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1. Introduction and Definitions

Differential subordination is a fundamental technique in geometric function theory
of complex analysis used by many authors in investigations to obtain interesting new
results. The notion of strong differential subordination was first used by Antonino and
Romaguera [1] (see [2]) to study Briot-Bouquet’s strong differential subordination. They
introduced this concept as an extension of the classical notion of differential subordination,
due to Miller and Mocanu [3] (see [4]). The concept was beautifully developed for the
theory of strong differential subordination in 2009 [5], where the authors extended the
concepts familiar to the established theory of differential subordination [4]. There have
been many interesting and fruitful usages of a wide variety of first-order and second-order
strong differential subordinations for analytic functions. Recently, many researchers have
worked in this direction and proved several significant results that can be seen in [6-8].
Various strong differential subordinations were established by linking different types of
operators to the study. The Saldgean differential operator was employed for introducing
a new class of analytic functions in [9], and the Ruscheweyh differential operator in [10]
for defining a new class of univalent functions and for studying strong differential sub-
ordinations. The Sdldgean and Ruscheweyh operators were used together in the study
presented in [11], and a multiplier transformation provided new strong differential subor-
dinations in [12-14]. The Komatu integral operator was applied for obtaining new strong
differential subordinations results [15,16], and other differential operators proved effective
for studying strong differential subordinations [17]. The fractional derivative operator
was used in [18], and the fractional integral of the extended Dziok-Srivastava operator
was used in [19]. Multivalent meromorphic functions and the Liu-Srivastava operator
were involved in obtaining strong differential subordinations in [20]. The topic remains of
interest at present, as proven by recently published works (see, for details, [21-23]). Thus,
in this current paper, we introduced and investigated the concept of third-order strong
differential subordinations, unveiling several intriguing properties within the context of
specific classes of admissible functions.
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Let N denote the set of positive integers. Suppose H = H(U) denotes the class of
analytic functions in the open unit disc

U={z:zeCand |z| <1},

where C is the set of complex numbers. For n € N, b € C, define the class of functions
H[b,n) = {f Cf €M f(z) = b+ bpz" + by }

Given f,F € H. The function f is subordinate to F, denoted by f(z) < F(z), if there
exists an analytic function w in U satisfying the conditions w(0) = 0 and |w(z)| < 1 so
that f(z) = F(w(z)) (z € U). Further, if the function F is univalent in I/, then (see [3,4])
f < F <= f(0) = F(0) and f(U) C F(U). Suppose that F(z,{) is analytic in i/ x U and
f(z) is analytic and univalent in /. We say that F(z, () is strongly subordinate to f(z).
Simply write

F(z,0) << f(2),
if 7(z,{) (Z € U) as a function of z is subordinate to f(z). Here, also observe that
(cf. [2,5,24])

F(z,0) =< f(z) <= F(0,0) = f(0)and F(U x U) C f(UU).

For p € N, we denote A(p) as the class of analytic functions defined by

f(z) =2 + i Ay p2 TP (1)
k=1

Mishra and Gochhayat [25] introduced and studied the fractional differintegral operator. For
f € A(p), the transform
)5+ Alp) — Alp)

is expressed by

+5 \*
p&f _Zp+ Z (Pf‘k+5> ap+kzp+k )

(p+dée C\Zy; Zy := {O,— ,=2,...}1 AeC).

The operator I;‘ 5 can be seen as a generalization of the Srivastava—Attiya operator [26]

(see [27-29]); it is also popularly known as the Srivastava—Attiya operator for multivalent
functions (see, for example, [30-32]). Furthermore, IQ, s generalizes several previously
studied familiar differential operators as well as integral operators by Bernardi [33], Cho
and Kim [34], Jung et al. [35], Libera [36], Salagean [37] and Uralegaddi and Somanatha [38].
For a detailed discussion [25], also see [39-41].

They [25] derived from (2) the relation

AThf(2) = (p+0)T25 () — 6T (2) )

In terms of the third order, there have been only three articles [1,42-44] for the correspond-
ing third-order implication connected to a special case. Let IT and A be sets in C. Suppose
p is an analytic function in Z/ and

E(r1,s1,t,u1;2,0) : C* x U x U — C.

We have determined properties of the function p that imply the following inequality holds:

{2(p(2),29'(2), 29" (2), 29" (2);z,0) } CTT = p(U) C A, @
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A natural question arises as to what conditions on E, IT and A are needed so that the
implication (4) holds.

In this present article, we consider conditions on I, A and & so that the inequality (4) holds.
We see that there are three different cases to consider in analyzing this inequality’s truth:
Problem 1. Given ITand A, we find E so that (4) holds, and E is an admissible function.
Problem 2. Given E and I, we find the 'smallest’” A that satisfies (4).

Problem 3. Given & and A, we find the IT that satisfies (4). Furthermore, we find the
"largest” such I1.

The relation (4) can be rephrased in strong subordination terms, when either IT or A
is a simply connected domain. If A is a simply connected domain with A # C, and p(z)
is analytic in U, then a conformal mapping q(z) of & onto A can be performed so that
q(0) = p(0). In such case, (4) can be written as follows:

{5(p(2),ZP’(Z),ZZP"(Z)/Z?’p"’(Z);z, é)} CIl =p=<q 6)

Similarly, if IT is a simply connected domain, then there is a conformal mapping & of
U onto IT so that 1(0) = E(p(0),0,0,0;0,0). If

E(p(2),2p(2),2%0" (2), %" (2);2,0)

is analytic in ¢, then (5) can be reduced to

{EGE),2/(2), 2" (2), 2" (2):2,0) | << h(z) —Pp<a ©)

There are three key ingredients in a differential implication of the form of (5): the 5, the
set IT and the dominating function g. If two of these entities were given, one would hope
to find conditions on the third so that (6) would be satisfied. In this present article, we
start with a given set Il and a given g, and determine a set of admissible operators = so
that inequality (4) holds. This leads to some of the definitions that will be used in our
main results.

Definition 1. Suppose Z : C* x U x U — C and h is univalent in U. If p € H and satisfies the
third-order strong differential subordination

E(p(2),2p'(2), 20" (2),2°p" (2);2,0) << h(z), 7)

then p is said to be a solution of the strong differential subordination. Moreover, if p < q for
all p satisfying (7), then the univalent function q is a dominant of the solutions for the strong
differential subordination. A dominant g that satisfies § < q for all dominants q of (7) is the best
dominant of (7).

For IT C C, with E and p given in Definition 1, relation (7) can be written as follows:

{E(p(2),20'(2), 20" (2), 29" (2);2,0) } < TL. ®)

Condition (8) will also be referred to as strong differential subordination, and can be
further extended to the definitions of the solution, dominant and best dominant.

Definition 2 ([1]). Let Q denote the collection of all injective and analytic functions q on U\E(q),
where

E(q) = {é‘ : ¢ € U and l% q(z) = oo},

and min |¢' (&) =p >0 (& € oAU\E(q)). Also, Q(b) is the class of functions q with q(0) = b.
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We will use the following lemmas from the third-order differential subordinations to
find dominants of strong differential subordinations.

Lemma 1 ([1]). Let Uy, = {z: |z| < ro}, with0 < rg < 1. Let p(z) = b+ bpz" + by 12" 1 4 ...
be analytic in U with n > 2 and p(z) # b, and let g € Q(b). If there exist points zg = roe'® € U and
So € OUN\E(q) such that p(z) = q(Go), p(Ur,) C (),

Zoq" (Zo)
R > 0,and 9
q(%) ~ ®)
zp'(2)
<n 10
7)) |~ {10
where z € UTO and & € dU\E(q), then there exists a real constant k > n > 2 such that
209’ (20) = noq (o), (11)
zop" (20) ) { oq" (%o) }

R ————2+1]) >n|RZ—F2+1], 12
( ?'(20) ¢ (%o) (12)

z5p"" (o) [ &2d" (&) ]

RIZ0E 241 >n? | RS =27 4,
( ?'(z0) - 4@) |
or , - )
z5p" (20) 2| G0d" (o)
RIZE_ZV ) > p2|p202 =2 13
( 7 )= e | 1
Consider a special case when q is univalent in Lemma 1. If
Mw +b

=M, 14
q(w) M1 (14)

with [b] < M, then q(U) = U1, q(0) = band E(q) = ¢.
Lemma 2 ([1]). Let Uy, = {z : |z| < ro}, with 0 < ry < 1. Suppose q given in (14) and
p(z) = b+buz" + bu12" + ... is analytic in U with n > 2 and p(z) # b . If there exist
points zg = roe'® € Upy and wy € AU such that p(zo) = g(wp), p(Uy,) C Ups and

|29/ (2)]|[M + be?]? < nM[M? — [b]?] (15)

when z € Uy, and 6 € (0,27, then

_hl2
209 (20) = nQ(wo)m,

TE AN E RIS I

7 (z0) ="\ Tq(wo) 2= [o]2
a(3201) o Lot
P(z0) )~ [la(wo)[? - [b2]

Our main objective in this article is to systematically investigate several potentially
useful results that are based upon third-order strong differential subordinations and their
applications in geometric function theory of complex analysis. Our results give interesting
new properties and, together with other papers that appeared in recent years, could
emphasize the perspective of the importance of third-order strong differential subordination
theory and the generalized Srivastava—Attiya operator.
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The organization of this article is as follows. In Section 2 below, we derive the no-
tion of third-order strong differential subordination, some definitions and the interesting
main results. We consider some suitable classes of admissible functions and investigate
several third-order strong differential subordination properties of multivalent functions
involving the Srivastava—Attiya operator defined by (2) in Section 3. Some corollaries and
consequences of our main results are also presented in Sections 2 and 3. Finally, in the last
Section 4, some potential directions for related further research are presented.

2. Main Results

Unless indicated otherwise, we assume throughout the sequel that p > 2,z € U and
¢ € U. We establish the third-order strong differential subordinations theorem. In this
connection, we state the following definition.

Definition 3. Suppose I1 € C and q € Q. The class of admissible functions Z,[I1, q] consists of
those functions B
E:CxUxU—C

that fulfill the following admissibility condition:
E(rllslrtlrul;zrg) é IT (16)

whenever ry = q(&), s1 = néqd (),

and

°(3) =55

for & € dU\E(q).

Here, &; [£I, q is denoted as E[I1, g]. We refer to two special subcases of this definition. If
E:C3¥xU xU — C, then (16) becomes E(rq,s1,t;2,{) ¢ TTwhen r; = q(&),s; = néq (¢)
and

"

a%(tl + 1) >n [?qu © 1], for ¢ € AU\ E(q).

q(¢)

IfZ:C? xU xU — C, then (16) becomes E(q(¢),néq’ (¢);z,¢) ¢ I1when & € oU\E(q).

We also deduce from Definition 3 the inclusion relations E,[IT, q] C E,[I1,q] if IT" C IL
The following theorem is a key result in the notion of third-order strong differential

subordination.

Theorem 1. Consider p € H[b,n] and q € Q(b) fulfills

¢q"(©) zp/(2)
BT T )
where & € OU\E(q). IfIlisasetin C, E € E,[I1, q| and
E(p(z),2p'(2), 29" (2), 29" (2);2,0) C 1, (18)

then
p(z) < q(2).

Proof. If we assume that p & q, then there exist points zg = roe® € U and & € oU\E(q)
such that p(zp) = q(&o) and p(U;,) C q(U). From (17), we see that (9) and (10) of Lemma 1
are satisfied when z € U and ¢ € oU/\E(q). The conditions of that lemma are satisfied;
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we conclude that (11)—(13) also follow. Using these conditions with 11 = p(zp),s1 =

zop'(20), t1 = z3p" (2z0), u1 = z3p""(2z0) and z = z in Definition 3 leads to

E(p(z0), 20 (0), 259" (z0), 209" (z0); 2, ¢) € 11,

which contradicts (18); thus, we have

p(z) < q(2).
O

In Theorem 1, inequalities (17) and (18) are the most necessary for solving third-
order differential subordination. If third-order terms in (18) are missing, then they are not
required to satisfy (17).

The next result is a special case where the behavior of q on 0/ is not known in Theorem 1.

Corollary 1. Suppose g is univalent in U, ¢(0) = b and set q,(z) = q(pz) for p € (0,1).
Consider that p € H[b,n] and g, fulfill

éq;’(é) zp'(2)
R I Pt

when & € OU\E(q). IfI1is asetin Cand & € B, [I1, ], then

E(p(z),290'(2),2°0" (z),2°p" (2);2,0) C 11

implies
p(z) < g(2).
Proof. Given q, is univalent in o/, and hence E(q,,) = ¢ and g, € Q(b). Since the class

By (1T, qp] is an admissible functions and from Theorem 1 we obtain p < q,. Since q, < q,
here we conclude thatp < q. O

In Definition 3, there are no specific conditions on Il. When IT # C is a simply
connected domain and there is a conformal mapping / of I/ onto Il, we denote the class
Eq[h(U),q] by E,[h, q]. The next two results are directly from Theorem 1 and Corollary 1.

Theorem 2. Consider p € H[b,n|and q € Q(b) and that they fulfill

&qd'(¢) zp'(z)
R 70 >0 and 70

where & € AU\E(q). IfE € Eyh, q and E(p(z),zp' (z), 220" (2), 229" (2); 2, ) is analytic in U,
then

= It

E(p(z),20'(2),2%0" (2),2°9" (2);2,0) << h(z)
implies
p(z) < q(2).

Corollary 2. Suppose g is univalent in U, with q(0) = b, and set q,(z) = g(pz) for p € (0,1).
Consider that p € H[b,n] and g, fulfill

Eq;’(ff) zp'(2)
o@ 20 M g =
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where § € BU\E(‘Z)- IfE e &5, Ul/ qp] and E(p(z)fZP/(Z),Z2p//(z),23p/”(z),‘z, C) is analytic in
U, then
E(p(2),2p(2),2°9" (2), 29" (2);2, ) << h(z)

implies
p(z) < gq(2).

We next specify the connection between the best dominant of a strong differential
subordination and the solution of a corresponding differential equation.

Theorem 3. Consider p € H[b,n],E: C* x U x U — C and that

E(p(z),2p(2),2°p" (2),2°p" (2); 2, {)

is analytic in U. Suppose h is univalent in U and the differential equation

E(p(z), 20 (2), 20" (2),2°p" (2);2,0) = h(z) (19)

has a solution q € Q(b) and

2q"(?) zp'(z)
R d ,
7@ -0 ™ el ="
where § € OU\E(q). IfE € Ey[h, g], then
E(p(2),2¢(2), %0 (2), 29" (2);2,0) <= h(2) (20)
implies that
p(z) < q(z)

and q is the best dominant.

Proof. From Theorem 1, we have that q is a dominant of (20). Again, q fulfills (19) and it is
a solution of (20). Thus, q will be dominated by all dominants of (20). Therefore, q is the
best dominant. [

We further pursue the family of admissible functions and theorems, when q(i/) is a
disc. Since q is given by (14), the class denoted by E,[I1, M, b]. When IT = A, the class
denoted by E,[M, b]. Since q(w) = Me'® with 0 < 0 < 271 when |w| = 1, from Lemma 2
we derived the following.

Definition 4. Consider g to be given by (14), n > 2, and I1is a set in C. For 6 € [0,27t], the class
E,[I1, M, b] which consists of those functions

E:CxUxU—C
that fulfill the following admissibility condition

E(r1,s1,t1,u1;2,) ¢ 11

whenever r| = Me'?,s; =
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t |M— E€i9|2
1 >pl” 7"
§Rsl +1>n ME— [ and
bM — b2
gﬁﬂ > 6,123«{%/
51 [M2 — |b|?]
forzelU,l €l. (21)

When b =0, 0 < 6 < 27, we see from (21) that E,[I1, M, 0] consists of those functions
E:C*xUxU—C

that fulfill ‘ ‘
E(Me', nMe®, L, N;z,7) ¢ T1

when
R(Le ) > ("> —n)Mand R(Ne ) > 0. (22)
The following result is the immediate consequence.
Theorem 4. Consider that the q given in (14) and p € H|[b, n] satisfy
2/ (2)/|M + b < Mn [M? — b,
wherez € Uand 0 < 0 <27 IfE € E,[I1, M, b], then
E(p(2), 29 (2), 29" (2),2°9" (2);2,0) I

implies
p(z) < g(2).

Next, we obtain the following corollary when b = 0 in Theorem 4.
Corollary 3. Consider that g(w) = Mw and p € H[0, n] fulfill
|z¢(z)] < Mn

when z € U. If Il is a set in C and & € E,[I1, M, 0] as characterized by (22), then

2.1 3, /1

E(p(z),2p'(2),2°9"(2), 20" (2);2,0) C 11

implies
p(z) < Mz.

In this particular case, Theorem 4 becomes

Theorem 5. Consider that the q given in (14) and p € H|[b, n] satisfy (17). If I1is a set in C and
(i) E € B, [I1, M, b], then

E(p(2),2p (z),2%0" (2), 29" (2);2,0) C T = |p(z)| < M.
(ii) IFE € E,[M, b], then

|Z(p(2), 20 (2),2%p" (2), 229" (2);2,0)| < M = |p(z)| < M.
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3. Applications with the Operator
By using the operator I;\ 5, we establish the family of admissible functions to discuss
the strong subordination properties.

Definition 5. Suppose I is a set in C and q € Q. The family of admissible functions ©1[I1, g
consists of functions

@:C*xUxU—C
fulfilling the admissibility

O(a, B,7,1m;2,0) ¢ 11

when « = q(&), B = M,

p+o
(p 40Py —Fa £ (0)
%< (1 0)f — o 25) Z"[% 700) “}
and
(p+8)2(1(p +8) — 371+ 8)) + (34 26)5a o[ 247(8)
%< (P T 0)f —oa ”*3(“‘”‘5)2" {“ 7@ }

for & € oU\E(q) and k > p.

Theorem 6. Consider I;" sf(z) € H[O, p] with p > 2, g € Q(0) and that they satisfy

¢q"(¢)
%q’(g’) >0 and

when § € OU\E(q) and k > p. IfIlisaset in C, ® € O[], q| and f(z) € A(p) satisfies

<k (23)

OT) (=), T3 F(2), )52 (2), T3 f(2);z, ) C I, (24)
then
) (2) < q(2).
Proof. Let
8(z) == I, ;f(2). (25)
Differentiating (25) with respect to z, and using the identity (3), we obtain
A-1 _ z8'(2) +48(2)

Again, by differentiating (26), we have

I;?ff(z) _ 22¢"(2) + (1 (‘;2_5);)%'(2) + ‘528(2), (27)

Further computations show that

A—3 _ 23¢"(2) +3(1+6)22¢"(z) + (1 + 30 +30%)z8 (z) + 63g(2)
1) f(z) = Ry @8
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Set the transformations from C* to C by
Wy '6_514-(571 1+ (1420)s1 + 61
— 'l _p+(5/ ')/_ (p+5>2 7
up +3(1+0)t + (1436 +36%)s1 + 6°rq
n= . (29)
(p+0)3
Let
E(r1,s1,t1,u1;2,0) = O(a, B,7,1;2,0)
s146r1 t 4+ (14+28)s1 + 6% ug +3(146)ty + (1436 4 362)sy + 8%r
:®(r1/ 1401 h ( )12 1 ( )t + ( . )s1 1;Z/€>. (30)
p+o (p+9) (p+9)

Using Equations (25)—(28), and from (30), we obtain
E(8(2),28'(2),2°8" (2),2°8""(2);2,0) = ©(Z,5f (2), T) 5 f(2), T 52 £ (2), T, 5 f (2); 2, 0).
Therefore, the inclusion (24) leads to

E(g(2),28'(2),2%8"(2),2°"" (2);2,) € TL.

Now,

2. 2
t 1:(p+5)'y (50(_25
1 (p+6)B—da

and

up  (p+06)*(n(p+6) —3y(1+9)) + (3+26)6%

— = +2+3(2+6)6.

5 (p+0)p—ou 2+9)
Hence, the admissibility condition in Definition 5 for ® € ©;[I1, q] is equivalent to Definition 3.
Thus, by use of (23) and applying Theorem 1, we obtain

g(z) < q(z)

or
) sf(z) < al2).
O

The hypothesis of Theorem 6 requires that the behavior of q on the boundary is not known.

Corollary 4. Consider g to be univalent in U, with ¢(0) = 0, and set q,(z) = q(pz) for
p € (0,1). Let I;‘,(Sf(z) € HI[0, p| for p > 2 and let Ig,gf(z) and g, satisfy (23). If I1is a set in
Cand ©® € O[I1, g, and f(z) € A(p) fulfill

O(Z,5f(2), Iys ' f(2), T) 52 f(2), T, 5 f(2);2,¢) C 1,

then
Ty 5f(2) < q(2).

Proof. Proof of the corollary is an immediate consequence of using Theorem 6, and we obtain
T)4(2) < q,(2).

Since q, < q we conclude that

T, 5f(z) < q(2).
0
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In Definition 5, there are no special conditions on I'T. When IT # C, then there is some
conformal mapping h of I onto IT. Let it be denoted by ©;[h, q]. We then obtain the results
that are an immediate consequence of Theorem 6 and Corollary 4.

Theorem 7. Consider that I]?,Jf(z) € H[O, p] with p > 2 and q € Q(0) and that they satisfy
(23). If Ilisasetin C, ® € O1[I1, q|, f(z) € A(p) and

G(I]Z\,éf(Z)/I;,\’gl (Z),I;},gz (Z),I;‘,g3 (z);zlg)
is analytic in U, then
®(I,?,5f(2),12,§1 (z),I;\’EZ (Z),I;},g3 (2);2,0) <= h(z)

implies
T,5f(2) < a(2)-

Corollary 5. Consider g to be univalent in U, with ¢(0) = 0, and set q,(z) = q(pz) for
p € (0,1). Let Igréf(z) € HI[0, p] for p > 2 and let I]/g\,éf(z) and g, satisfy (23). If 1 is a set in
C, @€ 0([11, ¢,] ,f(z) € A(p) and

®(I;;\,5f(z)/fi/g\,gl (Z),I’;\,gz (Z),ISEB (z);zlg)
is analytic in U, then
O(T)sf(2), T); F(2), Tps2f(2), T); 3 F(2):2,0) << h(2)
implies
I?,zsf(z) < q(z).

We next indicate the connection between the best dominant and the solution of a
strong differential subordination.

Theorem 8. Consider that I;}’(sf(z) € H[0,p] withp > 2,0 : C* xU x U — C and that
O(Z,5f(2), T,5' f(2), T)57f(2), 1) F(2);2,G)

is analytic in U. Suppose h is univalent in U and q € Q(0) is a solution of the following differential
equation
O(T)sf(2), T3 (), T3 £(2), T)5 £ (2):2,0) = h(z) (1)

and satisfies (23). If I1is a set in C, © € Of[h, q] and f(z) € A(p) fulfills
O(Z)sf(2), Ty5 f(2),I)52f(2), Ty 5°f (2);2,§) << h(2), (32)

then
7)5£(2) < a(z)

and q is the best dominant.

Proof. From Theorem 6, we conclude that q is a dominant of (32). Since q satisfies (31), q is
a solution of (32). Thus, q is dominated by all dominants of (32). Therefore, q is the best
dominant. O

Our next outcomes are for the specialized case of q being a disc, where g is given
by (14) and the class ©;[I1, M, b]. Also, we denote the class @;[M, b], when IT = A. And
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q(w) = Me™® with 0 < 6 < 27t when |w| = 1. Notably, the case q(z) = Mz, M > 0 denotes
the admissible functions class ©;[I1, M].

Definition 6. If 1 is a set in C, M > 0 and p > 2. The admissible functions class ©[I1, M]
consists of those functions -
©:C*xUxU—C

such that

®<Mei9 k+6
IP+6

Ml L+ ((1+26)k + 6%)Me"® N+3(1+5)L+((1+35+352)k+53)Mei9_Z €>
' (p+0)? ' (p+0)? w
¢ 11

whenever

RLe ™ > (K2 — k)M, RNe >0
for0 < 6 <2mand k > p.

Corollary 6. Consider q(z) = Mz and I;‘I(sf(z) € H|0, p] with p > 2 to satisfy
2(Z)5f(2))'] < MK,
whenz € Uand k > p. If© € O1[I1, M|, f(z) € A(p) satisfies
O(Z,5f(2), Iy5 ' f(2),T) 57 F(2), T, 5  f(2);2,§) C T,

then
T, 5f(2) < q(2).

Corollary 7. Consider q(z) = Mz and I;"(sf(z) € H[0, p] with p > 2. If I1is a set in C and (i)
© € O;[]IL, M|, f(z) € A(p) satisfies

O f(2), T3 f(2), T2 (2), T3 F (2):2,0) € T = [p(z)] < M.
(i) If f(z) € A(p) and © € @[[M], it satisfies
O(T}4f(2) T35 F(2), T2 T F(2)2, D) < M= [p(2)] < M.

4. Conclusions

This paper is intended to propose a new line of investigation for third-order strong
differential subordination theories using some specific classes of admissible functions. In
each theorem, the dominant and the best dominant, respectively, are established, replacing
the functions considered as the dominant and the best dominant from the theorems with
remarkable functions and using the properties which produce interesting corollaries. Using
the operator, strong subordination results are obtained. The third-order strong differential
subordination outcomes such as those here may serve as inspiration for future research on
this subject, and in the theory of differential subordinations and superordinations of the
third and higher orders as well. Here, we only used and explored the third-order strong
differential subordinations.
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