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Rouhani, B.D. The AA-Viscosity Differential equations, game theory, control theory, the variational inequality problem,
Algorithm for Fixed-Point, the equilibrium problem, the fixed-point problem, the optimization problem and the
Generalized Equilibrium and split feasibility problem are some well-known examples of nonlinear problems to which
Variational Inclusion Problems. nonlinear operator theory is applicable. Over the past few decades, the development of
Axioms 2024, 13, 38. https:// efficient, flexible, less expensive and manageable approximation methods that are easy
doi.org/10.3390/axioms13010038 to test and debug for approximating the solutions of nonlinear operator equations and

inclusions has become an active area of research. As a continuation, we propose an efficient
and flexible iterative algorithm for approximating the common solution of some generalized
nonlinear problems.

Throughout this paper, the letters R, R™ and N will denote the set of all real numbers,
the set of all positive real numbers and the set of all natural numbers, respectively.

Let #H be a real Hilbert space, C be a nonempty closed convex subset of / and T be a

self-mapping on C. The set {a* € C : a* = Ta*} of all fixed points of T is denoted by F(T).

A mapping T is called a Lipschitzian mapping if there exists a constant L > 0 such that
ITa — Tb|| < L|la — b|| holds for all 4,b € C. If in the above inequality, we restrict L to
vary only in the interval (0, 1); then, the mapping T is called a contraction. Furthermore,
This article is an open access article  the mapping T is called nonexpansive if we set L = 1 in the above inequality.
distributed under the terms and The study of nonexpansive mappings is significant mainly because of three reasons:
conditions of the Creative Commons (1) The existence of fixed points of such mappings relies on the geometric properties of the
Attribution (CC BY) license (https://  underlying Banach spaces/Hilbert spaces instead of compactness properties. (2) These
creativecommons.org/licenses /by / mappings are used as the transition operators for certain initial value problems of differen-
40/). tial inclusions involving accretive or dissipative operators. (3) Different problems appearing

Academic Editor: Salvatore Sessa

Received: 5 December 2023
Revised: 1 January 2024
Accepted: 2 January 2024
Published: 5 January 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.

Axioms 2024, 13, 38. https:/ /doi.org/10.3390/axioms13010038 https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms13010038
https://doi.org/10.3390/axioms13010038
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-8645-8773
https://doi.org/10.3390/axioms13010038
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13010038?type=check_update&version=3

Axioms 2024, 13, 38

2 0f 32

in areas like compressed sensing, economics, convex optimization theory, variational in-
equality problems, monotone inclusions, convex feasibility, image restoration and other
applied sciences give rise to operator equations which involve nonexpansive mappings
(see [1,2]). Another reason for studying nonexpansive mappings involves complex analysis,
holomorphic mappings and the Hilbert ball (see, for example, [3,4]).

Let us recall that a multi-valued mapping T : H — 27 is said to be monotone
if(a—b,p—q)>0,wherea,beH,p € Taand g € Tb.

A monotone mapping T is said to be maximal if the graph of T is not properly
contained in the graph of any other monotone mapping.

An operator T : H — H is called t-inverse strongly monotone if forall a,b € H, we
have (Ta — Th,a — b) > t||Ta — Tb||? for some t > 0.

If we set t = 1 in the above inequality, then T is called inverse strongly monotone.

Let A > 0 be the given parameter and I be the identity operator on . If we set

JAT)=]1 = (I+AT) Y

then ] is called the resolvent of the mapping T. Note that JI : R(I+AT) — D(T).
It is known that for each a € H, there is a unique element P¢a € C such that

la — Feal| = inf{[la — gl : g € C}.
A mapping P¢ from H onto C is called a metric projection of H onto C.

Recall that for any a € H,
Pca =g ifand only if (g—ﬂ,g—g) >0, forall celC. (1)

More information on metric projections can be found in Section 3 in [3]; also, we refer
the reader to [5].

Throughout this manuscript, we denote the strong and weak convergence of a se-
quence {a,} to a point a* by 4, — a* and g, — a*, respectively. The set of all weak
subsequential limits of {a, } is denoted by x(a,,); that s, if 2 € H such thata € x(a,), then
there exists some subsequence {a, } of the sequence {a, } which converges weakly to a.

Definition 1. A mapping ¢ : C — H is said to be firmly nonexpansive if for all a,b € C, we have

(pa — b, a—b) > ||¢pa — ¢b]|*.

Note that Pc : H — C is a well-known example of a firmly nonexpansive mapping. More
information on firmly nonexpansive mappings can be found in Section 11 of [3].
Moreover, ¢ is called hemicontinuous on C if it is continuous along each line segment in C.

Lemma 1 ([6]). Let C be a nonempty closed convex subset of a Hilbert space H and T : C — H be
nonexpansive. Then, I — T is demiclosed on C; that is, any sequence {a,, } in C with a,, — a and
(I —T)a, — c gives that (I — T)a = c.

Definition 2. A mapping ¢ : H — R U {400} is weakly lower semicontinuous at a € H if for
any sequence {a, } in H with a, — a, we have

¢(a) <liminf¢(a,).

Lemma 2 ([7]). Forany a,c € H and B € R, the following results hold:
(i) la+cl* < llal*+2(a+cc)

(i) Na+cl* = llal* +2{a c) + |lc]*;

(iii) [la—cl® = [la]* — 2(a, ¢) + |||
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(i) [|Ba+(1—B)c|> = Bllal* + (1= B)llcl* — B(1 = B)lla — c]|*.

Lemma 3 ([8]). Leta,b,c € Handwa, B,y € [0,1], with a + B+ v = 1; then, the following holds:

lea + Bb + vc||* = allal* + BlEI* + v lcll? — aplla — bI* — avlla —cl* — Bylle— c|*

Lemma4 ([9]). Suppose that {a,},{c, } are sequences of positive real numbers with ) ;> c, < 0o,
{b,} C R, {on} C (0,1) such that the following holds:

ay1 < (1—ou)a, +b,+c, foralln>0.

(i) Ifb, < noy for somen > 0, then {a, } is a bounded sequence.

(i) If Y5 0n = oo and limsup % < 0, then we have lim a, = 0.
n—o0 n n—00

Lemma 5 ([10]). Suppose that {a,} C R*, {c,} C (0,1) with Y5 yon = coand {b,} C R
such that

dpi1 < (1 —0y)ady + ouby, foralln € N.

Iflimsup b,, < 0, for every subsequence {an,} of {a,} with lirginf(ﬁnm — ;) > 0, we
n—co o
have lim a, = 0.
n—o0

1.1. Some Nonlinear Problems

Throughout this paper, we suppose that H, H1, H, are real Hilbert spaces, C and Q
are nonempty closed and convex subsets of {1 and H>, respectively, and A : H; — Hyisa
bounded linear operator with A* as its adjoint operator.

Let T : H — H. The fixed-point problem (FPP) can be formulated as:

find a* € H such that Ta* = a*.

For two multivalued mappings S and T, if a* = Sa* N Ta*, then we say that ¢* is a
common fixed point of S and T.

Let F : C x C — R be a bifunction. An equilibrium problem (EP) involving F and the
set C is defined as follows:

find g* € C such that F(a*,b) > 0, forallb € C.

Let T : C — H. The variational inequality problem (VIP) associated with T and C is
given as follows:

find a* € C such that (b — a*, Ta*) > 0 holds for all b € C.

Suppose that T : C — H and F : C x C — R are two mappings. The generalized
equilibrium problem, GEP(F, T), of F and T is defined as follows:

find a* € C suchthat F(a*,b)+(b—a* Ta*) >0 holdsforall beC. (2)

Note that if T is a zero operator in (2), then the GEP(F, T) reduces to the EP. If Fis a
zero operator in (2), then the GEP(F, T) becomes the VIP. The solution set of GEP(F, T) (2)
is denoted by S(GEP(F, T)).

The GEP(F, T) unifies different problems such as the VIP, EP, complementarity prob-
lem, optimization problem, FPP and Nash equilibrium problem in noncooperative games
(for instance, see [11-14]).

The split inverse problem (SIP) has gained a lot of attention from many researchers
recently. The first version of the SIP was the split feasibility problem (SFP), which was
proposed by Censor and Elfving in 1994 [15].

The SFP associated with a bounded linear operator A : H1 — Hj is defined as follows:
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find a point a* € C such that Ag* € Q.

That is, the SFP is a problem of finding a point of a closed convex subset such that
the image of the point under a given bounded linear operator is in another closed convex
subset. This problem has found several applications in real-world problems such as image
recognizing, signal processing, intensity-modulated radiation therapy and many others.
For more results in this direction, we refer to [16-21].

For any operator A : H; — Ha:

(@) The direct problem is to determine b = A(a) for any a € C (that is, from the cause to
the consequence).

(b) The inverse problem is to determine a point a € C such thatb = A(a) forany b € Q
(that is, from the consequence to the cause).
The split inverse problem (SIP) is defined as follows:
Find a point

a* € Hq which solves ZP1,
such that
Aa* € Hy solves TP,

where 7P, is the inverse problem formulated in H; and ZP; is another inverse problem
formulated in H; .

Moudafi [22] proposed the new version of the SIP called the split monotone variational
inclusion problem (SMVIP).

Suppose that ¢; : H1 — Hq and ¢ : Hp — H; are inverse strongly monotone
mappings, T; : H1 — 2"1 and T, : Hy, — 22 are multivalued maximal monotone
mappings and A : H; — Hj is a bounded linear operator. The SMVIP is defined as follows:
Find a point

a* € Hqisuchthat0 € ¢p1a* + Tia*,
and
b* =Aa* € Hy such that 0 € ¢ Aa* + Tr Aa*.

If $1 = ¢o = 0, then the SMVIP reduces to the following split variational inclusion
problem (SVIP), which is defined as follows: Find a point

a* € Hqsuchthat0 € Tya*,
and
Aa* € H, such that 0 € T, Aag*.

Moreover, Moudafi showed that the SFP is a special case of the SVIP. Many inverse
problems arising in real-world problems can be modeled as an SVIP (for details, see [16,19]).
We shall denote the solution set of the variational inclusion problem on H; by S(VIP(H1))
and the solution set of the variational inclusion problem on #, by S(VIP(H;)). The solu-
tion set of the SVIP is denoted by

I'={a"e€H:a" € S(VIP(H1)) and Aa* € S(VIP(H2))}. ©)

Remark 1. According to [23,24], the following hold,

»  The mapping T is maximal monotone if and only if the resolvent operator JI is a single-
valued mapping.

o Jla* =a*ifand onlyifa* € T~1(0).

o The split variation inclusion problem given in (3) is equivalent to the following:
Find a* € Hq with

]Ilg* =a* suchthat Aa* € Hr, and Aa* = ]iFZAg*. 4)
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1.2. Some Notable Iterative Algorithms

The problem of approximating fixed points of nonexpansive mappings with the help
of different iterative processes has been studied extensively (see [9,13,25-30]).

There have been several iterative methods proposed in the literature for the solution
of nonlinear problems. For instance, in 2022, Abbas et al. [31] proposed an iterative method
known as the AA (Abbas—Asghar)-iteration.

The sequence {a,,} generated by the AA-iteration is defined as follows in Algorithm 1:

Algorithm 1: AA-iterative algorithm proposed in [31].

Initialization: Let {7, }, {0, } and {0, } be sequences of real numbers in (0, 1).
Choose any g1 € C;
For n > 1, calculate a,, , ; as follows:

QU

d, = (1 —1n)a, +nuTay,
Cp = T((l - 511)471 + 571Tdn)/

b, = T((l - O-H)Tdn +UnT§n)l
Ayp1 = Tb,,.

It was shown that the AA-iteration method has a faster rate of convergence than other
well-known iteration methods existing in the literature [31]. Note that the AA-iteration
method has been successfully applied for obtaining the solutions of operator equations
involving nonexpansive-type mappings; for instance, see [32-34].

Byrne et al. [35] proposed an iterative algorithm to solve the SVIP involving maximal
monotone operators T; and T, which is as follows in Algorithm 2:

Algorithm 2. proximal algorithm proposed in [35].

Initialization: Let {a, } be a sequence of real numbers in (0,1), A > Oand w € (0, #),

where L = ||A*A]|.
Choose any a1 € H;
For n > 1, calculate g,, , | as follows:

Apt1 = Xnly + (1 - “Yl)]/{l (Qn + ‘UA*(]}{2 - I)Aﬂn)/

where ]Il and ]Iz are resolvent operators of Ty and T, respectively, lim, ;. &y, = 0 and
Yoty = 0o

The problem of finding the common solution of some nonlinear problems has gained
a lot of attention from by many authors. For example, Wangkeeree et al. [36] proposed the
following iterative algorithm to obtain the common solution of the FPP and the SVIP for
nonexpansive mappings. The proposed iterative method is given in Algorithm 3.

Algorithm 3: general iterative algorithm proposed in [36].

Initialization: Let {a, } be a sequence of real numbers in (0,1), A > 0 and w € (0, 2),

where L is the spectral radius of operator A*A.
Choose any a; € Hy;
For n > 1, calculate a,, , ; as follows:

by = I3 (@, + A" (J}2 = ) Aa,)
Ay 1 = antipa, + (1 - “‘VZB)SQW
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Algorithm 3: Cont.

where ¢ : 1 — #; is a contraction with contraction constantc, S : H; — Hiisa
nonexpansive mapping, B : H; — H; is a bounded linear operator with constant 6 and
n > 0, withy < g, and Ty : Hy — 2" and T» : Hp — 22 are multivalued maximal
monotone operators.

It was shown that under some appropriate conditions, the sequence defined in
Algorithm 3 converges strongly to a common solution of the FPP and the SVIP.

The step size in any algorithm has an important role so far as its computation and the
rate of convergence of an algorithm are concerned. Indeed, the selection of an appropriate
step size can help in approximating the solution in fewer steps, and hence the step size may
effect the rate of convergence of any iterative algorithm. Note that the step sizes described
in Algorithms 2 and 3 depend upon the operator norm, and hence these algorithms are
not easily implementable as the computation of the operator norm in each step makes the
task difficult.

Later on, Tang [24] modified Algorithm 2 with a self-adaptive step size for approxi-
mating the solution of the SVIP. The proposed method is described in Algorithm 4.

Algorithm 4: iterative algorithm proposed by Tang in [24].

Initialization: Let {p, } be a sequence such that p,, C (0,4) with inf p, (4 — p,) > 0.
Choose any a; € Hy;
For n > 1, calculate a,, , ; as follows:
Compute
_ Pn8(ay)
1Ga,||* + [|Ha, ||>

Wn

then compute
Api1 = &nly + (1 - ‘Xn)]}[l (ﬂn - w”A*(I - ]IZ)AEn)/

where g(a) = 3[|(I — ])E)Ag 2 G(a) = A*(I - ])E)Ag, H(a) = (I-J;?)aand {ay} is a
sequence with the conditions given in Algorithm 2.

Under some suitable conditions, a strong convergence result was proven for Algorithm
4. Moreover, many researchers have worked on inertial-type algorithms, in which each
iteration is defined using the previous two iterations. Many authors have proposed some
efficient algorithms combining the inertial process with self-adaptive step size methods
for approximating the solutions of certain nonlinear problems; for more details we refer
to ([30,37—40]). Moreover, Rouhani et al. proposed different iterative algorithms to find
the common solution of some important nonlinear problems in Hilbert and Banach spaces;
for details, see [41-44].

Recently, Alakoya and Mewomo [45] proposed an inertial-type viscosity algorithm
hybrid with S-iteration [46] to approximate the common solution of certain nonlinear
problems. They used a suitable step size in the proposed algorithm to approximate the
solution without prior knowledge of an operator norm. A natural question arises: is it
possible to develop a method which converges at a faster rate and approximate the solution
of more general nonlinear problems?

Using the step size given in [45], we proposed an efficient inertial viscosity algorithm
hybrid with the AA-iteration for approximating the common solution of more generalized
nonlinear problems. Indeed, finding common solutions to nonlinear problems, as opposed
to solving them separately, is crucial because it offers a unified perspective on the inter-
connected variables. This approach provides a more comprehensive understanding of the
system’s behavior, ensuring consistency and enabling more robust modeling and analysis
in complex scenarios. Using suitable control parameters, we proved the strong convergence
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result to approximate the common solution of a split variation inclusion problem, the
GEP(F, T), and the common FPP. These problems are much important in different fields,
like network resources, signal processing, image processing and many others (for more
details, we refer to [26,28]).

2. Convergence Analysis

Now, we present the following assumptions for the proposed algorithm.

Assumption 1. Let F: C x C — Rand T : C — H. For solving the GEP(F, T), we impose the
following conditions on F and T:

(A1)F(a,a) =0, foralla € C.

(A2)F(a,b) + F(b,a) + (Ta,b—a) + (Tb,a—b) <0, foralla, b € C.

(A 3)11mw01-“(uca+(1—oc)b,g)SF(Q,c)frullu,Q,CEC

(Ag)Foreacha € C, b+ F(a,b) + (Ta, b — a) is convex and lower semi-continuous.

Definition 3. For some r > 0, define the mapping TF : H — 2C as follows:

TFa={ceC:F(¢,b)+(Te,b—c)+

(b cc—a)>0 ¥V beH) ()

Lemma 6. Under the conditions (Aq)—(As), we have the following:

(1) T is firmly nonexpansive and single-valued.
(2) F(T) = S(GEP(F,T)).
(3) F(T) is closed and convex.

Proof. (1). For a given g,a* € H, ifc € TFa and ¢* € TFa*. Then, we have F(c,c*) +
(Te,c* —¢) > %(g* —¢,a—c) and F(g*,g)+ (Tc*,c—c*) > %(g—g ,a* —c*). Tt follows
from (Ay) that 3(c* —¢, (@ —a*) — (c — ¢*)) < F(c,c*) + F(c*,¢) + (Tc,c* —C> (Tc*,c—
¢*) < 0. Hence, we get

(c*—ca* —a) > |lc—c*|* (6)

That is, TrF is firmly nonexpansive. Furthermore, for a = a*, we get ¢ = ¢*, which
implies that T} is single-valued.

(2). Now, we show that F(Tf) = S(GE
< F(a,b) + (Ta,b—a) —i-l(b—a a—a)>0
< a € S(GEP(F,T)).

(3). Since T/ is firmly nonexpansive, and hence nonexpansive. The set of fixed points
of a nonexpansive map is closed and convex. [

P(F,T)).Ifa € H,thena € F(Tf) & Tfa=a
.V beC< Flab)+(Ta,b—a) >0,beC

Proposed Algorithm

Here, we discuss our proposed algorithm. Initially, we describe some notations as
follows.

Suppose that By : H;y — 2%1 and B, : H, — 272 are maximal monotone mappings,
F:C x C — R satisfies Assumption 1, A : H; — H; is a bounded linear operator and the
adjoint operator of A is denoted by A*. Let S, T : H; — H; be nonexpansive mappings
and ¢ : H1 — H; be a contraction mapping with contraction constant c.

We define the following mappings as follows:

;H (I J32)Aa

7

ﬂ) :§’|(I_])\ll)
G(a) =A*(I - J}?)Ag,
H(a) =(I - J}")a.

7
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Note that ¢ and / are weakly lower semi-continuous, convex and differentiable [47].
Furthermore, G and H are Lipschitz continuous [24].

We now present our proposed method which is given in Algorithm 5 and its flowchart
diagram can be seen form Figure 1.

Algorithm 5: proposed inertial-type AA-viscosity algorithm for variational inclusion
problems, GEP(F, T) and common FPP.

Step 0. Suppose that g4,2; € H and « is non-negative real number. Set n = 1.
Step 1. Given the (n — 1)th and nth iterations, set x, such that 0 < «, < &, with &,
given as

1 On .
D L ey B Y ”
K, otherwise.
Step 2. Compute
h, = a, +xn(a, —a, 1)
Step 3. Find 8, € C such that
* X 1 .
F(g ,p*)+(Tg ,p* —g )+ . —(p*—g,8, —hn) >0V p*eH
Step 4. Compute
jjn = nlty + (1= Wn)gn
Step 5. Compute
e = I3 (1= w, A"(I = ) A)f,,
where "
Pn& . 2 2
w, = d Teg e EICEI+IHE)I #0 (8)
0 otherwise.

Step 6. Evaluate
d, =S((1—0ou)f, +ouSe,).

Step 7. Compute
¢, = S((1—6,)Se, +6,5d,,).

Step 8. Set
bn = S¢y-

Step 9. Find
Apy1 = anda, + puSe, + vuTh,,.

Update: set n = n + 1 and return back to step 1.

The control parameters are given and satisfy the following conditions:

(i) {an} is a sequence in (0,1) with Y ;° ;& = co and limy, ety = 0.

i) {nn}, {on}, {Bn}, {vn} are sequences in (0,1) such that all are in [a,b] with
a,b € (0,1) satisfying the following: a, + Bn + yn = 1.

(iii) ¥ > Ois fixed and {6, } is a sequence of positive real numbers such that lim;, Z— =0.

(iv) 0 <a <p, <b < 4and {7,} are sequences of positive real numbers such that
liminf, ;e vy, > 0and A; > 0,i = 1,2.
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Remark 2. Note that by conditions (i) and (iii), one can easily verify from (7) that

. Kn o
nlglolo E”ﬂn - ﬂn—l” =0,

In addition, ¢ : H1 — Hq and Pq : H1 — Q) are given.

(@o>4,
! )
C )
> &

Y (® )
91 N
@7 | A 4
A 4
e ——
4 N7
Ce)

%

Figure 1. Flowchart diagram of the proposed algorithm.

Suppose that QO = F(T) N F(S) NTNS(GEP(F,T)) # @. The strong convergence
result for the proposed algorithm is given as follows,

Theorem 1. Suppose that A, S, T and ¢ are mappings as described above. If {a,, } is a sequence
generated by Algorithm 5 and fulfills the conditions (Ay)—(Ay4) and (i)—(iv), then the sequence
{a, } converges strongly to a fixed point of Pno¢.

We divide our proof into the following lemmas.
Lemma 7. If {a,} is a sequence generated by Algorithm 5, then {a,, } is bounded.

Proof. Sinceg = TF h,,, and also noting that Pno¢ is a contraction, then we can apply the
Banach contraction result, which says that there exists a p* € H; such that Pho¢pp*™ = p*

L B B B A .
and B* € Q. This gives SB* — B*' Triﬂ* - E*' ]/\118* _ B*’ ]AZZAE* _ AB*' As T;i is
nonexpansive for each 1, then

g, — P = 1T,k — P71 < Nk — Pl ©)
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Now,
1y = p* || =llay + Kn(ay —a,1) = p°||
<llay = p*ll +xnlla, —ay
. K
=lla, = p* Il +an=" gy =yl (10)
n
By Remark 2, limy—;c0 3 [|@, — a,_1|| = 0. Then, it follows that there exists a constant
K7 > 0 such that
ﬁﬂgn —a, || <Ky, forall n > 1.
Xn
So, by Equation (10), we obtain
i = P71 < llan = p7I| + an Ky (11)
Also,
If, =PIl =Mk, + (1 —ya)g, — Pl
Stiullby = p* I+ (X =ma)llg, —p7ll
<Al = Pl + (1= 17) 12y, = p7|
=, = p"I. (12)

Now, using the definition of G(a) and the property of the firm nonexpansivity of
I— ]f;, we get

Kﬁ?[n—p>:%AWI—I NAf L f, — )
=((I=T2)Af,, Af — Ap*)
=((I=I))Af, — Ap" + Ap*, Af — Ap")
=((I=T2)Af, — Ap* + ]2 Ap", Af, — Ap)
=«I—}')Afn (1) Ap*, Af — Ap*)
>(|(I=J2)Af, — (= 32) Ap*|)?
=[(1 =) Af |17
=2¢(f ). (13)

Now, by Lemma 2 and applying (13) together with the nonexpansivity of ])]i] , we have

lew — p*I2 =151 (I — wnA* (1= J2)A)f, — p*|?
<|If, —wnAT(I =) Af —p*|
=[lf —p* — waG(f,)II?
=llf, — p*I> + W21 G(f )2 —2w0n(G(f ), £, — ),

and putting in the value of w;, we have

eng(f ) IG( I - 4028*(f,)
(NG DI+ ITHf,)I12)? IG(Uf )IZ+IH(f )P

B ) ( Pn)Png (fn)
<l = e ErEG P

—n

—If, — P12+

(14)
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By using the assumption on p;, we obtain

lew — Pl < If. — P (15)

Now, by using (15), we get

Idy — "Il =IS((1 = ou)f, +ouSe,) — p|l
<X —ou)f, +onSe, — p*|l
<@ —=oa)lf, =Pl +0onllSe, — p|
<@ =aa)lf, =Pl +oulle, — 7
<@=a)llf, =Pl +oulf, —p"l
=lf, =Pl (16)
Now, by (15) and since (16) and S are nonexpansive, we have
llen — p* Il =[IS((1 = 6x)Sey, + 0xSd,,) — p* ||
<||(1 —dn)Se, — 0uSd, — p” ||
<(1—6u)lISey, — p*Il + 6ullSd, — P
<(1—6u)lle, — p*ll + onlld, — p|l
<@=é)llf, —p Il +dullf, — Pl
—lf, —p*ll- a7

Now, by (11) and (12),

1By = p* Il =S¢, — Pl

<llew = p”ll
<llf, =Pl
<[k, = p*ll
<lla, = p*[l + anK.
Hence,
1y, = P*II < llay, — p*I| + anky. (18)

Now, by using condition (ii) and (18), we have

@541 =PIl =llanda, + BnSe, + vaThy — p||
=llan(pa, — pp*) +an(¢p” — p*) + Bu(Sey — p*) + 1u(Ty — p7)||
<an|lpa, — pp* | + anllpp” — p*Il + BullSe, — p*Il + 1ul| Ty — P
<anclla, = p*ll + anllpp” — p*ll + Bullen — p*Il + vullly — p|l
<anclla, — p*ll + anllpp” — p*l + Bu(lla, — p*ll + anKy)

+ 1a(lla, — p*ll + «nKy)

=(anc+ Bn + vn)lla, _E*H + “nH(PE* - E*H + (Bn + 1n)anKy
=(anc + Bn+1u)llan — p*ll + anllgp” = p*l + (1 — an)an Ky

:(1—an(1—c))|ﬂn—?7*||+lxn(1—c){|¢pl __CE || + (11inC)Kl}

<(I—an(1=0c))llay — p*ll + 20 (1 - )K",
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where K* = sup, y { H(P(El )C H, (17103)K1 }, if we put a, = ||a, — E*H/En = a,(1 -

c

¢)K*,é, = 0 and 0, = a,(1 —¢). Then, by applying Lemma 4 along with assumptions
on control parameters, we get that {||a,, — p*||} is bounded, and this implies that {a,,} is

bounded. Moreover, {d, }, {e,}, {gn}, {]:n },{h,},{b,} and {c,} are bounded. [I

Lemma 8. Let {a, } be a sequence defined in Algorithm 5 and p* € Q); also, the conditions given
in Theorem 1 hold. Then, we have the following inequality.

20, (1 —¢) 20,(1—c¢) [ ayKz  3Kp(1—ay)?
_ * (|12 < _ n _ * 112 n n
lons = 712 < (1= HE =D g, -y 2= f el Sl

o (1—
R

4 — 0n)0n0n 2
{ |£: p||3p+ |§z<(f">)||2 0n [ = (1 =) lty =g, I+ ou(1 ~ )

“la, —a,_
Ay

I£, = Seall) +0u(1 = 80}l —
Proof. If p* € (); then, using Lemma 2 and (9) and (14), we get
1y — p*II* =llay — kn(a, —a,_1) — p*|?
=lla, — p*II* + x5 llay — a1 [I* + 2xn{a, — p*, 2, — a,_1)
—p*1I* +xlla, — aylI* + 2@, — 3,1l lla, — p*l
o — PP+ nllay, — ay |l (knlla, — a, 1 +2ll2, — p*I])
— p*|I* + 3Koxn |2, — a4

=||ﬂn Pl +3I<ztxn*||a —ayal, (19)

where K; := sup, . {lla, — p*[|, knlla, —a,_1]|} > 0. Now,

If,, = PIIP =llmby + (1 =1a)g, — p*II?
=lipuly + (L= 10)g, = 11ap* +1up” — p*|1?
=nn (b, —p*) + (1 - ’771)( g —rII?
=1ullhy — p 2+ (1 mllg, — P17 = (1 =) |y — g |17
<tpulllty — p* 11> + (U= g) By = P11 = 101 = ) |2y — g, 1P
=|h, —p ||2—77n( — 1) |y — g II*. (20)

Now,
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d, — p* | =[IS((1 = ow)f, + onSe,) — p*|I?
<1 = on)f, +ouSe, — p*|
=[1(1 = u)(f, —p") +on(Se, — p)II?
=(1=an)lf, = p*I* + oullSe, — p*II* — (1 = ow)|f,, — Seull?
<t =a)lf, = p*I1? + oulle, — p*II* = ou(1 = ow)llf, — Seal®

_ (—pa)eng?(f) }
GG+ TH, )P

<a-alg, ~pIP+a{ls, -1

~ou(1—an)lf, — SealP

B (4- Pn)PnUngz(L’) _
ICU )P+ TH(E P

=lf, - p"IP ou(1— u)lIf, — Seu?

(4= pn)pnon 2( )
=|nhy + (1= 10)g, — PHI? - ||G(f:))|2p+ ||I§(ff5||2
—ou(1=a)lf, — Se, |
=iulllty — 1P+ (L =ma)llg, = PP = (L = 1) 2y — g I
B (4_.‘7").‘7"‘77182(]:”)
IG(f I+ IIH(f )2
<ullly = PP+ (U= ) [y = P> = 0 (U = ) |2y = & |1
_ (4 _Pn)Pn‘Tngz(J:n) _
IG(f )IZ+IH(f )2

Ln Zn

—ou(l— Un)”in — Se,1?

au(1—an)lf, - Se, 2

— %12 B . 2 (47Pn)Pn0'ng2(]:n)
=l = P17 = 1n (U = ) 2 = 8 G+ TH (P

—o(1—a)llf, — el @)

Now,
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llen = p*I1* =11S((1 — 6u)Se, + 6uSd,,) — p*|>
<[(1 — 6u)Sey, + 0xSd,, — p*|I?
=[I(1 = 6,)(Se, — p*) + 6u(Sd, — p*)|I?
:(1 - 5”)H5€n - B*Hz + (511”5@,1 _B*Hz —on(1— 5")”S§n - SdnHZ
<(1=0n)llen = p*I? + 0ulldy — p*II> = 6u(1 — 6u)lley — d,|I?
4— e
<a-a0{is, - P - uéun’fﬁi‘ﬁf Wiéﬁﬁz} + ol ¢

(4_Pn)Pn‘7n82(f)
— — — 2— —
(=)l =8, = G YR TH P

—n —n

~0u(1=ou)llf,, = Seull*} = 6u(1 — bn)lle, — d |
B (4*Pn)Pn‘7ngz(£n)
G I+ TH )P

4_ n nvn 2
(1= 1)l — g, |12 |é<fn§|3p+(f|1§<;in>)||2 —ou(l=ou)llf, - Sel*}

<=8 { It~ p°I b+ ol — 1P

_571(1 - 5”)H€n - dnHz

_ (4_Pn>PnUn82(in)
IGCU I+ IH(f I

N —n

=k, — p*II* + 0 {1 = 1) I, — g 117

—0u(L=an)llf, = Seall?} = 6u(1 =) ley — d,[|*. (22)
Now, using (iv), we get
1, — p*I1* = 1Scy — P* 1> < llew — p* 1% (23)

Hence, by the Cauchy-Schwarz inequality, we get

a1 — P =llwngpa, + BuSe, + 1aTby — p*|1?
=|lanpa, + BuSe, + Yn T, — anp* — Bup* — vup™|?
=[I[Bn(Se, — p*) + Vu(Tby — p*)] + an(¢pa, — p*)|1?
<|1Bu(Sen — p*) + 1u(Tly — p*) 1> + 200 (pa, — p*, 541 — p°)
=B lISe, — p*II* + il Tby — p* 11> + 2Buvn(Se, — p*, Thy — p*)
+2an(pa, — p* ay 1 —p")
<BilISe, — p*1I* + 2l Tby — p*II> + 2Bnval|Se, — p*IIlI Thy, — p*|l
+2an(pa, — p* ay 1 —p")
<BalISe, — p* 1> + al Tby — p* 1> + Buvan(lISe — p* 11> + | Thy — p* 1)
+2an(pa, — p* ay 1 —p")
=B (Bu+ 1) IS¢ — p* 1> + Yu (v + Bu) I Ty — p*[|?
+20n(Ppa, — p*, a1 — p)
<Bu(1—an)lley — p* 1> +vu(1 — @) [|by — p*|1?
+20n (Ppa, + ¢p* —pp* —p* a4y — )
=Bu(1—an)lle, — p*II* + 1u(1 — an) b, — p*[I?
+20(Pa, — Pp*,ay1 — P°) + 200 (Pp" — P, 801 — PF)-
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By (12), (15), (22) and (23) and knowing that ¢ is a contraction and by Cauchy-Schwarz
inequality, we have

1gnss — P2 <Bu(l — )l — p* I+ (1 — an>{|hn T

_ (4_Pn)Pn‘7ngz(Jjn)
IGUf DI+ 1H(f I

—n —n

If,, = Seall?] = (1 —6n)le, —anIZ} +2ancllay — p*llllapsq — p7ll

+2an (Pp* — p* 81— P")

+ 0u [ (1 = 11n) || 1y —gnllz —on(1—0n)

B (4_Pn>Pn‘7ngz(in)
IG(£)IZ+IH(f )12

—n —n

+6n 110 (1 — 170) |y, — gn||2 —on(1- ‘Tn)”in - S€n||2] —0n(1—6n)

<(1 = an)? ity — p*IP + a1 —w){

llen — dn|2} +anc(lla, = p*I2 + llawis = 1)

200 (pp" — p* 8041 — P")
K
<(1—an)*(la, — p*II* + 3Kzan07”||an =y q|]) +n(l —an)
n

{_ (4_PH)PnUn82(in)
IG(f)IZ+IHE)I?

<n Zn
If, = Senll®] = u(1 = 6n) ey _dnHz} +ane(|la, — p*II?

Fllay = p*I7) + 200 (pp* = p* a1 — p¥)

=((1—an)® + anc) la, — p*|1* + ancllapy — pII* +3Ka(1 — an)ay

Kn (4 - pn)anngz(jin)
ey =@yl = 7u(1 = an){ IGCF )IZ+1H(f, )2

+ Ou[=11n (L = 112 ||y —gnIIZ +on(l-a)lf, — Sen ] + 65 (1 = 6n)

+ 0 (1 = ) |1y = g |I? = (1 = o)

lex —dn|2} 20 (Pp" — P — P
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Hence, we get
2
_ *2<(1_2“n+an+aﬂc) %12 Xn _ ZKl
an 1 — P17 < T la, —p*|l M) 3Ky(1 —an) o
* * % 11—«
o = g1l + 200" gy — ) p - 5
(4_Pn)Pn‘7n82(fn)
e [ =11 (1= ) | — &P
{IG(fn)II“r TG ot =l =g,
+ou(L =)l f, = Seall?] +6x(1 = 6n) e, —dnlz}
7(1_2“714'“721_"“”(:) %112 D‘% %12 1
- 1_“116 Hﬂn B || +(1_anc>‘|ﬂn B || +(1—anC)

k * *
{3Kz(1 - wn)zél\an =yl +2(¢p" — p* 801 — P >}

(1 —ay) [ (4= pn)pnong®(f,)
e o T o g,

—n —n

~on(1 = ow)llf, = Seull] + (1~ dn)lle, - dn|2}

20, (1 —c) cnn 200(1—¢) [ anKs  3Kp(1—ay)?
< St Sl _
_<1 1—ayc )”a" P+ 1—ayc | 2(1—0) 2(1—c¢)

gy~ gyl + T 097~ P _p*>} _ v(<11_)>
4-— n)Pnbn 2
{ Ié(f ;)nzpfﬁl(;f’ﬁ)nz 0n [ = (1= )1ty =g, I+ (1~ )

<n Zn

I£, = Seall] + 001 = 6.}l —
where K3 = sup{||a,, _E*”z :neN} O

Lemma 9. If {a,} is a sequence defined in Algorithm 5 and p* € ), and also the conditions given
in Theorem 1 hold. Then, we have the following inequality

* * * K
a1 — p*Il <(1—an)lla, — p*II* + anllpa, — p*||* + 3Kz (1 - D‘n)“ninﬂn —a, 4
* B
—Bulle, *[HHZ +2BnKa|[AT(1 = J32)Af || — 0nnl|Se, — Tb,||*.

Proof. Let p* € (), by (14), then we have

If, —wnA" (I = 2)Af, = pI> < IIf, =PI
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Applying Lemma 2 and the firmly nonexpansivity of ]/1\311, we have

lew = p*I> =l (I = won A (I = IR Af,) = p*I1?

ey —po f, — AT (I =) Af —p")
1 . . *
=§(||€n -plI*+ If, —wnA™(I— ]fj)Ain — P> = lle, —f,
+wn AN (1= J2)Af,|1?)
1 % "
SE(H@” - plI*+ If,—r 12 = (lle, —f, +wn AN (I~ Ifj)AJjnllz))
1 " *
ZE(IIQH —plPHf, =PI = ey = £, 17+ wrllA*(1 - Ifj)AJjnll2
—2wn(f, — ey A(I = J12)Af,)))
1 * * *
SE(Ilgn =P 1P Nf, = PP = llew = £, 17 = wrllA*(1 - If;)ALZII2
+2wallf, — eall|l A*(1 = I3 Af )
1 " "
<5 (lew = pIP+11£, = P12 = llew = £, 1 + 2wullf, = ealllA*(I = 2 AF, ).
Hence, we have
e, — p* 12 <If, —p*1? = e, —[n\lz +2wallf —enll|AT(I - ij)AJjnII
<y = p*11? = llew — £ II? + 2Ka[| A*(1 - ij)AinII, (24)

where Ky = sup,,cy{wnl|f, —e,l/}. Next, by Lemma 3 and (16), (17) and (24), we get

a1 — p*II* =llanga, + BuSey + 1nThy — p*|I?
=llan(pa, — p*) + Bu(Se, — p*) + vu (T, — p*)|?
<ay||pa, — p*|I* + BullSe, — p*II* + vull Tl — p*|I?
—BnynllSe, — TQnHZ
<an||pa, — p*[I* + Bulle, — p*II* + vullby — p* 1> — BuvullSen — Thy?
<anllpay — p* 1> + B (B — p* 11> = llew = £, I
F2R A (L= P)AS () 4yl — p* I — BuyallSe, — Th, 2
=t pa, — p*I* + (1 — an) by — p*[1> = Bullen — £ I
+2BuKa[| A" (1= JR2)Af, || = BuvullSe, — Thy|I?
<anllpa, — p* I+ (1 — an) (|2, — p*II* + BKZD‘H%HQn —a,_1]])

* B
—Bullen — £ I+ 28.Ka A*(I = J%)AF || = BuyallSen — T, |
* * K
=(1 — an)lla, — p*[* + anllga, — p*[|* +3K2(1 — fxn)«xnilmn —
* B,
~Bullen — £, 17 +2BuKa| A*(I = ) AS || = BuvnlISe,, — Thy |1

O

Lemma 10. Under the assumptions of Theorem 1, the sequence {a, } defined by Algorithm 5
converges strongly to a* € Q), where a* = Pnop(a*).
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Proof. Let a* = Pno¢(a*). By Lemma 8, we have

20,(1 —¢) 20,(1—¢) [ ayKs
loass =1 < (1= 20D g, - g2 4 2= f o
3Ky (1 —ay)? x 1
+%i”ﬂn —a, |+ EW’E* =%, 8,4 —’1*>}
Ynon (1 — &n)17n (1 — 1) 2
h, — . 25
We now show that {||a,, — a*||} converges to zero as n — oo. Set a4, = ||a,, — a*|| and
by = (¢pa* —a*,a,,, —a*) in Lemma 5. We now show that
limsup(pa* —a*,a,.4 —a") <0,
k—o0
for every subsequence {||a,, —a* ||} of {||la, —a*||} satisfying
liminf(|la, —a"|| - [la,, —a*]) = 0. (26)
k—o0
Suppose that {||a, —a*||} is a subsequence of {||a, — a*||} such that
liminf(|la,,, —a"|| —lla, —a*|l) = 0. 27)
By Lemma 8, we have
O Y (1 =ty ), (1 — 111, ) By 20, (1 —¢) »
- h, — < (1-Emll”9 —
ol g, 1P < (1= = Yl ']
2
w2 Al (1—c) [ anKs Ko(1—ay,)
— — 2 3
ln, =PI+ 2 520 -0 T3 200
K 1
T, = gy |+ g 0 = 2~
By (27) and lim «;,, = 0, we obtain that
énk’)/nk(l — D(nk) 2
*u_—wﬂnk(l = ) | *gnkII — 0.
This implies that
thk—gn || = 0as k — oo. (28)
Mk

Similarly, we have

1-— 1- _
')/nk( ank)Unk( ank) ||fn N Sénk||2 < (1 _ len(lc)) ||an — p*H
] k -

(1— ) (1 —ane)
a2 At (=) [ anKs Ko(1 — an)?
— — 2
||Q”k+l r H + 1— (xnkc) 2(1 — C) 3 2(1 - C)

Ky

1
" 2y, —an, Il + ;<4>g* — Py, — P*>}-
n

Following arguments similar to those given above, we have

||£nk—5§nk|| — 0as k — oo. (29)
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Similarly, from Lemma 8, we obtain

||§i’lk

—dy || = 0as k— oo, (30)
and
(4 - p”k)p”kankg(ink)
IG(f, P+ IIH(f, I

=Ny =N

—0as k — oo.

As G and H are Lipschitz continuous, by p;,, we have

gz(ink) —0as k— o0

and

lim g(f, ) = lim (I~ JI)Af, | =0, @1

k—oo — Tk

Thus, 5
_ 2
I(1 ]Az)A]:nk” —0 as k— oo (32)

So,

| A= AF, [ < AT = I2AS, | = AT = TR2)Af, | = 0ask — eo. (33)

Buillew, — £, I <= ) llan, — p* 17 + anllay,,, = p*|I* + an 2, — p*[1°

K B
3K (1~ wn oy, — [ 2Kafn 47 (1= R)AS, .
k

By (26) and (33) with Remark 2 and using lim;_,, &, = 0, we get
len, — ]:nkH —0ask — oo. (34)

Similarly, by Lemma 9, we have
Sen, — Ty, || — 0ask — oo. (35)
By Remark 2, we get
1B, = @ | = #on @, — @, || — 025 k — co. (36)

Applying (28) and (36), we obtain that

Hgnkfgnkﬂ — 0 and Hj:nkfgnkﬂ —0as k — oo. (37)

Similarly, by applying (29), (34), (35) and (37), we have

la

=Ny _gl’lkH - 0’ ||Q}’lk - SgnkH - O’ Hgi’lk - Tbl’lkH - 0 as k — 0. (38)

Furthermore, by (37) and (38), we get

ank - anH — O/ ||€1’lk - SgnkH — 0/ ||gﬂk - Tb}’lkH — 0 as k — o0, (39)

Using (38) with limy_,, &, = 0, we get

Hgnkﬂ

Now, we show that x(a,) C Q. Note that x(a,) C S(GEP(F,T)). Indeed, {a,}
is bounded, so x(a,) # @. Letda € x(a,) be any arbitrary element, then there is a

—a, || < anllpa, —a, [+ BullSen, —apn |l + 7 || Tly, —a, || — 0as k — co. (40)
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subsequence {a,, } of {a, } such thata, — a’ask — oo. By (37), it follows that 8, a’ as
k — co. By the definition of T} kh we get

Engs

. . 1. .
F(gnk,l) + <T§nk,lfg )+ — Qfgnk,gnk —hy,,) > 0forall jeC.
ng

7nk

By the monotonicity of F, we have

1 . . : .
—(j ~ 8,78, — ) > F(l,gnk) + <T§nk’1_§nk> forall j€C.

rnk -

By (28) limy_, inf 7, > 0 and the condition (A4), we have

(18, i —8,) +FG.g,) <0

Hence,
(Td',j—d') +F(j,a') <0. (41)
Letj =aj+ (1—a)d, Vj € Canda € (0,1]. This implies that j € C. Now, by (41)
and applying the conditions (A1)-(As), we have

(Td',a' —j ) +F(j,a') <0.

Thus, we have

0 :<T1a’1a _za> T F(Za’za)
gzx(TLX,l'—LJ) +(1—a)(Td,d —LX) —l—sz(Lx,z) +(1— oc)F(Lx
<a[(Tj j—j ) +F(jj).

So, we obtain that

,a')

(Tj.j—j)+F(,.j) =0, forall jeC.
Taking « — 0 and by condition (Aj3), we have
<Ta’,1—g') + F(g',l') >0, forall jeC.

This implies that a’ € EP(F, T). Further, we show that 4’ € T. By using the lower
semi-continuity of g, it follows from (31) that

0<g(a) < lim g(f )= limg(f ) =0,

Ly
which implies that
$(a) = 5111~ 1) Aa"]2 =
By Remark 1, we get
Ad' € B;1(0) or 0€ By(Ad). (42)
ey, = /1\311 (le — wy A (I - ]E:)Aink) can be written as ink — wp, A*(I — ]E;)Aink €

ey, +MBi(ey, ) or

(F,, —en) —n A1~ 124,
M

g e Bl (gnk) (43)
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On taking the limit as k — oo in the above Equation (43), and applying (33), (34) and
(38) and combining it with the result that the graph of a maximal monotone mapping is
weakly strongly closed, we get 0 € By (a’). Combining this with (42), we have 4’ € T'. Next,
we show thata’ € F(S) N F(T). By (38) and (39), we gete, — a’andc, — a'ask — c0.S
and T are nonexpansive and demiclosed principals and (39) gives a’ € F(S) N F(T).
Hence, x(a,) C Q. Moreover, by (38) and (39), it follows that x{a, } = x{c,}. Since {a,, }
is bounded, there exists a subsequence {ﬂnki} of {a,, } such that By, — a" and

}gi (pa* — a*,gnki —a) = liI;Lsup<¢g* —a’,a, —a’)
(o)

=limsup(pa” —a*, e, —a*).
k—ro0

As a* = Pno¢a*, we have

lim sup(¢pa* — g*,gnk —a*) =lim{¢pa* — Q*,ﬂnk, —a*)
1

k—o0 i—o0
=(¢a* —a*,a" —a*) <O0. (44)
Now, by (40) and (44), we get
lim sup (pa* — g*,gnkﬂ —a*) =limsup(pa* — g*,gnk —a")
k—o0 k—o0
=(pa* —a*,a" —a*) <0. (45)

K
&n
lim;; 00 &, = 0, we conclude that limy, . ||2,, — a*||*> = 0 and hence lim,, o |2, —a*|| = 0. O

Applying Lemma 5 to (25) and using (45) with limy, e 2|/a, — a,_1]] = 0 and

3. Applications

In the following sections, we use our proposed iterative scheme to approximate the
solution of some well-known nonlinear problems.

3.1. Split Feasibility Problem

Suppose that A, H1, H2,C and Q are given as in previous section. The SFP is defined
as follows:
find apoint g5 € C suchthat Agye Q. (46)

This problem was introduced by Censor and Elfving in 1994 [15] and is used to model
problems arising in different fields such as image diagnosing and restoration, computer
tomography and radiation therapy treatment. The set of solutions of the SFP (46) is denoted
by I'spp. Suppose that C is a nonempty closed and convex subset of a Hilbert space H and
d¢ is an indicator function which is defined as follows:

0 if aelC,
56(11):{ -

oo otherwise.
Define the normal cone N, 8,atg, € Cas follows:
Negy={ceH:{cf—g,) <0VfeC}

As J¢ is a proper, lower semicontinuous and convex function on H, the subdifferential
dd¢ of ¢ is a maximal monotone operator. Note that the resolvent ],a o of dd¢ is given by

%c (a) = (I+ raéc)_lg, Ya € H.
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Furthermore, for each a € C, we have

ddc(a) ={c € H:dca+ (¢ g,—a) <dcg, Vg, €M}
={c€H:(cg,~a) <0 Vg €C}

=Nca.
For all » > 0, we have
g, = Ye(g)esae g, +79cg,
Sa-g, € raécgo
< (a 8y C g0> <0, Vcel
= gO = Pca

As an application of Theorem 1, we obtain the approximation of the common solution
of the SFP, the GEP(F, T), and the common FPP involving nonexpansive mappings. We
now present Algorithm 6 given below which serves this purpose.

Algorithm 6: proposed algorithm for SFP, GEP(F, T) and common FPP.

Step 0. Let gy, a; € H and « be any non-negative real number. Set n = 1.
Step 1. Given the (n — 1)th and nth iterations, set k, such that 0 < x,, < &, with &,
given as

. ) .
” mll’l{K, _711}/ if ay 7é A1,
Ky = Hﬂn ﬂnfl”

K, otherwise.

Step 2. Compute

hy, = a, +xn(a, —a, 1)
Step 3. Find 8, € C such that

* * 1 *
Fg, p") +(Tg, p" =g+ ~(p" ~8,8, —h) 20
n

Step 4. Compute

[, =mnby + (1 —1)g .
Step 5. Compute

¢ = Po(l - waA*(I - PQ)A)f

I n’

where

png(in) . 5 )
Wy = {G(f”)2+IH(fn)|2 i |G(f )2+ [|H(f )] #0 o

0 otherwise.

Step 6. Evaluate
d, =S((1—0ou)f, +0uSe,).

Step 7. Compute
¢, = S((1—6,)Se, +6,5d,).

Step 8. Set

bn = S¢y.




Axioms 2024, 13, 38

23 of 32

Algorithm 6: Cont.
Step 9. Find

g7‘l<‘r1 = “’14)571 + ,angn + ’)/nTbn/
where

2

7

8(a) =3 |(1 - Po) A
a) =11~ Pe)al?

Gla) =A*(I - Po)Ag,
H(a) =(I - Po)a.

B

i)

Update: set n = n + 1 and return back to step 1.

We now present the following result.

Theorem 2. Suppose that S and T are nonexpansive self-mappings on Hiand ¢ : H1 — Hq is
a contraction with contraction constant c. If O = F(S)NF(T)NTsep NS(GEP(F,T)) # @
and the conditions (Aq)—(As) and (i)—(iv) hold, then the sequence {a,, } defined by Algorithm 6
converges strongly to a* € ), where a* = Pooda*.

Proof. The proof follows from Theorem 1. [J

3.2. Relaxed Split Feasibility Problem

The relaxed split feasibility problem (RSFP) is a special case of the SFP, which is defined
as follows.

Let 7 : H1 — Rand K : H» — R be convex and lower semicontinuous functions with
bounded subdifferentials on bounded domains. Take the sets C and Q as follows:

C={g,€Hi:T(g) <0} and Q={f, €Hp:K(f,) <0} (48)

The solution set of the RSFP is denoted by I'rspp. We now present an algorithm
(Algorithm 7) to approximate the common solution of the RSFP, the GEP(F, T) and the
common FPP.

Algorithm 7: proposed algorithm for RSFP, GEP(F, T) and common FPP.

Step 0. Let gy, 4; € ‘H and « be any non-negative real number. Set n = 1.
Step 1. Given the (n — 1)th and nth iterations, set x, such that 0 < «,, < &, with &,
given as

. 6 .

o Jmindi oyt i gy £ 2,

. o
K, otherwise.

Step 2. Compute

hn = 4a, +Kn (Qn - ﬂn—l)

Step 3. Find 8, € C such that
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Algorithm 7: Cont.
Step 4. Compute

[, =mby + (1 =ma)g
Step 5. Compute
e, = Pcn(l — wnA*(I - PQn)A)in

where

png(f,) } ) )
wn={6<fn>2+|H<f,,>|z if |G(f )|+ IH(f,) > #0 »

0 otherwise.

and
Ch={veEH: j(]:n) + {(ag,v—ovn) <0, ayé€ aj(in)},
Qn ={h € Hy: K(Af )+ (bn,h — Avn) <0, by € IK(Af )}.
Step 6. Evaluate
dy = S((1—0n)f, +0uSey)

Step 7. Compute
¢, = S((1—0u)Se, +6,5d,)

Step 8. Set
b, =S¢,
Step 9. Find
QnJrl = “’14)571 + IBHSQn + ’)/nTbn/
where

$(@) = S (1~ Po,)AalP,  h(a) = 3[(1 — Pe,)al

G(a) = A*(I—Pg,)Aa,  H(a) = (I - Fe,)a.
Update: set n = n + 1 and return back to step 1.

Now, using Theorem 2, we have the following result which approximates the common
solution of the RSFP, the GEP(F, T) and the common FPP involving nonexpansive mappings.

Theorem 3. Suppose that S and T are nonexpansive self-mappings on Hy and ¢ : Hi —
H, is a contraction mapping with the contraction constant c. If Q = F(S) N F(T) NTrsrp
NS(GEP(F,T)) # @ and the conditions (A1)—(Ay) and (i)—(iv) hold, then the sequence {a,, }
defined by Algorithm 7 converges strongly to a* € ), where a* = Pooga™.

Proof. The proof follows from Theorem 1. [

3.3. Split Common Null Point Problem

The split common null point problem (SCNPP) for multi-valued maximal monotone
mappings was introduced by Byrne et al. [35]. They also proposed iterative algorithms
to solve this problem. The SCNPP includes the convex feasibility problem (CFP) ([15]),
the VIP ([22]) and many constrained optimization problems as special cases; for more
details about its practicability, we refer to [16,48]).

For multivalued mappings S : H; — 2%1, T : H, — 2%2, the SCNPP is formulated as:

Find 4" € H; suchthat 0€ S(a*) and 0€ T(Ag"). (50)
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We denote the solution set of the SCNPP (50) by I'scypp. It is well known that
for any A > 0, JI is single-valued and nonexpansive if and only if T is maximal and
monotone. Let T : H — 2% be a maximal monotone mapping, then the resolvent operator
(I+AT) = JI : H — H is a single-valued map associated with T, where A > 0.
Moreover, the resolvent operator J! is firmly nonexpansive and 0 € T(a) if and only if
a € F(JI). Moreover, Lemma 7.1 on page 392 of [49] shows that this fact is equivalent to
the classical Kirszbraun—Valentine extension theorem. Now, we propose Algorithm 8 to
approximate the common solution of the GEP(F, T), the variational inclusion problem and
the SCNPP.

Algorithm 8: proposed algorithm for variational inclusion problem, GEP(F, T) and
SCNPP.

Step 0. Let gy, a; € H and « be any non-negative real number. Set n = 1.

Step 1. Given the (n — 1)th and nth iterations, set x, such that 0 < «,, < &, with &,
given as

. 6 .

. min{x, Te—a y,oif oa, #a,_q,

K?I — p—lp—
K, otherwise.

Step 2. Compute

hn =4a, + Kﬂ(ﬂn - anl)'
Step 3. Find 8, € C such that

* * 1 *
F(g, p*)+{ig, p —g)+—(p —g,8, —lw) >0

n rn—

Step 4. Compute

[ =tmhy + (1 =1)g .
Step 5. Compute

ey = I (I = w AT (I = 2 A) f

R

where

pn8(f,) . 2 2
o {G(fn)2+,H(fn)|2 if |G, )I2 + IH(F,) 2 # 0 -

0 otherwise.

Step 6. Evaluate
dy=S((1—on)f, + oul5e,)-

Step 7. Compute
cn = S((1 = 8u)IRew + 0ulid,).

Step 8. Set
by = J3cu-
Step 9. Find
@1 = npy + Bulien + ¥nJ3 by
where

2

7

2
7

g@) = o |1 1E)Aa®, @) = ][I 1E)a

Gla) = A*(I-J2)Aa,  H(a) = (I-];")a.

Update: set n = n + 1 and return back to step 1.
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We now present the following result.

Theorem 4. Suppose that S and T are maximal monotone multivalued mappings on Hq and ¢ :
H1 — H; is a contraction mapping with contraction constant c. If O = F(S) N F(T) NT'scnpp N
S(GEP(F,T)) # @, and the conditions (A1)—(A4) and (i)—(iv) hold, then the sequence {a,, }
defined by Algorithm 8 converges strongly to a* € Q), where a* = Pqo¢a™.

Proof. As the resolvent operators J{ and ]! are firmly nonexpansive and hence nonexpan-
sive, the proof follows from Theorem 1. [

3.4. Split Minimization Problem

Let us recall the definition of a proximal operator.

Let M be a Hilbert space, A > 0and ¢ : H — RU {oo} be a convex proper and lower
semicontinuous function. The proximal operator of mapping ¢ is defined as follows:

_ ; . 2
Proxm(z)—argg;gg{%JrﬁHa ql*}. va €.

It is known that
proxyg(a) = (I1+239) (@) = i’ (a), (52)
where d¢ denotes the subdifferential of ¢ which is given as:
op(a) ={g€eH :pa—pb<(qa-b), ¥V beMH, foreach acH}

The split minimization problem (SMP) introduced by Moudafi and Thakur [48] has
been successfully applied in Fourier regularization, multi-resolution and sparse regulariza-
tion, alternating projection signal synthesis problems and hard-constrained inconsistent
feasibility (see [50]).

Suppose that ¢ : H1 — RU{oo} and ¢» : Hp — RU {co} are convex proper and
lower semicontinuous functions. The split minimization problem (SMP) is defined as
follows: find a point

a* € Hi suchthat a* € argmin¢ia and Aa* = b € arg min ¢,b. (53)
acH, beH,

The solution set of the SMP (53) is denoted by I'spsp.

Note that d¢ is a firmly nonexpansive and maximal monotone operator. Set d¢; = B;
and d¢, = B, in Theorem 1 and use Algorithm 9 given below to approximate the common
solution of the SMP, the GEP(F, T) and the common FPP.

Algorithm 9: proposed algorithm for SMP, the GEP(F, T) and common FPP.

Step 0. Suppose that 44,4, € H and « is any non-negative real number. Set n = 1.
Step 1. Given the (n — 1)th and nth iterations, set x, such that 0 < «,, < &, with &,
given as

. 6 .

" min{rx, —2—}, if a, #a,_q,

Ky = yp—lp—
K, otherwise.

Step 2. Compute

hn =4a, +K71(Qn _anl)'
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Algorithm 9: Cont.
Step 3. Find g,c€C such that
* k 1 *
F(g,p) + (T8, p" =8,)+ —(p" 8,8, k) 20
Step 4. Compute
[ =tmhy + (1 =1)g .
Step 5. Compute
e, = proxA1,¢1(I — wy A*(I — me/\z,tpz)A)in/
where
pn8(f,) . 2 2
Wy = G )IPHIH, )2 if ||G(in)|| "’HH(]:H)H #0 (54)
0 otherwise.

Step 6. Evaluate
d, = S((1 —on)f, +ouSe,).

Step 7. Compute
gn - S((l - 571)52;1 ‘I’ 5n5dn>.

Step 8. Set
b, = Sc,,.
Step 9. Find
gl’l-‘rl = aﬂ(PQn + IBHSQn + r)/i’lTbn/
where

| 2

i

1
, h(a) = iH(I = PTOXAq,: )a

1
g(a) = 3 [[(I = proxa,g,) Aa
G(a) = A*(I1 - proxAZ,(pZ)Ag, H(a) = (I—- proxa, ¢, )a.

Update: set n = n 4 1 and return back to step 1.

Finally, we present the following result.

Theorem 5. Suppose that S and T are nonexpansive self-mappings on Hq, ¢ : Hq — Hq is a con-
traction with contraction constant c and ¢1 : Hq1 — RU{co} and ¢y : Hy — RU {00} are convex
proper and lower semicontinuous functions. If O = F(S) N F(T) NTsmp NS(GEP(F,T)) # @
and the conditions (A1)—(Aq4) and (i)—(iv) hold, then the sequence {a,, } generated by Algorithm 9
converges strongly a* € ), where a* = Pqo¢a™.

Proof. The proof follows from Theorem 1. I

4. Numerical Experiment

In this section, a significant numerical aspect, namely the rate of convergence of
the proposed algorithm, is studied. We have used MATLAB version R2018a for all of
the numerical calculations. The affectivity of Algorithm 5 is shown via comparison with
Algorithms 2—4, 10 and 11. We have implemented our results with different initial guesses
and parameters to compare our method with the existing approaches.

Example 1. Let Hy = Hy = RP®and C = {a € R® : (p,a) > q}. Take nn = g,

Pn - 3_21117_1,0';1 - m,gn == ﬁ,rn - #, /\l - A == AZ = 0.5,K - 08,
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Yn = 2}11125 = Bu,an = znlﬁ Furthermore, take ¢(a) = 2, S(a) = 5, T(a) = 5. Set,

w = 0.0001 in Algorithms 2, 3 and 10, and also set § = 0.5, B = T in Algorithm 3. Note that all
the conditions of Theorem 1 are satisfied. The operators A, By, B, are given as follows:

6 3 1 7 00 8 00
A=|8 7 5|, Bi=1[5 5 0], Bo=(0 7 0
3 6 2 0 0 2 0 0 3
If we take any v > 0, then Tf(g) = %B + a. In this computation, we take p= (8,-3,1)
and q = —1 and choose randomly initial guesses as described in Figures 2—5 with the stopping

criteria given by |a, 11— a,|] < 1073, We display the error graphs versus the number of iterations
for each scenario. Table 1 and Figures 25 show the numerical results.

Table 1. number of iterations corresponding to algorithms.

Algorithm Casel Case 2 Case 3 Case 4
Algorithm 5 5 5 6 7
Algorithm 11 8 8 7 8
Algorithm 10 6 6 7 8
Algorithm 4 30 30 30 30
Algorithm 3 18 18 18 19
Algorithm 2 11 11 11 14

Note: We obtained the numerical findings shown in Table 1 and Figures 2-5 by choosing
various initial approximations and illustrated the errors against the number of iterations in
the provided example. We have also compared the other algorithms with our Algorithm 5.
Based on our observations, we conclude that the various initial points and parameters
do not significantly influence our iterative method in term of its effectiveness regarding
the rate of convergence. The table and figures demonstrate that our proposed method’s
iteration count stays constant.

Some important comparable algorithms are given as follows:

Algorithm 10: comparable algorithm proposed in [27].

Initialization: Let {a, } be a sequence of real numbers in (0,1), A > 0 and w € (0, 1),
where L is the spectral radius of operator A*A.

Choose any a; € Hy;

For n > 1, calculate a,, , ; as follows:

by = 1 (a, + wA*(J}2 — I) Aay,)
Apy1 = lan')gn + (1 - D‘n)sbn‘

¢ : H1 — Hqisacontraction, S : Hq — Hq is a nonexpansive mapping and Ty : Hi — 2M
and Ty : Hy — 2™2 are multivalued maximal monotone operators. Further, under the assumptions
of Algorithm 5, the Algorithm 11 is given as follows:
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Algorithm 11: viscosity S-algorithm proposed in [45].

Step 0. Let gy, 4; € H and « be any non-negative real number. Set n = 1.
Step 1. Given the (n — 1)th and nth iterations, set x,, such that 0 < «,, < &, with &,
given as

. ) .
o mln{Kr a _Z I }l if ay # Ay—1s
Kn — bp—HUp—1

K, otherwise.

Step 2. Compute

hn =4ay, +Kﬂ(gn _Qn—l)'

Step 3. Find 8, € C such that

F(g

n’ rn — =n =n

Step 4. Compute

d, = Wﬂhn + (1 - Un)§n~
Step 5. Compute

= oI = wa AN (I = [}2) A)d,,

where
_ pngldy) 2 2
wn = | TE@ e EICE)IE+ [H )" 7~ 0
0 otherwise.
Step 6.
b, = (1—o0y,)d, + 0,Sc,.
Step 7.

Ay = ana, + ﬁnSQn + 771Tbn~
Update: set n = n 4 1 and return back to step 1.

10?

—— Algorithm 2
Algorithm 3
—p— Algorithm 4
10tk — — — Algorithm 10 |
—O— Algorithm 11
—<— Algorithm 5

102

Iteration number (n)

Figure 2. Using ay = (6, —2.1,3.5), a; = (4,1.5,3) as initial guesses.
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—+— Algorithm 2
—~A— Algorithm 3
—p— Algorithm 4
— — — Algorithm 10 | 4
—O— Algorithm 11
—&— Algorithm 5

Iteration number (n)

Figure 3. Using ay = (6, —2.1,3.5), a; = (4,1.5,3) as initial guesses.

10?
—+— Algorithm 2
—A—— Algorithm 3
—p— Algorithm 4
10t — — — Algorithm 10 |
—O— Algorithm 11
—<— Algorithm 5
100F
§ 1
510
10
108 Sdae
104 L L L L L
0 5 10 15 20 25 30

Iteration number (n)

Figure 4. Using ay = (3.6, —2.7,4.5), a; = (—5,0.5, —1) as initial guesses.

—+— Algorithm 2
—— Algorithm 3
—p— Algorithm 4 | |
— — — Algorithm 10

—©— Algorithm 11
—<— Algorithm 5

error

5 10 15 20 25 30
Iteration number (n)

Figure 5. Using ay = (25, —12,34.6), a; = (15,8.5, —21) as initial guesses.

5. Conclusions

The problem of approximating a common solution to the split variational inclusion
problem, the GEP(F, T), and the common FPP in the framework of Hilbert spaces was
studied in this paper. We in this paper contributed in the following ways: (1) We developed
anew iterative scheme for estimating the common solution of certain well-known nonlinear
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problems. (2) We proved the strong convergence of the proposed algorithm. (3) We
approximated the solution of the generalized equilibrium problem and hence Theorem 4.1
in [45] becomes a special case of Theorem 1. (4) We have shown that our scheme, in
terms of the rate of convergence, is more effective than the iterative methods given in
Algorithm 10 [27] and Algorithm 11 [45] and the algorithms given in [24,35,36] with the
help of Figures 2-5 and Table 1. (5) As applications of our main result, an approximation of
the solution of several nonlinear problems was obtained.
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