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Abstract: In this paper, orthogonal fuzzy versions are reported for some celebrated iterative mappings.
We provide various concrete conditions on the real valued functions 7, S : (0,1] — (—o0, o0) for
the existence of fixed-points of (7, S)-fuzzy interpolative contractions. This way, many fixed point
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1. Introduction

A self-mapping L : B — B has a fixed point if L(c) = o for ¢ € B. It is a great
achievement to find a unique solution of nonlinear equations. In 1960, Schweizer and
Sklar [1] initiated the concept of continuous t-norm (in short ctn), which is a binary relation.
In 1965, Zadeh [2] initiated the concept of a fuzzy set (FS) and its properties. Then, in 1975,
Kramosil and Michalek [3] initiated the notion of the fuzzy metric space (in short, FMS)
by using the concepts of ctn and FSs. In 1994, George and Veeramani [4] presented the
further modified version of FMSs. After that, Grabeic [5] initiated and improved the well
known Banach’s fixed point theorem (FPT) in the framework of FMSs in the context of
Kramosil and Michalek [3]. By following the concepts of Grabeic [5], Gregori and Sapena [6]
provided an addition to Banach’s contraction theorem by using FMSs.

In 1968, Kannan [7] provided a new type of contraction and proved some fixed point
(in short, FP) results for discontinuous mappings. Karapinar [8] established a new type
of contraction via interpolative contraction and proved some FP results on it. Thus, he
provided a new way of research, and many authors worked on it and proved different FP re-
sults on it (see [9,10]). Hierro et al. [11] proved the FP result in FMSs. Then, Zhou et al. [12]
generalized the result of Hierro et al. [11] in the framework of FMSs. Nazam et al. [13]
proved some FP results in orthogonal (¥, ®) complete metric spaces. Hezarjaribi [14]
established several FP results in a newly introduced concept, named the orthogonal fuzzy
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metric space (in short, OFMS). Important results and applications can be found in the fol-
lowing literature [15-21]. Uddin et al. [22] proved several fixed point results for contraction
mappings in the context of orthogonal controlled FMSs. Ishtiaq et al. [23] extended the
results proved in [22] in a more generalized framework named orthogonal neutrosophic
metric spaces.

Inspired by the results in [8,11-14], we aim to establish FP results in the framework
of an OFMS. We divide this paper into four main parts. The first part is based on the
introduction. In the second part, we revise some basic concepts for understanding our
main results. In the third part, we provide some FP results in OFMS and some examples to
illustrate our results. In the fourth part, we provide an application involving Voltera-type
integral equations and fractional differential equations.

2. Preliminaries

In this section, we provided several basic definitions and results.

Definition 1 ([12]). A binary operation x : H x H — H (where H = [0,1]) is called a ctn if it is
verifying the below axioms:

(1) ox0=0%0ando*(0*w) = (0x0)*wforallc,0,w € H;

(2)  * is continuous;

(3) oxl=ocforalloc € H;

(4) cx0<wxw,ifc <wandf < w,withe,w,® € H.

Definition 2 ([12]). A triplet (B, 9, ) is termed as FMS if  is ctn, B is an arbitrary set, and 9 is

FSon B x Bx(0,c0) fulfilling the accompanying conditions for all 0,6, w € Band g, > 0.

(i) 9(c,0,6) >0;

(ii) a@g)—Ozfandonlyzfa—Q

(iii) ¢

(iv) ¢
do

8(

(,

(Uwg+(o)>l9(09g)*l9(9ww)
(v) W&o,

0,.) : (0,00) — [0,1].

Example 1. Let B = R" and (B, L*) denote a metric space. Set 9(c,0,¢) =
an ctn as m x n = mn. Then, B is FMS.

m and define

Definition 3 ([5]). A mapping L : B — B satisfying the following inequality,
(Lo, LO,kg) > 9(c,0,¢) forallo,0 € B,
is called a fuzzy contraction with k € [0,1).

Definition 4 ([14]). Let (B,9,%) be a FMS and L€ B x B be a binary relation. Suppose
there exists oy € B such that o9 L o or o L op for all o € B. Then, B is an OFMS. We
denote OFMS by (B,9,*, L).

Definition 5 ([14]). A mapping L : B — B verifying the below inequality,
¢(Lo,L6,kg) > ¥(0,0,¢) forallo,0 € B, witho 19,

is called an orthogonal fuzzy contraction(in short, OFC) where (B, 9, %, L) is an OFMS, and
ke[0,1).

Theorem 1 ([14]). Suppose (B,9,*, L) is an OFMS. Consider a mapping L : B — B be L-
continuous, OFC, and L-preserving. Then, L has a unique FP, namely u € B. Furthermore,

lim 9(L"o,L6,¢) =1,

n—oo
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foreachu € B.

Remark 1. The fuzzy contraction is an orthogonal fuzzy contraction but the converse may not be
true in general.

Example 2. Suppose B =[0,10) with FMS 0 as defined as in Example 1, then the (B,0,*, L)
represents an FMS. Define L. C B x B by

oclOifod<oVe.

Then, (B, 9,%, L) is an OFMS with ctn 0 % 8 = 06. Let the mapping L : B — B be given by

_f §foroc <3
L(U)_{ (3)f0r17>3 }

We note that
9(L(4),L(3),(04)1) > 8(431)
4(0,1,(04)1) > ©(4,3,1)
0.2857 > 0.5

This is a contradiction. Thus, L is not a fuzzy contraction. However, L is an orthogonal
fuzzy contraction.

Lemma 1. Let (B,9,*) bean FMS and {a,} C B be a sequence satisfying lim,_,co %(an, ay41,6)
= 1. If the sequence {ay } is not Cauchy, then there exists {an, },{am, } and ¢ > 0, such that

klgrolo 19(ai’lkJrl/akarlr Q) =1+, 1
and
lim & (apn,, am,, ) = hm ﬁ(ank+1,amk,g) = hm ﬁ(ank,amk+1,g) =1+e. )

k—o00

Proof. Let (3,9, *) be an FMS. Given {a,} is not Cauchy and lim, e #(ay, a,+1,6) = 1.
Thus, for every € > 0, there exists a natural number kg, such that for the smallest m > n

Y(api1,0m,6) > 1+eand 8(ay41,am,¢) < 1+¢ forall n,m > k.

As a result, we construct two subsequences of {a,}; {a, } and {a,, }, verifying the follow-
ing inequalities

B(an41,am,,6) > 1+ eand 9(ay, 1, am41,6) <1+ ¢ for each ny, my > ky.
Using (iv) of the OFMS, we have the following information:

T4+e > O(an 11, 8m11,6)
> O(an+1,am, 6) * O(Amy, Amy11,6)
>

14 e8(amy, am41,6)-

This implies that,
klgl;lo H(amr1,am1,6) =1 +e

Again, by utilizing axiom (iv) of the FMS, we have

4 (ank+1/ amk—l—l/ Q)
O (@me Ay 41,6)

> O(an,+1,0m,6) > 1+e
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We obtain
lim & (ay, 41, am,,6) =1+e
—> 00

Since,
ﬁ(ankJrlramkr G) 2 19(ank+1ra}’lk/ g) * 19(a}’lk/ amk/ g)/

we have the following inequality:

ﬂ(ank+lr amk/ g)

Say,,am.,
ﬁ(ank—s—l/ﬂnk/g) ( s T g)
> O(amy, an41,6) * (A, +1,n,,6).
That is
,}Eﬂ‘oﬂ(’l”kﬂf‘lmkﬂf Q) =1+e
Since,
1+e> ﬁ(ank-i-l/amk-i-l/ g) 2 ﬁ(“nk-i-]/ank/ Q) * ﬁ(al’lk/ amk+l/ g)
1+e¢
— > Y(ay,,a ,
ﬁ(ﬂnk+1,ﬂnk,€) a ( e St g)
> 19(a?lk/ank-l-ll g) N ﬂ(ank-i-l/amk-&-l/ g)
That is

B(an, am,c) =1+e.
This completes the proof. [

Definition 6 ([14]). The OFMS (B, 9, *, L) verifying the property (R) is called | -regular.

(R) For any O-sequence {0, } C B converging to o, we have either o L ¢y, or 0;, Lo for
eachn € N.

3. Main Results
3.1. Banach Type (J, S)-Orthogonal Fuzzy Interpolative Contraction

In this section, we present the new results for orthogonal fuzzy interpolative contrac-
tions (OFIPC) involving the functions 7, S : (0,1] — R.

Definition 7. Let 7, S : (0,1] — R be two functions. A mapping L : B — B defined on OFMS
(B, 9, %, L) will be called a Banach-type (J,S)-OFIPC, if there exists v € (0, 1] verifying

J(8(La, L8,¢)) > S((8(c,6,¢))"), ®)
for each (c,0) € B, %(Lco, L6, ¢c) > 0.

|o—

d
Example 3. Let B =[1,7) and define the FMS 9(c,0,6) =e < . Let L C B x B be defined by
ocloifod <{o,0}.
Then (B, 0, *, L) is OFMS with m * n = mn. Define L : B — B by

5iff1<0<2,
Lo)=¢ 31if2<0<3,
18if3 <o <7.
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Define J,S : (0,1] — R by

_ npif0<t<l1 _ 1t21f0<t<1
J(®) {“11“_1 and & 2if t=1 [

Case 1: Let, L be a Banach-type (J,S)-OFIPC. Then,

(8(L1,L2,k1)) > (8(1,2,1))2
8(531,(3)1) = (#(12, 1))2
b > (e :
0.0224 > 0.6065.

However, this is a contradiction. Therefore, L is not a Banach-type FIPC.

Case 2: Let L be a Banach-type (7, S)-OFIPC. Then,

O(L1,L3,1) > (8(1,3,1))2
19(5,1.8,%1) > (8(1,3,1))2
1
e*‘56.15'8‘ > (e ‘]13‘)
0.0017 > 0.3678.

This is a contradiction. Thus, L is not a Banach-type OFIPC.

Case 3: Let L be a Banach-type (7, S)-OFIPC. Then,

O(L1, L4 k1) > (8(1,4,1))?
0(51831) > (8014, 1))?
1
e_\56é-8\ > (8 \114\)
0.0017 > 0.2231.

This is a contradiction. Thus, L is not a Banach-type OFIPC.
Hence, in general, let 0,60 € B,suchthato 1 6or6 L o

¢ 9
JOLeLO6) = T 1g1~ TTo=0]
[« 1
> - p—

Therefore, the Banach contraction is fulfilled.
For the L (orthogonal relation), two functions (7,S) : (0,1] — R, and the self-

mapping L, we write the below properties:

(i) Forevery oy € B, there is 01 = L(0p) such that oy L og or oy L o3;

(i) J is non-decreasing and for every 1 > r >t > 0, one has S(r) > J (t);

(iti) limg_,;- infS(s) > limg_,;- sup(J(s));

(iv) Ift € (0,1] such that 7 (t) > S(1);

(V) supg,se J () > —oo;

(vi) limg, _5infS(0y) > J(6) forallé € (0,1);

(vil) If {T (yn)} and {S(yx)} are converging to same limit and {7 (y,)} is strictly increas-
ing, then lim, o ¥y = 1;

(Viii)J(U %) > J (o) and S(0,) > J(0,) foreacho, € (0,1) and v,% € (0,1].

The next two theorems deal with the Banach-type (7, S)-OFIPC.
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Theorem 2. Suppose L is a transitive orthogonal relation (in short, TOR) (i.e., if 0y L 07 and
o1 L 0. Then, oy L o3 for each oy, 01,00 € B). Moreover, each L-preserving self-mapping (in
short, PSM) on a L-reqular OCFMS (B, 9, *, L) satisfying (3) and (i)—(iv), have a FP in B.

Proof. Pick an initial guess 0y € B so that oy L 0y or 07 L 0y for every o1 € B, then, by
utilizing the L -preservation of L, we build an OS {c;, } such that 0, = L(0,,—1) = L"(0p)
and 0,,_1 L 0y, for every n € N. Note that, if 0, = L(0,,) then 0y, is FP of L for each n > 0.
We let that 0, # 0,41 forall n € NU{0}. Let y, = 0¢(0y,0,41,6) forall n > 0. By the
first part of (ii) and (3), we have

j(yn) > j(ﬁ(LUn—lf Loy, g)) > S((ﬁ(o—n—lz On, g)>v)'
By utilizing (ii), we obtain
T (yn) 2 S((n-1)") > T ((yn-1)%)- 4)

Since J is non decreasing, one obtains y,, > y,,_1; for every n > 1, we have L < 1, thatis
lim, e yn = L+. If L < 1, by (4), we obtain the following information:

J(L+) = lim J(ya) > lim infS((y,-1)°) = lim infS(0n).

oa—L+

Thus, this contradicts (iii), so L = 1.

The sequence {0, }is Cauchy: Let {0, } not equal OCS, so that in the following
Lemma 1, there exists two subsequences {0y, }, {0, } of {¢s} and € > 0, such that (1) and
(2) are satisfied. From (1), we deduce

B (0w 41, Omt1,6) > 1+

Since 0, L 0,41 foreach n > 0. Hence, by the transitivity of L, we have o;,, L oy,
for some k > 1,

T (8(0n1,0m11,6)) = T (8(Low, Loy, 6)) > S((9(0n,, e €))7
If 05, = (041, Oy 41,6), O, = OOy, Oy, ), we have
I (04) = S((,)"), for some k > 1. ®)
By (1), we have limy_q, 0, = 1+ ¢ and (5) implies

lim supJ(0s,) > klgl(}o sup J (0u,) > Iggn;o infS((gbk)”) > lim infS(0,).  (6)

Oq— (1+€) O —0

The information obtained in (6), contradicts the assumption (iii). Thus, the sequence {c, }
is OC in the OCFMS (B, 9, *, L). Hence, there is 0, € B, so that 0, — 0, as n — oo.
Since (B,9,%,1) is a L-regular space, we write 0, L 0, or 0, L 0,. We claim that
(04, Loa, ¢) = 1. If 8(0y41, Loy, ¢) > 1, then we have (3)

T ((0n41,L0a,6)) = T (8(Low, Low,6)) = S((8(0n, 0a,6))°)
> J((8(0n,02,6))°)-

By the first part of (ii), we obtain
8(ows1, Low, ¢*) > (9(0n, 02, 6))"-

Applying limit n — oo, we obtain ¢(0,, Loy, ¢) > 1. This implies that ¢(o,, Lo, ¢) = 1.
Hence, 0, = Lo,. O
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Theorem 3. Let L be a TOR; then, every L-PSM defined on a L-regular OCFMS (B, 9, *, L)
verifying (3) and (i), (iii), (v)—(viii) admits a fixed point in B.

Proof. Choose an initial guess oy € B, so that oy L 07 or oy L op for each 07 € B. Then, by
utilizing the | -preservation of L, we build an OS {c; }, so that 0, = L(0y,—1) = L"(0p) and
0y—1 L 0y, for every n € N. Note that, if 0;, = L(0y,) then oy, is the FP of L for each n > 0.
Let 0, # 0,41 foreach n € NU{0}. Let y, = ¢(0y,0,41,6) foreach n > 0. By the first
part of (ii) and (3), we have

J(ﬂ(aﬂran+1/ Q)) ‘7(1‘9([‘0'71—1/ Loy, Q)) > S((ﬁ(o-n—lz On, g))v)
T (0(0-1,00,6))"

T (0(0n-1,0n,6))- )

vV Vv IV

The inequality shows that (7) {J (8(0,—1,0u,6))} is strictly increasing. If it is not bounded
above, then from (v), we obtain SUPY (g | onc)>e J (9(0y—1,0n,6)) > —oo. This implies that

lim sup J (8(0y—1,0u,6)) > —oo.

0(Un—1rgnr§)_>€+
Thus, lim,—e 8(0;,_1, 04, ¢) = 1. Otherwise, we have

lim sup J (8(0y—1,0u,6)) = —oc0
O(0y—1,00,6) e+

(i.e., a contradiction (v)). If it is bounded above, then {7 (8(0,,—1,0%,6)) } is a convergent
sequence and by (7), {S(8(0,—1,0u,6)) } also converges to the same limit point. By using
(iii), we have limy, e #(0,,—1, 04, ¢) = 1. Hence, L is asymptotically regular (in short, AR).

Next, we assert that {0}, } is CS. Then, by Lemma 1 there exists {0y, }, {om, } and
¢ > 0, so that (1) and (2); we deduce #(0;,, 41,0, 1+1,6) > 1+ ¢. Since ¢, Loy, 1 for each
n > 0, by transitivity of 1, we obtain ¢, L 0y, . Letting ¢ = 0, and e = 0y, in (3), one
writes for each k > 1,

T (OO 1, Om1,6)) = T (8(Lig, Lo, 6)) = S ((8(0ms0iner6))° )
If o = (01, O 41,6), Obk = B(0ny, Oy, G), We have
T (0%) > S((opk)”), for some k > 1. (8)
By (1), we have limy_,, 0y = 1 4 ¢, and (8) implies

lim sup J(0p) > lim sup J (o) > lim infS((0p)") > lim inf S(oy). )
oa— (1+¢) k—o0 k—o0 0

The information obtained in (9) contradicts the assumption (viii) and thus stamps the
sequence {0y } as OC in the OCEMS (B, ¢, *, L ). The completeness of the space ensures the
convergence of {0, }. Let it converge to i € B.

Case 1. If ¥(0y,41,Li,g) = 1 for some n > 0, then

8(i, Li,g) > 9(i,041,6) * O(0y1, Li, G)

taking limit n — oo on both sides, we have 9(i,Li,g) > 1. This implies that
0(i,Li,¢) = 1. Hence, i = Li.

Case 2. For each n > 0, #(0y,4+1,Li,¢) < 1. Then, by the L-regularity of 5, we find
on Liori L oy,. By (3), one writes

T (0(0y11,Li, ¢)) > T (8(Low, Li,g)) > S((8(0w,i,¢))") foralln > 0.
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By taking 0y, = (0,41, Li, ) and b, = 9(0y, 1,¢), one writes
T (0w) > S((bn)”) foralln > 0. (10)
Note that 0, = 6 and b, — 1 as n — oo. By applying limits on (10), we have

limsup 7 (i) > lim sup J (o) > lim inf S((bn)?) > limsup S(i).

i—d n—oo0 i—0

This contradicts (v) if § > 1. Thus, we obtain ¢(i, Li,¢) = 1. That s, i is a FP of L.
O

Example 4. Let B ={1,2,3,4,5,6,7,8} and define the FMS 9(c,0,¢) =
B x B defined by

¢
e Let 1 C

o lLOifod <oV foro #6.
Then, (B,9,*, L) is OFMS with 0 %« @ = 06. Define L : B — B by

L(a):{ Sifr =5 }

o — 1 otherwise

Define J,S : (0,1] — Rby

1 1
_ npif0<t<1 _ ﬁ1f0<t<1
J(t) { " r—1 IS Mooy

Case 1:
Let L be a Banach-type (7, S)-OFIPC. Then,

8(L2,L1,1) > (8(2,1,1))?

9(1,51) > (8(21,1))2

1

1 1 2
(‘1+|175|) = (1+|251\
02 > 0.7071.

which is a contradiction. Thus, L is not a Banach-type FIPC.

Case 2:
Let L be a Banach-type (7, S)-OFIPC. Then,

8(L3,L1,1) >
8(2,5,1) >

(7=) = ()
025 > 057771,

—~
>
—~
W W
N N
— =
~ ~
—_
~— ~—
~—
NI= N=

N—=

This is a contradiction. Thus, L is not a Banach-type FIPC.

Since the condition of Theorem 2 (ii) is held for every ¢t € (0,1) S(t) > J(t), all the
remaining conditions of Theorem 2 are also held.

3.2. Kannan-Type (J, S)-Orthogonal Fuzzy Interpolative Contraction

Definition 8. Let 7, S : (0,1] — R be two functions. A mapping L : B — B defined on OFMS
(B,9,%,L) is called a Kannan-type (J, S)-OFIPC, if there exists v € (0, 1) verifying

T (8(Le, 16,6)) = S((8(c, Le,6))*(9(6, 18,6)) ™). (11)

for each (0,0) € B, 9(Lo, L6, ¢) > 0.
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Theorem 4. Let L be a TOR. Then, every L-PSM defined on a L-reqular OCFMMS (B, 9, *, L)
satisfying (11) and (i)—(iv) have a fixed point in B.

Proof. Choose an initial guess oy € B so that oy L 07 or 07 L 09 for every o7 € B. Then, by
utilizing the L-preservation of L, we build an OS {0, } such that ¢, = L(0y,—1) = L"(00p)
and 0,,_1 L 0, for every n € N. Observe that, if 0, = L(0y). Then, 0y is the FP of L
foreach n > 0. Let 05, # 0,41 foreach n € NU{0}. Lety, = &(oy,0,41,6) for each
n > 0. By the first part of (ii) and (11), we obtain

j(]/n) > j(ﬁ(LUn—lz Loy, g)) > S<(19<Un—1/ Loy_1, Q))y * (19(‘771/ Loy, Q))liv)'

By applying (ii), we have

T ) 2 8 (1)) ™) > T ()" () ). (12)

Since J is non decreasing, one obtains v, > y,,_1 for every n > 1; we have L < 1,, that is
lim, e yyn = L+. If L < 1, by (12), we obtain the following information:

J(L+) = lim T (yn) = lim inf S ((yu1)"(ya)' ™) = lim infS(oa).

o,—L+

Thus, this contradicts (iii). Hence, L = 1.

The sequence {0, } is Cauchy: Assume that {0, } is not CS, so by the following
Lemma 1, there exists two subsequences {cy, }, {0, } of {7y} and € > 0, such that (1) and
(2) are satisfied. We deduce from (1)

ﬁ(o'nk-&-lro'mk-‘rlr g) >1+e

Since 0y, Loy, 41 for each n > 0. Thus, by the transitive of L, we obtain ¢y, Loy, for some
k>1,

T (841, Om1+1,6)) J (9(Low,, Lowm,, 6)) = 5((19(‘7nw Lo, 6))" * (8(0m, L‘ka/G))liv)

S<(ﬂ((7”k"7”k+1' g))v * (0(Omy, Oy Q))17v> ’

VALY,

If o = 19(‘7nk+1/‘7mk+119)/ Op, = 19((7nk,17nk+1,g), O¢ = 19((ka,(7mk+1,g), we have
T (@) = S((o,)"(0,)" "), forall k>1. (13)

By (1), we have limy_,o, 03 = 1 4 ¢, and (13) implies

lim sup J(ox) > klim sup J (0%) > klim infS((gbky(gck)lfv) > lim infS(0oy). (14)
—00 —0

ox—(1+e) o—0
The information obtained in (14), contradicts the assumption (iii) and thus stamping the
sequence {0, } as OC in the OCEMS (B, ¢, *, L ). Hence, there is 0, € B so that 0, — 0 as
n — oo. Since (B, 9, *, L) is a L-regular space, we write 0, L 03, or 0, L 0,. We claim that
(04, Loa, ¢) = 1. If 8(0y41, Loy, g) > 1. Then, by (11), we have
T (0(0n41,L0w,6) > T (8(Low, Lon,6)) = S((8(ci, Lon, 6))” * (8(0a, Lo ) )
T (80, L, ©))° * (9(00, Lo, 6))' )

T (80, 0s1,6))” * (80, Lew, ).

V

v

By the first part of (ii), we obtain

8(0ur1, Loa, kg) > (9(0u, 0ns1,6))° * (8(0a, Loa,6))' 7.
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Applying limit n — oo, we obtain ¢(o,, Loy, kg) > 1. This implies that #(oy, Loy, ) = 1.
Hence, 0, = Lo,. O

Theorem 5. Let L be a TOR. Then, every 1-PSM defined on a L-reqular OCFMS (B, 9, *, L)
satisfying (11) and (i), (iii), (v)—(viii) have a fixed point in B.

Proof. Choose an initial guess 0y € B so that oy L 07 or 07 L 0y for every oy € B3, then by
using the L -preservation of L, we build an OS {¢; }, such that ¢, = L(0,,—1) = L"(0p) and
0y—1 L 0y, for every n € N. Note that, if 0, = L(0y,), then 0, is FP of L for each n > 0. Let
Oy # 0yy1 foreach n € NU{0}. Lety, = &(0y,0,,41,6) forall n > 0. By the first part of
(ii) and (11), we have

T8, 0n1,6)) > T(B(Loy 1, Lowc >>>S(< (@1, L0w-1,6))" % (8o Ln, €)'
> S( (Cu1,0u,G (19(U71r(7n+1/§))170)
> T((00n-1,00,6)" * (90w, 011,6)' )
> J(O01,0 )) (15)

By the inequality (15), {J (8(0y,—1,0%,6))} is strictly increasing. If it is not bounded above,
by (v), we obtain supy, ;<. J(8(0—1,0n,¢)) > —oo. This implies that

I o
0(an—1,}7t,r,};)*>g+supj( (Un 1,0n g)) 00

Thus, lim, e 8(0y,_1,04,¢) = 1, otherwise, we have

lim sup J (8(0y-1,0u,6)) = —o0

0(0y-1,00,6) e+

(i.e., a contradiction (v)). If it is bounded above, then {7 (8(0y,—1,04,6))} is a CS and
by (15), {S(¥(0y—1,0u,6))} also converges to the same limit point. Thus, by (iii), we obtain
limy, 00 #(05,—1,0u,¢) = 1. Hence, L is AR.

Now, we assert that {¢;, } is CS; thus, by Lemma 1, there exists {cy, }, {0, } and e > 0,
such that (1) and (2) examine (0}, 41, O 41,6) > 1+ €. Since 0, L0y,41, for all n > 0; thus,
by transitivity of L, we have 0, Loy, . Letting ¢ = 0, and e = 0y, in (11), one writes for
somek > 1,

j(ﬁ(gnwrl/amﬁl/ Q)) > j(ﬁ(LO—nk/ Lffmk/ S( Unk/ L(Tnk/ U * (ﬂ(Umk/ Lgmkl g))17v>
> S((20ms0n41,6))” * (8o O 11,6 >>1‘”)-

If Ok = 19(0—711(-&-1/ Umk+1/ G)/ Uhk = 19(0—711{/ Unk+1/ g), Uck = ﬁ(o—mk, Umk+], g), we have
J (o) > S((Uhk)v(crck)l_v>, for some k > 1. (16)

By (1), we have limy_,, 0% = 1 4 € and (16) implies

lim sup J(0a) > klim sup J (0%) > klim infS((gbky(gck)lfv) > lim infS(0q). 17)
—00 —0

4)(1+€> Og—

The information obtained in (17) contradicts the assumption (viii). Thus, stamping the
sequence {0y } as OC in the OCEMS (B, ¢, *, L ). The completeness of the space ensures the
convergence of {0, }. Let it converge to i € B.

Case 1: If 9(0y,41,Li,g) = 1 for some n > 0, then
19(1/ Lll g) > 19(1/ Ont1, g) * 19(0”+1/ LZ/ g)

taking limit n — oo on both sides, we have @(i,Li,g) > 1. This implies that
8(i,Li,¢) = 1. Hence, i = Li.
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Case 2: For eachn > 0, #(0,41,Li,x) < 1, then by the L-regularity of A, we find
0y Liori L gy By (11), one can write

T (0(0441,Li, k) > T (8(Loy, Li, x)) > S((ﬂ(Un,LUn,K))” * (0(i, LirK))l_v)
for all n > 0. By taking 0, = 9(0;,+1, Li, ) and b,, = 9(0y, 05,41, k), one writes
T (o) > S((bn)”(ﬂ(i, Li,x))l—”) forall n > 0. (18)

Take 6 = (i, Li, k). Note that 0;, — ¢ and b, — 1 as n — oo. By limits on (18),
it follows

limsup J (i) > lim sup J(0y,) > lim inf S((bn)v(é)l_v) > lim sup S(i).
i n—00 n—yeo i—0
Thus, contradicting (v) if 6 > 1. Therefore, we have &(i, Li,x) = 1. That s, i is a fixed

point of L.
O

3.3. Chatarjea-Type (J, S)-Orthogonal Fuzzy Interpolative Contraction

Definition 9. Let 7, S : (0,1] — R be two functions. A mapping L : B — B defined on OFMS
(B, 9, %, L) is called a Chatarjea-type (J,S)-OFIPC, verifying

J(9(L, L8, c)) > s<\/ (8(c, L8, c)) * (9(6, La,g))>, (19)
for each (c,0) € B, 9(Lo, L6, ¢) > 0.

Theorem 6. Let L be a TOR. Then, every 1-PSM defined on a L-reqular OCFMS (B, 9, *, L)
verifying (19) and (i)—(iv), has a fixed point in B.

Proof. By following the starting steps taken in proof of Theorem 4, we have

T = TOLo1L0,0) = (@01, Lo e) + (@l L))
> 3(\/(19((7”_1,Lan,g)) x (ﬁ(o—n,an,g)))
> (/01 Lo
> 5( oo ) 0)
> 5 (y/(0len1,00,6) * (000, 0 €1 ). @

Suppose that ¢(0y,—1,0u,6) > (0, 0y41,¢) for some n > 1. Then, by (21) and (ii), we
obtain

T (Yn) = S(n) > T (Yn)- (22)
The information obtained in (22) contradicts the definition of 7; therefore, we go with
T (WYn) > S(yn) > T (yn), foralln > 1.

Next, by the proof of Theorem 4, we reach the statement ¢;, — 0 as n — 0. Then, by taking
the support of the _L-regularity of the space (B, 9, *, L), we achieve 0, L ooro L 0. We
must have &(o, Lo, ¢) = 1. Letting 9(0y,41, Lo, g) < 1 and using (19), we obtain



Axioms 2023, 12,725 12 of 20

T(OGr1L0,6)) = 8Ly, L0,6) = S/ (00 L0,6) + (910, Lev, )
5(/(0(n Lo,0) * @l0.511,0))
> (/00 Lo, (000,0011,0))

v

Given that the function J satisfies assumption (ii), thus

(041, Lo, ¢) > \/(ﬂ(UnILO/Q)) * (00,0111, 6))-

The last inequality implies that 9(o, Lo, g) > /9(o, Lo, ¢) (for large ). Hence, #(o, Lo, ¢) =1,
oro=Lo. O

Theorem 7. Let L be a TOR. Then, every 1-PSM defined on a L-reqular OCFMS (B, 9, *, L)
verifying (19), (i), (iii), and (v)—(viii) has a fixed point in 3.

Proof. By following the steps taken in the proof of Theorems 5 and 6, we achieve the
objective. [

3.4. Ciric—Reich—Rus-Type (J, S)-Orthogonal Fuzzy Interpolative Contraction

Definition 10. Let 7, S : (0,1] — R be two functions. A mapping L : B — B defined on OFMS
(B, 9, %, L) is called a Ciric—Reich-Rus-type (J , S)-OFIPC, if there exists v,y € [0, 1) verifying

T (8(La,10,6)) > S((8(,6,¢))"  (8(c, La,6))" « (9(6,L6,0)) "), (23)
for each (0,0) € B, %(o, Lo, ¢) > 0 wherev + 1 < 1.

The requirements for the presence of a fixed-point of the Ciric-Reich-Rus-type (7, S)-
OFIPC are stated in the following two theorems.

Theorem 8. Let L be a TOR. Then, every 1-PSM defined on a L-reqular OCFMS (B, 9, *, L)
verifying (23) and (i)—(iv), admits a fixed point in B.

Proof. By following the starting steps taken in the proof of Theorem 4, we have

Tyn) > JT(@B(Loy_1,Lon,c ))
2 S( (8(0n—1,0n,6 (19((7,1,1,Lan71,g))'7 * (ﬁ(o-n,LU_n’g))lfv—q)
2 5( (On-1,01,6))" * (8(04—1,0u,6))" (19(0,1,0,,“,@)1*0*'7)
= 5( (0n—1,0n,6))" " % (19((7,1,0'"+1,g))1_”—’7>
> 7 (<19<0'n—1f%9>>”‘" (0o 11,6 ). 1)

By (24) and the monotonicity of J, we obtain
()"t > (y,_1)"™, foralln > 1.

Next, by taking steps as in Theorem 4, we obtain 0, — t as n — o0, and with the support of
the | -regularity of (B,9,*, L), wehave o, L tort L 0,. We need to prove (¢, Lt,¢) = 1.
Letting ¢(0,,+1, Lt,¢) < 1 and using (23), we obtain
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T (0w, Ltg)) > T(8(Low Ltc))
> S((8(0n,6))° * (8(0n, Law, 6))" = (8(t,Lt,¢))' )
> S((0(0n,1,6)" * (90w, 0041,0))" * (81, Lt,6))' )
> T (Bt 6)" * (9(n,0uir, ) (Bt Lt c) ")

Using (ii), we obtain

(011, Lt 6) > (9, t,6))° # (8(0n,011,6))" * (8(t, Lt ¢))' 7"

Now, for large n, the last inequality implies that &(¢, Lt,g) > 1. Hence, ¢(t, Lt,¢) = 1, or
t=Lt. O

Theorem 9. Suppose L isa TOR. Then, every L-PSM defined on a L-regular OCFMS (B, 9, *, L)
verifying (23), (i), (iii), and (v)—(viii), has a fixed point in B.

Proof. By following the steps taken in the proof of Theorems 5 and 8, we complete the
proof of Theorem 9. O

3.5. Hardy-Rogers-Type (J, S)-Orthogonal Fuzzy Interpolative Contraction
Definition 11. Let 7, S : (0,1] — R be two functions. A mapping L : B — B defined on

OFMS (B, 9, *, L) is called a Hardy—-Rogers-type (J,S)-OFIPC, if there exists v,1,7,6 € [0,1),
verifying

FO(Low Loy ) > S( (8(0,6,6))° * (80, Lo, )" * (8(6, L6, )" )

#(8(0,18,6))° = (8(0, Lo, ) 77777 (25)

for each (0,0) € B, 9(Lo,L6,¢) > 0wherev+n+y+06 <1

lo—f]

Example 5. Let B =[1,7) and define the FMS 9(v,0,6) = e < , where L C Bx B is
defined by
oclLOifod <oVlforo#6.

Then, (B, 9,%, L) is an OFMS with m x n = mn. Define L : B — B by

L(oa) = { Sifo =1 }

o — 1 otherwise

Define 7,S : (0,1] — R by

N zf0<t<1} :{nlzif0<t<1
J (1) { tzft—l and S 1t21ft:1

Case 1: Let, L be a Hardy-Rogers-type (7, S)-OFIPC. Then,

(9(2,1,1))*°"(8(2,L2,1))*%(8(1, L1, 1))*®
(8(2,L1, 1))004(19 1,12, 1))1 0.01-0.02—0.03—0.04
(6(2,1,1)""(8(2,1,1))°*(8(1,5,1))"”
8(1,5,1%) (002,510 (8(1, 1,107
0.0 11 0.02 [1-s|  0.03
) = 7)) )
(e ) (1)%9

0.0003 > 0.7632.

8(L2,L1,k1) >

v
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However, this is a contradiction. Thus, L is not a Hardy—Rogers-type OFIPC.
Case 2: Let L be a Hardy-Rogers-type (7, S)-OFIPC. Then,

001 0.02 0.03
8(L3,L1,k1) > < (9 (33L11 11)))004(( ((1 If;) 11))))1 o(g(loclﬁl 0133) 0.04 )

13 0.01 , |15/ 0.02 -] 0.03
R A G B o
R e Can
1
0.0025 > 0.3104.
This is a contradiction. Thus, L is not a Hardy-Rogers-type OFIPC.

The requirements for the presence of a fixed-point of the Hardy-Rogers-type (7, S)-OFIPC
is stated in the following two theorems.

Theorem 10. Let L be a TOR. Then, every L-PSM defined on a L -reqular OCFMS (B, 9, *, L)
verifying (25) and (i)—(iv) has a fixed point in .

Proof. Assume oy € B, such that oy L o7 or 07 L 0y for every oy € B; then, by utilizing the
L -preservation of L, we build an OS {0} }, such that ¢;, = L(0;,—1) = L"(0p) and 0,1 L 0
for every n € N. Note that, if 0, = L(0,), then 0y, is FP of L for each n > 0. Let 0y, # 03,41
for eachn € NU{0}. Let y,, = 0(0w, 0y41,6) forall n > 0. By the first part of (ii) and (25),
we obtain

j(]/n) > \7(19 Loy,_1, Loy, ))
> S( Un 1/Un/ ) (19( I’l 1/L‘7n 1/9))”*(19(0'71/[4031!(;))7 )
- 8(0n1, Lo, ¢))° % (8(0n, Loy_1,¢)) 071777
S S( Un 1,% )" * (9 ((fn 1,01,6))" % (8(0n, 0041, 6))” )
= 3(0n-1,0041,6))° * (8(0n, 0, 6)) 07170
S S( (0 1,% N * (8(0n-1,00,6))" * (8(0n, 0ns1,6))7 )
= 901, 0ur1,6))° * (1) 0717770
> 8( Un 1/0'11/ )U (19(0'7171/0'71/9)))7 * (19(0'nr¢7'n+1/€))7 )
- 9(0u—1,01,6))° * (8(0w, 0ur1,6))°
> S( v+17+z5 )7+5>
> J((yn_u”*””(ym’”"‘). (26)

Suppose that y, > y,_1 for some n > 1. By the monotonicity of J and (26), we have
(y)"™° > (y,)"*°. This is not possible. Consequently, we obtain y, > y,_1 for each

n > 1. Next, by following the steps as taken in Theorem 4, we deduce ¢, = uasn — oo,,
with the support of the L-regularity of (B, 9, *, L). Then, we have ¢;, L uoru L o,. We
must prove that ¢(u, Lu,¢) = 1. Letting #(0;,,4+1, Lu, ¢) < 1 and using (25), we obtain

j(ﬂ(g}’H»l/Lu/g)) > \7(19 L(Tn, LM g))

an,u 6))" * (B(aw, Law ¢))" * (8(u, Lu, )"

= S( (Tn/ Lu, Q)) (19(”/ Loy, g))17U7777775 )
Un/u Q (19(‘771/ On+1, g))’? * (l9<u’ Lu, g)>’y

= S( Un/Lu Q)) ( (u Un+1/g))liviniryi§ )
Un,u 6))" = (8(ow, o 1,6))"* (8(u, Lu, Q))

> J Uan” Q)) ”+0'n+1rg))l e )
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Using (ii), we obtain

(0WWu£D”*O%mumungﬂ”*ﬁﬂwLMQD”>.

4 L
) > (e ot 7

Then, for large n, the last inequality implies that ¢(u, Lu,¢) > 1. Hence, ¢(u, Lu,g) =1, or
u=_~Lu O

Theorem 11. Let | be a TOR. Then, every 1-PSM defined on a 1-reqular OCFMS (B, 9, *, L)
verifying (25) and (i), (iii), (v)—(viii) has a fixed point in B.

Proof. By following the steps as taken in Theorems 5 and 10, the proof is obvious. [

4. Applications

In this section, we discuss the applications of fractional differential equations and
Volterra-type Fredholm integral equations.

4.1. An Application to Fractional Differential Equation

A variety of useful fractional differential features is postulated and searched by Lacroix
(1819). Caputo and Fabrizio announced [19] a new fractional technique in 2015. The
need to characterize a class of non-local systems that cannot be properly represented by
traditional local theories or fractional models with a singular kernel [19] sparked interest in
this description. The different kernels that can be selected to satisfy the requirements of
different applications are the fundamental difference among fractional derivatives. The
Caputo fractional derivative [20], the Cauto—Fabrizio derivative [19], and the Atangana—
Baleanu fractional derivative [16], for example, are determined by power laws, the Caputo-
Fabrizio derivative by an exponential decay law, and the Atangana—Baleanu derivative
by the Mittag-Leffler law. A variety of new Caputo-Fabrizio (CFD) models were lately
investigated in [15,17,18].

In OFMSs, we will look at one of these models (represent C(; g by k).

Let & : k? — [1,0) be defined by

Clusel [u()—o()]
S(u,v,6) =e ¢ =e TP forallu,v € Cpp).

Then, (k, 9, c) is a complete fuzzy metric space, where I = [0,1] and
k = {u|u : I — R and u is continuous}.
The relation L on k is as follows:
u Loiffu(l)o(l) > u(l) Vo(l), forallu,v € Ci ),

is an orthogonal relation and (k, 9, %, L) is an OCFMS. Let the function K; : I x R — R
be taken as Kj(s,7) > 0 forall s € I and T > 0. We shall apply Theorem 2 to resolve the
following CFDE:
CDYw(s) = Ky (s, w(s));w € Cur) : (27)
W(0) =0, Iw(1) = w (0).
We denote CFD of order v by “D? and for v € (m — 1,m); m = [v] + 1, we have

1

CDYw(s) = T —o) /Os(s —2)" "l (2) 042

The notation [’w is interpreted, as follows:
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W) = gy D KGN+ o [ [ p K ) pe

m—ov)

For the mapping Kj : I x R — R and ug € k, we state the following conditions:
(A) Fort >0,let

| Ki(s,w(s)) — Kai(s, u(s)) |< T | w(s) —u(s) |,

for each w, u € k following the order w L u.
(B) There exists ug € k, such that

uO(S) < F(Z)) /S(S—Z)vilKl(Z,wO(Z))(sz
I‘(Z //( = )" Ka(p uo(p))aapoiz.

We noticed that K; : I x R — R is not necessarily Lipschitz continuous.

For instance, Kj is given by

Ki(s,w(s)) = sw(s) if w(s) < %,O ifw(s) > %

Following (A), K; is not continuous and monotone. Moreover, for s = e~ "T'(v + 1),

O(Ky(s,w(s)), Ky (tu(t)),g) =e ¢ =ek ew =e ¢ =d(wucg).

Theorem 12. Let the mappings Ky : I x R — Rand ug € C(y gy satisfy the conditions (A)-(B).
Then, the Equation (23) admits a solution in k.

Proof. Let X = {] € Cr):J(s) > 0foralls € I} and define ¥ : X — X by

(¥16) = 1y o =97 Kl T @z + 155 [ [ =97 Ko )y

We define an orthogonal relation L on X by
u L viffu(s)v(s) > u(s)v(s), foreach u,v € X.

According to above conditions ,¥ is preserving and there is 1 € k verifying (B) such that
uy = R™(ug) with u, L w11 or uyq L uy, for each n > 0. we work on the validation of (3)
in the next lines.

S

sup | Fv) Jo(s—2)"" 1K1(z J(2))04z

1 v 1
. — (o7 Jo (5 —2)" Ki(z, U(2)) 0z
AENE D)€ =ex +17 Jo Jo (P =2 Kap, J(p))aupoaz
—ti55 Jo Jo (P —2)" " Ka(p, U(p))aupoaz

F(v)r v+ 1 fO U 1 |](Z);u(z)|¢7dz
= exp | sup 5 -1 -UC)
s,z€l “T(v) r( + 1 fO fO fU’dZUdp
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—-u
ﬁ[‘(v + 1) sup,; lJ(z) . (z)|

= exp
( Supsel{fo Hoaz=s Jy 5 (p 1‘7dz‘7dp} )

Lol o E)-u@)]|
=P O oy ¢ e-ute)
> ) o s
_SB(U +1, 1)msupszd e
Z exp(l - SB(Z) + 1,1)) sup M
s,z€I G
> exp ((1 —sB(v+1))sup |](z)—gu(z)>
s,z€l

1-sB(v+1,1)
_ (exp<sup H<>u<>|>>
s,zel ¢

= (%(J(z,U(z), g))1753(0+1’1); where B is a beta function.

By defining J(w) = In(w) and S(w) = DJ(w); w > 0,7 > 0, and putting
1—sB(v+1,1) = D < 1, the last inequality has the form:

J(@B(F())(s), ¥ (U)(s)),T) = S(B(], U, T))-
O

4.2. Application to Volterra-Type Integral Equation

There are several types of integral equations, but they are only used in the “model
scientific process”, in which the value, or the rate of change of the change of value, of
some quantity (or quantities), depends on the past history. This opposes the present
value, in which we can obtain the rate at which a quantity evolves. Just as for differential
equations, the integral equation need to be “solved” to describe and predict how a physical
quantity is going to behave as time passes. For solving integral equations, there are
things such as Fredholm theorems, fixed point methods, boundary element methods, and
Nystrom methods. In this paper, we apply Theorem 2 to demonstrate the existence of the
multiplicative Volterra-type integral equation given below;

k
£ = [ Lk b £ c)oul 28)
foreachk € Hand L : H x H x k — R. We demonstrate the existence of the solution

to (27).
Let ¢ : k x k x (0,00) — R be defined as

[u(D)—o(D)]|

O(u,v,6)=e ¢ forallu,v e Cyp).
Then, (k, 9, %) is a CEMS, where I = [0, 1] and
k = {u|u : I - R and u is a continuous}.
The relation L on k is as follows
u Loiffu(l)o(l) > u(l) Vo(l), for each u,v € C(yr),

is an orthogonal relation and (k, 9, *, L) is an OCFMS.
The following is the existence theorem for the integral Equation (28).
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Theorem 13. Assume that the following conditions are satisfied.
(a) Assumethat L : H x H x k — Ris continuous.
(b)  Suppose there exists T > 0, such that
L)~ L) | et (x(v3Tm) +1)°)
e s 2 e S (29)

forallk,h € (0,1} and f,q € C(;g+). Then, the integral Equation (28) admits a solution in
C(I’R+)-

Proof. Let R = k and endow it with the relation 1 and fuzzy metric space ¢. Define the
mapping ¥ : R — Rby

k
(EAE) = [ Lk f,0)on (30)

so that the fixed point of ¥ is a solution of the integral Equation (28). According to the
above definitions, 1 is L -preserving; there is 1 € k verifying 1, = R" (ug) with u, L 1,1
or u,4+1 L uy, for each n > 0. We work on the validation of (3) in the next few lines. By
assumption (b), we have

_ 1N ®-(F) )
(¥ (f) ¥(9),0) = ‘
K _1n0-(vg)0)

e ¢ U’dh

A\
O\m

k wa,q)—(r(\/m)ﬂ)z\

e 3

Y%
S~

Udh

o0 (x(vVaT) 1)k
/ O'dh
0

= e S
ot (x(v3Tm) +1)*)
ke <
= 8(f.q.9)

Hence, by defining J (w) = In(w) and S(w) = DJ (w);

J(O(¥(f), ¥(9),6)) = S(O(f,4,6))-

Thus, all the conditions of Theorem 2 are satisfied and v = k. Therefore, the integral
Equation (28) admits, at most, one solution. [J

5. Discussion and Conclusions

The study of interpolative contractions is an important research subject, with appli-
cations in optimization, functional analysis, dynamic systems, and other domains where
the existence of fixed points is critical. The study of interpolative contractions, like any
other mathematical idea, is evolving, and new conclusions and applications may emerge in
the future. Interpolative contractions are more relaxed than strict contractions, allowing
for a broader class of mappings while still ensuring the existence of fixed points. Sev-
eral fixed-point theorems for interpolative contractions have been established in diverse
scenarios, including metric spaces, partial metric spaces, and probabilistic metric spaces.
In this paper, we studied the (7, S)-orthogonal fuzzy interpolative contraction proved
to be a source of generalization of many well-known contractions, i.e., the Banach-type
(J,S)-orthogonal fuzzy interpolative contraction, Kannan-type (7, S)-orthogonal fuzzy
interpolative contraction, Chatarjea-type (J, S)-orthogonal fuzzy interpolative contraction,
and Hardy-Rogers-type (7, S)-orthogonal fuzzy interpolative contraction. The methodol-
ogy applied for the investigation of the fixed point of (7, S)-orthogonal fuzzy interpolative
contraction encapsulated existing corresponding methodologies. Further, we provided sev-
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eral non-trivial examples with applications to integral equations and fractional differential
equations to support the theory. The results extend the earlier results of [8,11-14]. This
work can be extended in the framework of controlled fuzzy metric spaces, intuitionistic
fuzzy metric spaces, and neutrosophic metric spaces, by increasing the number of mappings
and many other contexts.
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