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Abstract: (1) Background: A new probabilistic physico-chemical model of the drifting key parameter
of measuring equipment is proposed. The model allows for the integrated consideration of degrada-
tion processes (electrolytic corrosion, oxidation, plastic accumulation of dislocations, etc.) in nodes
and elements of measuring equipment. The novelty of this article lies in the analytical solutions
that are a combination of the Fokker–Planck–Kolmogorov equation and the equation of chemical
kinetics. The novelty also consists of the simultaneous simulation and analysis of probabilistic,
physical and chemical processes in one model. (2) Research literature review: Research works related
to the topic of the study were analyzed. The need for a probabilistic formulation of the problem
is argued, since classical statistical methods are not applicable due to the lack of statistical data.
(3) Statement of the research problem: A probabilistic formulation of the problem is given taking
into account the physical and chemical laws of aging and degradation. (4) Methods: The author
uses methods of probability theory and mathematical statistics, methods for solving the stochastic
differential equations, the methods of mathematical modeling, the methods of chemical kinetics
and the methods for solving a partial differential equations. (5) Results: A mathematical model of
a drifting key parameter of measuring equipment is developed. The conditional transition density
of the probability distribution of the key parameter of measuring equipment is constructed using
a solution to the Fokker–Planck–Kolmogorov equation. The results of the study on the developed
model and the results of solving the applied problem of constructing the function of the failure rate
of measuring equipment are presented. (6) Discussion: The results of comparison between the model
developed in this paper and the known two-parameter models of diffusion monotonic distribution
and diffusion non-monotonic distribution are discussed. The results of comparison between the
model and the three-parameter diffusion probabilistic physical model developed by the author earlier
are also discussed. (7) Conclusions: The developed model facilitates the construction and analysis of
a wide range of metrological characteristics such as measurement errors and measurement ranges
and acquisition of their statistical estimates. The developed model is used to forecast and simulate the
reliability of measuring equipment in general, as well as soldered joints of integrated circuits in special
equipment and machinery, which is also operated in harsh conditions and corrosive environments.

Keywords: diffusion model; physical chemistry; chemical kinetics; measuring equipment; probability
density function

MSC: 90B25; 60-02

1. Introduction

The analysis of reliability, serviceability, reliability and durability is an integral part of
development and operation of high-tech products [1–7].
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It is experimentally proved that the discrepancy in the estimation of reliability values
of complex technical systems, depending on the traditional theoretical model, can differ by
a factor of 10–30 times. Hence, the choice of this or that theoretical model of element failure
distribution ultimately determines the corresponding accuracy of calculated reliability
values for the technical devices and systems being developed.

Many branches of mathematics, including the theory of continuous Markovian dif-
fusion processes [8–13], the theory of differential equations [14], probabilistic physical
diffusion and physico-statistical models [15–19], are used to develop methods for cal-
culating reliability, serviceability and failure-free operation. In [15], the technology of
development of diffusion models is described, including monotonic diffusion (MD) and
non-monotonic diffusion (ND) distributions, which belong to the class of probabilistic
physical models.

In works [16–18], the results of the simulation and application of a probabilistic physi-
cal diffusion model in medicine are considered. These works also address the estimation of
the maximum possible load on human joints and the musculoskeletal system.

In [19,20], the results of application of a probabilistic physical model to statistical
estimations of the key parameter (KP) in metrological support tasks are presented.

The correct selection of a theoretical model of the failure distribution for high-reliability
specimens of measuring equipment (ME) [8–11], which include electronic components
(integrated circuits, semiconductors, chips, soldered joints, etc.), as well as components of
mechatronic systems, turns out to be a difficult task. If for mechanical objects and systems
the correctness of the choice of the theoretical model can be checked using statistical
methods, in the case of the above ME, including integrated circuits and mechatronic
components, soldered joints, etc., the task is much more complicated. It seems to be
impossible and unproductive to obtain complete statistical cases of ME failures even
in forced ME test modes. Therefore, standard statistical methods based on the known
statistical criteria of agreement (chi-square criterion, omega-square criterion, Kolmogorov’s
criterion, etc.) appear to be unproductive.

One of the promising directions of choosing a theoretical model of ME failure distribu-
tion is the choice made on the basis of physical and chemical justification of the processes
occurring in ME nodes and elements. Hence, only a thorough study of the cause-and-effect
mechanisms of degradation (aging) and consideration of physical and chemical processes
of ME degradation (aging) will identify the best model of failure distribution.

In Section 2, we provide a review of the research literature and a retrospective analysis
of ME failure models. In Section 3, we formulate the statement of the research problem. In
Section 4, we describe methods for constructing the probabilistic physico-chemical diffusion
model. In Section 5, we describe the findings of the model research and application to the
practical problem of constructing the function of the ME failure rate.

2. Research Literature Review
2.1. Alpha-Distribution

One of the first attempts to describe the KP x(t) behavior and formalize the model of
parametric failures was an attempt to present the KP drift as a linear function shown in
Figure 1. This distribution law is called alpha-distribution.

The solution to the failure formalization problem in the case of the alpha-distribution
of a process is reduced to a J.K. Kapteyn scheme [15], when experimental data are compared
with such a distribution of a random variable t that some function ξ(t) = (q · t − x∗)/(ν ·
q · t) on t has a normal normalized law [20]:

Fα = Φ

(
q · t − x∗

ν · q · t

)
,
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where a lower index α indicates that this is the alpha-distribution law; Φ(t) =
t∫

0
f (ς)dς is

the normal normalized law distribution function (Laplace function); f (ς) =
(

1/
√

2π
)
·

e−
ς2
2 is the function of the distribution density for the normal normalized law (cumulative

distribution function); x∗ is the pre-set limit value of KP leading to the failure state; q is the
mean of rate of the KP change normalized to the ultimate value x∗; ν is the coefficient of
variation of the rate of the KP change.
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Figure 1. The random degradation process model and the scheme of the time before failure distribu-
tion formation (alpha-distribution).

2.2. First Type of Normal Parametric Distribution

When considering a stationary wear process, during which KP changed in proportion
to time, the authors [5] used the hypothesis of a strong mixing wear process, and the
distribution of the operating time before failure was asymptotically normal for large values
of wear (Figure 2):

FN1 = Φ

(
qt − x∗

ν
√

q

)
,

where a lower index N1 indicates that this is the first type of the normal distribution law;
Φ is the distribution function of the normal normalized law described above.
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Figure 2. The random degradation process model (the strong mixing Gaussian process) and the
scheme of the time before failure distribution formation (normal parametric distribution).

It should be noted that the assumption of a linear relationship between a change in the
defining parameter and time does not correspond to empirical data and is incorrect from a
mathematical point of view.

It is known that for the stationary wear process, a change in the wear is proportional to
the square of time. The erroneous attempt of the authors of work [5] to fit the distribution
of wear failures into the framework of the normal distribution law has led to the failure to
comply with the dimensionality of the argument of function ΦN1.
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2.3. Second Type of Normal Parametric Distribution

The distribution of time before failure is assumed to be normal:

FN2 = Φ

(
t − T0

σ0

)
,

where a lower index N2 indicates that this is the second type of the normal distribution
law, Φ is the normal normalized law distribution function described above, and T0 and σ0
are the mean value and standard deviation of mean time before failure, respectively.

The relationship between the parameters of this distribution and the characteristics of
the wear and aging process is identified using the following simple considerations. The
average operating time is related to the average wear and aging rate q as T0 = x∗/q. The
value of the second parameter ν is determined using the assumption of equality of the
variation coefficients of the degradation process and the distribution of the operating time
before failure: σ0 = ν · T0 = ν/q. By substituting these values, we obtain:

FN2 = Φ

(
q · t − x∗

ν

)
.

We can see that the argument of the above expression differs from argument of
function FN1.

It should be noted that formalization schemes for probabilistic reliability models Fα,
FN1, FN2 have no mathematical rigor. The dimensionality condition is violated in the
arguments of the above distribution functions.

2.4. Monotinic Distribution Law and Non-Monotinic Distribution Law

A further step in the development of degradation and failure models (laws) encom-
passes the MD law and the ND law described in [15].

These models (laws) are probabilistic physical diffusion models of degradation and
failure. MD is applied to mechanical systems, while ND is applied to electronic elements
and units of ME. Since the ME under consideration include both mechanical assemblies, in-
tegrated circuits and electronic components, both of these distributions will be used below.

Assume that the process of KP change x(t) can be approximated using the continuous
Markov process of the diffusion type [15] and described by a stochastic differential equation
of the Japanese mathematician Kiyosi Ito type:

dx(t) = K1(t)dt + K2(t)dη(t), (1)

where K1(t) is the drift coefficient and K2(t) is the diffusion coefficient, which are set
by deterministic functions depending on time t; and η(t) is the stochastic process of the
Gaussian type (process with independent increments) [15,21].

Note that Equation (1) is known in the scientific literature as the stochastic differential
equation driven by a Brownian motion. The KP x = x(t) is considered as a random process,
and its value at the initial moment of time t = t0 is determined using the distribution
law function f0(x, t0). We can assume that there is an increase in KP in the process of
operation and degradation of ME. KP may have a monotonic character (the absorbing
boundary problem shown in Figure 3a), or non-monotonic character (the transparent
boundary problem shown in Figure 3b) [15,21].

The problem of determining the time when KP reaches the limit value x = x∗ at t = t∗

is reduced to the problem of the upper boundary of the acceptable area of change x = x∗

reached by process (1).
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If a Markov process of the diffusion type is defined by a stochastic equation of the
form (1), the conditional transition probability density of this process is described by the
Fokker–Planck–Kolmogorov equation:

∂ω(x, t)
∂t

= −K1(t) ·
∂ω(x, t)

∂x
+

1
2
· K2(t)

∂2ω(x, t)
∂x2 .

We should note that drift coefficient K1(t) and the diffusion coefficient K2(t) depend
only on time t and do not depend on x.

These types of coefficients, K1(t) and K2(t), do not allow us to take into account the
heterogeneity of the structure of modern materials, which were used to manufacture ME.
Currently, composite materials and additive technologies are used, with the help of which
components and assemblies with a high level of heterogeneity are created. Therefore, it
seems promising to construct the mathematical model with coefficients depending both on
time t and on x.

The distribution laws and models discussed above do not allow us to take into account
the processes of degradation and aging of modern and advanced ME. The distribution laws
and models discussed above do not explicitly take into account the chemical processes
occurring in the nodes and elements of the ME and leading to the degradation and aging of
the ME. Therefore, it seems promising to construct the mathematical model which permits
us to take into account the chemical processes occurring in the nodes and elements of
the ME.

Thus, the research works [5,15] analyzed together above with methods [21–23] serve
as the basis (starting point) for the research outlined in this article.

3. Statement of the Research Problem

It is required to construct a probabilistic model of degradation and failures, whose
parameters have a correct physical meaning. The model should make it possible to simulate
the degradation and aging processes of modern and advanced ME made of heterogeneous
materials (due to the dependence of coefficients K1 and K2 both on time t and on KP x).
The model should take into account basic physical and chemical regularities underlying
degradation processes (aging processes of ME nodes and elements) leading to failure. In
particular, the developed model must adequately describe the function of failure rate λ(t),
which has a classical U-shaped standard form, presented in Figure 4.

According to Figure 4, the operation time is conventionally divided into three char-
acteristic periods: the period of run-in, the period of normal operation and the period of
degradation and aging.

The parameters of the developed model should allow us to vary the moments of
transition from the run-in period to the normal operation period and further to the period
of intensive aging and degradation.

The above problem is the key problem of arranging the metrological support of the
ME fleet, which usually consists of several hundred types of ME, having different age,
different periods of operation, different levels of aging and degradation. The developed
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method is to set rational intervals between ME verifications for different groups of ME,
which will ultimately improve the target performance of special facilities, in which ME are
installed, and increase the effectiveness of their use for the intended purpose.

 
 
 
 
 

Figure 4. A standard form of the failure rate function.

4. Materials and Methods
4.1. Rationale and Main Assumptions

Analyzing a variety of degradation processes, we can find out that all of them have a
random nature, and a change in their indicators has both monotonic and non-monotonic
character. Complex mechanical electronic devices, such as integrated circuits and mecha-
tronic systems, are simultaneously subject to the effect of many processes.

The physical nature of the KP of degradation processes under study, which can cause
the failure of any component, for example, the component of an integrated circuit, may
be different, and it encompasses dislocation accumulation, plastic deformation, fatigue
mechanical failure, electromigration, accumulation of voids, generation and movement of
charges on the crystal surface of a semiconductor), etc.

The operability of each component of ME is characterized by its functional parameter
xi, i = 1, 2, . . . , NME. According to the technical documentation, the condition x∗i0 ≤ xi ≤ x∗i
is fulfilled in the operable state, and the failure occurs at xi > x∗i or xi < x∗i0. Here, x∗i0
is given lower limit value of functional parameter, and x∗i is given upper limit value of
functional parameter. In the general case, xi is a random function of time, and also depends
on the application temperature of ME, and the magnetic load on ME, gravitational and
force action on ME, etc.

To obtain a reliable prediction of degradation and failure, it is necessary to have a
quantitative model of reliability in the form of dependence of functional parameter xi on
temperature, electrical and magnetic load, gravitational and force impact, etc. Such a model
is based on the study of behavior of each functional parameter not only at the moment
of failure, but also in the process of its change, i.e., on kinetics of failures. The specified
model can be constructed by means of complex accounting of probabilistic-statistical and
physico-chemical factors.

Assume that the functional parameters are independent, and the failure of at least
one of the parameters leads to the failure of ME as a whole. In this article, we consider
one generalized functional parameter x(t), which we will call KP. Since x(t) is a random
process, the conditional probability density ω(x, t) of the distribution of the KP at moment
t is of interest for practical use.

Assume that the direction of change in the functional parameter x(t) and the rate of
change at each moment of time t is determined only by the loads and influences acting,
as well as by the properties of the material of which the “key component” of the ME is
made. It is assumed that changes in the magnitude and its rate do not depend on the
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previous state. Then, the behavior of KP can be approximated by a Markov process of the
diffusion type.

Note that many researchers describe the degradation and aging process using the
random Markov process (see, for example, [5,15]).

4.2. Diffusion Models of the General Form

Let the drift and diffusion coefficients depend on both time t and KP x: K1 = K1(x, t),
K2 = K2(x, t). Then, for the Markov process of the diffusion type, conventional transition
density ω(x, t) is described by the Fokker–Planck–Kolmogorov equation, which is a second-
order partial differential equation [15,21]:

∂ω(x, t)
∂t

= − ∂

∂x
[K1(x, t) · ω(x, t)] +

1
2
· ∂2

∂x2 [K2(x, t) · ω(x, t)]. (2)

It is assumed that a drift in KP is triggered by the effect of physical and chemical
processes (oxidation, electrolytic corrosion, etc.) occurring in elements and units of ME
during operation. In model (2), this effect is implemented using coefficients K1(x, t) and
K2(x, t). If drift and diffusion coefficients are set in the general form (depend on both x
and t), then Equation (2) can only be solved numerically. The analytical solution can be
obtained only in some particular cases. This paper focuses on particular cases of analytical
solution (2) under the assumption that ME degradation occurs due to chemical processes
described by the chemical kinetics equation.

First, we describe some methods of the theory of chemical kinetics, and then we
describe some cases of analytical solution of Equation (2).

4.3. Methods of Theory of Chemical Kinetics

According to the law of Guldberg and Waage [22–24], the chemical reaction rate dAj/dt
of the i-th reacting substance is proportional to the product of current concentrations Aαi

i of
reacting substances:

dAj

dt
= k j ·

n

∏
i=1

A
αj
i , j = 1, 2, . . . , n,

where t is the reaction time, k is the reaction rate constant and αi is the chemical reaction
order based on the i-th component (the stoichiometric coefficient of the i-th component).

Differential equations of chemical kinetics for some simple types of chemical reactions
are presented in the second column of Table 1.

Table 1. Some types of equations of chemical kinetics and their solutions.

Reaction
Order Equation Type Equation Solution Type of Chemical Reaction

1 2 3 4

1 dA
dt = −kA A = a · exp(−kt)

for irreversible monomolecular
reactions of transformations of one
substance into another

2 dA
dt = −kA2 A = a

1+kat for irreversible reactions of order 2

3 dA
dt = −kA3 A = a√

1+2ka2t
for irreversible reactions of order 3

n dA
dt = −kAn A = a

n−1
√

1+(n−1)kan−1t
for irreversible reactions of order n

All equations, presented in the second column of Table 1, can be written as follows:

dA
dt

= f (k, A). (3)
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If function f (k, A) is sufficiently smooth in some domain of its arguments, then, in the
case of the following initial condition t = t0 A(t0) = a according to the Cauchy–Lipschitz–
Horowitz theorem [22–24], there is a single solution to each of the equations presented in
the second column of Table 1. These solutions are provided in the third column of Table 1.

The effect of rate k and order n of the chemical reaction on concentration is shown in
Figure 5a,b.
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Figure 5. Dependence of concentration of reacting substances on time: for different values of the rate
of chemical reaction k (a); for different values of the order of chemical reaction (b).

We can see that concentration decreases if the reaction order and the rate of reaction
increase.

4.4. Development and Investigation of a Probabilistic Physico-Chemical Model
4.4.1. The Case of Constant Drift and Diffusion Coefficients, ND Distribution and
MD Distribution

Let us consider particular values of coefficients of Equation (2). At first, K1(x, t) = A1
and K2(x, t) = B1, where A1 and B1 are constant. This case corresponds to the chem-
ical reaction for which the constant reaction rate k can be assumed to be equal to zero
(concentrations of reacting substances remain practically unchanged).

Then, a partial differential equation with constant coefficients follows from (2):

∂ω(x, t)
∂t

= −A1
∂ω(x, t)

∂x
+

1
2

B1 ·
∂2ω(x, t)

∂x2 . (4)

When solving (4), one should set the boundary conditions that depend on the type
of random process, in particular, on its monotonic or non-monotonic nature. The ini-
tial condition can be set either by means of the δ-function at point x = x0, t = 0:
ω(x, t)|t=0 = δ(x − x0) , or by means of the distribution function ω(x, t) |t=0 = f0(x) of
KP at the initial moment of time. It is also necessary to set the boundary conditions: for
non-monotonic distribution: ω(x, t)|x=−∞ = 0 , ω(x, t)|x=x∗ = 0 ; for monotonic distribu-
tion: ω(x, t)|x=−∞ = 0 , ω(x, t)|x=+∞ = 0 . The first condition ω(x, t)|x=−∞ = 0 is purely
formal since KP cannot take negative values.

The degradation of electronic assemblies and ME components is described by non-
monotonic distribution, while the degradation of mechanical assemblies and ME elements
is described by monotonic distribution [15].

After finding function ω(t, x) that satisfies the preset initial conditions, the function
f (t) of the probability density of time to boundary x∗ and the function of time before failure
F(t) can be calculated using the following formulas:

f (t) = −
x∗∫

−∞

∂ω(x, t)
∂t

dx, F(t) =
t∫

−∞

f (ξ)dξ. (5)

Hence, to determine the probability density function f (t) of random variable t of time
before failure, it is necessary to obtain the expression for ω(x, t) by solving Equation (4)
having appropriate initial and boundary conditions. Further, it is necessary to find the par-
tial derivative of function ω(x, t) with respect to time and integrate the obtained expression
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with respect to parameter x. To construct function F(t), it is necessary to integrate function
f (t) within the appropriate limits. The failure rate is calculated using the following formula:
λ(t) = f (t)/(1 − F(t)).

Equation (4) can be integrated analytically. The distribution function for the MD
distribution law is as follows [15]:

FMD = Φ

(
t − µ

ν · √µ · t

)
, (6)

where µ = 1/A1 is the shear coefficient, and ν = B1/
√

A1 is the process variation coefficient.
The distribution function for the ND distribution law is as follows [15]:

FND(t) = Φ

(
t − µ

ν
√

µ · t

)
+ exp

(
2
ν2

)
· Φ

(
t + µ

ν
√

µ · t

)
. (7)

Explicit expressions, describing the failure rate for the MD distribution and the ND dis-
tribution, are provided in [15]. Hence, distribution densities f (t), distribution functions F(t)
and failure rates λ(t) are calculated using finite analytic formulas and normal normalized
law distribution Φ(t) (see Section 2.1).

It is necessary to know parameters µ and ν to use MD distributions and ND distribu-
tions to solve applied problems (for example, to make a reliability evaluation of an ME
fleet, to predict the γ-percent resource of error-free running time, etc.). Formulas needed to
perform statistical evaluations of parameters µ and ν, using processed testing results for
the MD distribution and the ND distribution, are provided in [15].

It can be stated that the MD distribution and the ND distribution are two-parameter
distributions. However, two parameters µ and ν cannot ensure sufficient accuracy and
adequacy of the model in terms of, for example, the following three values simultaneously:
mathematical expectation, mean square deviation and γ—percent operating time before
failure ((100-γ)—percent resource) (it should be 100 · γ—percent resource). Therefore, we
will consider distributions depending on a larger number of parameters.

4.4.2. Methods of Solving Equation (2) in the Case of Variable Drift and
Diffusion Coefficients

Let us suppose the following:

(A) Drift coefficient K1 is linearly dependent on KP: K1(x, t) = Ã(t)x + C̃(t), where Ã(t),
C̃(t)—are functions of time;

(B) Function Ã(t) is proportional to concentration A(t): Ã(t) = χ · A(t), where χ is a
constant value.

(C) Diffusion coefficient K2 depends on time only (it does not depend on x): K2(x, t) =
B(t).

We introduce new variables to solve stochastic Equation (2) according to [21]:

τ = φ(t), y == ψ(x, t). (8)

Then, conventional probability density can be written as follows:

ω(x, t) = ω1(ψ(x, t), φ(t)) ·
∣∣ψ′

x
∣∣ = ω1(y, τ) ·

∣∣ψ′
x
∣∣,

where ω1(y, τ) is the new KP distribution density function. By selecting functions φ(t) and
ψ(x, t), we can determine coefficients K1(y, τ) and K2(y, τ), so that we can find an analytic
expression for ω1(y, τ) from Equation (2) after switching to new variables (8).

Then, Equation (2) can be represented as the simplest parabolic equation:

∂ω1(y, τ)

∂τ
=

1
2

∂2ω1(y, τ)

∂y2 . (9)
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Equation (9) should be solved for pre-set initial and boundary conditions. It is note-
worthy that the form of solution (9) will strongly depend on specific initial and bound-
ary conditions.

4.4.3. Solution of Equation (9) If Initial and Boundary Conditions Are Set as δ-Functions

If initial and boundary conditions are set as the δ-function at point τ0 = φ(t0) and
t0 = 0, y0 = ψ(x0, t0). Then, solution (9) is as follows [17,21]:

ω1(y, τ) =
1√

2π(τ − τ0)
e
− (y−y0)

2

2(τ−τ0) . (10)

If variables y and τ can be expressed as finite formulas by applying x and t to
Formula (8), then Equation (2) can be solved analytically. Let us consider the cases of
analytic solution (2).

Case 1. Let us assume that B(t) = b, C(t) = c; b and c are constant for a chemical
reaction of order 2: A(t) = a/(1 + kat). Then

I1(t) =
t∫

t0

a
1 + kaξ

dξ =
1
k

ln|1 + kat|,

I2(t) =
t∫

t0

exp(−I1(ξ))dξ =
1

a(−1 + k)

(
(1 + kat)−1/k1 − 1

)
,

I22(t) =
t∫

t0

exp(−2 · I1(ξ))dξ =
1

a(−2 + k)

(
(1 + kat)−2/k1 − 1

)
.

Then, analytic expressions for functions φ(t) and ψ(t) are as follows:

φ(t) =
t∫

t0

b(ς)e
−2

ς∫
t0

A(ξ1)dξ1

dς =

t∫
t0

b(ς)I22(ς)dς =
b

a(−2 + k)

(
(1 + kat)−2/k+1 − 1

)
,

ψ(x, t) = xe
−

t∫
t0

A(ξ)dξ

−
t∫

t0

c(ς)e
−

t∫
t0

A(ξ1)dξ1

dς = xI2(t)−
t∫

t0

c(ς)I2(ς)dς =

= (1 + kat)−1/k − c
a(−1+k)

(
(1 + kat)−1/k+1 − 1

)
,

and partial derivative ψ′
x(t) is written as ψ′

x(t) = (1 + kat)−1/k. Hence, finite formulas are
obtained for function ω(x, t) in Case 1.

Case 2. A(t) = a, C(t) = ce−kct, B(t) = be−kbt; where kc and kb are constant. Then:

φ(t) =
b

−kb − 2a
(exp(−(kb + 2a)t)− 1), ψ(t) = x · exp(−at) +

c
−kc + a

(exp(−(kc + a)t)− 1).

Case 3. A(t) = a, C(t) = c, B(t) = be−kbt. Then

φ(t) =
b

−kb − 2a
(exp(−(kb + 2a)t)− 1), ψ(t) = x · exp(−at) +

c
a
(exp(−at)− 1).

Case 4. A(t) = a, C(t) = ce−kct, B(t) = b. Then

φ(t) =
b

−2a
(exp(−(kb + 2a)t)− 1), ψ(t) = x · exp(−at) +

c
−kc + a

(exp(−(kc + a)t)− 1).
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Case 5. A(t) = a, B(t) = b, C(t) = c. Then

φ(t) =
b

−2a
(exp(−2at)− 1), ψ(t) = x · exp(−at) +

c
a
(exp(−at)− 1).

We also obtained finite formulas for function ω(x, t) in cases 2–5.

Case 6. A(t) = a · exp(−kat), B(t) = b, C(t) = c. Then I1(t) =
t∫

t0

a · exp(−kaξ)dξ =

− a
ka
· exp(−kat) and the integral I2(t) =

t∫
t0

exp(−I1(ξ))dξ can be calculated using numer-

ical method. Explicit expressions in the form of infinite sums are not provided for this
integral due to cumbersome formulas.

It is known from [2,19] that the probability density of the time needed for KP to reach
its maximum acceptable value is calculated using Formula (5).

The model, described in Section 4.4.3, has boundary and initial conditions at point
t = 0 x = x0. Therefore, it is reasonable to use this model to simulate the KP drift process,
when ME undergoes strict production control at a production enterprise, and KP variability
is minimal at the time when the product manufacturing process is completed.

4.4.4. Method of Calculating the Probability of KP Reaching Limit Values for the First Time

The equation for the probability of KP reaching limit values for the first time is as
follows [21,25]:

∂P(x0, t)
∂t

= K1(x0)
∂

∂x0
[P(x0, t)] +

1
2

K2(x0)
∂2

∂x2
0
[P(x0, t)] = 0, (11)

where x0 is the given initial value of KP. Equation (11) should be solved with the initial
condition P(x0, 0) = 0, boundary conditions P(x∗0 , t) = 1 and P(x∗, t) = 1 (x∗0 is given
lower limit value of KP, x∗ is given an upper limit value of KP) and the additional condition
Lim
t→∞

P(x0, t) = 1.

4.4.5. Method of Calculating the Average Time Needed for KP to Reach Limit Values for
the First Time

The equation for calculating the average time T needed for KP to reach limit values
for the first time, when coefficients K1 and K2 do not depend on time, is as follows [21,25]:

1
2

K2(x0)
d2T
dx2

0
+ K1(x0)

dT
dx0

= −1. (12)

Here, x0 is the given initial value of KP. Equation (12) can be solved analytically. The
solution is as follows:

T =

x∗∫
x0

 y∫
x∗0

2
K2(z)

dz

e−φ(y)dy
x0∫

x∗0

e−φ(y)dy +
x∗0∫
x0

 y∫
x∗0

2
K2(z)

eφ(z)dz

e−φ(y)dy
x∗∫
x0

e−φ(y)dy

x∗∫
x∗0

e−φ(y)dy
. (13)

The equation for calculating the average time T needed for KP to reach its limit
values for the first time, when coefficients K1 and K2 depend on time, can only be solved
numerically. The equations for calculating the average time T needed for KP to reach its
limit values for the second and third times have a more complex iterative form [21,25].
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4.4.6. Method of Solving Equation (9) If Initial and Boundary Conditions Are Set in the
General Form

If initial and boundary conditions are set in the general form for Equation (9), the
problem will be formulated in the same way as the classical problem of heat propagation in
an infinite rod, whose lateral surface is thermally insulated [14]:

∂u
∂t

= a2
T

∂2u
∂x2 , (−∞ < x < ∞, t > 0), (14)

with initial condition:
u|t=0 = φ0(x), −∞ < x < ∞, (15)

where t is time, x is the current coordinate of the rod cross section, u(x, t) is temperature at
the moment of time t in the rod cross section with coordinate x, a2

T = kT/(cT · ρT), kT is the
heat conductivity coefficient, cT is the heat capacity of the material and ρT is density of the
rod material.

The general solution to the heat conductivity problem (14)–(15) is represented as the
Poisson integral [14]:

u(x, t) =
1

2aT
√

πt

∞∫
−∞

φ0(ξ) · e
− (ξ−x)2

4a2
T t dξ. (16)

We show that the problems (9) and (10) can be obtained as a special case using
problems (14)–(16). If we make a substitution in (14), (x = y, t = τ − τ0, aT = 1/

√
2,

u(x, t) = ω1(x, t)), we obtain Equation (9).
Let us set φ0(ξ) = δ(ξ − x0) as a δ-function at point ξ = x0. Then, if we make the same

substitution and set φ0(x) as a δ-function at point x = x0 in (16), we obtain expression (10)
from (16).

It is reasonable to use a model with general boundary conditions to simulate the KP
drift process in the case when some variability of KP is acceptable for products manufac-
tured at a production enterprise, and this KP can be described using distribution function
f0(x). As a rule, f0(x) is truncated normal distribution with mathematical expectation,
which does not exceed a certain value of x = x0, and a sufficiently small value of the mean
square deviation.

4.5. Method of Parameterization of a Probabilistic Physico-Chemical Model Based on Statistical
Information Processing

This probabilistic physico-chemical model (more specifically, the drift coefficient
function) has 5 parameters: a, b, c, k, n. They allow for a more precise fine-tuning of the
model based on the results of statistical data processing. In particular, model parameters
can be chosen in the way that ensures the best approximation in terms of such parameters
as mathematical expectation, mean square deviation and time before failure, in comparison
with diffusion monotonic and non-monotonic models (with the number of parameters
equaling 2).

The drift coefficient is as follows: K1(x, t) = Ã(t)x + C̃(t). Taking into account the
equation of chemical kinetics, the form of function Ã(t) is determined by the order of
reaction n and rate constant k, and it also depends on initial concentration a. The analysis
has shown that by varying each of k and n parameters, we can greatly influence the form
of function K1(t) = K1(x(t), t). For example, we can obtain such a form of function
K1(t) = K1(x(t), t), so that coefficient values were smaller at the initial period of KP change
(increasing function K1(t)) shown in Figures 6a and 7a, or at the final period of KP change
(decreasing function K1(t)) shown in Figures 6b and 7b. The red line shows mean values
K1m of coefficient K1(t) in Figures 6a,b and 7a,b.

Hence, in the time interval 0 ≤ t ≤ T, the same mean value of coefficient K1(t) can be
obtained both for increasing function K1(t), and for decreasing function K1(t). According
to the Lagrange theorem about the mean value of a function in the interval, darkened
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areas of curvilinear trapezoids, located above the straight line K1(t) = K1m and below the
straight line K1(t) = K1m will be equal in value.

Due to the changeability of parameters, that have a clear physical and chemical origin,
the variability of coefficients K1 and K2 allows for a more precise fine-tuning of the model
according to the results of statistical data processing.
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5. Results
5.1. The Results of Studying the Model and Its Components

A standard graphical representation of distribution density function f (t) for MD
distribution and ND distribution is shown in Figure 8.
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It is noteworthy that the MD distribution coincides with the Birnbaum–Saunders
distribution [26] to the accuracy of the nearest constant.

The two-dimensional surface of conventional probability density function ω(x, t) at
a = 0.7, c = 0.8, b = 0.5, x0 = 1 is shown in Figure 9. Initial and boundary conditions were
set using the δ-function at point t = 0, x0 = 0.1.

Since the limit value is Lim
t → 0
x10 → 0.1

ω(x, t) = ∞, then, for clarity purposes, the part

of the surface, extending to infinity, is chipped off by plane ω = 2.
The characteristic time of application is t = 10–25 years for the class of ME considered

in this paper. KP increases by 3–6 times in the process of ME degradation. As a result of the
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analysis of ω(x, t) surface cross section plots, we find that a great change in KP in the first
half of the time interval 0 ≤ t ≤ t∗ is most probable.

Dependences between probability P of reaching the KP limit value x∗ and the operation
time t for different values of parameters k and b (at a = 0.1, K2 = c = 0.8) are shown in
Figure 10. The dotted line shows confidence probability P = 0.95. It is clear that an increase
in parameter k (at b = 0.5) reduces the time to the confidence domain. The increasing
parameter b (at a = 0.1; K2 = c = 0.8) increases the time to the confidence domain.
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Figure 9. The surface of conventional probability density function ω(x, t) for the 2nd order reaction
when initial and boundary conditions are set using δ-function.
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Dependence between probability P of reaching the KP limit value x∗ on limit value x∗

for different values of t∗ is shown in Figure 11.
It can be seen that the probability of reaching limit value x∗ increases with increasing t∗.
The dependence of mean time T, needed for KP to reach its limit value x∗, on initial

value x0, for K1 = 2 and for different values of K2, is shown in Figure 12a. The case of
K2 = 1 and different values of K1 is shown in Figure 12b.

We can see that as x0 increases, the mean time reduces. As the drift coefficient increases,
the mean time reduces. As the diffusion coefficient increases, the mean time increases.

If initial and boundary conditions are set in the general form, the two-dimensional
surface of conventional probability density function ω(x, t) is as shown in Figure 13.
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It can be seen that function ω(x, t) is limited from above and does not extend to infinity
as the function shown in Figure 9.

5.2. The Results of Applying the Probabilistic Physico-Chemical Model to a Practical Problem

Now we describe the results of applying the model, developed in this article, to the
problem of constructing the function of the failure rate. This task is one of the most impor-
tant ones for the design companies involved in the design of new promising ME specimens,
as well as the companies involved in the modernization of existing ME specimens.
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The failure rate function can be calculated using the formula:

λ(t) =
f (t)

1 − F(t)

Figure 14 shows the standard form of function λ(t) at k = 0.5 and different values of
the initial concentration a of the reactants.
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Figure 14. Dependence of the failure rate on time at different values of initial concentration a.

It can be seen that as the initial concentration decreases, the average failure rate
decreases. By changing the initial concentration of the reactants, the failure rate can be
reduced from 90 to 40 [units/year] during the normal operation period.

Figure 15 shows the standard form of function λ(t) at a = 0.1 and different values of
the chemical reaction rate k.
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Figure 15. Dependence of the failure rate on time at different values of the chemical reaction rate k.

We can see that the average failure rate decreases as the chemical reaction rate k
decreases. By changing the chemical reaction rate, the failure rate can be reduced from 65
to 47 [units/year] during the normal operation period.

Figure 16 shows the standard form of function λ(t) at a = 1 and different values of
the chemical reaction order n.

It can be seen that as the chemical reaction order n decreases, the average failure rate
decreases. By changing the chemical reaction order, the failure rate can be reduced from
170 to 20 [units/year] during the normal operation period.

Thus, by varying parameters a, k and n, it is possible to significantly (several times)
reduce the ME failure rate during the period of normal operation. It should also be noted
that by varying these parameters, it is possible to change the time of transition from period
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of normal operation to period of aging and degradation. However, recent changes are not
as significant as changes in the failure rate value at the period of normal operation.
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In practice, a specially developed set of Compliance Tables is used in the design of
the ME. First, based on the goals and objectives of the design, the tactical and technical
requirements for the designed ME are determined. Based on the tactical and technical
requirements, based on the use of the developed model, the rate and order of the chemical
reaction are determined, as well as the concentrations of reacting substances that pro-
vide the required tactical and technical requirements. Further, according to the rate of
chemical reaction, the order of chemical reaction and the concentration of reacting sub-
stances, materials and technologies for the production of ME components and assemblies
are determined.

6. Discussions

Table 2 shows the results of comparison between the MD model [15], the ND model [15],
the diffusion probabilistic physical model [19] and the probabilistic physico-chemical diffu-
sion model.

Table 2. Comparison of models by the number of parameters.

№ Type of Model Model
Parameters

Number of
Parameters

1 Monotonic diffusion (MD) models and
non-monotonic diffusion (ND) model [15] a, b or µ, ν 2

2 Diffusion probabilistic physical model [19] a, b, c 3

3 Probabilistic physico-chemical diffusion model a, b, c, k, n 5

Comparable models have from 2 to 5 parameters, which in some cases can be estimated
using the results of statistical information processing based on the analysis of performance
and reliability of operation of similar ME specimens. In the absence of statistical information
(for example, during the development of new promising specimens of ME) the model,
presented in this article, is the only unique instrument that can be used to prognosticate
their reliability and serviceability.

As noted above, MD distribution is used to simulate mechanical assemblies and
ME components, and ND distribution is used to simulate electronic components and ME
units. A diffusion probabilistic physical model [19] is used to simulate the metrological
characteristics of ME.

The probabilistic physico-chemical diffusion model, presented in this article, has five
parameters. Three of them, k, n and a, have a clear physico-chemical origin: k is the rate
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of chemical reaction and n is the order of chemical reaction, a is the concentration of the
reagent at the initial moment of time.

It is noteworthy that parameters a, k and n allow the simulation of different production
technologies and materials used in the mass production of ME units and elements. So, for
example, parameter a is responsible for different levels of perfection of technologies as a
whole (for example, advanced technologies, modern technologies or obsolete technologies).
Parameter k is responsible for the chemical catalysts and additives used, which affect the
rate of the chemical reaction. Parameter n is responsible for the choice of specific production
materials (it allows for material properties to be taken into account) used to produce ME
assemblies and elements.

The model, developed by the author, can help to identify the weakest nodes, links and
components of ME, due to which ME becomes inoperable, and to provide recommendations
on the use of production materials whose physical and chemical properties are most suitable
for the manufacture of particular nodes and components.

Therefore, the probabilistic physico-chemical diffusion model, presented in this article,
is preferable, because it can adequately simulate the U-shape of the failure rate function.
All other models considered and analyzed in this article are helpless here.

7. Conclusions

The new probabilistic physico-chemical diffusion model of the key drifting parameter
of ME (the model of degradation and failures) is developed. The model is based on the com-
bined application of the Fokker–Planck–Kolmogorov equation and the chemical kinetics
equation. The parameters of the model have a proper physical and chemical meaning. The
model takes into account basic physical and chemical regularities underlying degradation
processes (aging processes of ME nodes and elements) leading to the failure state.

An analytical solution to the Fokker–Planck–Kolmogorov equation was constructed
for several types of chemical kinetics equations.

The model allows the compilation and analysis of a wide range of reliability indicators
and metrological characteristics [27] and to make predictions about their behavior.

The model adequately describes the function of the failure rate, which has a classical
U-shape. Neither reliability and degradation model, known to the author, allows the
acquisition of three periods: the run-in period, the period of normal operation and the
aging and degradation period within one model.

The presented method allows us to establish rational periods between ME verifications
and calibrations for different groups of ME, which ultimately increase the target perfor-
mance of special facilities, where ME are installed, and raise the effectiveness of their use
for their intended purpose.

The model is used to accomplish the tasks of forecasting, to establish rational periods
between ME verifications and calibrations, and to simulate the indicators of reliability of
ME as a whole, as well as its soldered joints and modern integrated circuits used as part of
special equipment and machinery [27] which may be operated under harsh conditions and
in corrosive environments.
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