@ axioms

Article

On the Realization of Exact Upper Bounds of the Best
Approximations on the Classes H"! by Favard Sums

Dmytro Bushev

check for
updates

Citation: Bushev, D.; Kal’chuk, I. On
the Realization of Exact Upper
Bounds of the Best Approximations
on the Classes H"! by Favard Sums.
Axioms 2023,12,763. https://
doi.org/10.3390/axioms12080763

Academic Editor: Mircea Merca

Received: 20 May 2023
Revised: 14 July 2023
Accepted: 27 July 2023
Published: 2 August 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Inna Kal’chuk *

Faculty of Information Technologies and Mathematics, Lesya Ukrainka Volyn National University,
43025 Lutsk, Ukraine; bushev-d@ukr.net
* Correspondence: k.inna.80@gmail.com

Abstract: In this paper, we find the sets of all extremal functions for approximations of the Holder
classes of H! 27t-periodic functions of one variable by the Favard sums, which coincide with the
set of all extremal functions realizing the exact upper bounds of the best approximations of this
class by trigonometric polynomials. In addition, we obtain the sets of all of extremal functions for
approximations of the class H 1 by linear methods of summation of Fourier series. Furthermore, we
receive the set of all extremal functions for the class H! in the Korneichuk-Stechkin lemma and its
analogue, the Stepanets lemma, for the Holder class H L1 functions of two variables being 27r-periodic
in each variable.
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1. Introduction

The exact values of approximation characteristics are especially valued in the theory of
function approximation. Finding the exact values of approximation characteristics even for
functions and classes of functions of one variable is a rare phenomenon. The exact values
of approximation characteristics in the theory of approximation of functions and classes
of functions of many variables being 27-periodic in each variable, except the result of the
work [1], are unknown.

In the theory of function approximation, as in other branches of mathematics, it
is difficult to formulate the problem and attract the attention of specialists to it. The
problem of finding the exact values of approximation characteristics for functions and
classes of functions of many variables remains relevant. The exact values of approximation
characteristics even for the simplest classes of functions of many variables have not been
found. Forty years ago, the famous Ukrainian mathematician Oleksandr Stepanets called
its solution the problem of the twenty-first century.

Let H!, H! be the classes of functions f(x) and f(x,y) that are 27t-periodic in the
variable x and the variables x, y, for which the following conditions hold, respectively:

[f) = fCN] < [x =2, [floy) = LY < |x =]+ [y —v/]. @

Let
EA(f) = inf [f() = Tua ()

be the best approximation of the function f(x) by the trigonometric polynomials T,,_1(x)
of the degree (n — 1), where C is the space of 27r-periodic continuous functions with the
uniform norm || f||c = max Lf ()]
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Let
Enm(f):=_inf [ f(x,y)— Tn,llm,l(x,y)HC

n—1,m—1
be the best approximation of the function f(x,y) by the trigonometric polynomials
Tyu—1m—1(x,y) of the degree (n — 1) in the variable x and the degree (m — 1) in the variable
y in the uniform metric.

Let .
1 "k kr
P = — o P
(1) 5 + k§:1 o cot oy €08 ku

be the Favard kernel, and

E(f,x) = % /if(t)Pn(t —x)dt,

Fum(f,2,y) = %/_7; /_if(t,z)l—"n(t—x)Fm(z—y)dtdz

be Favard sums of the degree (n — 1) and double rectangular Favard sums of the degree
(n — 1) in the variable x and the degree (m — 1) in the variable y, respectively.
Favard proved in 1936 that

En = sup | f(x) = Falf,0)llc = 5 = Ea(H'):= sup En(f),
feH! feH!

i.e., the Favard method implements the exact upper bound of the best approximations on
the class H'. In the work [1], the exact value of approximations of classes H"! by Favard
sums was found, namely, for n,m > 2

Enmi= sup [|f(x,y) — Fum(f, x,¥)llc

feH1
—l—i-i-i—i/%d)(x)d) (x)dx @)
T 2n 2m w2 " " ’

where @y (x) = 21':11 5?(9() is the sum of permutations in descending order of the functions
k
D7 =

fzfr /K Fk(t)dt‘ (for definition of the permutation, see, e.g., [2] (p. 130)).

2. Main Result

Theorem 1. For any natural numbers n and m, n, m > 2, it is asserted that

gn,m > En,m (Hlll):: Sup En,m (f).
feHU

Theorem 1 was formulated without proof in [3]. We should note that the exact value
of Ey m (H 1'1), as well as the best linear approximation method reflecting the class H L1 into
the space of all trigonometric polynomials T,,_1 ,,—1(x,y) of the degree at most (n — 1) in
the variable x and (m — 1) in the variable y are unknown. However, it was found that
Epm(HY) > £ + . According to the result of ]. Mairhuber [4], the polynomial of the
best approximation T,,_1 ,,—1(x,y) for the function f(x,y) is not unique, which makes it
difficult to find this polynomial.

Let us denote by W[lu ) and W;’l the classes of functions f(x) and f(x,y) defined on the
segment [4, b] and the rectangle P = [a,b] x [a1, b1] satisfying conditions (1). The summable
function y(x) € V/;, if almost everywhere on (a,c) (a < ¢ < b) ¥(x) > 0 (p(x) < 0),

almost everywhere on (¢, b) (x) < 0 (p(x) > 0) and fab Y(£)dt = 0.
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Let ¢(x) € Vg, @(y) € \/zrb1 and t = p(x), z = 6(y) be the functions defined by the
equalities

/xlp(t)dt:/pmlp(t)dt, x € la,d, o(x) € [6,b],

y 5(y)
/a ¢(z)dz :/a ¢(z)dz, y € [ay, 1], 6(y) € [c1,b1],
1 1
and p~!(x) and 6! (x) be the inverse functions to p(x) and 5(x).
M.P. Korneichuk [2] (pp. 190-198) for the class W[l‘Z b and O.I Stepanets [5] (p. 52) for

the class er,’l proved the following statements.
Lemma K [2]. The following equalities hold

c b
= [l —nde = [Tl —p ()t

sup x)dx

few!

[a,b]

®)

In this case, the upper bound in (3) is implemented by functions from the class W of the form

f*(x) = K= x, where K is arbitrary constant.
Lemma S [5]. The following equalities hold

sup
fewy!

[ [ rnmewany

=2 [ [“lp0e@Iminten) - 1,06) 2tz = | [ [ e woetixay), @

and the exact upper bound in (4) is realized by the function f*(x,y) specified in this lemma (see [5]
(pp. 52-54)).

Let us denote by ;.. (x,v), f*(x), f*(x,y) the arbitrary extremal functions from the
classes H!"! W[a b]’ 1 ! implementing exact upper bounds in (2)—(4), respectively, i.e.,

such that
Enm = |1Vnm (%, ¥) = Fam (Yo X, ¥) |l o/
b
sup = | [ 7@
few[lurb] a
b bl b bl "
sup | [ [ s pwotists| = [ [ vty
few‘;,l a ay a aq

Let us prove that all extremal functions 7}, (x, y) realizing the exact upper bound
in (2) have the same oscillations equal to 7t/n + 7t/m. To do this, we have to establish
that if two arbitrary extremal functions realizing the exact upper bound in (4) coincide on
one of the larger sides of P, then they coincide on the entire rectangle and have the same
oscillations. The proof of the last statement is based on the description of the set of all
extremal functions that realize the exact upper bound in (3).

Lemma 1. The set of all extremal functions f*(x) realizing the exact upper bound in (3) is the set
of functions of the form f*(x) = K & x, where K is an arbitrary constant.
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Proof. If for the arbitrary extremal function almost everywhere on [a,b] f*(x) = £1,
then due to the absolute continuity of all functions of the class W[l‘Z 0] (see [5] (pp. 15-16)),
f*(x) =+x+K.

Let us prove that almost everywhere on [a,b] f*'(x) = £1. To do this, we have to
establish that any extremal function f*(x) satisfies the equalities

frx) = frp(x)) = p(x) — x, ®)
or
fr(x) = fH(p(x)) = = (o(x) = x) (6)
for x € [a, c| and almost everywhere on [a, c]
fY(x) = f(p(x))- )

Since f*(x) is absolutely continuous on [4,b], and therefore, differentiable almost
everywhere on [a, b] (see [6] (p. 229)), p(x) is absolutely continuous on [, ] (see [5] (p. 19))
and ¢ < p(x) < b, then f*(p(x)) is differentiable almost everywhere on [4,c]. From (5)
and (6) we then get that almost everywhere on |4, c|

) = p(x)p'(x) = p'(x) = 1, ®)

or
fx) = £ (p(x))p (x) = —p'(x) +1. ©
Using (7)-(9), we have almost everywhere on [a,c] f*(x) = —1 or f¥(x) = 1. Let

us prove that f*(x) satisfies equalities (5) and (6). If f*(x) is an extremal function, then,
performing transformations such as in the proof of Theorem 3.1 (see [5] (p. 20)), we obtain

[ 7w

/;<f*<f> — F*(p(t)))p(t)dt

= ["et - Dl (10)

Without loss of generality, we may assume that ¥(x) > 0 almost everywhere on [g, c|.
It then follows from (10) that

[ o) =1+ £ () = £ p(e))dt = 0

or

[ o0 0= (70 - £ o))t =o. a

Since ¢ < p(t) < band f* € W[la,b] fort € [a,c], then p(t) —t > |f*(t) — f*(p(t))],
whence p(t) — t £+ (f*(t) — f*(p(t))) > Ofor t € [a, c|. From (11), due to the non-negativity
and summability of functions y(¢t)((p(t) —t) £ (f*(t) — f*(p(t))) (see [6] (Theorem 6,
p- 131)), it follows that equalities (5) and (6) are valid almost everywhere on [a, c]. Since
these functions are continuous, equalities (5) and (6) are valid for x € [a, c].

Let us prove that f*(x) satisfies the relation (7). Since f* € W[lu b then for x,x +

Ax,p(x), (p(x) + Ax) € [a,b], using (5) and (6), we have

ff(x+8) = fH(o(x) + 8x)| < p(x) —x = [f(x) = f*(p(x))]. (12)

As a result of the continuity of f*(x), for Ax — 0 the sign of (f*(x) — f*(p(x)))
coincides with the sign of (f*(x + Ax) — f*(p(x) + Ax)). Therefore, from (12) it follows

frx+Ax) = f7(x) < f(o(x) + Ax) = f*(p(x)), (13)
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or
frla+8x) = f7(x) = fH(p(x) + Ax) — f*(p(x)). (14)
Using (13) and (14) we have
f(x+0) < f(p(x) +0) and f*(x—0) > f"(p(x) - 0),

fx+0) = f(p(x) +0) and  f(x—0) < f"(p(x) - 0).

Therefore, due to the differentiability of the function f*(x), we obtain that f*'(x) =
f*(p(x)) almost everywhere on [4, c|. In a similar way, we prove that f*'(x) = £1 almost
everywhere on [c, b]. Lemma 1 has been proved. [

Corollary 1. Let ¢(y) be the function that is summable and sign-preserving almost everywhere on
[ﬂl, bl] Then

sup
fewy!

/ab /: Y()o(y)f (x/y)dxdy‘

, (15)

b c
= [T o [ vwe(t) ~ Hatdy

a

where P(x), p(x) are the same functions as in Lemma K. Moreover, the set of all extremal functions
f*(x,y) € W,l,’1 realizing the exact upper bound in (15) has the set of functions of the form

f(oy) =+x+g(y),

1

where g(y) is the arbitrary function from the class W[a1 K

Proof. The relation (15) was proved in [5] (Lemma 5.1, p. 54). Just as it was done in the

proof of Lemma 5.1, using Lemma 1 and the fact that [ ab P(x)g(y)dx = 0 for the arbitrary
function g(y), we get that

f(xy) =+x+g(y),

1 . The corollary has been proved. [

where g(y) € W[ﬂ]rbl]

Let

e = {fi(x) e H' - sup /() Falf, )l = -

= I (®) = E(f )l }

be the set of all extremal functions for the Favard method on the class H'. The following
statement is then true.

Theorem 2. The set €* is the set of functions of the form
fu(x) = £n(x —x0) + C,

where @y, (t) is the 271 / n-periodic even function, ¢, (t) = t for t € [0, 7t/ n], xo and C are arbitrary
constants.

Proof. We can prove that

sup |f() = Ealf,)llc = = sup| [ F(OF. ()t

feH! T feH

7
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where H is the subset of even functions f(x) from the class H' such that

1£(x) = Fa(f, %)l = 1£(0) = Ea(f, 0)| = [Fu(f, 0)].

Moreover, the arbitrary extremal function f;;(x) can be obtained from the arbitrary

extremal function
/f VEq(t dt’ ’/ on (D) En(t dt’

by shifting its graph parallel to the OX- and OY-axes, i.e.,

fu(x) = @n(x —x0) +C.

Let us prove that the extremal function ¢, (t) € H is unique up to a sign. It is clear that

pn(t) € H: E sup
feH

sup i‘/{;nf(t)Fn(t)dt‘

feH
2 (k+1)7t/n
< — £)F, (t)dt| + t)F, (t)dt]| . 16
_n<;1€111_31/ f()Fu ‘ leglelg/kn/n f(E)Fu(t) D (16)
Since F,(t) > 0on [0, %] and f(t) € H, then
w/n t/n
sup f(t)Fn(t)dt’ - / £, (£)dt. (17)

Since (see [7]) fk (k) /m F,(t)dt = 0 then applying Lemma K for each segment

t/n

[krt/n, (k+1)m/n] we get

(k+1)7t/n F J (k+1)7t/n 1k COF J 18
sup [ o] = [ (e com as)

From (16)—(18), due to the continuity of the extremal function ¢, (t), it follows that
@n(t) is 271/ n-periodic even function, ¢, (t) = t for t € [0, 1/n]| and

sup —
feH T

7T
/ F(O)Fa(t dt‘ /0 O (£) En(£)dt. (19)
We assume that there is another extremal function ¢,,(t) € H. Then

0= 2 /On @ () Eu(£)dt — %/On¢n(t)l-“n(t)dt

7T
2 w/n n/ni
- n( /O on (D) En(£)dt — /0 gon(t)Fn(t)dt) (20)
n=1/ o(k+1)m/n (k1) 7t /n
t)E, (t)dt — o, (t)F,(t)dt ).
*,_Zl(/kn/n DL ACUE R XOT IO
From (16)—(19) it follows
w/n w/n
/ ou (D) En(£)dt — / 7, (HE(H)dt > 0, 1)
0 0
(k+1)rc/n (k+1)m/n
/ on (D) En(£)dt — / 7, (OE(Hdt >0,k =T,n—1. 22)
krmt/n krt/n
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In the inequality (21), the equal sign is possible only if ¢,(t) = @u(t) = t for
€ [0, t/n).
Since ¢, (t) is the extremal function of Lemma K on each segment [krt/n, (k +1)7t/n],
then by Lemma 1 the equal sign in (22) is possible only if @,(t) = ¢u(t) + Cy for
€ [krt/n, (k+1)7t/n]. In order to justify the equal sign present in (20), it must take
place in (21) and (22). Therefore, due to the continuity of functions @,,(t) and ¢, (t), the
equality @, (t) = @, (t) holds on [0, r/n] and [krr/n, (k4 1)7r/n]. As a result of the parity
and 27r-periodicity of these functions, the equality ¢, (t) = ¢, (f) holds on the entire real
axis.
Therefore, ¢, (t) is the unique extremal function from the class H up to a sign. The
theorem has been proved. [

In a similar way, we can describe the set of all extremal functions for the arbitrary
linear approximation method

i fx) = = [ FU -,

where U, (A, t) = 5 1y Yo 1 )‘k ") cos kt is the kernel of the method (approximation properties
of linear methods studled for example, in [8-11]). Since any trigonometric polynomial
of the order (n — 1) has at most 2n — 2 roots on [—71, ) (see, e.g., [12] (p 214)), then the
function ®(x) = [[" Uy (A, t)dt can have at most 1 roots on [0, 77]. Let ®(x) = [ Uy (A, t)dt
have exactly m roots xi (k = 1,m) on [0,71],0 < m < n, and the functlon fi(x) € H'is
such that

;uglllf(x) = Un(A, frx)llc = || fi, (¥) = Un(A, fi,, 0)]| ¢

i.e., it is the arbitrary extremal function for the U, (A, f, x) on the class H L. Then, analo-
gously to the proof of Theorem 2, we can prove the following statement.

Theorem 3. The set of all extremal functions f;; (x) for the method Uy, (A, f,x) on the class H Lis
the set of functions of the form

fu, (¥) = £@u, (x —x0) + K,

where xo and K are arbitrary constants and ¢, (1) is the even 27-periodic continuous function
such that ¢}, (t) = 1fort € [0,x1] and ¢!, (t) = (—1) for t € (xg, xg41), iie

%n(t)_{ i te0,x

I
DFt+ 250 (=11, t € (xg, K1),

k=1m, 0<m<n

=L =
realizing the exact upper bound of the best approximations on the class H'.

Let € = {fn(x) €H' :E,(H)c =1 = En(fn)c} be the set of all extremal functions

Theorem 4. The set € = €* and for each function from these sets the best approximation
polynomials are constants.

Proof. According to Theorem 2 and the Chebyshev criterion (see, e.g., [2] (p. 46)), for any
function f,i(x) € €* it follows that

En(fi) = En(£¢n(x = x0) + C) = En(¢n) = ll@nlc = % = En(H").
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These relations imply that for any function f,;(x) € €* the polynomials of the best
approximation are constants and ¢* C €. For any function f,(x) € &, it follows that

Ba(F) = 20 = | at0) = Tia o)

£ 7 T
fal) = Ealfa )| < s () ~Falf0)le = 5,

<

where T;_, (fu, x) is the best approximation polynomial of the degree (1 — 1) of the function
fu(x). This means that || f, (x) — F, (ﬁ'x)"c = £, ie., fu(x) € €. So &* D €. Taking into
account that ¢* C @, the theorem has been proved. O

Corollary 2. If n —1 > 0and T;_,(f,x) is the polynomial of the best approximation of the
function f(x) € H' then E,(f)c < 7t/2n.

Proof. For each function f(x) € H! theinequality E,,(f)c < 7w/2n s true. If E,(f) = 71/2n,
then using Theorem 4 we get deg T _;(f,x) = 0 that contradicts the condition of the
Corollary 2. The corollary has been proved. [

Corollary 3. If the approximation method is different from the Favard method, i.e., U, (A, f,x) #
F.(f,x), then

sup [[£(x) = Un(A, £, %)l > sup |f(x) = Fa(f, ¥)llc = 5 - 23)
feH! feH! :

Moreover, the set of all extremal functions f;;, (x) for the method Uy (A, f, x) on the class H! does
not intersect with the set of extremal functions f,;(x) for the Favard method on this class.

Proof. If f(x) € H!, then

1 T n—1 5 ()
f(x) = Uu(A, f,x) = - /_7T (Dl(t) - k; % sinkt)f’(x — t)dt,

where Dy (u) = Y324 % is the 27t-periodic Bernoulli function (see, e.g., [2] (pp. 109-111)).
Since the function f(x) belongs to the class H! and the Bernoulli kernel D1 (1) has a unique
polynomial of the best approximation in the metric L (see, for example, [2] (p. 59-69)), we
prove that the Favard method presents the unique best approximation method on the class
H!. Therefore, the relations (23) hold.

Let the extremal function f; (x) for the method U, (A, f, x) belong to the set €*. So,
according to Theorem 2 we have

fun(¥) = £n(x —x0) +C

and as a result of the 271/n-periodicity of the function ¢, (t) (see, e.g., [2] (p. 61)) we get

% 1 /™1 T
A o) = [ (o) + Ot = oo +C.

Then
T

i () = Un (A, £ ) | = 2

that contradicts the fact proved above. The corollary has been proved. [
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Lemma?2. Let f*(x,y) € W,},'l be an arbitrary extremal function of Lemma S, K¢+ be the oscillation
of the function f*(x,y) on P, b —a < by —ay and yo € [ay,c1] such that 5(yo) —yo = b —a.
Then

b—a<Kp =max{ max f*(a,y), max f*(by)}

11 <y<yo "8(yo)<y<by

—min{ min *(a,v), min f*(b, <b; —ay.
{5(y0)§y§b1 flay) ulgygyof (b)) <
Moreover, if two arbitrary extremal functions coincide on one of the larger sides of the rectangle
P, then they coincide over the entire rectangle.

Proof. Without loss of generality, we may assume that ¢»(x) > 0 almost everywhere on
[2,c] and ¢(x) < 0, almost everywhere on [c,b], ¢(y) > 0 almost everywhere on [ay, ¢1]
and ¢(y) < 0 almost everywhere on [c1, b1]. Let us break P into sets E; (i = 1, 8):

Ey={(x,y) € la,c] x [a1,c1] : p(x) —x < 6(y) —y},

Ey = {(x,y) € [e,b] X [a1,c1] : x —p ' (x) < 8(y) —y},
Es = {(x,y) € [¢,b] x [a1,c1] : 6(y) —y < x—p ' (%)},
Ey={(x,y) €leb] x [, br] 1y =67 (y) <x—p ()},
Es = {(x,y) € [c,b] x [e1,b1] : x —p ' (x) <y =56 (»)},
Es = {(x,y) € [a,c] x [, b1] : p(x) —x <y =67 ()},
E7 = {(x,y) € [a,c] x [e1,b1] : y =67 (y) < p(x) —x},

Es ={(x,y) € [a,c] x [a1,c1] : 6(y) —y < p(x) — x}.

Let us prove that the arbitrary extremal function f*(x, y) satisfies the relations:

ffluy) = —x+Ki(y), (vy) € ELUE, (24)
froy) =x+Ka(y),  (xy) € EBeUEs (25)
ffluy) =—y+ou(x), (xy) €EUEy, (26)
f(x,y) =y+v2(x), (x,y) € E3UE,. (27)

Here, K1 (y) € W[lﬂ1 al if (x,y) € E1 U E; for each fixed x, K»(y) € W[lc1 bl if (x,y) €
Eg U Es for each fixed x, v (x) € W . if (x,y) € Eg U E; for each fixed y and vp(x) € W[lc b

[a,c]
if (x,y) € E3 U E4 for each fixed y. Applying the same transformations as in the proof
of Lemma S and Lemma 1, we establish that the arbitrary extremal function f*(x,y) on
[a,c] % [a1,c1] satisfies the equality

fr(xy) = f(e(x),y) — £ (x,0(y)) + f*(p(x),0(y))
= 2min{p(x) — x,(y) —y}.

This equality is equivalent to equalities:

foy) = f(e(x),y) =p(x) —x,  (x,y) € Ey, (28)

fr(x,0(y) — ffpx),0(y)) = —(p(x) —x),  (x,y) € Ey, (29)
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frlooy) = fA(x0(y) =6(y) -y, (xy) €Es, (30)

frlox),y) — f(p(x),6(y) = —(0(y) —y), (v y) € Es. (31)

Substituting x = p~!(t) and t = x in (28), we get f*(x,y) — f* (0" (x),y) = p~1(x) —
x, if (x,y) € Ep because E; maps to E, after the replacement. Therefore, on E; U E; the
extremal function f*(x, y) for each fixed y(a; <y < ¢1) satisfies the equalities f*(x,y) —

fHp(x),y) = p(x) —xif (x,y) € Ey, f*(x,y) — f* (0~ (x),y) = p~ ' (x) — xif (x,y) € Ex.

Thinking in the same way as in the proof of Lemma 1 and Corollary 1, we conclude
that the arbitrary extremal function f*(x,y) on E; U E; satisfies relation (24). Similarly,
using (29)—-(31), we prove that equalities (25)—(27) hold, respectively. Taking into account
the definiteness of the extremal function on each of the sets E; and its continuity, we write
it on the sides of the rectangle:

u1(y), a1 <y <o,

—y+o1(a), yo <y < 3(vo),
f(ay)
uz(y), 6(yo) <y < by,

0
where

u1(yo) = —yo + v1(a), u2(8(y )) = —d(yo) + v1(a),
fr(x,a1) = —x+ Ky(ar), f*(x,01) = x + Ko (D1).
Let us prove that

Kpe = max {f"(a,y), f*(by)} — ming <y<p, {f"(a,y), f*(b,y)}.

a1 <y<b;
We have to prove that
Vi p) € P min {f(ay) f(by)} < fxp)
S max A5 @y) f1 oY)} (33)

Letyo < B < 6(yo). Let us prove that

fr(,yo) = f*(a,6(y0)) < f*(x,B) < f*(a,50) = f7(b,6(v0))
for x € [a, b].

Since £*(a,y0) = w1(y0) = —yo + v1(a) and *(b,8(yo)) = w2(6(y0)) + (b — a) =
—6(yo) + v1(a) + (b — a) then, taking into account that b — a = 6(yo) — yo, we get

f(a,y0) = f(b,6(yo))- (34)
Similarly, we can prove that

£ (b,yo) = £7(a,6(y0))- (35)
If x —a < B —yo, then f*(x,B) < f*(a,y0). Indeed,

f@yo) = f(x,B) = f*(a,y0) = f*(a,p) + f*(a, B)) = f* (x, B)-
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Taking into account relation (32) for the function f* (a, y), we get

f(a,y0) — f*(a,B) = B—yo-

Since the function f*(x, ) belongs to the class W[la by We then get

[, B)—f(x,p) = —(x—a),

hence
f(x,B) < f*(a,y0). (36)

If x —a > B — yo then, taking into account definition (32) of the extremal function
f*(b,y) and the fact that f*(x, B) belongs to the class W[lu b We get

f7(b,5(y0)) = f*(x,B)
= f(b,6(yo)) = f* (b, B) + f* (b, ) — f"(x, B)
=0(yo) =B+ (b, B) — f(x, B)
=06(yo) —yo— (B—yo) + (b, ) = f*(x, )

>b—a—(B—yo)—(b—x)=(x—a)—(B—yo) 2 0. (37)
From relations (34), (36) and (37), it follows that
[ B) < fr(a,y0) = £7(b,6(yo))- (38)
If x —a < 6(yo) — B then similarly we prove that
f1(xB) = f(a,6(y0)) = f(b,yo)- (39)
If x —a > §(yp) — B then we prove that
fr(x,B) = f7(byo) = f7(a,6(yo))- (40)

Let a; < B < yo. Then, according to the definitions of the function §(y) and the sets
Eqi, Ey,wegetd(B) —B>0(yo) —yo=b—a, (x,B) € EyUEy and f*(x,B) = —x + K;1(B).
According to (32) K1(B) = u1(B) + a. This is why

[ B) = (=x+a) +ur(p) <ur(p) = f(a,p) < max f*(a,y)

T m<y<yo
< * < * * . 41
< max f(ay) < max {£(0y).f 0,9} )
Similarly, we prove that

f(x,p) = min {f*(by)} > ulglyigbl{f*(ﬂ/y),f*(b/y)}- (42)

a1<y<yo

Let 5(yp) < B < by. So, (x,B) € EsUEs and f*(x,B) = x + Kp(B). Therefore, we
prove that

min {f*(a,y), f*(b,y)} < min_{f*(a,y)} < f(x,B)

a1 <y<b d(yo)<y<b

S s, {f by} < ufgfé‘bl{f* (a,), f*(b,y)}- (43)
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Relations (38)—(43) imply equality (33). Taking into account the definition (32) of
functions f*(a,y) and f*(b,y), from (33), we obtain

K¢ = ma ma *(a,y), ma *(b,
f X{ﬂl<y<xy0f @y) 5(y0)§;§b1f ( ]/)}

— min min *(a,v), min f*(b, .
{5(yo)<y<b1 f@y) ulﬁyﬁyof ( y)}

The points where the extreme values of the function f*(x,y) (extreme points) are
reached, lie on one of the larger sides of the rectangle or on both sides. If the extremal
points lie on one of the larger sides of the rectangle, then, given the definition of the extremal
function on the larger sides and the fact that functions f*(a,y) and f*(b, y) belong to the
class Wl . we conclude that
[H] rbl]

b—aSKf*Sbl—al. (44)

If the extreme points lie on both larger sides, then (32) implies that

Kpe = max u(y) — min (u1(y) — (b—a)),

a1<y<yp a1<y<yo
or
Kp = A(yor)r)lg)y(ghl(uz(y) Tb=a) - 5(yor)n§i?§b1 u2y)
So,
b—a<Kp<b-at+yo—a <b —a,
or

b—agKf*§b—a+b1—(5(y0)<b1—u1. (45)

From (44) and (45), it follows that b —a < K¢+ < by — a3.
Let f{'(x,y) and f; (x,y) be arbitrary extremal functions coinciding on one of the larger
sides of the rectangle P, i.e., f{(a,y) = f5(a,y), or f{(b,y) = f5(b,y). Then

—y+0i(a), yo <y < 5(vo),
filay) =1 uy), m <y <o,
ul(y), 6(yo) <y < by,

—y+0(a), yo <y < (yo),
fola,y) =< ui(y), m <y <o,
u3(y), 6(yo) <y < by,

ﬁTT““g%TfQEKH@(?W):”+K%Wamh%@):_ﬂ+KﬁwJ%W):“+Kﬁw/
my) =ug\y), ux\y) = uz(y).

Taking into account the definition of the extremal function f*(x,y) on E; U E; and
on Eg U E5 and the fact that f;'(a,y) = f5(a,y), we get f{'(x,y) = f3(x,y) on E; UE,
and Eg U Es. On the set Es U Ey f;(x,y) = —y +0i(x), and f5 (x,y) = —y + v3(x). Let
y = I1(x) be the line separating the sets E; and Eg, i.e., p(x) —x = §(l1(x)) — I1(x) for
x € [a,c]. Since f*(x,y) is continuous on y = I (x), then, taking into account the definition
of the extremal function on E; and Eg, we get: —x + K} (l1(x)) = —Il(x) + vi(x) and
—x+ K3(l1(x)) = —I1(x) + ©3(x). Since K} (l1(x)) = K3(l1(x)), then v}(x) = v{(x) and
fi(x,y) = f5(x,y) by Eg U E;. We prove, similarly, that f;(x,y) = f5(x,y) on E3 U E4. So,
fi(x,y) = f5(x,y) on the entire rectangle P. The lemma has been proved. []
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Lemma 3. The set of all extremal functions for the Favard method on the class H! is the set of
functions given by relations

Yum (%, Y) = £ fum(x = X0,y = yo) + K,
where fr,,(x,y) is the extremal function constructed in [1], xo, yo, K are arbitrary constants.

Proof. From [1] it follows that

x+y, (x+y)€[0,7]x[0,X],
x+o(y), (x,y) € [0, 7] x [0, 7],

fim(xy)=<{ yv+9(x), (xy) €[0,7] x[0, 7],
(—1) D+

kr (k+1
%,%]x[% el

S

Here ¢(y) is the 271/ m-periodic even function, ¢(y) = y for y € [0, 7/m], P(x) is the
even, 271/ n-periodic function, (x) = x for x € [0,7/n], and F;(x,y) € WIlel, such that

(k+1) T r(i+1)2
/kﬂ /ig f(x,y)Fu(x)En(y)dxdy

sup
11

EWy
f Py, i

(k+1) % G+ E
Jip DRV Ry BB )y,

i.e., Fri(x,y) are the extremal functions of Lemma S for the class WP on the rectangles
Ppi = k%, (k+1)%] x [iZ, (i 4 1) ], Cy,; are constants, which are chosen so that fram(X,y)
is continuous on [7, 7] x [Z, 7], r( ) = f*(%,y) — (Fi(%,y) + Cy;) is the function that
guarantees the continuity of f,,, (x,y) on the line x = 7r/n if n > m. We can prove that

sup [|f(x,y) — Fam(f, %, y)|lc
feHU

//ftan VEn(2)dtdz],

fGHo

where Hj is the subset of functions from the class H! that are even in each of the variables,
such that

I1f(x,y) = Eam(f, %, y)llc = |£(0,0) = Fum(f,0,0)[ = |Fum(f,0,0)].

Moreover, if ¢}, (x,y) € Hy is such that

72 sup
T fEHo

/ / f(x,y) Fa(x) Fn (y)dxdy

4 oo
_?/0 /0 @nm (%, y)Fu(x) By (y)dxdy,

i.e., the arbitrary extremal function from the class Hy, then

Yoam (X, Y) = £ @np(x — X0,y — o) + K
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Let us prove that the extremal function ¢;;,,(x,y) € Hy is unique and coincides with

fin(x,y) € Hy. We suppose that there exists another extremal function f, (x,y) € Ho,
different from f\,,(x,y). Then

0= % (/0” /(]nf;m(t,z)Fn(t)Fm(z)dtdz

_ /O § /0 ”f;m(t,z)pn(t)Fm(z)dtdz>

4

_ ((/0 0’7’5 £ (8, 2) Fa () En (2)dtdz

T2

- /o /0 f:m(th)Fn(t)Fm(z)dtdz>
( (/n/n /(l+1 yt/m Fon(t,2)Ey(t)Fpy(2)dtdz (46)

n/n p(i+1)m/m *
- / / (4 2)Fa(t )Fm(z)dtdz>

n—1

(k+1)/n pr/m
+ Z </ fam(t, z)Fa(t)Fn(z)dtdz
k=1 krt/n 0

_/k(k+1)7t/n /On/mf:m(t/Z)Fn(t)Fm(Z)dtdz>

w/n

+Z§ 3 (/k o J O et 2)F (1) a2tz

i—1 t/n int/m

L T BB Fu(e)iti ).

/n Jirm/m

Taking into account that f,;,, (x, y) belongs to the class Hy and its construction, similarly
as it was done in Theorem 2, we get:

w/n pr/m
/0 /O foim(t,2)Fn(t)F(z)dtdz

/ i / (2 Ea(t) ()t > 0, 47)

t/n l+l 7'[/m
/ / fum(t, 2)En(t) i (z)dtdz
in/

n/n p(i+1) n/m
_ / / 1 (t,2)Fy (£ (z)dtdz > 0, (48)

(k+\)/n pr/m
/k / fom(t,2) Fu(£) E (z)dtdz
0

t/n

(k+0)mc/n pre/m _
_ /k /0 7o (4, 2)Fy(t) Fu(2)dtdz > 0, (49)

t/n

(k+)7/n p(i+1)/m
/k / frin(t,2)En(t) B (z)dtdz

w/n int/m

(k+1)mc/n p(i+1)m/m _,
- /k / 7o (4 2)Fy(£) F(2)dtdz > 0. (50)

w/n int/m
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It follows from (46) that inequalities (47)—(50) must contain the equal sign. In (47) there
is the equal sign only if

Fum(t:2) = fim(8,2)
on [0, 7t/n] x [0, 7r/m]. The equal sign in (48), according to Corollary 1, is possible if and
only if
fum(£2) = 9(2) + fi(t)

on [0, 7t/n] x [irt/m, (i + 1)7t/m]. Similarly, in (49) the equal sign is possible if and only if

Fom(t2) = 9(t) + gk (2)

on [krt/n, (k+1)7t/n] x [0, 7£/m]. The equal sign in (50) is possible if and only if £, (t,z)

is the extremal function of Lemma S for the class Wllgl'cl, on each rectangle Py ;. For 0 <t < %

7Zm(t/ %) = f;m(tr

but, on the other hand, f:m(t,%) = Z 4 fi(t), because Fro(t,2) = ¢(z) + f1(t) on
[0, 7t/n] x [7t/m, 27t/ m]. As a result of the continuity of the function f, (t,z) we have

f(t) =t
We prove similarly that f;(f) = t,8 = 2,m — 1. Therefore, on [0, t/n] x [0, 1] we
obtain

Fum(t:2) = Fin(t,2) (51)
We prove similarly that on [0, 7] x [0, 71/ m]
Fam(£:2) = fo(8,2). (52)

Since f,,,(t,z) and j‘:m (t,z) are the extremal functions of Lemma S for the class W;lll

on each rectangle P; ; and coincide on the larger side { (Z,z) : iZ <z < (i+1)Z} of the
rectangle, then according to Lemma 2 they coincide on all rectangles P; ;. We prove similarly
that

Frm(£:2) = fim(t,2)

onPy;,Psi,...,Pej ..., Py_1;. So,on [t/n, ] x [t/ m, ] we have

Frm(t:2) = frm(t,2). (53)

From (51)—(53), taking into account the parity and 27r-periodicity in both variables of
functions £, (x,y) and £, (x,y) we getthat f. (x,y) = fi(x,y) on the whole plane XOY.
Thus, our assumption is wrong. Therefore, f,\,,(x,y) is the unique extremal function from
the class Hp. Since any extremal function 7}, (x, y) has the form v}, (x,y) = £¢5,,(x —
X0,y = Yo) + K, and @5 (x,y) = fm(x,y), then

Tum (%, Y) = £ fom (x = X0,y = yo + K).
The lemma has been proved. [

Proof of Theorem 1. Let us prove that there exists the function ﬁzm (x,y) € HY!, realizing
the exact upper bound of the best approximation on the class H'!, i.e., Ey (ﬁzm) =
Enm(H"Y). Since Eym(f) = Enm(f — £(0,0)), then Ey py(H") = Ey (Hy"), where Hy' is
the subset of functions from the class H""! that are equal to 0 at the origin. Let us prove
that H(l)’1 is the compact set in the metric space of 27t-periodic functions in each of the
variables. If f(x,y) € Hy' then |f(x,y) — f(0,0)] = |f(x,y)| < |x|+ |y| < 27 This
implies that the set Hé’l is bounded and (see, for example, [13] (pp. 123-125)) compact.
The best approximation functional E,, ,, (f) is known to be continuous (see, for example, [2]
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(p. 17)). Since E, »(f) is the continuous functional and the set Hé’l is compact, then there
exists the function f(x,y) € Hy" on which the functional Ey, (f) reaches its exact upper
bound, i.e., Eym(HY!) = En,m(Hé’l) = Euym(fum)- Let us assume that E,, , (HY) = &, .
Since

gn,m = En,m(Hl'l) = En,m(ﬁm) =

Fan (&) = Ty (Fxy) |

<

ﬁm(x/y) - Fn,m (ﬁll’H/ x,]/)HC < gn,mr

then

J/(;m(x/]/) - Fn,m(fnm/xr]/)Hc = Enm- (54)

Here, T); 1, 4 (f,x,y) is the polynomial of the best approximation of the function

Fum(x, ) of the degree (1 — 1) in the variable x and the degree (m — 1) in the variable y in
the uniform metric. It follows from relation (54) that the function fy,, (x,y) belongs to the
set of extremal functions for the Favard method on the class H'/!, i.e.,

Fam (%,y) = £ (x — X0,y — y0) + K. (55)

Since Kfi{,m = 71t/n+ t/m, from relation (55) we get Kﬁ,m = pi/n+ n/m. Since

Enm (fnm) < Kﬁlm /2 =m/2n+ 1t/2m, and as a result (2) £,,n > 71/2n 4 71/2m, then our
assumption is wrong. Hence, the statement of Theorem 1 is true. [

Let us denote by Hyt,:={f(x,y) € H'' : f(x,y) = u(x) + v(y)} as the subset of the
functions from the class H"! that can be represented as a sum of two functions, each of
which depends on only one variable. It follows from the definition of the class H'"! that

u(x) € H', o(x) € H. (56)
Theorem 1 (see, for example, [14]) implies the following statement.

Lemma 4. If the functions u(x) and v(y) are continuous 27t-periodic in the variables x and y,

and T;;_,(u,x), T, _ (v, y) are the polynomials of the best approximation of these functions, then

Enm(u+v) = Ey(u) + Ep(v), and T, (u,x) + T (v,y) is the unique polynomial of the best
approximation for the function f(x,y) = u(x) +v(y) € H.
Using Lemmas 4 and (56), we prove the relation

7T 7T
Enn(Hyty) = En(H') + En(H') = 2+ 5.

From the last relation and the equality

sup |[f(x,y) = Fam(f, %, y)llc = sup [[u(x) = Fa(u, )| c

feH, ueh!
T
— F,(v, =4
+:;I§1||v(y) m@Y)le =5, + 5.
the following statement follows.
Theorem 5. For any natural numbers n and m
7T 7T 1,1
sup [|f(x,y) = Eum(f,x,9)llc = 5+ 5 = Enm(Hyto),

feH
that is, the Favard method implements the exact upper bound of the best approximations on the class

Hl,l

u+v-
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3. Conclusions

In this paper, we proved that the approximation of the class H'! by Favard method is
greater than the value of the best approximation of this class by trigonometric polynomials,
the exact value of which being unknown. We have also managed to build classes for which
these values are equal.

The question of Theorem 1 validity for Holder classes of functions of n > 3 variables
being 27t-periodic in each variable, still remains open. To solve it, we have to establish
analogues of equality (1) and Lemmas 2 and 3 for these classes of functions.
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