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Abstract: This paper considers polynomial characteristics useful for a better understanding of the
behaviour of these functions. Taylor series for the polynomials are described by the items with even
and odd derivatives and powered changes in the argument, which leads to more specific studying of
their properties. Connections between the derivative and antiderivative of the polynomial functions
are defined. The structure of polynomial functions reveals their specific characteristic that the mean
value of their roots equals the mean value of the locations of the critical points such as the extrema
and inflection points. Derivatives of the quadratic exponent in relation to an interesting connection of
two transcendental numbers are also described. The discussed properties of the polynomials can be
helpful for practical implementations and educational purposes.
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1. Introduction

Polynomials present the main functions used in algebra, geometry, calculus, matrix
analysis, numerical analysis, and many other areas of the mathematical and statistical
description of objects and processes [1-5]. Various properties of polynomials have been
studied in numerous works [6-10]. Starting with rational polynomial functions, multiple
techniques have been developed for solving equations and inequalities, interpolation and
approximation, building orthogonal systems of polynomials, complex analysis, dynamical
systems, optimization, algorithms, and computational methods [10-15]. Polynomials have
been widely applied in physics and other natural and technical sciences [16-20]. Although
polynomials are studied in high school [21,22] and in spite of their popularity in college
courses, there are hardly any known features of polynomial functions. For example, many
specific and complicated relations between the roots of a polynomial and its derivative can be
found in conjecture theorems by Gauss-Lukas, Bocher, Sendov, Marden, and others [23-28].

This paper considers polynomial characteristics useful for a better understanding of
these functions’ behaviour for practical implementations and educational purposes. A
calculus student should be able to reproduce such derivations, but he/she should know in
advance which problems to work on and what the aim of the research is. This paper shows
that the standard calculus approaches can be extended and applied for the investigation of
polynomial function features and other problems from different points of view, specifically
via the Taylor series, so the work has also didactical aims.

Besides regular polynomials and their orthogonalized versions, there are multiple spe-
cial polynomials of mathematical physics, which are usually orthogonal with some weight
function [29-31]. Those are, just as a few examples, polynomials of Chebyshev, Laguerre,
Jacoby, Legendre, Hermite, Gegenbauer, and others, with their various modifications and
generalizations. An additional example of the derivatives of the quadratic exponent (Gaus-
sian bell curve well known as the probability density function), corresponding to the first
three Hermite polynomials, is considered in this paper. Completed with some analysis and
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geometrical construction, it yields a very unusual Pythagorean relation that combines pi
and e transcendental numbers, useful for educational purposes.

The paper is structured as follows. After the introduction, Section 2 presents the Taylor
series for polynomial functions described by the items with even and odd derivatives
and powered changes in the argument, which leads to a more specific study of their
properties. Section 3 discusses connections between the derivative and antiderivative of
the polynomial functions. Section 4 describes the structure of polynomial functions and
their specific characteristic that the mean value of their roots equals the mean value of
the locations of their critical points such as the extrema and inflection points. Numerical
examples are given in each section. Section 5 is devoted to the derivation of the connection
of two transcendental numbers using the first three Hermite polynomials. Section 6 is
a summary.

2. Taylor Series by Even and by Odd Powers

The Taylor series [32] for a differentiable function f(x) existing with all its derivatives
in a point x = a can be expressed via these derivatives and powered deviations x — a
as follows:
f'(a)

fx) = f(a) + 57~ (x —a) + f“z(!a) (x—aY+ f//;(!a) (r—a)P+ - o

For convenience of further consideration, let us denote the deviationx —a=b,sox=a +b,
then (1) can be rewritten as a function of the argument a + b decomposed into the series of
the function and its derivatives in the point a multiplied by the powered deviations b:

! " "
f(a+b):f(a)+fl(,a)bJrfz(,“)b2+f3(,a)b3+-~ @)
For our purposes, let us also write a similar expression for the opposite deviation —b:
! 1" "
f(a—b):f(a)—fl('a)b—i—fz('a)bz—f3(|a)b3+~~~ 3)

The mean value of the functions (2)—(3) and the half-difference of them can be intro-
duced as follows:

?:?(aib):f(a—"_b);f(a_b)’ Af:Af(a:I:b):f(a+b);f(a_b). (4)

Thus, the functions (2) and (3) can be presented as the mean value j‘ plus or minus the
deviation Af from the mean, respectively:

fla+b)=f+Af, fla—b)=f—Af. )

For an illustration, if a = 0, x = b, and f(x) = exp(x), then the expression (4) corresponds
to the hyperbolic sine and cosine functions cosh(x) and sinh(x).
Substituting (2) and (3) into the relation (4) yields expressions for the mean value

_ " (a ) (a
f(aib)Zf(a)+f2(!)b2+f44!( )b4+~-- (6)

and for the deviation:

Af(a+b) = f'(a)b + f”;(,“)bB' + f(s;(“)zﬁ . 7)

Therefore, we can split the Taylor series (2) into two parts related to the mean f and
deviation Af in (4): the mean in explicit form (6) is defined by the items with even deriva-
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tives and even-powered change b in the argument, and the deviation in explicit form (7) is
defined by the items with odd derivatives and odd-powered change b in the argument.
Consider a polynomial of a degree n with real coefficients a,, a,,_1, . . ., a1, ap and with
a, # 0:
f(x) = anx" +a, 13" 4+ arx +ap. ®)

Its real and complex roots can be found from the equation f(x) = 0. The first derivative of
the polynomial (8) is

(%) = apnx™ "t +a,_1(n — 1)xni2 + - +ay. )

The equation f’(x) = 0 has n — 1 roots defining locations of the extrema/critical
points: the real roots identify locations of the maxima/minima of the polynomial (8), where
the second derivative is negative/positive in these locations, respectively. The inflection
points can be found by the second derivative of the polynomial (8):

Fr(x) =agn(n—1)x" 2+ a,_1(n—1)(n—2)x" >+ 4 a. (10)

The equation f” (x) = 0 has n — 2 roots defining the locations of the inflection points.
The higher derivatives can be found as well; for example, the (1 — 2)th order derivative is

F=2)(x) = %!aan +(n—1D'ay,_1x+ (n—2)la,_p. (11)

The next derivative of the (n — 1)th order is
FUD(x) = nlayx + (n —1)la,_q, (12)

the n-th derivative equals the constant f (") (x) = nla,, and the next ones equal zero. All
these derivatives can be used in the finite Taylor series (1)-(3) and in the decompositions (6)
and (7) for polynomial functions.

The quadratic equation f("~2)(x) = 0 from (11) can be rewritten as

2 an—1 an—2
2 2 =0, 13
o nanx+ n(n—1)ay, (13

so its roots are
2
—ap1 ap—1 2a,_2

= + — 14
12 nay \/( nay ) n(n—1)ay, (14

In the case n = 2, Formula (14) reduces to the roots of the regular quadratic equation.
The only root of the linear equation f("~1)(x) = 0 from the derivative (12) equals

—an—1

m= T (15)
The notation m in (15) emphasizes the fact that it is the arithmetic mean value of
the roots (14). As shown below, the mean value of all roots of the polynomial of the nth
order (8) is a constant coinciding with the mean value of all n — 1 roots of its derivative (9)
(the mean of extrema locations) and with the mean value of all n — 2 roots of the second
derivative (10) (the mean of the inflection points’ locations), etc., and they equal the mean
values of all roots of each next derivative, including (11) and (12). Although the roots of a
polynomial depend on the intercept parameter 4y, the whole structure of the curve can only
move in a vertical direction in the plane with a change of the intercept, and the locations of

extrema and inflection points remain the same.
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Let us consider several examples of the applications of Formulas (6) and (7) to find
some features of polynomials. For the quadratic polynomial

f(x) = axx® + a1x + aq, (16)

the condition for its first derivative f’(x) = 2apx + a7 = 0 defines the point of extremum’s
location x = — 2“712, which also corresponds to the relation (15). The function value in the
extremum point equals the expression (6), which with definition (4) can be presented as

fla+b)+fla—b) f"(a)
5 = f(a) + sz,

(17)

because all higher derivatives equal zero. The second derivative is f” (x) = 24y, so its sign is
defined by the sign of the coefficient ap. For any values of 2 and b, if a, > 0, then the left-hand
side of (17)’s mean value of the function in the points x =a + b and x = a — b is bigger than its
value f(a) at the point a (which is the mean value of a + b and a — b) at the right-hand side
by the value a,b?. In other words, the function is convex, which corresponds to a positive
second derivative. If ap < 0, then the mean of the function values in the points x =a + b
and x = a — b at the left-hand side of (17) is lesser than its value f(a) at the mean argument
a at the right-hand side; in other words, the function is concave, which corresponds to a
negative second derivative.

Formula (7) for the quadratic function (16) contains only the first derivative. Using the
definition (4) and dividing the equation by b yields the expression:

At the left-hand side of (18), there is a tangent of the chord going between any two
points x = a + b and x = a — b on the parabola (16), divided by the distance between
these points (a + b) — (a — b) = 2b. At the right-hand side of (18), the derivative is in the
middle point a. Thus, we see that for a quadratic parabola, such a chord and derivative
are parallel lines with the same tangent. This equation corresponds to the Lagrange mean
value theorem [33].

For the next example, consider a polynomial of the third order, or cubic parabola:

f(x) = azx® + axx® + ayx + ay. (19)
The relation (6), or (17) with f” (x) = 6asx + 2a;, becomes

flat+b)+fla-b)
2

= f(a) + (3azx + ap)b*. (20)

Repeating the consideration of the relation (17) on the expression (20) for a cubic
parabola, we see that for 3a3x + a; > 0, the function behaves as a convex function, and for
3azx + ap < 0, it behaves as a concave function. The equation 3a3x + a, = 0 corresponds to
the criterion f” (x) = 0, which defines the point of inflection x = — 32, which is the same
as relation (15) in the case n = 3. The Formula (7) for the cubic function (19) is similar to
the expression (18) but with an additional constant from the third derivative, so it can be
presented as follows:

f(a+b)2—bf(ﬂ—b) — £(a) + ash?. (1)

The first derivative of (19) is f'(x) = 3a3x? + 2a,x + a1, and the roots of the equation
f'(x) = 0 define the points of two extrema of a cubic parabola:

2
- By _4
X12 = 3613 + (3&3) 3&3 a+tb. (22)
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The general expression (14) in the case n = 3 reduces to the result (22).

In Formula (22), we also denote the first quotient item as a and the square root item as
b, so the coefficient a defines the inflection point and the coefficient b equals the distance
from a to the locations of the two extrema of this function. It is easy to show that the

substitution of 4 = — ;’723 into the first derivative, needed in (21), yields f'(a) = —3a3b?;
thus, the expression (21) reduces to
flab=fla=b) _ 40 o

For a positive a3, the tangent of the chord connecting two extrema points of a cubic
parabola is negative; therefore, the first extremum is the maximum and the second one is
the minimum, which corresponds to the known graph of this curve. It is easy to see that
the tangent of the chords between each extremum and the inflection point equals the same
constant proportional to the squared deviation b (up to the sign defining the direction). The
distance in the vertical direction between the extrema and inflection points equals

fla=b) — f(a) = f(a) = f(a+b) = —2asP’, (24)

and the cubic parabola is antisymmetric relative to the inflection point. It is interesting
to note that for a quadratic parabola, its extremum value can be expressed similarly, as
f(a) = —a,b?, where a is the location of the extremum and b defines deviations from it to
the points of the roots.

A polynomial of the fourth order, or quartic parabola, can be written as

f(x) = agx* + azx® + ayx® + ayx + ay. (25)
Its features can also be considered via its derivatives, so let us find them. The first one is
f'(x) = 4ayx> + 3azx® + 2ax + ay, (26)

and the equation f'(x) = 0 defines the three possible extrema of this curve. The second
derivative is
7 (x) = 12a4x* + 6a3x + 2a,, (27)

and the equation f” (x) = 0 yields solutions for the two inflection points:

2
—a3z as ar
=——=44/(=) —-—==a+b. 2
12 4ay (4&4) 6ay ¢ @8)

This solution can be obtained from the general Formula (14) in the case n = 4. Let
us denote the first and second items in (24) as a and b, respectively. The third and fourth
derivatives are

f(x) = 24azx + 6a3,  f*)(x) = 24ay. (29)

and all these derivatives can be used in finding the finite Taylor decomposition (6) and (7)
for this polynomial. For example, Formula (7) in this case is

f(a+b)_f(a_b)_ ! 1 1"
5% = f'(@)+ ¢ f" (@), (30)

The value 4, as the location of the middle between inflection points (28), corresponds
to the equation f (x) = 0 with the same solution x = a = — 4”734 when there is only the first
derivative at the right-hand side (30). Thus, the tangent of the chord between two inflection

points at the left-hand side (30) equals the tangent f’(a) at the point a in the middle of them.
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For illustration, consider a numerical example with the quartic polynomial
flx) = %Lx‘; - gx?’ + 7x% — 8x, (31)
with its several derivatives:
flx) =2 —7x* +14x — 8, f"(x) =3x*—14x+ 14, f”(x) = 6x — 14. (32)
From the equation f’(x) = 0, we find the roots
x1=1, xp =2, x3=4, (33)

which define the locations of the extrema of the curve (31). The second derivative in the
points (33) equals
f(x) =3, f'(xy) = =2, f'(x3) =6, (34)

where the positive values indicate two minima and the negative value indicates one
maximum in the behaviour of the curve (31). The distance between the points of minima is
x3 —x1 =4 — 1 =3, and the middle point between them is (x3 + x1)/2 =5/2 = 2.5. Taking the
middle point for the parameter a = 2.5, and half of the distance between these two points
as the parameter b = 3/2 = 1.5, we can use Formula (30) to identify which of the minima
presents the global minimum. For this aim, we find f/(2.5) = —1.125 and /" (2.5) =1,
then using them in (30) yields

b) — —-b 1

flatb)—fla=b) _ 119541152 - o5 (35)
2b 6

The tangent of the chord connecting the points of minima is negative; therefore, the

global minimum is located at the biggest root (33) value x3 = 4. It is in agreement with the

values of the function at the extrema points: f(1) = —3.083, f(2) = —2.667, and f(4) = —5.333.

3. Relation of Polynomial Derivative and Antiderivative

Let us consider the relationships between the derivative and indefinite integral of a
function. Suppose there is a real-valued differentiable and integrable function of one real
variable, f(x), with its indefinite integral or antiderivative F(x) and derivative g(x),

F(x) = [ fodx,  g(x) = f(x), (36)

The derivative of the antiderivative yields the original function, and the second derivative
of the antiderivative coincides with the derivative of the original function:

flx) =F(x), gx)=f(x)=F(x). (37)

Recalling that not any critical point is an extremum point and not any root of the
second derivative is an inflection point, although the converse assertions are true, we can
consider such a question: Which meaningful connections between the features of all three
of these functions can be formulated? As it is well known [34], the critical/stationary points
or positions of the extrema (maxima and minima) and inflection points of the function
f(x) are defined by the location of the roots x* of the derivative g(x*) that can be expressed

as follows:
yields

g(x*)=0 "— stationary(f(x")). (38)

The original function is related to its derivative by the operation of differentiation, and
similarly, the antiderivative is related to the original function by the same operation. Thus,
the stationary points, or the positions of the maxima, minima, and inflection points of the
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function F(x), are defined by the locations of the roots £ of the original function f(£) that
can be written similarly to (56):

f(®)=0 yiegs stationary(F(%)). (39)

Both relations (38) and (39) can be combined in one statement: the extrema (and
possible inflection points) of the original function are located at the roots of its derivative,
and the roots of the original function define the locations of the extrema (and possible
inflection points) of the antiderivative. Such connections can be continued. For example, it
is easy to see that if the roots of the second derivative define the points of inflection for the
original function, then the roots of the first derivative of the original function define the
points of inflection for its antiderivative.

For numerical illustration, consider a polynomial cubic algebraic function (it corre-
sponds to the first derivative in (32)) and its three roots:

flx) =23 —7x* +14x -8, R103 = {1, 2, 4}. (40)

Differentiation of it yields the derivative as a quadratic polynomial (which corresponds
to the second derivative in (31)) with its two roots:

747
3

g(x) = 3x% — 14x + 14, X1y = = {145, 3.22} (41)
Integrating the function (40) yields the antiderivative (it corresponds to the function
in (31)) as a quadric polynomial:

1 7
F(x) = >x* — 223 + 7x* — 8%, (42)
4 3
where the additional constant is taken as zero.
Due to (38), the roots of the derivative (41) define the positioning of the local maximum
and minimum of the original function with its values at these points, respectively:

Frnax(X) = £(145) = 0.63,  frin(x3) = £(3.22) = —2.11. (43)

Similarly, due to (39), using the roots of the original function (40), we can find the
positioning of the local extrema of the antiderivative function with its values at these points
equal to

Fin(£1) = F(1) = =3.08, Fuax(%2) = F(2) = —2.67, Fuin(%3) = F(4) = —5.33. (44)

Other features of the polynomial relations can be also noted. For example, as men-
tioned above, the roots of the derivative in (41) and the roots of the original function (40)
defining locations of the extrema of the antiderivative in (44) go in the interchanging order
as follows:

#1=1 x1 =145 % =2, x; =322, RX3=4 (45)

4. Roots” Mean Equals Critical Points” Mean

Consider a polynomial of a degree n with real coefficients a,, a,,_1, . . ., a1, ap, where
a, # 0, which was presented as the function (8). Its real and complex roots ry, 1o, . . ., r; can
be found from the equation f(x) = 0, and with them, the function (8) can be represented
as follows:

flx) =ap(x —r1)(x —12) ... (x —1p). (46)
Opening the parentheses in (46) yields the relation

f(x) = ay (x" (Aot )X e (= 1) ~r,,,). (47)
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Comparison of the coefficients for the same power of x in expressions (8) and (47)
yields the well-known Vieta’s formulas. Particularly for x2"~1 the total of the roots equals,
with the opposite sign, the quotient of the coefficients:

rit+rote g = —ay_1/ap. (48)

This relation can be re-written using the arithmetic mean m, value of these n roots:

Ay
My =(ri+rp4 - 4rm)/n=—="01 (49)
apn

It is possible to formulate the following property of polynomials.
Theorem 1. The mean of the polynomial roots equals the mean of the locations of its critical points.

Proof of Theorem 1. Consider the first derivative of the polynomial (8) given in the
expression (9). The equation f' '(x) =0hasn — 1roots uy, Uy, ..., Uy_1, defining locations
of the extrema and/or inflection points. Similar to (48), their total equals, with the opposite
sign, the quotient of the second and first coefficients in (9):

ap_1(n—1
M1+H2+”'+un71:—M- (50)
ann

It can be represented using the mean m,, value of these n — 1 roots:

_ o ap—1
mu—(”1+u2+"'+”n—1)/(”_1)__ : (51)

apn

The result (51) coincides with the mean of the roots in (49); therefore,

My = my, (52)

which proves the theorem. [

Several remarks can be added. If the equation f'(x) = 0 has real roots, they identify
the locations of the extrema, so the maxima and minima of the polynomial (8) and the
complex roots of the derivative could correspond to inflection points. The inflection points
can be identified by the second derivative of the polynomial (8), given in the expression (10).

From the equation f” (x) = 0 with its n — 2 roots vy, v, ..., vn_3, which identifies
locations of the inflection points, similar to (50), the total of the roots equals, with the
opposite sign, the quotient of the second and first coefficients in (10):

a,_1(n—2
'01_’_'02_‘_..._’_'0”72:_@‘ (53)
anpn
In turn, it can also be presented via the mean 1, value of these n — 2 roots:
a,_
mZ,:(01+02+"'+0n_2)/(1’l—2)Z—Ll. (54)

apn

The result of (54) coincides with the mean of (51), so the equality (52) can be extended
to the relations
my = my = My. (55)
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We can see that it is possible to continue these equalities till the (n — 1)th derivative, with
all of them equalling the same ratio as at the right-hand side of the relation (15), (51), or (54).
The same property holds true for the antiderivatives of polynomials. Integrating (8) yields

_ B L s UV R B
F(x)—'/f(x)dx—n_klx + X + +2x +apx +c. (56)

From the equation f f(x)dx = 0, with its n + 1 roots wy, wp, ..., Wp41, the sum of them
equals, again, to the opposite by sign quotient of the second and first coefficients in (56):

ay_1/n
w+wy+ -+ Wy = —— . 57
1+ w2 nt1 PICESY (57)
Thus, it can be represented via the mean 1, value of the n + 1 roots:
ay,_
Moy = (W +wy + -+ Wyp1)/ (n+1) = =21, (58)

apn

The result for the antiderivative (58) can be added to the series of equalities (55), and it
can be continued for the next antiderivatives for the polynomial (56). In cases of root
multiplicity in any of the polynomials, all the repeated values should be used in the means.

The roots of a polynomial (8) depend on the intercept parameter g, but the possible
extrema locations and inflection point locations do not depend on it; that is easy to see
using a vertical shift of the graph of the polynomial on the xy-plane, when the extrema
and inflection points hold the same locations on the x-axis, while the roots change their
positions. Particularly, intersections with the x-axis can disappear entirely. Although the
roots vary with the intercept change, their total remains constant, as shown in (48) and (49).

For a numerical illustration, consider the cubic polynomial with three roots (40) and
their mean value of 7/3. Its derivative is a quadratic polynomial with two roots (41),
and their mean value is also 7/3. Its roots define the locations of the minimum and the
maximum of the cubic curve. The second derivative yields a linear function with one root
(it corresponds to the third derivative in (32)), which indicates the position of the inflection
point, which equals 7/3 too. Integrating the function (40) produces the antiderivative
(42) as a quadric polynomial, with the mean value of roots equalling 7/3 as well. Thus,
the means of all these functions are kept constant and equal. These four polynomials are
presented together for comparison in Figure 1.

O 0
25 O O O
20
15
10
5
(o]

-10

-15

-20 © O o]

original f(x) derivative f'(x) 2nd derivative f'(x) antiderivative F(x)

G O

Figure 1. Cubic polynomial f(x), its quadratic derivative f’(x), linear 2nd derivative f’(x), and quartic
antiderivative F(x).
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5. The First Hermite Polynomials and Connection of Two Transcendental Numbers

Let us consider the well-known probability density function (pdf), or p(x) of the
standard normal distribution, also called the Gaussian curve, which has a bell-type shape
defined by the following expression:

plx) = ! e 02, (59)

The constants pi and e in (59) are the famous infinite transcendental numbers—the
first one presents the ratio of a circle’s circumference to its diameter, and the second one is
the base of the natural logarithm:

T =2314159...,e = 2.71828. .. (60)

The curve (59) reaches its extremum when its first derivative equals zero,

(x) =0, (61)

50, its maximum is located at the centre point x = 0:

p(0) = —— — 0.3989%4... (62)

V2

The inflection points of the curve (59) are defined by the second derivative equal zero:

p'(x) = \/;Tre_x: <x2 — 1) =0. (63)

The polynomials 1, x, and x% —1 with the exponents in (59), (61) and (63) coincide with
the first three probabilists’ Hermite polynomials [35]. Due to (63), the inflection points are
located at x = £1, where the pdf (59) has the value

p(£1) = —0.24197..., (64)

1
vV 2rte
defined via the product of 27t and e numbers. The quotient of the maximum value (62) to
the value at the inflection points (64) is

r0) _ -
EET Ve =1.64872.... (65)

Figure 2 presents the bell curve (59), with its centre at the point O of the beginning of
coordinates, the maximum value (62) at the point A, and the inflection point D (64) at x = 1.
Let us describe an interesting geometric property on this curve.

Besides the curve (59), Figure 2 also shows three horizontal lines: one line, BD, goes
through the inflection point D, another line, AC, goes via the maximum point A and the
point E located at x = 1, and the third line, KF, goes at the level y = 1. The ray OD starting
from the point O and going through the inflection point D (due to (64), its equation is
y = 0.24197x) crosses the line AE at the point C. Consider two similar triangles, OAC and
OBD, with the following proportions of their sides:

AC A0

BD ~ BO' (66)
The right-hand side ratio in (66) coincides with the quotient (65), and BD =1 due to

(63), so this proportion yields the length of the segment AC = /e. We project the point C
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onto the x-axis at the point G. The point G from the x-axis can also be transferred to the
y-axis at the point J, so the length of these segments is OG = O] = +/e.

eD.S

15
1 o F

os |A E

f B
| I D
g '
4 B i) ] 00 1 G 2 H 3 4

0.5 e0.5 (271-)0.5

-1
normal pdf yin maximum1 e y at inflexion point y=0.24197 X
——y-0.39894 X —_—y-1 —_2 y=-1

|
Figure 2. Normal pdf, with the right triangle with legs v/27r and /e and hypotenuse 3.000245.

Another ray OE from the beginning of the coordinate O goes through the point E,
intersecting the line AE at the line x = 1 (its equation is y = 0.39894x, due to (62)) and
continues further, traversing the line y = 1 at the point F. Consider two other similar
triangles, OAE and OKE, with their sides” proportions:

KF KO

AE = A0 (67)

With the segments AE = 1 and KO = 1, the proportion (67) leads to the equality
KF = 1/AO. Then, taking (62) into account, we obtain the length of the segment KF = /27,
which we can project onto the x-axis to the point H, with the length of this segment
OH = KF = /27. Connecting the points ] and H, we obtain the right triangle OJH, with
the legs (catheti) OH = /27t and O] = /e. The Pythagorean theorem yields the length of
its hypothenuse:

]H:\/OH2+O]2=\/(@)2—%(\/5)2:\/@. 68)

Numerically, this relation is

JH = /2-3.14159... + 2.71828 ... = 1/9.00146 . .. = 3.000245 . . . (69)

This is a fascinating outcome—after all, despite the complicated constructions of the
right triangle with the legs v/271 and /e, the length of its hypothenuse happens to be
amazingly close to the integer number 3. Indeed, the absolute deviation is only 0.000245,
and the relative error is 0.000245/3, which is just 0.008%.

Squaring the relation (10) yields the following equality:

2m+e=2-3.14159... +2.71828... = 9.00146. .. (70)

Thus, the two infinite transcendental numbers in such a simple linear combination
yield the integer number 9 with an absolute error less than 0.0015 and the relative error
0.0015/9 = 0.00016, or 0.016%. Rounding up to the integer yields a very simple formula

2r+e=09, (71)
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by which we can estimate e by pi, or vice versa. For example, with a simple ratio approxima-
tion for pi with two correct decimals 77 = 22/7 = 3.14, we can find a similar complementary
ratio for the numbere =9 — 2 x 22/7=19/7 = 2.71. Another known ratio approximation
for pi is 223/71 = 3.1408, so it is easy to find, by (71), an approximation for the number e as
193/71 = 2.7183, then 2pi plus e yields the value (2 x 223 +193)/71 = 639/71 = 9, which
reproduces the relation (71).

Archimedes proved the sharp inequality 223/71 < pi < 22/7 [36]; therefore, the comple-
mentary inequality for the e number can be obtained: 193/71 > e >19/7. The relations (68)—(71)
present a new approximation for the connection of pi and e numbers, and searching by the
net does not reveal it. There exist more complicated approximate relations of the power
kind or of a lesser precision [36—40], but none of them is linear or as simple as (70) and (71).

6. Summary

This paper presents polynomial characteristics useful for a better understanding of
these functions” behaviour. The Taylor series for polynomial functions are considered by
the items with even and odd derivatives and powered changes in the argument, which
permits a more specific study of their properties. Connections between the derivative and
antiderivative of the polynomial functions are discussed. The structure of polynomial
functions reveals their specific property that the mean value of their roots equals the mean
value of the locations of its critical points such as the extrema and inflection points, and the
same is true for derivatives and antiderivatives of a higher order.

Numerical examples illustrated these properties. A fascinating feature of the quadratic
exponent and its derivatives related to Hermite polynomials is found: a right triangle based
on them has legs equal to the square roots of the transcendental numbers 2pi and e, with
the hypothenuse equalling the value 3 with a precision of 0.008%. This unusual relation is
described algebraically and graphically.

The discussed general relations for polynomials and their derivatives are useful in
the analysis, and the obtained results present interesting and unexpected mathematical
observations, demonstrating the power and beauty of mathematics. The innovative features
of polynomials give students a better understanding of these functions and help instructors
explain various abilities of calculus evaluations. Additional sources for the considered
problems can be also found in [41-50].
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