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Abstract: Over the years, the concept of metric space has been extended in several directions, and
numerous common fixed point theorems for multivalued mappings in complete metric space have
been demonstrated. In this paper, we prove a general fixed point theorem for a pair of multivalued
mappings satisfying implicit relations, extending some results from the literature to S-metric spaces.
As an application, we obtain new results for a sequence of multivalued mappings in S-metric spaces,
generalizing some known results.
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1. Introduction

Due to its numerous applications, Fixed Point Theory is one of the most useful
branches of Nonlinear Analysis, providing fruitful tools for the resolution of many problems
arising from different fields of pure mathematics, applied sciences, engineering, and more.

The existence and uniqueness of a fixed point has many applications; for example, in
the field of computer sciences [1].

Also, fixed point theory is important, for example, in geometry. It is worth mentioning
some papers related to fixed points of automorphisms of the vector bundle moduli space [2],
or fixed points of principal bundles over algebraic curves [3], for example.

Over the years, the concept of metric space has been extended in several directions
by removing or modifying some axioms. As the loss or weakening of some of the metric
axioms leads to the loss of some topological properties, obstacles have arisen in proving
fixed point theorems, which have led researchers to develop new techniques in developing
fixed point theories to solve more concrete applications.

In [4,5], Dhage introduced a new class of generalized metric spaces, named D-metric spaces.

In [6,7], Mustafa and Sims demonstrated that most of the claims concerning the
fundamental topological structures in D-metric spaces are incorrect, and they introduced
an appropriate notion of generalized metric space, named G-metric space.

In fact, Mustafa and Sims, as well as other authors, obtained numerous fixed point
results in G-metric spaces for self mappings.

Avramescu [8], Markin [9], Nadler [10], and other authors proved, using the Hausdorff-
Pompeiu metric, some fixed point theorems for multivalued mappings that generalize the
Banach principle.

Some results for sequences of multivalued mappings are obtained in [11] and in the
references therein.
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In [12], the authors introduced a “generalization” of G-metric spaces, named S-metric
spaces, and initiated the study of fixed points for mappings satisfying implicit relations in
S-metric spaces.

Recently, in [13], the authors showed that the notion of an S-metric space is not a
generalization of a G-metric, or vice versa. Therefore, these two notions are independent.

Other results on fixed points in S-metric spaces were obtained in [14-20], as well as
other papers.

Several fixed point theorems and common fixed points theorems have been unified
in [21], considering a general condition by an implicit relation.

This method is used in the study of fixed points in metric spaces, symmetric spaces,
quasi-metric spaces, convex spaces, b-metric spaces, Hilbert spaces, fuzzy metric spaces,
probabilistic metric spaces, partial metric spaces, dislocated metric spaces, G-metric spaces,
and Gj-partial metric spaces.

Throughout the last years, in order to express different contractivity conditions in a
unified way, the notion of simulation function on metric spaces has been introduced, and
some fixed point results were obtained.

Since then, by slightly modifying this new notion, some existence and uniqueness
of coincidence points of two nonlinear operators using this kind of control function were
investigated, and it has been observed that several existing results can be concluded from
these new results [22].

The study of fixed points for multivalued mappings and hybrid pairs of mappings
satisfying the implicit relations is initiated in [23-25].

In this paper, we prove a general fixed point theorem for a pair of multivalued
mappings, satisfying the implicit relations, extending some results from the literature to
S-metric spaces. As an application, we obtain new results for a sequence of multivalued
mappings in S-metric spaces, generalizing some known results.

2. Preliminaries

We consider a nonempty set X, and let (X, d) be a metric space. By P(X), we denote the
set of all nonempty subsets of X, and by P¢;(X) = {Y : Y € P(X) and Y is a closed set},
we denote the set of all nonempty closed subsets of X.

A point x € X is called a fixed point of a mapping T : X —— P¢;(X) if x € Tx. The
set of all fixed points of T is denoted by F(T).

Definition 1 ([12]). Let X be a nonempty set. and S : X3 — Ry be a function such that, for all
X, y/ zZ,a S X.'
(Sl) : S(X,:I/,Z) =0 lfﬂ?’ld only lfx = y = Zz.

(S2) : S(x,y,z) < S(x,x,a) +S(y,y,a) +S(z,z,a).
The function S is said to be an S-metric on X, and (X, S) is called an S-metric space.

Example 1 ([12]). Let X = R, and
S(x,y,2) = |x —z| + |y —z|.
Then, S is an S-metric on X, named the usual S-metric of R.
Lemma 1 ([12]). If S is an S-metric on a nonempty set X, then
S(x,x,y) =S(y,y,x) forall x,y € X.

Definition 2 ([12]). Let (X, S) be an S-metric space. For r > 0 and x € X, the open ball with
center x and radius r, denoted Bg(x, 1), is defined as being

Bs(x,r) ={y e X:S(x,x,y) <r}.
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Let T be the collection of subsets A C X with x € A, if and only if there exists r > 0
such that Bg(x,r) C A. Then, T is a topology on X, and A is said to be S-open. The
complement of an S-open set is said to be S-closed.

Definition 3 ([12]). Let (X, S) be an S-metric space.

(a) A sequence {x,} in X is said to be convergent to x € X, denoted limy o0 Xy = X OF Xy — X,

if
lim S(x,, x,,x) = 0.
n—o0

(b) A sequence {xy} in X is said to be a Cauchy sequence if

lim S(xp, Xp, xm) = 0.
n—oo

(c) The S-metric space(X, S) is complete if every Cauchy sequence is a convergent sequence.
Example 2 ([12]). Let (X, S) be as in Example 1. Then, (X, S) is complete.
Lemma 2 ([12]). Let (X, S) be an S-metric space. If x, — x and y,, — y, then

S(xn, Xn, yn) — S(x, %, ).

Lemma 3 ([12]). If {x,} is a convergent sequence in an S-metric space (X, S), then its limit is
unique.

Lemma 4 ([26], Lemma 8). Let (X, S) be an S-metric space, and let A be a nonempty subset of X.
A is said to be S-closed if and only if, for any sequence {x,} in A, such that x, — x as n — oo,
then x € A.

Latif and Beg, in [27], proved the following common fixed point theorem for K-
multivalued mappings.

Theorem 1 ([27], Theorem 4.1). Let M be a nonempty closed subset of a complete metric space X.
Then, each closed-valued K-multivalued map T : M — 2M has a fixed point.

In 2003, Sintamadrian [28,29] extended Theorem 1 for pairs of multivalued mappings.

Theorem 2 ([28], Theorem 2). Let (X, d) be a complete metric space, and Ty, T : X — Pcy(X)
be two multivalued operators. We suppose that

(i)  There exists a; € [O, %) such that for each x € X, uy € Tyx and each y € X, there exists

uy € Toy, such that
d(ux/ uy) <m [d(xruX) + d(y' uy)];

(ii) There exists ap € [0, %) such that, for each x € X, uy € Tox and each y € X, there exists
uy € Ty, such that
d(ux, uy) < ap[d(x,ux) +d(y,uy)].

Then,
F(Ty) = F(Tz) € Pci(X).

Theorem 3 ([29], Theorem 2.7). Let (X,d) be a complete metric space, and Ty, T, : X ——>
Pci(X) two multivalued operators. We suppose that

(i)  There exists ai1,d1p, . .. ,a15 > 0 with a1 + a1 + a13 + 2a14 < 1 such that, for each x € X,
any uy € Tix, and for ally € X, there exists u, € Toy, such that

d(ux,uy) < and(x,y) + apd (x, uy) + a13d (v, uy) + arad (x, uy) + a15d(y, uy);



Axioms 2024, 13, 670

40f12

(i) There exists ap1,a, ..., a5 > 0 with ay + ax + axz + 2a4 < 1 such that for all x € X,
any uy € Trx, and for all y € X, there exists uy € Ty, such that

d(ux,uy) < and(x,y) + and(x, ux) + axd (y, uy) + azad (x, uy) + azsd(y, ux).

Then,
F(Th) = F(Tz) € Pci(X).

Theorem 4 ([29], Theorem 2.8). Let (X,d) be a complete metric space, and Ty, T, : X —
Peci(X) be two multivalued operators. We suppose that

(i) There exists ay € [0,1), such that for all x € X, any uy € Tyx, and for all y € X, there exists
uy € Toy, such that

d(ux,uy) < oy max{

d(lx,y),d(x, uy),d(y,uy), }
E[d(x,uy) +d(y,ux)] |’

(ii) There exists ay € [0,1), such that for all x € X, any uy € Tox, and for all y € X, there exists
uy € Try, such that

d(x,y), d(x,ux),d(y, uy), }

d(ux, uy) < a maX{ %[d(x, uy) +d(y, uy)]
Then,
F(Ty) = F(Tz) € Poy(X).

Also, in [27], it is proved that for a sequence of multivalued mappings, the following
theorem holds.

Theorem 5 ([27], Theorem 4.2). Let M be a nonempty closed subset of a complete metric space X,
and {T,} a sequence of closed-valued maps of M into 2M. Suppose that there exists a constant h
with0 < h < %, such that

(i)  For any two maps T;, T;, and for any x € M, uy € T;(x), there exists uy € Ti(x) for all
y € M, with
d (1, uy) < hld(x,ux) +d(y,uy)].

Then, {Ty, } has a common fixed point.
Let F be the set of all continuous functions F : R — R, satisfying the following
conditions:

(Fy) : F is not increasing in variables t3, t4, t5, tg;
(F,) : There exist h € [0,1) and g > 0, such that for all u, v, w > 0,

F( u,v,w+ v, )SO
w+uu+ov+w,w

u < hv+ gw.

implies

A generalization of Theorems 1-4 using the Latif-Beg method is obtained in [24].

Theorem 6 ([24]). Let (X, d) be a complete metric space, and Ty, T, : X +— Pci(X) be two
multivalued mappings, such that:
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(a) Foreachx € Xand uy € Tyx and y € X, there exists uy € Tpy, such that

d (1, uy),d(x,y), (x Uy), )<
0.
(Pl( d(y,uy),d(x,uy),d(y, ux)
(b)  Foreach x € Xand uy € Toxandy € X, there exists uy € Tyy, such that
d(ux, uy),d(x,y),d(x, ux) > <
0,
¢2< d(y,uy),d(x,uy),d(y,ux) ) =

where ¢1, P2 € Fo.

Then,
F(Ty) = F(Tz) € Pci(X).

3. Implicit Relations

Let Fsp be the set of all continuous functions ¢ : RS — R, satisfying the following

properties:
(¢1) : ¢ is nonincreasing in variables t3, t4, t5, t.
(¢2) : there existh € [0,1) and g > 0, such that for all u,v,w > 0,

u,0,2w -+, <0
¢ 2w+ u2u+2v+w,w ) —
implies
u < hv+ gw.

In the following examples, all of the functions ¢ are from Fsy, and the proof of

property (¢1) is obvious.

Example 3.
gb(f], .. .,té) =1 —aty — btz — cty — dis — elg,

wherea,b,c,d,e > 0anda+b+c+4d < 1.

For (¢7), letu,v,w > 0 and

u,v,2w + v, _ o B -
"’(2w+u,2u+zv+w,w> = u—av—b(2w+v) -~ c(2w+u)
—d(2u +2v+w) —ew < 0.
Then,
a+b+2d v+2b+2c+d+e
1 (c+2d) 1— (c+2d)
Hence,
u < ho + gw,
where .
a+b+
<h= """
Osh=1"(7aa !
and bt e s g
_t2tdte
1—(c+24) —
Example 4.

t t
¢(ty,....t6) =1 —kmax{f2,f3,f4, 5—; 6},
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13 .
For (¢), letu,v,w > 0, and
u,v,2w—+7v 0, 2w + v,
Yy 7 — _ < .
¢< 2w+ u,2u+2v+w,w > " kmax{ 2w+ulw =0

If u > max{v, w}, then u(1 — 3k) < 0; a contradiction.
Hence,
u < max{v,w}
which implies
u < 3kmax{v,w} < 3k(v+w),

from where

u < hv+ gw,
for
0<h=3k<1
and
g=23k>0.
Example 5.

(P(tl,. . .,t6) =1 — kmax{tz, t3, ty, ts, té},

1
here k — ).
where k € {O,5>
For (¢), letu,v,w > 0 and

u,v,2w—+ v, — 4 — kmax 2w+ v, 2w + u, <0
¢ 2w+ u, 2u + 20 + w, w o 2u+2v+w =

If u > max{v, w}, then
u(l—>5k) <0,

a contradiction.
Hence,
u < max{v, w}

which implies
u < 5kmax{v,w} < 5k(v+ w).

Therefore,
u < hv+gw,
where
0<h=5k<1
and
g=>5k>0.
Similarly, it can be shown that the following functions are from Fg),.
Example 6.

t tg t t
o(t1, ..., te) =t1—kmax{t2, 3+ 4,5+6},

2
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1
where k € {0, 3>.

u(1-3k) <0,
a contradiction.

u < 3kmax{v,w} < 3k(v+w),

from where

u < hv+ gw,
for
0<h=3k<1
and
g=3k>0.
Example 7.

47(1’1,. . .,té) =t —aty) — bmax{tg, t4} — cmin{t5, i’6},
where a,b,c > 0and a + 2b < 1.
Example 8.
4>(t1,. cote) =t —aty —b(tz3+tg) —c(ts + tg),
where a,b,c > 0and a +2b +4c < 1.

Example 9.
O, ... tg) =12 — kmax{t%, tats, t5t6},

1
where k € {0, 9>.

Example 10.
1

—————— —kmax{ty, t3, 141},
T+ts + tg {25, ta}

p(t1, ... te) =t +

1
where k € [O, 2).

4. Main Results

Theorem 7. Let (X, S) bea complete S-metric space, and Ty, T, : X +— Pc;(X) be two multivalued

mappings, such that:
(1) Forallx,y € X, uy € Tyx, there exists uy € Try, such that

4)1< S(ux/ux/uy)/s(x/x/]/)/s(x/x/ux)/ ) S 0,
S(y,y,uy), S(x,x,1y),S(y, y, ux)

(b) Forall x,y € X, ux € Tox, there exists u, € Ty, such that

(P2< S(u)thIuy)rs(xrxry)rs(xrxlux)/ ) S 0’
S,y uy), S(x,x,1y),S(y, y, ux)

where ¢1, P2 € Fsm.
Then,
F(h)=F(T2) #0

)

(2)
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and

F(Th) = F(Tz) € Pci(X).

Proof. Let x( be an arbitrary point of X, x; € T xo.
Then, by (a), there exists x, € Tpx; such that

¢1< S(X1,X],xz),S(XO,XO,X]),S(XO,XO,X]), > <0
S(xllxl/xZ)/S(xO/x0/x2)/0 -

By (S2) and Lemma 1, we obtain

S(x0,x0,x2) = S(x2,x2,x0) <25(x2,x2,%1) 4+ S(x0,%0,X1)
= zs(xllxl/xZ) + S(x()/xO/xl)/

which implies

4) S(xl/xll-XZ)/S(xO/ X0, X1),S(x0, X0, xl)/ <0
! S(xll xlIXZ)IZS(xlrxll xZ) + S(xO/ X0, xl)ro -

By (F;), we obtain
S(x1/ X1, x2) S hs(xOI X0, xl)'
By (b), there exists usz € T1x, such that

4)2( S(XZ,XZ,X3),S(X1,X1,xz),s(x1,x1,x2), > <0
S(x2/x21x3)/5(x1/x11x3>/0 -

By Lemma 1 and (S;), we obtain
S(xl/xll X3) = S(x3/ x3/xl) S ZS(X?,, X3, xZ) + S(xl/xll x2)
= 28(x2/x2/x3) + S(xllxll-XZ)/

which implies by (F)
S(xZI X2, x3) S hs(xlr X1, x2)'
By induction, we obtain a sequence {x,} such that xg € X, x,_1 € Tix,_2, X €
Trx,_1, forn =2,3,4,...and

S(xn/ Xn, xn+l) < hs(xn—lz Xn—1s xn) <...< hns(x()/ X0, xl)-

We prove that {x, } is a Cauchy sequence in (X, S).
Forn,m € N,m > n,by (S;) and Lemma 1, we necessarily have
S(xn/ Xn, xm) < ZS(xn, Xn, xn+1) + S(xm/ Xm, xn+1)

= 25(xu, Xn, Xp41) + S(Xpt1, Xnt1, Xm)

2<h" +H e hmfl)S(xO, X0, X1)

2h"
- 1-h

IN

S(XOI xO/ xl)'

Letting # tend to infinity, we obtain

lim S(xp, xn, xm) =0.
mM,n—00

Hence, {x,} is a Cauchy sequence in (X, S).
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Since (X, S) is S-complete, then {x, } is convergent to a point x € X.
We prove that x is a fixed point of Tj.
Since x,, € Trx,_1, by (b), we have that there exists u,, € T1x, such that

4’2( S(xn, Xn, Xn-1), S (Xn—1,Xn—1,Xn), S (Xn—1, Xn—1, Xn), ) <o
S(x,x,up), S(Xn—1,Xn—1,Un), S(X, X, Xy) -

By Lemma 1 and (S;), we have
S(xn—1,Xn-1,%1) = S(xn, Xn, Xp-1) < 25(xn, Xn, X) + S(Xn_1, Xp—1, %),

S(x, x,un) <25(x,%,x4) + S(Un, un, x),

and
S(un, ttn, x) < 25Uy, thy, Xn) + S(x, X, X4).

Hence,
S(xn—1,%n—1,Un) < 25(xy_1,Xn—1,%) + 25(un, thn, Xn) + S(x, X, X )
which implies by (F) that

S(xn, Xn, thn), S(Xp—1, Xn—1,%n),
25(xn, Xn, x) + S(xy-1,Xn_1,%),

4’2 2S(x1’l/ Xn, x) + S(xn/ Xn, un)/ S 0
25(xtn, X, tn) + 25(xp—1, Xn—1, Xn) + S(x, X, xn),
S(x, x,x,)
By Lemma 3,

S(x, x,un) = S(xn, Xn, X).
Hence, by (F,), we obtain
S(xn, Xn, tn) < hS(Xy—1,Xn-1,2) + §S5(Xn, X, 2).
On the other hand,

S(x, x,uy) 25(x,x,xy) 4+ S(thn, Un, Xn)

<
< 25(xp, Xn, x) +hS(xp—1, X4—1,2) + §S(xn, Xn, 2).

Letting n tend to infinity, we obtain

lim S(x,x,u,) = lim S(uy,, u,,x) =0.
n—oo n—oo

Hence,

lim u,;, = x.
n—oo

Since u, € Tix and Tjx is closed, then x € Tyx and x is a fixed point of Ty. Therefore,
F(Th) # .

Similarly, it is shown that x is a fixed point T, and
F(Tz) # ©.

Now, we prove that
F() = F(Ta).
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Since x € Tyx, let uy = x = y. Then, there exists u, € Toy such that

S(x,x,1y),0,0,
(Pl( S(x,x,1y),5(x,x,uy),0 ) <0,

which implies

S(x,x,1y) = 0.

Hence,
x =y =uy € Iy = Thx.

Thus, x € Trx and x € F(T3).
Therefore,
.F(Tl) C .F(Tz).

Similarly, it is proved that
F(T) C F(Ty).

Hence,
F(h) = F(Tz) # @

Now we have to prove that
F(Th) = F(Tz) € Pey(X).

For this purpose, lety, € F(T1) = F(T2), yn — V.
By (a), for vy, € T1y,, we have that there exists v,, € Tox such that

VY, 01), SWn, Y, 0n), SWn, Yny) )
By (F;) and (S;) we obtain

(Pl( S( S(]/n/ynzvn)/S(]/n/]/n/]/)lor ) < 0

S, Yn, 1), SWYn, Yn, ),
25(Yn, Yn,y) + S(Yn, Yn,y),
1 25(Yn, Yn, ¥) + S(Yn,Yn, 0n), <0
25(Yn, Yn, on) +25n, Yn, y) + SWn Yn,y),
S(Yn Yn,y)

which implies

SWn Yn,on) < hS(Yn, Yn,y) +8SWn, Yn, y)-
By (S2):

S(Vn, v, Y) 25(0n, On, Yn) + S, Y, Yn)

Letting n tend to infinity, we obtain

lim S(vq,v,y) = I}iilgoS(y,y, vy) = 0.

n—,oo
Hence,
im v, = v.
n—oo n y

Since v, € Ty and Toy is closed, then y € Try and y € F(T3).
By Lemma 4, F(T3) is closed. Hence,

F(T1) = F(T2) € Par(X)

and the proof is complete. [

<
< 2[hS(Yn, yn,y) + 8SWn, Yn, Y) + S(Wn, Yn, v)-
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Theorem 8. Let (X, S) be a complete S-metric space, and {T,} C Pc;(X), n € N be a sequence
of multivalued mappings, such that:

(a) Forall x,y € X, ux € Tix, there exists uy, € T; 1y, such that

S(MXI uJC/ uy)/ S(x/xry)rs(xrxi ux)/ ) <
i <0 3
¢ ( S,y uy), S(x,x,uy), Sy, y, ux) ©)

(b) Forall x,y € X, ux € Tip1x, there exists u, € T;y, such that

S(”X! MXI u}/)r S(xrx/y)r S(x/x/”x)r ) <
) 0, 4
(Pl“( S(y,y,uy),S(x,x,uy),S(y,y,ux) ) = @

where {¢;}icn € Fsm-

Then,
f(Tl) = f(Tz) =...= ]:(Tn) S PCZ(X)I n e N.

Proof. By Theorem 7 and i = 1, we have
F(T) = F(T2) € Pci(X).
For i = 2 in Theorem 7, we obtain
F(T2) = F(Ts) € Pay(X).
Continuing this process, we obtain
F(Tj) = F(Tj1) € Pa(X),j=1Ln-1
O

Remark 1. (a) By Theorem 7 and Example 3, we obtain an result which extends Theorem 2 to
S-metric spaces.

(b) By Theorem 8 and Example 3, we obtain an result which extends Theorem 3 to S-metric spaces.

(c) By Theorem 7 and Example 4, we obtain an result which extends Theorem 4 to S-metric spaces.

(d) By Theorem 7 and Example 5, we obtain an result which extends Theorem 5 to S-metric spaces.

(e) By Theorems 7 and 8 and Examples 6—10, we obtain new particular results.

5. Conclusions

In this paper, we proved a general fixed point theorem for a pair of multivalued map-
pings satisfying implicit relations, extending some well-known results to S-metric spaces.

As an application, we obtained new results for sequences of multivalued mappings in
S-metric spaces, generalizing other results.

From our theorems and the other examples presented in the paper, we obtain new
particular results.

As a future idea for study, we intend to extend these results to hybrid pairs of mappings.
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