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1. Introduction

As is well-known, in 1925, Hardy [1] proved the following famous integral inequality:
p>15+5=1f(x),8) 20

0< /:of”(x)dx<oo and 0 < /Ooogq(y)dy<oo,

then it holds

[ gy (o) ([T o

where the constant factor is the best possible.

Vs
sin(7r/
Forp=q=2,(1) redu(cesp )to the well-known Hilbert integral inequality. Hilbert’s
integral inequality and (1) are two very important inequalities, which are well-known for
their applicability in various domains of analysis (cf. [2,3]).
In 1934, Hardy et al. presented the following extension of (1):

If k1 (x,y) is a non-negative homogeneous function of degree —1,
ky = / ki(u,1)u? du € Ry = (0, 00),
J0

then we have
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where the constant factor k), is the best possible (cf. [2], Theorem 319). Furthermore, the
following Hﬂbert -type integral inequality with non-homogeneous kernel holds true:
If h(u) > 0,¢(c) = [ h(u)uldu € Ry, then

./om /000 h(xy) f(x)g(y)dxdy
< CP(;) (/Ooo x’”_zf"(x)dx> (%) (/Ooo gq(y)dy) %, 5

where the constant factor 4)(%) is the best possible (cf. [2], Theorem 350).

In 1998, by introducing an independent parameter A > 0, Yang established an exten-
sion of Hilbert’s integral inequality with the kernel gt y) 1 (cf. [4,5] ). In2004, by introducing

two pairs of conjugate exponents (p,q) and (r,s) with an independent parameter A > 0,
Yang [6] proved the following extension of (1):
Ifp,r > 1,% + % =1+1=1 f(x),g(y) >0, such that

0< /Ooo x’”(l_%)_lf”(x)dx < oo and 0 < /Ooqu(l_%)_lgq(y)dy < o0,

then

dd
// x)‘+y o

)\&n?i‘c/r){/o O () } [./Omyq“‘?)‘lgq(y)dy ’ @

where the constant factor s " is the best possible.
sin(7t/r)

For A = 1,r = ¢q,5 = p, (4) reduces to (1). In 2005, the work [7] also provided an
extension of (1) with the kernel e and two pairs of conjugate exponents. In papers [8-12],

the authors proved some interesting extensions and particular cases of (1)—(3) with parameters.
In 2009, Yang presented the following extension of (2) and (5) (cf. [13,14]):
If A1+ Ay = A € R = (—00,0), kj(x,y) is a non-negative homogeneous function of degree
—A, satisfying
ka(ux, uy) = u= k) (x,y)(u,x,y > 0),

k(A1) :/0 ka(u, 1)uM~du € R,

then we have

L sy f)gtydy
1o o 1
< k) [/ xp“‘“‘lf”(xW] p { [y iy, )
0 J0
where the constant factor k(A1) is the best possible.
For A = 1,0 = 1 S Ay = 1 , (5) reduces to (2), whereas for A > 0, A\ = %, Ay =

ky(x,y) = x*ur . (5) reduces to (4)
Addltlonally, the extension below of (3) has been established:

I7 [ nen s sty

< ¢(0) [/Ow P =) =1 g (X)dX} : [/Om Y- 1)y |, 6)
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where the constant factor ¢ (o) is the best possible (cf. [15]).

Some equivalent inequalities of (5) and (6) were constructed in [14] . In 2013, Yang [15]
also studied the equivalency of (5) and (6). In 2017, Hong [16] investigated an equivalent
condition between (5) and a few parameters. Since 2018, in the papers [17-26], the authors
proved some novel extensions of the above Hilbert-type inequalities.

In the present paper, we establish an equivalent form related to a Hilbert-type integral
inequality with the non-homogeneous kernel

3
s
+

(min{xy, ¢
|lnxy|H { Y k}
(max{xy, i })

and a best possible constant factor. We also consider the case of homogeneous kernel and
operator expressions.

2. An Example and a Lemma

In the following, we assume thats,so € N = {1,2,---},0 < ¢; < --- < ¢ < 00,
50 <8,0=c0 <5y T <Cgpq1 < Csq1 =00,A1,A0 > —a, Ay + Ay = A,

Example 1. We consider the following function:

s (minf{u,cr})s
=|Inu| —H(MER ’ @)
= H 1 (max{u,cr}) s +)
and define
R e M-tgy — [T in o (minf{u, ¢ })s A —
k()\l)._/o h(u)u du—/o B u|Ll‘[1 . 1,4 Ly, ®)

Note. For0 <a <b <1,5 # 0, we have

! 1 b 1 b
/ x’7—1|h’1x|dx == / (—Inx)dx" = 7[(—lnx)x'7|g _|_/ x”‘ldx}
! i Ja U) a

;w&mwﬂﬁ+wﬁw®} )

Since we have

b b
/ x*1|lnx|dx:/ (—Inx)dInx
a a

1
- 21n x|l = hm+17—[17(—1nx)x’7|2+(b'7—a”)],

we still denote this as (9) for # = 0.
For 0 < a < b, we also use the above viewpoint in the following.
By the above Note, indicating

we obtain
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1 S 3
k(A1) = /(—lnu) (min{s, Ck}))\ia M du
€0 k=1 (max{u, ¢ })s
s .
+/Cs+1 lnu[H (mm{u Ck}))\ ]uAl 1du
! k=1 (max{u, cc}) =
&
So 1 c,+1 i 5 st
k A—1
= / —Inu) H o = 1= du
k=1U s k=i+1 ¢’
CE LI B
—|—/ —Inu) p iz 17 du
1” s k=sp+1 ¢, ®
k
3 .
Csp+1 0 o4 S us A1
/ Inu H Ata H Ata ' du
k=1u"s k=so+1 ¢, °

C; §
: H Ada

l
+ Z / Inu At
1 u s k=i+1 Ck s

i=sp+1
. 4
Sofl Cit1 A2a ; Hl C§
= X Uc (= Inu)ut =75 1_1du] =Lk
f— 1 S s
i=0 2 [Teiv1 ¢

3
S0 35
ITeq ¢

Ada

|

|

1
+ / (—Inu)u Mta—222s0—1 4,
0 [Ticsp1 &
Csp+1 A _/\+‘21x 1 H]S(l)zl C]f
+ Ul () — ==y
[i=sp+1 &
_ is
iy /fw (a2 g, et
i=so+1L7ci oo
Hence, we find that
so—1 1 A+ 2. (A +a7M i)
Hh) = Lot T {[1 M ta— Dinciple™
A +2C¥ . A )\+20< i_ C%
—[= (M= S gl ey o
S s
Hk i+1 Ck
1-1— M +a— @so)lncso]cgo ) IT 1Ck
A /\+2a 2 dle
(M +a— s0) [Ti—s+1 S
A+ _/\+‘2a @
(A1 +a—A250) Incg 1 — 1]C§0-1+1‘X e I o
1 FESIYNE A
(M +a— 50) [Tisy41 %
s 1 A2, (Aq+a—AE240)
’ ‘1 (A +a— A2 {[(Al tem T i ldn
1=50 S
A 2 /\+2:x i_ C%
A e —1; ocl,) Ine, — 1]Cl(/\1+lx i) [Tkt kAﬂ ) (10)
S s
[Ti—iga ok
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In particular:

(1) Forspg=s50<c <---<cs <1,wehave

S

k()\l ) Z ?\+2a )

1:0 /\ + a0 —
/\ 2 —At2a;
xq[1— (A +uw + ai)lnciﬂ]cfflﬂ =)
_ A i el
—[l—()\l—l—a—A+2ai)lnci]cf)\l+a =0 Hk_illf\j
[z

(2= [1+ (ata)Inede “2“"11[ 5

(A2 +a)? pa e

(2) Forsy=0,1<cy <--- <5, wehave

(A1 +a)lnc; — 1}c§/\1+“) +2 1

k(A ) = ,

M+ )2 pEn

(A1 +a) [Tiz16°

s 1 A+2a, (Aq+a—2L24)
—O—Z%(/\ +a—A+2“i)2{[(Al+a_ z)lnci+1—1]ci+11
1= S
_ A2 i cr
—[M+a— At 2“1') Inc; — 1]c§A1+a = Hk_illf\ﬂ;
S s
IThziv1 6
(B) Fors=1(orcs=---=c¢1),
() = | Inu|(min{u, c1})*
(max{u,ci })Ae ’
in view of (1) and (2), we deduce that
e} 3 14 )Ll—l
KAL) — / ! (min{u,c1})%u P
(1) 0 | Inu] (max{u, c1 })A e u
(Ap+a)
1—(A4a)Inc 2c —1—(Ap+a)Incq
_ { (/\11+v<)2 : : (A2 +a)? } a2’ asl ]
N (AM+a)Inc =142~ M+ 14 (A+a)Ing | 1 ’
[ ; (/\1+1x)2 (/\22+1x)2 : 2’ e > 1
(4) Fora=0,
1§
h(u) = [ Inu] A, Ay >0,

/\ 7
teq (max{u,cr})s

we get that
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So—]

1 Al A A
k(A1) = ZM{U—(M—S)MQH}CEQ 2
i (M — %
R Y ] S
Hlsc i+1Ck

1—[1— (A1 —2s9) lncso]cgo1 %) 1

ot T
_A
N [(M = §s0) Incgyy1 — 1165211 0 4 q 1
()\1 - 750)2 S %
° Hk:s0+1 C
S ! { Ai (- 2)
+ 5 (M = =) Inciyg — e
i7§+1 (A1 —40)? s ' Cit1
_Ai 1
Al S
HIS%:iH (o
(5) ForA =0,
min{u, ¢}
= Il TT( Ty ) <a w0,
we have
K = Soil 1 {[1 (A tae 27041.) Ine. ]C(Alﬂcf%i)
' = (M +a— 24)2 ! s i+11% 41
20 i C%
—[1-(A1+a- 21‘1‘) Incj)cM e @
’ Hi i+1 Cx
M+
~|—1_ [1—(M —l—tx—zs—“so)lncso]cgol &%) 5 1Ck
2 T
(A1 +a— 2sp)? By 1
A+ «
[(M 4+ a—2sp) Incgy 11 — 1] g-lua ) | q e, cf

_ 2as)2 s 4
(A1 +a—5Fso) | Y

> 1 { 20 . (Aq+a—22)
+ —————< (M +a——i)Inciy —1]c
i:§+1 (/\l +a— 2?0(1)2 s i Cit1
20 _ 2 i c%
—[(AM +a— ?z) Inc; —1]c; (M+a—=3) Hk—ilkﬁ/.
[hicitacf

(6) ForA = —a(a>0),

&
s

h(u) = |lnu|H min{u, ¢ })s,

we derive that
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So—l 1

)= L G ey

[1—(/\1+a——)lncl (Mt }Hck

wi MAa—4
{[1 - (M+a- ?)lnciﬂ]c,(ﬁﬂ 2

I-[1-(M+a— %So)lncso]cgéﬁa 0 s,

CS
()\1 +a— %50)2 ]:([:[1 k

A ta—2
(A1 + & — %s0) Incgar — e 5 11 0

CS
(A +a—4%s0)? k
(M+a—4

+ ; ! {[(A +a m)lnc 1]c
- - 1 _ = A
i (/\1—|—DC (Xl)2 s i+1 i+1

k=1

i i
At a— D) Ing - 1]cf)‘1+as)} IT<-
s k=1

w2

For n € N, we consider the following two expressions:

) 1 [ s i H |
5 ::/1 {/O iyl |TT (mm{xy,Ck})A+ xAlJ’Vln_ldx}y"l_qln_ldy, an

k=1 (max{xy, ¢ })"

1 ~ s . a ]
L= | {/1 Iyl |T] (mm{xw};)w M_;"_ldx}y””l”‘ldy- (12)

k=1 (max{xy, ¢}
Setting u = xy in (11) and (12), by Fubini’s theorem (cf. [27]), we obtain

b So (min{u, cx})s W\ Mt gy oL
R DR
= / y( A= 1{/ |1nu|l 7 (min{ c}) + ] du}dy
_ / y(@1=A1)- 1dy/ “inu) [s (mm{u ck})%+ ] L

k=1 (max{u, ¢ }) 5
+ / yl1 =)= /ln Lﬁ((mm{”%lu)‘ﬁﬂn_ldudy

max{u, c;}

I

a

S S
_ / (1) 1dy/ “inu) [ (min{u, ck})H ] +h1g,

k=1 (max{u, ck}

4 / [/ y(Ul 7)\1)7%71dy] Inu [H (mln{u Ck} )\+a ‘| u)\ PH du (13)
1 u

k=1 (max{u, cp})
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_ e N S (min{u,cp})s u M= gy ot -1
b /O{/y ! ”|LI_11 (max{u, ck})M“](]/) }y 4y

1 s
— / y(gl_Al)_"%_l / |lnl/l| H mll‘l{u Ck} )‘1 pn du dy
0 y k=1 (

s (mm{uc s Al*ﬁ*ldu
)

/ yla—M)+ 1dy/ —1Inu)
k 1 (max{u, ¢}

+/ ]/(UlfA])Jr%*l/ Inu li[%% u)‘lfﬁfldudy
: R (e ) ™

/01 {/OM y(al—)q)hl,—ldy} (—Inu) [ﬁ (min{u, Ck}))\

k=1 (max{u,cx}) s

S
+/ y T 1dy/ lnul (min{s, Ck})m]”Al_?’l"_ldu- (14)

(max{u, ¢ })

Lemma 1. Suppose that p > 1,1 + % =1, 07 € R. If there exists a constant M, such that for any
non-negative measurable functions f(x) and g(y) in (0, 00), the following inequality

/ / lnxylls (min{xy’c"}); ]f(X)g(y)dxdy

max{xy, e} s

—
I

IN

M[/o pA=A)=1 7 ()4 } [/Ooqu(l—al)—lgq(y)dyr (15)

holds, then we have oy = Ay. When o1 = Aq, we have M > k(Aq).

Proof. If oq < A4, then for

n> (n € N),

M -0
we set the following two functions

0,0<x<1 o+4-1
e ’ — )y m 0<y<l
xX) 1= , = .
fu(x) { x)\]*ﬁ*l,le gn(y) { 0,y >1

Hence, we derive that

L= [ / ® (A1 f,f<x>dx] ’ [ A ) yﬂ“”l“gzmdy} q

_ (/1 X 1dx> (/ yh 1dy> —n.

By (14) and (15), we have

&
s

/U Y=+ ](—mu)[ﬁ(min{“ck})

k=1 (max{u, cx}) A

I = /Ooo /Ooo | In xy| Lf[ mm{xy,ck}/\ﬂ ]fn( )8n(y)dxdy

(max{xy,cc}) s
< M]J, = Mn. (16)

1
] uM e gy

IN
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Since 1
(o —/\1)4—% <0,

it follows that for any u € (0,1),

/u y(tTlf/H)Jr%*ldy = 0.
0

By (16), in view of

S

(—Inu) [H (min{u, ck})

k=1 (max{u, ¢ }

1
]u“vnl >0, ue(0,1),

we obtain that co < Mn < oo, which is a contradiction.
If o1 > A4, then for

n> 3 (n € N),
— M\
we set )
~ /\1+pn 0<x<1 _ 0,0<y<1
x) = ==, = 1
fu(x) { 0, %> 1 Sn(y) R TR
and find that

By (13) and (15), we have

9
s

S
/ yal A)— 1dy/ lnu [ (mln{u Ck})))\+ ‘|1,{)L1+Plﬂ_1du

k=1 (max{u, c; }
L / / |1n xy‘ [ s (rnm{xy, Ck})AH 1ﬁ(x)§n (y)dxdy
(max{xy, cx})
< MJ, = Mn. (17)

IN

Since (o1 — A1) — 1 > 0, it follows that

/ y L71 )\1 ldy .

By (17), in view of

/01(—1nu) lﬁ (min{x, Ck})% ]u/\ﬁr’l"_ldu >0,
k=1 (

max{u, ck})

we have co < Mn < oo, which is a contradiction.
Hence, we conclude that o7 = A4.
For 4 = A1, we reduce (13) and then use (17) as follows:
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[ U Y A o °r (min{u, ¢ }) M+l
Ell = n{/l Y dy/o( Inu) l (max{, ck}) ]u e du
R B B} so (min{u, ¢ })s | a0l
+ il >1 |
Jrwta n”LHl (max{,c}) ] }
1 s (min{u, ¢ })s 1
e —1 pn d
./0 (Zinu) LH (max{u, ¢ })+ 1 !
+/ 1nu[ 7 _min{uw ci}) ] WM < L, = (18)
A =4 2 =

(max{u,c})

Since

s (min{u, o) ] a1

_1 n
( n”)tnl (maxts, ck}>”“1” ,,

oo ot

! (max{u}) 3
Levi’s theorem (cf. [27]), we derive that

+ wlR

0 n—oo

k(A1) = 1lim(—1nu)lﬁ (min{s, Ck}) 1 Ty
o (min{u, ck}% 1 -
+ Iim Inu e '1”
a1,

e max{u,cy})
] “du

1 S (min{u,c
_ JE‘;{/O (_m)[n< (min{n, )t

k=1 (max{u,cc}) s

S
+/ lnu[ (min{u, C"];)m]mrw‘ldu} <M < 0.

(max{u, c; }

This completes the proof of the lemma. [

3. Main Results and Operator Expressions

e } Mol s nonnegative and increasing in (0,1) ((1,00)), by

(19)

Theorem 1. Suppose that p > 1, % + % = 1,09 € R. The following statements are equivalent:

(i) There exists a constant M such that for any f(x) > 0, with

0< /Ooo xPA=M) 1P (x)dx < oo,

the following inequality holds true:

®© © so (min{xy, ¢ })5s b v
{‘/0 yptflfl |:/O \lnxy| (H ( { Y, k}) >f(x)dx] dy}

k=t (max{xy, )

< M[/ AP =A0=1 ¢p (1) ] ;
0
(ii)  There exists a constant M, such that for any f(x), g(y) > 0, with
0< / xPA=A) =1 6P (3)dx < oo
0

and

0< /O Y11= =1 (y)dy < oo,

(20)
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the following inequality holds true:

//“nxyls (min{xy, ¢ }

max{xy, ck}) s

4
s
+

]f (x)g(y)dxdy

< m| [Tt ” [T tgwa e

(iii) o1 = )Ll.

If Condition (iii) is satisfied, then M > k(A1) and the constant factor M = k(A1) in (20)
and (21) is the best possible.

Proof. “(i) = (ii)”. By Holder’s inequality (cf. [28]), we have

- L o] )

k=1 (max{xy, cp}) s

IN

J[ /0 T yi-a)-1gn (y)dy} q- (22)

Then by (20), we deduce (21).

“(ii) = (iii)”. By Lemma 1, we have 07 = A;.

“(iti) = (i)". Setting u = xy, we obtain the following weight function:
Fory > 0,

o0 S .
cu(/\l,y) = y?\1 |lnxy| 1—[ (mm{xy,ck}) x/\lfldx
0 k=1 (max{xy,

_ /O°° Il [H (mm{”ck})lﬁl uMldy = k(Ay). (23)

(max{u, ¢t}
By Holder’s inequality with weight and (23), we obtain that

.00 s . a r
{'/0 Inzy [H e ]f(x)dx}

k=1 (max{xy, cx}

°° 2 (mm{xy,ck})% yM=D/p f(x) x(h=1)/0 P
{/0 |lnxy|ln T 1)/g y()n 75 dx

k=1 (max{xy, i }) =

0 - (mm{xy,ck} s |yt
/O|lnxy[H T Allp/q (x)dx

k=1 (max{xy,

a p/q
o s mm{xy, ck})s Ml
i ]

IN

max{xy, c}
w(Ay) rl s (min{ay,eh)! |y L)
= | == Inx dx
{Wll)ﬂ Jy i kl—[umax{xy,ck})““ s
(k(Aq))P1 e S (min{xy, o)) [yM TP (x)
= >~ 77 Inx - dx. (24)
yPh-1 /0 [ Inxy] 11_[1 (max{xy, ct}) A y(M=Dp/q

If (24) assumes the form of equality for some y € (0, 0), then (cf. [28]) there exist
constants A and B, such that they are not all zero and

A—1 A1—1
yl 1

_J fP —RB - 3
Ax(Alfl)p/qf (x) By()qfl)q/p a.e.in Ry.
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We suppose that A # 0 (otherwise, B = A = 0). Then, it follows that
xp(lfM)*lfp(x) - yq(lﬂl)i ae. inR,,
Ax
which contradicts the fact that
0< / xPA=A) =1 6P (x)dx < oo
0
Hence, (24) assumes the form of strict inequality.

Therefore, for o7 = A1, by Fubini’s theorem, we derive that

1

1 * (min{xy,c % A1 P
k(A1) q{/ / |1nxy|l by ad) e ] X(Z 70 f " (% )dxdy}
k=

1 (max{xy, o))

. of ol e o (minfxy,a )t ) vty %
= oo { [ ([ el )

P

—
A

= k)| [ w0t s

S e

Setting M > k(A1), (20) follows.

Thus, the conditions (i), (ii) and (iii) are equivalent.

When Condition (iii) is satisfied, if there exists a constant M < k(A1), such that (21)
holds true, then by Lemma 1 we have that M > k(A1 ). Then the constant factor M = k(Aq)
in (21) is the best possible. The constant factor M = k(A1) in (20) is still the best possible.
Otherwise, by (22) (for 07 = A1), we would conclude that the constant factor M = k(Aq)
in (21) is not the best possible.

This completes the proof of the theorem. [J

Setting y = +, G(Y) = Y*2¢(3),02 = A — 07 in Theorem 1, then replacing Y (G(Y))
by v (3(y)), we derive the following corollary.

Corollary 1. Suppose that p > 1, % + % = 1,07 € R. The following conditions are equivalent:
(i) There exists a constant M, such that for any f(x) > 0 satisfying

O</ PA=M)=1 P (x)dx < oo,
0

we have the following Hilbert-type inequality with the homogeneous kernel:

o [ x gy (minfx ey L
{/0 v 1[/0 |1ny|(g( i )f(x)dx] dy}

max{x, cyy}

1
1
14

< M {/ x”(l)‘l)lfp(x)dx} ; (25)
0
(i)  There exists a constant M, such that for any f(x),g(y) > 0, satisfying
0< / xPA=M) =1 6P (x)dx < oo,
0

and ® q(-0)-1,9
0</O y g1 (y)dy < oo,
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we have the following inequality:
°r (min{x,c
JarA { tmogh) 1f(x)g(y)dxdy
k=1 (max{x, cky})
1

< m| [Tt ” [Creeganls e

0 0

(iii) 0y = )Lz.

If Condition (iii) is satisfied, then we have M > k(Ay), and the constant M = k(Ay) in (25)
and (26) is the best possible.
Remark 1. On the other hand, settingy = v, G(Y) = Y}"2¢(3),01 = A — 02, in Corollary 1,
then replacing Y (G(Y)) by y (3(y)), we deduce Theorem 1. Hence, Theorem 1 and Corollary 1
are equivalent.

Forp > 1, % + % = 1, we set the following functions:

(P(x) = xp(lf/\l)*ll IP(]/) _yq(l A)— l, (P(]/) — yq(lf)\Z),],

wherefrom,
PP (y) =y 9P (y) =y (ny € Ry).

Define the following real normed linear spaces:

Loa®) = {15 Wllg = </°o<v(x)lf<x)"dx);<oo},

Ly(R,) = {g:||g|q,¢:— ([ vwlstray)’ <oo},

Lig(R.) = { sloe = ([ owlslrar)’ <oo}
Lyo(Ry) = { [ (/ vy ) <oo},
Lygis(Rs) = { e a1 >|de)1<oo}

(a) In view of Theorem 1 (with 0q = Aq), for f € L, »(R ), setting

m) = [y (f[ e )f(x)dx yeR.),

k=1 (max{xy, cx}

by (20), we obtain that

llygir = ([0 P00y ) " < MIIflp < o0 @)

Definition 1. Define a Hilbert-type integral operator with the non-homogeneous kernel
T . Lyp(Ry) — Lp,lpl,p(R+) as follows:

Forany f € Ly o(Ry), there exists a unique representation TV f = hy € L, yi-r(Ry),
satisfying T f(y) = hy(y), forany y € R;..
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In view of (27), it follows that
T £ prs = [l grs < Ml fllpg

and then the operator T(1) is bounded satisfying

) B
||T(1)|| _ sup || f||p,¢1 P <
F0eL,omy)  fllpg

If we define the formal inner product of T() f and g as follows:

&

(r0fg)= [ L/Om iny] (f[ by b )f(x)dx]g(y)dy,

k=1 (max{xy, ¢ }) s

then we can rewrite Theorem 1 (for o7 = Aq) as follows:

Theorem 2. Suppose that p > 1, % + % = 1. The following conditions are equivalent:

(i) There exists a constant M, such that for any f(x) >0, f € Lp,e (R+), [|f]|p,¢ > O, we have
the following inequality:

T flL s < MIIfllp i 8)

(i) There exists a constant M, such that for any f(x),g(y) >0, f € Lyy(Ry), g € Lgp(R4),
I1f11p,9,118llq,p > O, we have the following inequality:

(TF,8) < MlIfllppllgllgy- (29)
We still have ||[TM|| = k(A1) < M.

(b) In view of Corollary 1 (with 05 = A), for f € L, (R4), setting

&
s

e [ it et
ha(y) : /O |1 ylbj[1 (max{x,cky})A?*]f( )dx (y € Ry),

by (27), we have

allygor = ([ 0" P )" < Mg < 30

Definition 2. Define a Hilbert-type integral operator with the homogeneous kernel
T : L,o(Ry) — L, y1-» (Ry) as follows:

For any f € Lyo(R), there exists a unique representation T? f = hy € L,p-»(Ry),
satisfying T f(y) = hy(y), forany y € R,

In view of (30), it follows that
IT@f]] s = Nl 10 < MIIFl]pgn

and then the operator T?) is bounded satisfying

T _
el e®y)  fllpg
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If we define the formal inner product of T?) f and g as follows:

TQ)f o) = A n =~ s (min{x, cpy})s
e /0 {/0 | y|[1£[1 (max{x,cky}))‘sﬂ

]f(x)dx}g(y)dy,

then we can rewrite Corollary 1 (for o» = A;) as follows:

Corollary 2. Suppose that p > 1, % + % = 1. The following conditions are equivalent:

(i) There exists a constant M, such that for any f(x) >0, f € Lp,e (R4), ||f]|p,¢ > 0, we have
the following inequality:
T fI], er < MI[fllpps 61)

(i) There exists a constant M, such that for any f(x),g(y) >0, f € Lpy (R+), § € Lg¢(Ry),
1f11p,¢: 118115, > O, we have the following inequality:

(T?,8) < MllfllpolI8llgs- (32)
We still have ||T®|| = k(A1) < M.
Remark 2. Theorem 2 and Corollary 2 are equivalent.

4. Conclusions

In this paper, by means of real analysis, an equivalent form related to a Hilbert-type
integral inequality with the non-homogeneous kernel

S. (min{xy, ¢ })s
[Inxy| [T (min{xy k})m
et (max{xy, o))

and a best possible constant factor is given in Theorem 1. We also consider the case of the ho-
mogeneous kernel and the operator expressions in Corollary 1, Corollary 2 and Theorem 2.
The lemmas and theorems provide an extensive account of this type of inequalities.
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