk, (17)

and

ck+1,1 − ck1 = Γ(2 − p)tp−1
k Ik(u(tk)). (18)

From (16)–(18), we obtain

ck+1,1 − c11 = Γ(2 − p)
k

∑
j=1

tp−1
j Ij(u(tj)), (19)

and

c10 − ck+1,0 = Γ(2 − p)
k

∑
j=1

tp
j Ij(u(tj)). (20)

Next, let tm+1 = 1. When t ∈ (tm, tm+1], one derives that

u(t) = −J q
0+ f (t) + cm+1,0 + cm+1,1t. (21)

Similarly,

cm+1,0 = c10 − Γ(2 − p)
m

∑
j=1

tp
j Ij(u(tj)), (22)

and

cm+1,1 = c11 + Γ(2 − p)
m

∑
j=1

tp−1
j Ij(u(tj)). (23)

From (21)–(23), when t ∈ (tm, tm+1], one has

u(t) = −J q
0+ f (t) + c10 + c11t + Γ(2 − p)

m

∑
j=1

tp−1
j (t − tj)Ij(u(tj)). (24)

So,

u(1) = −J q
0+ f (1) + c10 + c11 + Γ(2 − p)

m

∑
j=1

tp−1
j (1 − tj)Ij(u(tj)), (25)
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cDσ
0+u(t) = −J q−σ

0+ f (t) + cm+1,1
t1−σ

Γ(2 − σ)
, (26)

and

(cDσ
0+u(t))(1) = −J q−σ

0+ f (1) +
c11

Γ(2 − σ)
+

Γ(2 − p)
Γ(2 − σ)

m

∑
j=1

tp−1
j Ij(u(tj)). (27)

Using γu(1) + δ(cDσ
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s), (25) and (27), we derive that

γc10 + (γ +
δ

Γ(2 − σ)
)c11 =γJ q

0+ f (1) + δJ q−δ
0+ f (1) + γΓ(2 − p)

m

∑
j=1

tp−1
j (tj − 1)Ij(u(tj))

− δΓ(2 − p)
Γ(2 − σ)

m

∑
j=1

tp−1
j Ij(u(tj)) +

∫ 1

0
h2(s, u(s))dA2(s). (28)

From (9) and (28), we obtain

c10 =
1

∆1

∣∣∣∣∣∣
∫ 1

0 h1(s, u(s))dA1(s) −β

ς +
∫ 1

0 h2(s, u(s))dA2(s) γ +
δ

Γ(2 − σ)

∣∣∣∣∣∣
=

1
∆1

[
(r +

δ

Γ(2 − σ)
)
∫ 1

0
h1(s, u(s))dA1(s) + βς + β

∫ 1

0
h2(s, u(s))dA2(s)

]
, (29)

where

ς =γJ q
0+ f (1) + δJ q−δ

0+ f (1) + γΓ(2 − p)
m

∑
j=1

tp−1
j (tj − 1)Ij(u(tj))

− δΓ(2 − p)
Γ(2 − σ)

m

∑
j=1

tp−1
j Ij(u(tj)). (30)

From (9), we obtain

c11 =
αc10 −

∫ 1
0 h(s, u(s))dA1(s)

β
. (31)

Therefore, ∀ t ∈ (tk, tk+1], 0 ≤ k ≤ m, one obtains

u(t) =−J q
0+ f (t) + ck+1,0 + ck+1,1t

=−J q
0+ f (t) + (1 +

α

β
t)c10 −

t
β

∫ 1

0
h1(s, u(s))dA1(s) + Γ(2 − p)

k

∑
j=1

tp−1
j (t − tj)Ij(u(tj))

=−J q
0+ f (t) +

γ

∆1
(β + αt)J q

0+ f (1) +
δ

∆1
(β + αt)J q−σ

0+ f (1)

+
1

∆1
[(1 − t)γ +

δ

Γ(2 − σ)
]
∫ 1

0
h1(s, u(s))dA1(s) +

1
∆1

(β + αt)
∫ 1

0
h2(s, u(s))dA2(s)

− 1
∆1

Γ(2 − p)(γ +
δ

Γ(2 − σ)
)(β + αt)

m

∑
j=1

tp−1
j Ij(u(tj))

+
γ

∆1
Γ(2 − p)(β + αt)

m

∑
j=1

tp
j Ij(u(tj)) + Γ(2 − p)

k

∑
j=1

tp−1
j (t − tj)Ij(u(tj))
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=
∫ 1

0
G(t, s) f (s)ds +

1
∆1

[(1 − t)γ +
δ

Γ(2 − σ)
]
∫ 1

0
h1(s, u(s))dA1(s)

+
β + αt

∆1

∫ 1

0
h2(s, u(s))dA2(s)

− Γ(2 − p)
β + αt

∆1

[
(γ +

δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j Ij(u(tj))− γ

m

∑
j=1

tp
j Ij(u(tj))

]

+ Γ(2 − p)
k

∑
j=1

tp−1
j (t − tj)Ij(u(tj)).

The proof ends.

Lemma 6. Let α, β, γ, δ ≥ 0, 2 < q ≤ 3 and 0 < σ < 1. Then, G(t, s) defined by (6) is continuous
and differentiable, and satisfies the following properties

(i)
∫ 1

0 |G(t, s)|ds ⩽
1

Γ(q + 1)
+

β + α

∆1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
, ∀ (t, s) ∈ [0, 1]× [0, 1].

(ii)
∫ 1

0

∣∣∣∣∂G
∂t

∣∣∣∣ds ⩽
1

Γ(q)
+

α

∆1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
, ∀ (t, s) ∈ [0, 1]× [0, 1].

(iii)
∫ 1

0

∣∣∣∣∂2G
∂t2

∣∣∣∣ds ⩽
1

Γ(q − 1)
, ∀ (t, s) ∈ [0, 1]× [0, 1].

Proof. From the expression of G(t, s), we obtain∫ 1

0
|G(t, s)|ds ⩽

1
Γ(q)

∫ t

0
(t − s)q−1ds +

1
Γ(q)

γ

∆1
(β + α)

∫ 1

0
(1 − s)q−1ds

+
1

Γ(q − σ)

δ

∆1
(β + α)

∫ 1

0
(1 − s)q−σ−1ds

⩽
1

Γ(q + 1)
+

β + α

∆1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
,

∂G(t, s)
∂t

=


− (t − s)q−2

Γ(q − 1)
+

α

∆1

[
γ

Γ(q)
(1 − s)q−1 +

δ

Γ(q − σ)
(1 − s)q−σ−1

]
, 0 ⩽ s ⩽ t ⩽ 1,

α

∆1

[
γ

Γ(q)
(1 − s)q−1 +

δ

Γ(q − σ)
(1 − s)q−σ−1

]
, 0 ⩽ t ⩽ s ⩽ 1,

and

∂2G(t, s)
∂t2 =

 − (t − s)q−3

Γ(q − 2)
, 0 ⩽ s ⩽ t ⩽ 1,

0, 0 ⩽ t ⩽ s ⩽ 1.

By simple calculation, we have

∫ 1

0

∣∣∣∣∂G
∂t

∣∣∣∣ds ⩽
1

Γ(q)
+

α

∆1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
,

and ∫ 1

0

∣∣∣∣∂2G
∂t2

∣∣∣∣ds ⩽
1

Γ(q − 2)

∫ t

0
(t − s)q−3ds ⩽

1
Γ(q − 1)

.

The proof ends.
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3. Existence Results

This portion focuses on the solvability of IBVPs (1) and (2). To this end, we need to
introduce some useful Banach spaces.

For τ > 0, a Banach space is defined as Cτ = {ξ : ξ, ξ ′, cDp
0+ξ ∈ C([−τ, 0],R)} and

its norm as

||ξ||[−τ,0] = sup
−τ⩽s⩽0

{|ξ(s)|, |ξ ′(s)|, |cDp
0+ξ(s)|}.

Let I = [−τ, 1]. Then, the set C(I,R) composed of all continuous functions u : I → R
and the supremum norm ∥u∥C = sup

t∈I
|u(t)| form a Banach space.

The function space X = PC1(I,R) is defined by

PC1(I,R) =
{

u(t) ∈ C(I,R) : cDp
0+u(t) ∈ C((tk−1, tk],R),c D

p
0+u(t+k ) and cDp

0+u(t−k )

all exist,c Dp
0+u(t−k ) =

cDp
0+u(tk), 0 < p < 1, 1 ⩽ k ⩽ m + 1

}
,

and the norm

||u||PC1 = max
{
||u||C, ||u′||C, ||cDp

0+u(s)||C
}

, ∀ u ∈ PC1(I,R),

then, it is obvious that (PC1(I,R), ∥ · ∥PC1) is a real Banach space.
According to Lemma 5, we define an operator L : PC1(I,R) → PC1(I,R) as follows:

(Lu)(t) =



∫ 1
0 G(t, s) f (s, us, u′(s), cDp

0+u(s))ds +
1

∆1

[
(1 − t)γ +

δ

Γ(2 − σ)

]
×
∫ 1

0 h1(s, u(s))dA1(s) +
β + αt

∆1

∫ 1
0 h2(s, u(s))dA2(s)

−Γ(2 − p)(β + αt)
∆1

[
(γ +

δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j Ij(u(tj))

−γ
m

∑
j=1

tp
j Ij(u(tj))

]
+ Γ(2 − p)

l

∑
j=1

tp−1
j (t − tj)Ij(u(tj)), t ∈ (tl , tl+1],

ξ(t), t ∈ [−τ, 0].

(32)

Then, the system (1) has a solution if and only if the operator L defined by (32) exists
at one fixed point.

Theorem 1. If the following assumptions (H1)–(H4) are fulfilled,

(H1) f ∈ C(J ×R3,R), ∀ (t, U, V, W), (t, U, V, W) ∈ J ×R3, ∃ φj ∈ L([0, 1])(j = 1, 2, 3) s.t.

| f (t, U, V, W)− f (t, U, V, W)| ⩽ |φ1(t)||U − U|+ |φ2(t)||V − V|+ |φ3(t)||W − W|.

(H2) hi ∈ C(J,R)(i = 1, 2), ∀ (t, U), (t, U) ∈ J ×R, ∃ ϕi(t) ∈ L([0, 1]) s.t.

|hi(t, U)− hi(t, U)| ⩽ |ϕi(t)||U − U|.

(H3) Ij ∈ C(R,R) (j = 1, 2, . . . , m), ∀U, U ∈ R, ∃ Lj ⩾ 0 s.t.

|Ij(U)− Ij(U)| ⩽ Lj|U − U|.
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(H4) ∆1 > 0, and ϑ1 = 3ψM̃ + κ1 < 1, where

ψ = max
1⩽i⩽3

[sup
s∈J

|φi(s)|], M̃ =
1

Γ(q)
+

β + α

∆1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
,

and

κ1 =
1

∆1

[
γ +

δ

Γ(2 − σ)

] ∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj.

then IBVP (1) and (2) permits at least a solution in X = PC1(J,R).

Proof. Denote N1 = sup
t∈J

| f (t, 0, 0, 0)|, N̂i = sup
t∈J

|hi(t, 0)|, i = 1, 2,

Q1 =N1M̃ +
1

∆1
[γ +

δ

Γ(2 − σ)
]N̂1

∫ 1

0
dA1(s) +

β + α

∆1
N̂2

∫ 1

0
dA2(s)

+ Γ(2 − p)tp−1
1

[
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

|Ij(0)|.

For r ≥ max{ Q1
1−ϑ1

, ∥ξ(t)∥[−τ,0]}, we choose the following nonempty closed convex
subset Ω ⊂ X and operator L denoted by (32)

Ω = {u ∈ X, ||u||PC1 ⩽ r}, L : Ω → X. (33)

Next, we apply Lemma 3 to prove that the mapping L : Ω → X admits one fixed
point. To this end, this is carried out in two steps.

Step 1. ∀ u ∈ Ω, when t ∈ [−τ, 0], it is obvious that ∥(Lu)(t)∥PC1 = ∥ξ(t)∥[−τ,0] ≤ r.
When t ∈ (tl , tl+1] ⊂ [0, 1], l = 1, 2, . . . , m, from Lemma 5 and (H1)–(H4), we have

|(Lu)(t)| ⩽
∫ 1

0
|G(t, s)|| f (s, us, u′(s), cDp

0+u(s))− f (s, 0, 0, 0)|ds +
∫ 1

0
|G(t, s)|| f (s, 0, 0, 0)|ds

+
1

∆1
(γ +

δ

Γ(2 − σ)
)

[ ∫ 1

0
|h1(s, u(s))− h1(s, 0)|dA1(s) +

∫ 1

0
|h1(s, 0)|dA1(s)

]
+

β + α

∆1

[ ∫ 1

0
|h2(s, u(s))− h2(s, 0)|dA2(s) +

∫ 1

0
|h2(s, 0)|dA2(s)

]
+ Γ(2 − p)

[
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

][ m

∑
j=1

tp−1
j |Ij(u(tj))− Ij(0)|+

m

∑
j=1

tp−1
j |Ij(0)|

]

⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
||u||PC1

+ N1M̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)N̂1

∫ 1

0
dA1(s) +

1
∆1

(β + α)N̂2

∫ 1

0
dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

|Ij(0)|

⩽ϑ1r + Q1 ⩽ r, (34)
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|(Lu)′(t)| =
∣∣∣∣ ∫ 1

0

∂G
∂t

f (s, us, u′(s), cDp
0+u(s))ds − γ

∆1

∫ 1

0
h1(s, u(s))dA1(s)

+
α

∆1

∫ 1

0
h2(s, u(s))dA2(s)−

Γ(2 − p)α
∆1

[
(γ +

δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j Ij(u(tj))

− γ
m

∑
j=1

tp
j Ij(u(tj))

]
+ Γ(2 − p)

m

∑
j=1

tp−1
j Ij(u(tj))

∣∣∣∣
⩽

∫ 1

0

∣∣∂G
∂t

∣∣| f (s, u(s), u′(s), cDp
0+u(s))− f (s, 0, 0, 0)|ds +

∫ 1

0

∣∣∂G
∂t

∣∣| f (s, 0, 0, 0)|ds

+
γ

∆1

∫ 1

0
|h1(s, u(s))− h1(s, 0)|dA1(s) +

γ

∆1

∫ 1

0
|h1(s, 0)|dA1(s)

+
α

∆1

∫ 1

0
|h2(s, u(s))− h2(s, 0)|dA2(s) +

α

∆1

∫ 1

0
|h2(s, 0)|dA2(s)

+ Γ(2 − p)
[

α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j |Ij(u(tj))− Ij(0)|

+ Γ(2 − p)
[

α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j |Ij(0)|

⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
||u||PC1

+ N1M̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)N̂1

∫ 1

0
dA1(s) +

β + α

∆1
N̂2

∫ 1

0
dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

|Ij(0)|

⩽ϑ1r + Q1 ⩽ r, (35)

and

|cDp
0+Lu(t)| =

∣∣∣∣−J q−p
0+ f (t, ut, u′, cDp

0+u) +
γα

∆1
(cDp

0+ t)J q
0+ f (1) +

δα

∆1
(cDp

0+ t)J q−σ
0+ f (1)

− γ

∆1
(cDp

0+ t)
∫ 1

0
h1(s, u(s))dA1(s) +

α

∆1
(cDp

0+ t)
∫ 1

0
h2(s, u(s))dA2(s)

− α

∆1
(γ +

δ

Γ(2 − σ)
)Γ(2 − p)(cDp

0+ t)
m

∑
j=1

tp−1
j Ij(u(tj))

+
γα

∆1
Γ(2 − p)(cDp

0+ t)
m

∑
j=1

tp
j Ij(u(tj)) + Γ(2 − p)(cDp

0+ t)
k

∑
j=1

tp−1
j Ij(u(tj))

∣∣∣∣
⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
||u||PC1

+ N1M̃ +
N̂1

∆1
(γ +

δ

Γ(2 − p)
)
∫ 1

0
dA1(s) +

β + α

∆1
N̂2

∫ 1

0
dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)

)
+ 1

]
tp−1
1

m

∑
j=1

|Ij(0)|
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⩽ϑ1r + Q1 ⩽ r. (36)

Estimates (34)–(36) imply that L(Ω) ⊂ Ω, and L is uniformly bounded.
Step 2. We show that L is equicontinuous. Indeed, the fact that f and G are continuous

means that L is continuous. Therefore, there exist some constants B1 > 0 such that | f | ⩽ B1.
For all u ∈ Ω = {u ∈ X, ||u||PC1 ⩽ r}, t1, t2 ∈ [−τ, 1] with t1 < t2, there appear three cases.

Case 1. When 0 ⩽ t1 < t2 ⩽ 1, form Lemma 6, we have

|Lu(t2)−Lu(t1)| =
∣∣∣∣ ∫ t2

t1

(Lu(t))′dt
∣∣∣∣ ⩽ ∫ t2

t1

∣∣(Lu(t))′
∣∣dt ⩽ r(t2 − t1) → 0, as t2 → t1,

|(Lu)′(t2)− (Lu)′(t1)| = |
∫ t2

t1

(Lu(t))′′dt| ⩽
∫ t2

t1

|(Lu(t))′′|dt

⩽
∫ t2

t1

∫ 1

0

∣∣∣∣∂2G
∂t2

∣∣∣∣| f (s, us, u′(s), cDp
0+u(s))|dsdt ⩽

B1

Γ(q − 1)
(t2 − t1) → 0, as t2 → t1,

and

|cDp
0+Lu(t2)− cDp

0+Lu(t1)|

=

∣∣∣∣ 1
Γ(1 − p)

∫ t2

0
(t2 − s)−p(Lu)′(s)ds − 1

Γ(1 − p)

∫ t1

0
(t1 − s)−p(Lu)′(s)ds

∣∣∣∣
⩽

1
Γ(1 − p)

∣∣∣∣ ∫ t2

0
(t2 − s)−p(Lu)′(s)ds −

∫ t1

0
(t2 − s)−p(Lu)′(s)ds

∣∣∣∣
+

1
Γ(1 − p)

∣∣∣∣ ∫ t1

0
(t2 − s)−p(Lu)′(s)ds −

∫ t1

0
(t1 − s)−p(Lu)′(s)ds

∣∣∣∣
⩽

1
Γ(1 − p)

∫ t2

t1

(t2 − s)−p∣∣(Lu)′(s)
∣∣ds

+
1

Γ(1 − p)

∫ t1

0
((t2 − s)−p − (t1 − s)−p)|(Lu)′(s)|ds

⩽
r

Γ(1 − p)

[ ∫ t2

t1

(t2 − s)−pds +
∫ t1

0
((t1 − s)−p − (t2 − s)−p)ds

]
=

r
Γ(2 − p)

(2(t2 − t1)
1−p + (t1−p

1 − t1−p
2 )) → 0, as t2 → t1.

Case 2. When −τ ⩽ t1 < 0 < t2 ⩽ 1, |t2 − t1| is small enough, namely, |t2 − t1| → 0
as t1 → t2 means that t1 → 0− and t2 → 0+. Thus, we derive that

|(Lu)(t2)− (Lu)(t1)| ⩽|(Lu)(t2)− (Lu)(0)|+ |(Lu)(0)− (Lu)(t1)|

⩽
∫ t2

0
|(Lu)′(s)|ds + |ξ(0)− ξ(t1)|

⩽rt2 + |ξ(0)− ξ(t1)| → 0, as t2 → t1,

|(Lu)′(t2)− (Lu)′(t1)| ⩽|(Lu)′(t2)− (Tu)′(0)|+ |(Lu)′(0)− (Lu)′(t1)|

⩽
∫ t2

0
|(Lu)′′(s)|ds + |ξ ′(0)− ξ ′(t1)|

⩽
B1

Γ(q − 1)
t2 + |ξ ′(0)− ξ ′(t1)| → 0, as t2 → t1,

and

|cDp
0+(Lu)(t2)− cDp

0+(Lu)(t1)|
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⩽|cDp
0+(Lu)(t2)− cDp

0+(Lu)(0)|+ |cDp
0+(Lu)(0)− cDp

0+(Lu)(t1)|

⩽
1

Γ(1 − p)

∫ t2

0
(t2 − s)−p(Lu)′(s)ds + |cDp

0+ξ(0)− cDp
0+ξ(t1)|

⩽
r

Γ(2 − p)
t1−p
2 + |cDp

0+ξ(0)− cDp
0+ξ(t1)|,→ 0, as t2 → t1.

Case 3. When −τ ⩽ t1 < t2 ⩽ 0, we have

∥(Lu)(t2)− (Lu)(t1)∥PC1

=max
{
|ξ(t2)− ξ(t1)|, |ξ ′(t2)− ξ ′(t1)|, |cDp

0+ξ(t2)− cDp
0+ξ(t1)|

}
→ 0, as t2 → t1.

By Cases 1–3, we derive that, ∀ ε > 0 (small enough), t1, t2 ∈ [−τ, 1], u ∈ X,
∃ δ = δ(ε) > 0 s.t. ∥(Lu)(t2)− (Lu)(t1)∥PC1 < ε, whenever |t2 − t1| ⩽ δ, namely, L is
equicontinuous. Together with the Arzela–Ascoli theorem and Steps 1 and 2, one derives
the complete continuity of L : Ω → Ω. By Lemma 3, one asserts that L admits at least one
fixed point u ∈ Ω, which meets with IBVPs (1) and (2). This ends the proof.

Theorem 2. IBVPs (1) and (2) admit a unique solution in X, provided that the assumptions
(H1)–(H4) hold.

Proof. We define a mapping L : X → X as (32). To prove the existence and uniqueness of
the solution of system (1) and (2) using Lemma 4, it suffices to verify that L is contractive.
Actually, for all u, v ∈ X, when t ∈ (tl , tl+1] ⊂ [0, 1], l = 1, 2, . . . , m, it is similar to
(34)–(36) that

|(Lu)(t)− (Lv)(t)| ⩽
∫ 1

0
|G(t, s)|| f (s, us, u′(s), cDp

0+u(s))− f (s, vs, v′(s), cDp
0+v(s))|ds

+
1

∆1
(γ +

δ

Γ(2 − σ)
)

[ ∫ 1

0
|h1(s, u(s))− h1(s, v(s))|dA1(s)

]
+

β + α

∆1

[ ∫ 1

0
|h2(s, u(s))− h2(s, v(s))|dA2(s)

]
+ Γ(2 − p)

[
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

][ m

∑
j=1

tp−1
j |Ij(u(tj))− Ij(v(tj))|

]

⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
∥u − v∥PC1

⩽ϑ1∥u − v∥PC1 , (37)

|(Lu)′(t)− (Lv)′(t)| ⩽
∫ 1

0

∣∣∂G
∂t

∣∣| f (s, u(s), u′(s), cDp
0+u(s))− f (s, vs, v′(s), cDp

0+v(s))|ds

+
γ

∆1

∫ 1

0
|h1(s, u(s))− h1(s, v(s))|dA1(s) +

α

∆1

∫ 1

0
|h2(s, u(s))− h2(s, v(s))|dA2(s)

+ Γ(2 − p)
[

α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j |Ij(u(tj))− Ij(v(tj))|

⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)
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+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
∥u − v∥PC1

⩽ϑ1∥u − v∥PC1 , (38)

and

| cDp
0+Lu(t)− cDp

0+Lv(t)| ⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

×
∫ 1

0
|ϕ2(s)|dA2(s) + Γ(2 − p)

[
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
∥u − v∥PC1

⩽ϑ1∥u − v∥PC1 . (39)

When t ∈ [−τ, 0], (Lu)(t) = (Lv)(t) = ξ(t), then

∥(Lu)(t)− (Lv)(t)∥PC1 = ∥ξ(t)− ξ(t)∥PC1 = 0. (40)

It follows from (37)–(40) and (H4) that L : X → X is contractive. The proof ends.

Theorem 3. Provided that the following (H5)–(H7) are fulfilled,

(H5) f ∈ C(J × R3,R), ∀ (t, U, V, W) ∈ J × R3, ∃ ν ∈ (0, 1) and g(t) ∈ L
1
ν ([0, 1],R+) s.t.

| f (t, U, V, W)| ⩽ g(t), where L
1
ν ([0, 1],R+) stands for the 1

ν -Lebesgue measurable function
space with the norm ∥U∥ 1

ν
=

( ∫ 1
0 |U(s)| 1

ν ds
)ν.

(H6) hi ∈ C(J,R), ∀ (t, U) ∈ J ×R, ∃ ρi(t) ∈ L([0, 1]) s.t. |hi(t, U)| ⩽ |ρi(t)||U|, i = 1, 2.
(H7) Ij ∈ C(R,R), ∀U ∈ R, ∃ Hj ⩾ 0 s.t. |Ij(U)| ⩽ Hj|U|, j = 1, 2, · · · , m.

If ∆1 > 0, and

ζ =
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)|dA1(s) +

α + β

∆1

∫ 1

0
|ρ2(s)|dA2(s)

+ Γ(2 − p)
[

α + β

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Hj < 1,

then IBVPs (1) and (2) permit at least a solution.

Proof. Let Br1 = {u ∈ PC1(J,R) : ||u||PC1 ⩽ r1}. A constant is chosen r1 ⩾ Q3
1−ζ , where

Q3 =

[
1

Γ(q − 1)
(

1 − ν

q − ν − 1
)1−ν +

γ(α + β)

∆1Γ(q)
(

1 − ν

q − ν
)1−ν +

δ(α + β)

∆1Γ(q − σ)
(

1 − ν

q − σ − ν
)1−ν

]
||g|| 1

ν
.

The operator L : Br1 → PC1(J,R) is defined as (32); for any u(t) ∈ Br1 , we have

|(Lu)(t)| ⩽
∫ 1

0
|G(t, s)|g(s)ds +

1
∆1

(γ +
δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)||u(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ρ2(s)||u(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j Hj|u(tj)|

⩽
1

Γ(q)

∫ 1

0
(1 − s)q−1g(s)ds +

γ(α + β)

∆1Γ(q)

∫ 1

0
(1 − s)q−1g(s)ds +

δ(α + β)

∆1Γ(q − σ)

∫ 1

0
(1 − s)q−σ−1g(s)ds

+
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)||u(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ρ2(s)||u(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j Hj|u(tj)|
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⩽
1

Γ(q)

[ ∫ 1

0
(1 − s)

q−1
1−ν ds

]1−ν[ ∫ 1

0
(g(s))

1
ν ds

]ν

+
γ(α + β)

∆1Γ(q)

[ ∫ 1

0
(1 − s)

q−1
1−ν ds

]1−ν[ ∫ 1

0
(g(s))

1
ν ds

]ν

+
δ(α + β)

∆1Γ(q − σ)

[ ∫ 1

0
(1 − s)

q−σ−1
1−ν ds

]1−ν[ ∫ 1

0
(g(s))

1
ν ds

]ν

+
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)||u(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ρ2(s)||u(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j Hj|u(tj)|

⩽
[
(1 +

γ(α + β)

∆1
)

1
Γ(q)

(
1 − ν

q − ν
)1−ν +

δ(α + β)

∆1Γ(q − σ)
(

1 − ν

q − σ − ν
)1−ν

]
||g|| 1

ν

+

[
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ρ2(s)|dA2(s)

+ Γ(2 − p)(
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1)

m

∑
j=1

tp−1
j Hj

]
||u||PC1

⩽
[

1
Γ(q − 1)

(
1 − ν

q − ν − 1
)1−ν +

γ(α + β)

∆1Γ(q)
(

1 − ν

q − ν
)1−ν +

δ(α + β)

∆1Γ(q − σ)
(

1 − ν

q − σ − ν
)1−ν

]
||g|| 1

ν

+

[
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ρ2(s)|dA2(s)

+ Γ(2 − p)(
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1)tp−1

1

m

∑
j=1

Hj

]
||u||PC1

⩽Q3 + ζr1 ⩽ r1,

|(Lu)′(t)| =
∣∣∣∣ ∫ 1

0

∂G
∂t

f (s, u(s), u′(s), cDp
0+u(s))ds − r

∆1

∫ 1

0
h1(s, u(s))dA1(s)

+
α

∆1

∫ 1

0
h2(s, u(s))dA2(s)−

α

∆1
(r +

δ

Γ(2 − σ)
)Γ(2 − p)

m

∑
j=1

tp−1
j Ij(u(tj))

+
αr
∆1

Γ(2 − p)
m

∑
j=1

tp
j Ij(u(tj)) + Γ(2 − p)

k

∑
j=1

tp−1
j Ij(u(tj))

∣∣∣∣
⩽

∫ 1

0
|∂G

∂t
|g(s)ds +

r
∆1

∫ 1

0
|ρ1(s)||u(s)|dA1(s) +

α

∆1

∫ 1

0
|ρ2(s)||u(s)|dA2(s)

+ Γ(2 − p)
[

α

∆1
(r +

δ

Γ(2 − σ)
) + 1

] p−1

∑
j=1

Hj|u(tj)|

⩽
[

1
Γ(q − 1)

( ∫ 1

0
(1 − s)

q−2
1−ν ds

)1−ν

+
αγ

∆1Γ(q)

( ∫ 1

0
(1 − s)

q−1
1−ν ds

)1−ν

+
αδ

∆1Γ(q − σ)

∫ 1

0
(1 − s)

q−σ−1
1−ν ds

]
||g||a/ν +

[
r

∆1

∫ 1

0
|ρ1(s)|dA1(s)

+
α

∆1

∫ 1

0
|ρ2(s)|dA2(s) +

(
α

∆1
(r +

δ

Γ(2 − σ)
) + 1

)
Γ(2 − p)

m

∑
j=1

tp−1
j Hj

]
||u||PC1

⩽
[

1
Γ(q − 1)

(
1 − ν

q − ν − 1
)1−ν +

(α + β)γ

∆1Γ(q)
(

1 − ν

q − ν
)1−ν +

(α + β)δ

∆1Γ(q − σ)
(

1 − ν

q − σ − ν
)1−ν

]
||g|| 1

ν
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+

[
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)|dA1(s) +

α + β

∆1

∫ 1

0
|ρ2(s)|dA2(s)

+ Γ(2 − p)(
α + β

∆1
(r +

δ

Γ(2 − σ)
) + 1)tp−1

1

m

∑
j=1

Hj

]
||u||PC1

⩽Q3 + ζr1 ⩽ r1,

and

|cDp
0+Lu(t)| ⩽ 1

Γ(q − p)

∫ 1

0
(t − s)q−p−1| f (s, u, u′, cDp

0+u)|ds

+
rα

∆1Γ(q)
(cDp

0+ t)
∫ 1

0
(1 − s)q−1| f (s, u, u′, cDp

0+u)|ds

+
δα

∆1Γ(q − σ)
(cDp

0+ t)
∫ 1

0
(1 − s)q−σ−1| f (s, u, u′, cDp

0+u)|ds

+
r

∆1
(cDp

0+ t)
∫ 1

0
|h1(s, u(s))|dA1(s) +

α

∆1
(cDp

0+ t)
∫ 1

0
|h2(s, u(s))|dA2(s)

+ Γ(2 − p)
[

α

∆1
(r +

δ

Γ(2 − σ)
) + 1

]
(cDp

0+ t)
m

∑
j=1

tp−1
j |Ij(u(tj))|

⩽
1

Γ(q − p)

∫ 1

0
(1 − s)q−p−1|g(s)|ds +

rα

∆1Γ(2 − p)Γ(q)

∫ 1

0
(1 − s)q−1|g(s)|ds

+
δα

∆1Γ(2 − p)Γ(q − σ)

∫ 1

0
(1 − s)q−σ−1|g(s)|ds

+
r

∆1Γ(2 − p)

∫ 1

0
|ρ1(s)||u(s)|dA1(s) +

α

∆1Γ(2 − p)

∫ 1

0
|ρ2(s)||u(s)|dA2(s)

+

[
α

∆1
(r +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j Hj|u(tj)|

⩽
[

1
Γ(q − p)

( ∫ 1

0
(1 − s)

q−p−1
1−ν ds

)1−ν

+
rα

∆1Γ(2 − p)Γ(q)

( ∫ 1

0
(1 − s)

q−1
1−ν ds

)1−ν

+
δα

∆1Γ(2 − p)Γ(q − σ)

( ∫ 1

0
(1 − s)

q−σ−1
1−ν ds

)1−ν]
||g||1/ν

+

[
r

∆1Γ(2 − p)

∫ 1

0
|ρ1(s)|dA1(s) +

α

∆1Γ(2 − p)

∫ 1

0
|ρ2(s)|dA2(s)

+

(
α

∆1
(r +

δ

Γ(2 − σ)
) + 1

) m

∑
j=1

tp−1
j Hj

]
||u||PC1

⩽
[

1
Γ(q − p)

(
1 − ν

q − p − ν
)1−ν +

rα

∆1Γ(2 − p)Γ(q)
(

1 − ν

q − ν
)1−ν

+
δα

∆1Γ(2 − p)Γ(q − σ)
(

1 − ν

q − σ − ν
)1−ν

]
||g|| 1

ν

+

[
r

∆1Γ(2 − p)

∫ 1

0
|ρ1(s)|dA1(s) +

α

∆1Γ(2 − p)

∫ 1

0
|ρ2(s)|dA2(s)

+

(
α

∆1
(r +

δ

Γ(2 − σ)
) + 1

) m

∑
j=1

tp−1
j Hj

]
||u||PC1

⩽
[

1
Γ(q − 1)

(
1 − ν

q − 1 − ν
)1−ν +

r(α + β)

∆1Γ(q)
(

1 − ν

q − ν
)1−ν +

δ(α + β)

∆1Γ(q − σ)
(

1 − ν

q − σ − ν
)1−ν

]
||g|| 1

ν
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+

[
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)|dA1(s) +

α + β

∆1

∫ 1

0
|ρ2(s)|dA2(s)

+ Γ(2 − p)
(

α + β

∆1
(r +

δ

Γ(2 − σ)
) + 1

)
tp−1
1

m

∑
j=1

Hj

]
||u||PC1

⩽Q3 + ζr1 ⩽ r1.

Therefore, L(Br1) ⊂ Br1 . Similar to Step 2 in the proof of Theorem 1, one acquires the
complete continuity of L : Br1 → Br1 . One derives from Lemma 3 that L permits at least a
fixed point u∗ ∈ Br1 , and u∗ satisfies IBVPs (1) and (2). This ends the proof.

4. UH Stability

This portion adopts direct analysis methods to explore the UH-stability of IBVPs (1)
and (2). For u ∈ PC1(J,R), consider the following inequality:


|cDq

0+u(t) + f (t, ut, u′(t), cDp
0+u(t))| ⩽ ϵ, t ∈ (tl , tl+1] ⊂ [0, 1], 0 ≤ l ≤ m,

|cDp
0+u(t+k )−

cDp
0+u(t−k )− Ik(u(tk))| ⩽ ϵ, 1 ≤ k ≤ m,

αu(0)− βu′(0) =
∫ 1

0 h1(s, u(s))dA1(s), γu(1) + δ(cDσ
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s), u′′(0) = 0,

u(t) = ξ(t), t ∈ [−τ, 0].

(41)

where ϵ > 0, 2 < q ≤ 3, 0 < p, σ < 1.
Similar to [23,29], we define the UH-stability of IBVPs (1) and (2) as follows.

Definition 3. If there is a unique solution u∗(t) ∈ PC1(J,R) of system (1) and (2) and a constant
C1 > 0 such that for all ϵ > 0 and each solution u(t) ∈ PC1(J,R) of inequality (41),

∥u(t)− u∗(t)∥PC1 ⩽ C1ϵ.

then problems (1) and (2) are said to be Ulam–Hyers (UH) stable.

Remark 1. u(t) ∈ PC1(J,R) is a solution of inequality (41) iff there exists a function
φ(t) ∈ PC1(J,R) and a sequence {φk}m

k=1 such that

(1) |φ(t)| ⩽ ϵ, t ∈ (tl , tl+1], 0 ≤ l ≤ m and |φk| ⩽ ϵ, 1 ≤ k ≤ m;
(2) cDq

0+u(t) = − f (t, u(t), u′(t), cDp
0+u(t)) + φ(t), t ∈ (tl , tl+1] ⊂ [0, 1], 0 ≤ l ≤ m;

(3) cDp
0+u(t+k )−

cDp
0+u(t−k ) = Ik(u(tk)) + φk, 1 ≤ k ≤ m;

(4) αu(0)− βu′(0) =
∫ 1

0 h1(s, u(s))dA1(s), γu(1) + δ(cDσ
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s);

(5) u′′(0) = 0, u(t) = ξ(t), t ∈ [−τ, 0].

Theorem 4. IBVPs (1) and (2) are UH-stable, provided that conditions (H1)–(H4) are fulfilled.

Proof. Let u(t) ∈ PC1(J,R) be a solution of the inequality (41). From Remark 1 and
Lemma 5, we have

u(t) =



∫ 1
0 G(t, s) f̃ (s, us, u′(s),Dq

0+u(s))ds +
1

∆1

[
(1 − t)γ +

δ

Γ(2 − σ)

] ∫ 1
0 h1(s, u(s))dA1(s)

+
β + αt

∆1

∫ 1
0 h2(s, u(s))dA2(s)− Γ(2 − p)

β + αt
∆1

[
(γ +

δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j Ĩj(u(tj))

−γ
m

∑
j=1

tp
j Ĩj(u(tj))

]
+ Γ(2 − p)

k

∑
j=1

tp−1
j (t − tj) Ĩj(u(tj)), t ∈ (tl , tl+1] ⊂ [0, 1],

ξ(t), t ∈ [−τ, 0].

(42)
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where f̃ (t, ut, u′(t),Dq
0+u(t)) = f (t, ut, u′(t),Dq

0+u(t)) − φ(t) and Ĩj(u(tj)) = Ij(u(tj)) +
φj.

By Theorem 2, IBVPs (1) and (2) admit a unique solution u∗(t) ∈ PC1(J,R) satisfying
the impulsive integral equation as follows:

u∗(t) =



∫ 1
0 G(t, s) f (s, u∗

s , u∗′(s),Dq
0+u∗(s))ds +

1
∆1

[
(1 − t)γ +

δ

Γ(2 − σ)

] ∫ 1
0 h1(s, u∗(s))dA1(s)

+
β + αt

∆1

∫ 1
0 h2(s, u∗(s))dA2(s)− Γ(2 − p)

β + αt
∆1

[
(γ +

δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j Ij(u∗(tj))

−γ
m

∑
j=1

tp
j Ij(u∗(tj))

]
+ Γ(2 − p)

k

∑
j=1

tp−1
j (t − tj)Ij(u∗(tj)), t ∈ (tl , tl+1] ⊂ [0, 1],

ξ(t), t ∈ [−τ, 0].

(43)

When t ∈ [−τ, 0], we have

|u(t)− u∗(t)| = |ξ(t)− ξ(t)| = 0, (44)

|u′(t)− u∗′(t)| = |ξ ′(t)− ξ ′(t)| = 0, (45)

|cDp
0+u(t)− cDp

0+u∗(t)| = |cDp
0+ξ(t)− cDp

0+ξ(t)| = 0. (46)

When t ∈ (tl , tl+1] ⊂ [0, 1], from (42) and (43), we obtain

|u(t)− u∗(t)| ⩽
∫ 1

0
|G(t, s)|| f̃ (s, us, u′(s),Dq

0+u(s))− f (s, u∗
s , u∗′(s),Dq

0+u∗(s))|ds

+
1

∆1

[
(1 − t)γ +

δ

Γ(2 − σ)

] ∫ 1

0
|h1(s, u(s))− h1(s, u∗(s))|dA1(s)

+
β + αt

∆1

∫ 1

0
|h2(s, u(s))− h2(s, u∗(s))|dA2(s)

+
Γ(2 − p)(β + αt)

∆1

∣∣∣∣(γ +
δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j ( Ĩj(u(tj))− Ĩj(u∗(tj)))

− γ
m

∑
j=1

tp
j ( Ĩj(u∗(tj))− Ij(u∗(tj)))

∣∣∣∣+ Γ(2 − p)
k

∑
j=1

tp−1
j (t − tj)| Ĩj(u(tj))− Ij(u∗(tj))|

⩽
{

3ψM̃ +
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
∥u(t)− u∗(t)∥PC1

+ ϵ

{
M̃ + Γ(2 − p)

[
β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j

}
=ϑ1∥u(t)− u∗(t)∥PC1 + (M̃ + Ñ)ϵ, (47)

|u′(t)− (u∗(t))′| ⩽
∫ 1

0

∣∣∣∣∂G(t, s)
∂t

∣∣∣∣| f̃ (s, us, u′(s),Dq
0+u(s))− f (s, u∗

s , u∗′(s),Dq
0+u∗(s))|ds

+
γ

∆1

∫ 1

0
|h1(s, u(s))− h1(s, u∗(s))|dA1(s) +

α

∆1

∫ 1

0
|h2(s, u(s))− h2(s, u∗(s))|dA2(s)
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+
Γ(2 − p)α

∆1

∣∣∣∣(γ +
δ

Γ(2 − σ)
)

m

∑
j=1

tp−1
j ( Ĩj(u(tj))− Ĩj(u∗(tj)))

− γ
m

∑
j=1

tp
j ( Ĩj(u∗(tj))− Ij(u∗(tj)))

∣∣∣∣+ Γ(2 − p)
k

∑
j=1

tp−1
j | Ĩj(u(tj))− Ij(u∗(tj))|

⩽
{

3ψM̃ +
γ

∆1

∫ 1

0
|ϕ1(s)|dA1(s) +

α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
∥u(t)− u∗(t)∥PC1

+ ϵ

{
M̃ + Γ(2 − p)

[
α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j

}
⩽ϑ1∥u(t)− u∗(t)∥PC1 + (M̃ + Ñ)ϵ, (48)

and

|cDp
0+u(t)−c Dp

0+u∗(t)| ⩽ 1
Γ(q − p)

∫ 1

0
(t − s)q−p−1| f̃ (s, us, u′, cDp

0+u)− f (s, u∗
s , u∗′ , cDp

0+u∗)|ds

+
rα(cDp

0+ t)
∆1Γ(q)

∫ 1

0
(1 − s)q−1| f̃ (s, u, u′, cDp

0+u)− f (s, u∗, u∗′ , cDp
0+u∗)|ds

+
δα(cDp

0+ t)
∆1Γ(q − σ)

∫ 1

0
(1 − s)q−σ−1| f̃ (s, u, u′, cDp

0+u)− f (s, u∗, u∗′ , cDp
0+u∗)|ds

+
r(cDp

0+ t)
∆1

∫ 1

0
|h1(s, u(s))− h1(s, u∗(s))|dA1(s)

+
α(cDp

0+ t)
∆1

∫ 1

0
|h2(s, u(s))− h2(s, u∗(s))|dA2(s)

+ Γ(2 − p)
[

α

∆1
(r +

δ

Γ(2 − σ)
) + 1

]
(cDp

0+ t)
m

∑
j=1

tp−1
j | Ĩj(u(tj))− Ij(u∗(tj))|

⩽
{

3ψM̃ +
γ

∆1Γ(2 − p)

∫ 1

0
|ϕ1(s)|dA1(s) +

α

∆1Γ(2 − p)

∫ 1

0
|ϕ2(s)|dA2(s)

+

[
α

∆1
(r +

δ

Γ(2 − σ)
) + 1

]
tp−1
1

m

∑
j=1

Lj

}
∥u(t)− u∗(t)∥PC1

+ ϵ

{
M̃ +

[
α

∆1
(r +

δ

Γ(2 − σ)
) + 1

] m

∑
j=1

tp−1
j

}
⩽ϑ1∥u(t)− u∗(t)∥PC1 + (M̃ + Ñ)ϵ, (49)

where Ñ = Γ(2 − p)
[

β+α
∆1

(γ + δ
Γ(2−σ)

) + 1
]

m
∑

j=1
tp−1

j .

We derive from (44)–(49) that

∥u(t)− u∗(t)∥PC1 ⩽ϑ1∥u(t)− u∗(t)∥PC1 + (M̃ + Ñ)ϵ, (50)

which implies that

∥u(t)− u∗(t)∥PC1 ⩽
M̃ + Ñ
1 − ϑ1

ϵ. (51)

Thus, by (51), we obtain the UH stability of IBVPs (1) and (2). This ends the proof.
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5. Examples and Simulations

Example 1. Consider the following Riemann–Stieltjes IBVP:

cD2.9
0+ u(t) + sin(πt) + t

30 ut +
t2

35 u′(t) + t3

40
cD

1
2
0+u(t) = 0, t ∈ [0, 1

4 ) ∪ ( 1
4 , 1],

cD
1
2
0+u( 1

4
+
)− cD

1
2
0+u( 1

4
−
) = I1(u( 1

4 )),
1
2 u(0)− u′(0) =

∫ 1
0 h1(s, u(s))dA1(s),

1
2 u(1) + 2

3 (
cD

1
3
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s),

u′′(0) = 0,
u(s) = ϕ(s), s ∈ [− 1

2 , 0],

(52)

where q = 2.9, p = α = γ =
1
2

, σ =
1
3

, β = 1, δ =
2
3

, f (t, x, y, z) = sin(πt)+
tx
30

+
t2y
35

+
t3z
40

,

h1(s, u) =
1
3

u, h2(s, u) =
1
4

u, A1(s) = A2(s) =
1
4

s, I1(u) =
7
10

, τ =
1
2
> 0, ϕ(s) ∈ C 1

2
. By

simple computation, we have φ1 =
t

30
, φ2 =

t2

35
, φ3 =

t3

40
, ϕ1 =

1
3

, ϕ2 =
1
4

, L1 = 0, ψ =
1

30
,

∆1 =

∣∣∣∣∣∣
α −β

γ γ +
δ

Γ(2 − σ)

∣∣∣∣∣∣ = (α + β)γ +
αδ

Γ(2 − σ)
≈ 3.1284 > 0,

M̃ =
1

Γ(q)
+

β + α

∆1 − 1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
≈ 1.723,

κ1 =
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1 L1 ≈ 0.0967,

and
ϑ1 = 3ψM̃ + κ1 ≈ 0.269 < 1.

Thus, the conditions (H1)–(H4) are true. According to Theorem 1, we claim that system (52)
has at least a solution on I = [− 1

2 , 1].

Example 2. Consider the Riemann–Stieltjes IBVP as follows:

cD
5
2
0+u(t) + cos(πt) + t

30 ut +
t2

40 u′(t) + t3

50
cD

1
2
0+u(t) = 0, t ∈ [0, 1

2 ) ∪ ( 1
2 , 1],

cD
1
2
0+u( 1

2
+
)− cD

1
2
0+u( 1

2
−
) = I1(u( 1

2 )),
1
2 u(0)− u′(0) =

∫ 1
0 h1(s, u(s))dA1(s),

1
2 u(1) + 4

5 (
cD

1
2
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s),

u′′(0) = 0,
u(s) = ϕ(s), s ∈ [− 1

3 , 0],

(53)

where q =
5
2

, p = α = γ = σ =
1
2

, δ =
4
5

, β = 1, f (t, x, y, z) = cos(πt) +
tx
30

+
t2y
40

+
t3z
50

,

h1(s, u) =
1
3

u, h2(s, u) =
1
4

u, A1(s) = A2(s) =
1
4

s, I1(u) =
9
10

, τ =
1
3
> 0, ϕ(s) ∈ C 1

3
. By

simple computation, we have φ1 =
t

30
, φ2 =

t2

40
, φ3 =

t3

50
, ϕ1 =

1
3

, ϕ2 =
1
4

, L1 = 0, ψ =
1

30
,

∆1 =

∣∣∣∣∣∣
α −β

γ γ +
δ

Γ(2 − σ)

∣∣∣∣∣∣ = (α + β)γ +
αδ

Γ(2 − σ)
≈ 1.2014 > 0,
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M̃ =
1

Γ(q)
+

β + α

∆1 − 1

[
γ

Γ(q + 1)
+

δ

Γ(q − σ + 1)

]
≈ 4.8529,

κ1 =
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ϕ1(s)|dA1(s) +

β + α

∆1

∫ 1

0
|ϕ2(s)|dA2(s)

+ Γ(2 − p)
[

β + α

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1 L1 ≈ 0.1753,

and
ϑ1 = 3ψM̃ + κ1 ≈ 0.6606 < 1.

So the conditions (H1)-(H4) hold. One knows from Theorems 2 and 4 that IBVP (53) admits
a UH-stable unique solution on I = [− 1

3 , 1].

Example 3. Consider the Riemann–Stieltjes IBVP for a delayed fractional differential equation
with fractional-order impulses as follows:

cD
5
2
0+u(t) +

t3
(

ut+u′(t)+cD
1
2
0+

u(t)
)2

1+
(

u(t)+u′(t)+cD
1
2
0+

u(t)
)2

= 0, t ∈ [0, 1
3 ) ∪ ( 1

3 , 1],

cD
1
2
0+u( 1

3
+
)− cD

1
2
0+u( 1

3
−
) = I(u( 1

3 )),
1
2 u(0)− u′(0) =

∫ 1
0 h1(s, u(s))dA1(s),

1
2 u(1) + 1

2 (
cD

1
2
0+u)(1) =

∫ 1
0 h2(s, u(s))dA2(s),

u′′(0) = 0,
u(s) = ϕ(s), s ∈ [− 1

3 , 0],

(54)

where q =
5
2

, p = α = γ = δ = σ =
1
2

, β = 1, f (t, x, y, z) =
t3(x + y + z)2

1 + (x + y + z)2 ,

h1(s, u) =
1
3

su, h2(s, u) =
1
4

su, A1(s) = A2(s) =
1
4

s, I1(u) =
1
10

u, τ =
1
3
> 0, ϕ(s) ∈ C 1

3
.

Clearly, | f (t, x, y, z)| ⩽ t3 = g(t), ρ1(s) =
1
3

s, ρ2(s) =
1
4

s, H1 =
1

10
. By calculating, we obtain

∫ 1

0
|ρ1(s)|dA1(s) =

1
24

,
∫ 1

0
|ρ2(s)|dA2(s) =

1
32

, ∆1 ≈ 1.0321,

and

ζ =
1

∆1
(γ +

δ

Γ(2 − σ)
)
∫ 1

0
|ρ1(s)|dA1(s) +

α + β

∆1

∫ 1

0
|ρ2(s)|dA2(s)

+ Γ(2 − p)
[

α + β

∆1
(γ +

δ

Γ(2 − σ)
) + 1

]
tp−1
1 H1 ≈ 0.4793 < 1.

Thus, all the conditions of Theorem 3 are satisfied. According to Theorem 3, we claim that
system (54) has at least a solution on I = [− 1

3 , 1].

To complete the numerical simulation of systems (52)–(54), a concise algorithm of (1)
is outlined below:

Step 1: Let v(t) = u′(t) and w(t)) = cDp
0+u(t), then (1) transforms into the impulsive

integral nonlinear equations:
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

u(t) =
∫ 1

0 G(t, s) f (s, us, v(s), w(s))ds + 1
∆1
[(1 − t)γ +

δ

Γ(2 − σ)
]
∫ 1

0 h1(s, u(s))dA1(s)

+ β+αt
∆1

∫ 1
0 h2(s, u(s))dA2(s)− Γ(2−p)(β+αt)

∆1

[
(γ +

δ

Γ(2 − σ)
)

m
∑

j=1
tp−1

j Ij(u(tj))

−γ
m
∑

j=1
tp

j Ij(u(tj))

]
+ Γ(2 − p)

l
∑

j=1
tp−1

j (t − tj)Ij(u(tj)),

v(t) =
∫ 1

0
∂G(t,s)

∂t f (s, us, v(s), w(s))ds − γ
∆1

∫ 1
0 h1(s, u(s))dA1(s) + α

∆1

∫ 1
0 h2(s, u(s))dA2(s)

− Γ(2−p)α
∆1

[
(γ + δ

Γ(2−σ)
)

m
∑

j=1
tp−1

j Ij(u(tj))− γ
m
∑

j=1
tp

j Ij(u(tj))

]
+ Γ(2 − p)

l
∑

j=1
tp−1

j Ij(u(tj)),

w(t) =
1

Γ(1 − p)
∫ t

0 (t − s)−pv(s)ds, t ∈ (tl , tl+1] ⊂ [0, 1].

(55)

Step 2: To take the derivative of system (55), one obtains the following nonlinear differential
system (56). Next, numerical simulations can be conducted by applying ODE toolboxes
in MATLAB.

u′(t) = − 1
Γ(q−1)

∫ t
0 (t − s)q−2 f (s, us, v(s), w(s))ds

+ α
∆1

∫ 1
0

[
γ

Γ(q) (1 − s)q−1 + δ
Γ(q−σ)

(1 − s)q−σ−1
]

f (s, us, v(s), w(s))ds

− γ
∆1

∫ 1
0 h1(s, u(s))dA1(s) + α

∆1

∫ 1
0 h2(s, u(s))dA2(s)

− Γ(2−p)α
∆1

[
(γ + δ

Γ(2−σ)
)∑m

j=1 tp−1
j Ij(u(tj))− γ ∑m

j=1 tp
j Ij(u(tj))

]
+Γ(2 − p)

l
∑

j=1
tp−1

j Ij(u(tj)),

v′(t) = − 1
Γ(q−2)

∫ t
0 (t − s)q−3 f (s, u(s), v(s), w(s))ds,

w′(t) = − p
Γ(1−p)

∫ t
0 (t − s)−p−1v(s)ds, t ∈ (tl , tl+1] ⊂ [0, 1].

(56)

In line with the above algorithm, we have completed numerical simulations for three
examples by ODE113 in MATLAB R2018b. The numerical simulation of system (52) is
shown as Figures 1–3. The numerical simulation and UH stability of system (53) are
shown as Figures 4–7. The numerical simulation of system (54) is shown as Figure 8.
From Figures 1–6, it can be seen that the solutions of systems (53) and (54) are oscillatory
because the systems contain periodic terms sin(πt) and cos(πt). However, the solutions of
system (52) do not oscillate.
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Figure 1. Simulation of solution u(t) for system (52).
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Figure 2. Simulation of solution v(t) for system (52).
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Figure 3. Simulation of solution w(t) for system (52).
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Figure 4. Simulation of solution u(t) for system (53).
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Figure 5. Simulation of solution v(t) for system (53).



Axioms 2024, 13, 682 23 of 25

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time

-2

-1.5

-1

-0.5

0

0.5

1

So
lut

ion

105

w(t)

Figure 6. Simulation of solution w(t) for system (53).
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Figure 7. Evolution of UH-stability with ϵ = 0.01 for system (53).
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Figure 8. Evolution of dynamic behaviors for system (54).

6. Conclusions

In the manuscript, a delayed fractional system (1) and (2) with fractional-order im-
pulses is studied. Compared with some previous studies, our system is a more complex
functional differential equation that combines delay effects, fractional-order impulses,
and Riemann–Stieltjes IBVPs. The system optimizes the nonlinear fractional differential
system in reference [9]. By using differential inequality techniques and some fixed-point
theorems, the existence and uniqueness of solutions are obtained. Meanwhile, we apply
mathematical analysis to discuss the UH-stability of the system. Finally, we provide an
algorithm and conduct numerical simulations on three examples to demonstrate the cor-
rectness and availability of our main results. In addition, there are two topics that need
further study in the future. One is the general higher-order delayed fractional differential
equation with different types of boundary value conditions and impulses. The other is
the delayed coupled fractional differential system with different types of boundary value
conditions and impulses.
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