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1. Introduction

As is well-known, in 1925, Hardy [1] proved the following famous integral inequality:
If p > 1, 1

p + 1
q = 1, f (x), g(y) ≥ 0,

0 <
∫ ∞

0
f p(x)dx < ∞ and 0 <

∫ ∞

0
gq(y)dy < ∞,

then it holds

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy <
π

sin(π/p)

(∫ ∞

0
f p(x)dx

) 1
p
(∫ ∞

0
gq(y)dy

) 1
q
, (1)

where the constant factor π
sin(π/p) is the best possible.

For p = q = 2, (1) reduces to the well-known Hilbert integral inequality. Hilbert’s
integral inequality and (1) are two very important inequalities, which are well-known for
their applicability in various domains of analysis (cf. [2,3]).

In 1934, Hardy et al. presented the following extension of (1):
If k1(x, y) is a non-negative homogeneous function of degree −1,

kp =
∫ ∞

0
k1(u, 1)u

−1
p du ∈ R+ = (0, ∞),

then we have

∫ ∞

0

∫ ∞

0
k1(x, y) f (x)g(y)dxdy < kp

(∫ ∞

0
f p(x)dx

) 1
p
(∫ ∞

0
gq(y)dy

) 1
q
, (2)
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where the constant factor kp is the best possible (cf. [2], Theorem 319). Furthermore, the
following Hilbert-type integral inequality with non-homogeneous kernel holds true:
If h(u) > 0, φ(σ) =

∫ ∞
0 h(u)uσ−1du ∈ R+, then∫ ∞

0

∫ ∞

0
h(xy) f (x)g(y)dxdy

< φ

(
1
p

)(∫ ∞

0
xp−2 f p(x)dx

)( 1
p

)(∫ ∞

0
gq(y)dy

) 1
q
, (3)

where the constant factor φ( 1
p ) is the best possible (cf. [2], Theorem 350).

In 1998, by introducing an independent parameter λ > 0, Yang established an exten-
sion of Hilbert’s integral inequality with the kernel 1

(x+y)λ (cf. [4,5] ). In 2004, by introducing

two pairs of conjugate exponents (p, q) and (r, s) with an independent parameter λ > 0,
Yang [6] proved the following extension of (1):

If p, r > 1, 1
p + 1

q = 1
r +

1
s = 1, f (x), g(y) ≥ 0, such that

0 <
∫ ∞

0
xp(1− λ

r )−1 f p(x)dx < ∞ and 0 <
∫ ∞

0
yq(1− λ

s )−1gq(y)dy < ∞,

then ∫ ∞

0

∫ ∞

0

f (x)g(y)
xλ + yλ

dxdy

<
π

λ sin(π/r)

[∫ ∞

0
xp(1− λ

r )−1 f p(x)dx
] 1

p
[∫ ∞

0
yq(1− λ

s )−1gq(y)dy
] 1

q
, (4)

where the constant factor π
λ sin(π/r) is the best possible.

For λ = 1, r = q, s = p, (4) reduces to (1). In 2005, the work [7] also provided an
extension of (1) with the kernel 1

(x+y)λ and two pairs of conjugate exponents. In papers [8–12],
the authors proved some interesting extensions and particular cases of (1)–(3) with parameters.

In 2009, Yang presented the following extension of (2) and (5) (cf. [13,14]):
If λ1 + λ2 = λ ∈ R = (−∞, ∞), kλ(x, y) is a non-negative homogeneous function of degree
−λ, satisfying

kλ(ux, uy) = u−λkλ(x, y)(u, x, y > 0),

k(λ1) =
∫ ∞

0
kλ(u, 1)uλ1−1du ∈ R+,

then we have ∫ ∞

0

∫ ∞

0
kλ(x, y) f (x)g(y)dxdy

< k(λ1)

[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−λ2)−1gq(y)dy

] 1
q
, (5)

where the constant factor k(λ1) is the best possible.
For λ = 1, λ1 = 1

q , λ2 = 1
p , (5) reduces to (2), whereas for λ > 0, λ1 = λ

r , λ2 = λ
s ,

kλ(x, y) = 1
xλ+yλ , (5) reduces to (4).

Additionally, the extension below of (3) has been established:∫ ∞

0

∫ ∞

0
h(xy) f (x)g(y)dxdy

< φ(σ)

[∫ ∞

0
xp(1−σ)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−σ)−1gq(y)dy

] 1
q
, (6)
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where the constant factor φ(σ) is the best possible (cf. [15]).
Some equivalent inequalities of (5) and (6) were constructed in [14] . In 2013, Yang [15]

also studied the equivalency of (5) and (6). In 2017, Hong [16] investigated an equivalent
condition between (5) and a few parameters. Since 2018, in the papers [17–26], the authors
proved some novel extensions of the above Hilbert-type inequalities.

In the present paper, we establish an equivalent form related to a Hilbert-type integral
inequality with the non-homogeneous kernel

| ln xy|
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

and a best possible constant factor. We also consider the case of homogeneous kernel and
operator expressions.

2. An Example and a Lemma

In the following, we assume that s, s0 ∈ N = {1, 2, · · · }, 0 < c1 ≤ · · · ≤ cs < ∞,
s0 ≤ s, 0 = c0 ≤ cs0 ≤ 1 < cs0+1 ≤ cs+1 = ∞, λ1, λ2 > −α, λ1 + λ2 = λ.

Example 1. We consider the following function:

h(u) := | ln u|
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s
(u ∈ R+), (7)

and define

k(λ1) :=
∫ ∞

0
h(u)uλ1−1du =

∫ ∞

0
| ln u|

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1−1du. (8)

Note. For 0 < a ≤ b ≤ 1, η 6= 0, we have

∫ b

a
xη−1| ln x|dx =

1
η

∫ b

a
(− ln x)dxη =

1
η
[(− ln x)xη |ba +

∫ b

a
xη−1dx]

=
1
η2 [η(− ln x)xη |ba + (bη − aη)]. (9)

Since we have ∫ b

a
x−1| ln x|dx =

∫ b

a
(− ln x)d ln x

= −1
2

ln2 x|ba = lim
η→0+

1
η2 [η(− ln x)xη |ba + (bη − aη)],

we still denote this as (9) for η = 0.
For 0 < a ≤ b, we also use the above viewpoint in the following.
By the above Note, indicating

0

∏
k=1

c
α
s
k =

s

∏
k=s+1

c
λ+α

s
k = 1

we obtain
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k(λ1) =
∫ 1

c0

(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1−1du

+
∫ cs+1

1
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1−1du

=
s0−1

∑
i=0

∫ ci+1

ci

(− ln u)

 i

∏
k=1

c
α
s
k

u
λ+α

s

 s

∏
k=i+1

u
α
s

c
λ+α

s
k

uλ1−1du

+
∫ 1

cs0

(− ln u)

 s0

∏
k=1

c
α
s
k

u
λ+α

s

 s

∏
k=s0+1

u
α
s

c
λ+α

s
k

uλ1−1du

+
∫ cs0+1

1
ln u

 s0

∏
k=1

c
α
s
k

u
λ+α

s

 s

∏
k=s0+1

u
α
s

c
λ+α

s
k

uλ1−1du

+
s

∑
i=s0+1

∫ ci+1

ci

ln u

 i

∏
k=1

c
α
s
k

u
λ+α

s

 s

∏
k=i+1

u
α
s

c
λ+α

s
k

uλ1−1du

=
s0−1

∑
i=0

[∫ ci+1

ci

(− ln u)uλ1+α− λ+2α
s i−1du

]
∏i

k=1 c
α
s
k

∏s
k=i+1 c

λ+α
s

k

+

[∫ 1

cs0

(− ln u)uλ1+α− λ+2α
s s0−1du

]
∏s0

k=1 c
α
s
k

∏s
k=s0+1 c

λ+α
s

k

+

[∫ cs0+1

1
(ln u)uλ1+α− λ+2α

s s0−1du
]

∏s0
k=1 c

α
s
k

∏s
k=s0+1 c

λ+α
s

k

+
s

∑
i=s0+1

[∫ ci+1

ci

(ln u)uλ1+α− λ+2α
s i−1du

]
∏i

k=1 c
α
s
k

∏s
k=i+1 c

λ+α
s

k

.

Hence, we find that

k(λ1) =
s0−1

∑
i=0

1
(λ1 + α− λ+2α

s i)2

{
[1− (λ1 + α− λ + 2α

s
i) ln ci+1]c

(λ1+α− λ+2α
s i)

i+1

− [1− (λ1 + α− λ + 2α

s
i) ln ci]c

(λ1+α− λ+2α
s i)

i

}
∏i

k=1 c
α
s
k

∏s
k=i+1 c

λ+α
s

k

+
1− [1− (λ1 + α− λ+2α

s s0) ln cs0 ]c
(λ1+α− λ+2α

s s0)
s0

(λ1 + α− λ+2α
s s0)2

∏s0
k=1 c

α
s
k

∏s
k=s0+1 c

λ+α
s

k

+
[(λ1 + α− λ+2α

s s0) ln cs0+1 − 1]c(λ1+α− λ+2α
s s0)

s0+1 + 1

(λ1 + α− λ+2α
s s0)2

∏s0
k=1 c

α
s
k

∏s
k=s0+1 c

λ+α
s

k

+
s

∑
i=s0+1

1
(λ1 + α− λ+2α

s i)2

{
[(λ1 + α− λ + 2α

s
i) ln ci+1 − 1]c(λ1+α− λ+2α

s i)
i+1

− [(λ1 + α− λ + 2α

s
i) ln ci − 1]c(λ1+α− λ+2α

s i)
i

}
∏i

k=1 c
α
s
k

∏s
k=i+1 c

λ+α
s

k

. (10)
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In particular:

(1) For s0 = s, 0 < c1 ≤ · · · ≤ cs ≤ 1, we have

k(λ1) =
s−1

∑
i=0

1
(λ1 + α− λ+2α

s i)2

×
{
[1− (λ1 + α− λ + 2α

s
i) ln ci+1]c

(λ1+α− λ+2α
s i)

i+1

− [1− (λ1 + α− λ + 2α

s
i) ln ci]c

(λ1+α− λ+2α
s i)

i

}
∏i

k=1 c
α
s
k

∏s
k=i+1 c

λ+α
s

k

+
2− [1 + (λ2 + α) ln cs]c

−(λ2+α)
s

(λ2 + α)2

s

∏
k=1

c
α
s
k ;

(2) For s0 = 0, 1 < c1 ≤ · · · ≤ cs, we have

k(λ1 ) =
[(λ1 + α) ln c1 − 1]c(λ1+α)

1 + 2
(λ1 + α)2

1

∏s
k=1 c

λ+α
s

k

+
s

∑
i=1

1
(λ1 + α− λ+2α

s i)2

{
[(λ1 + α− λ + 2α

s
i) ln ci+1 − 1]c(λ1+α− λ+2α

s i)
i+1

− [(λ1 + α− λ + 2α

s
i) ln ci − 1]c(λ1+α− λ+2α

s i)
i

}
∏i

k=1 c
α
s
k

∏s
k=i+1 c

λ+α
s

k

;

(3) For s = 1 (or cs = · · · = c1),

h(u) =
| ln u|(min{u, c1})α

(max{u, c1})λ+α
,

in view of (1) and (2), we deduce that

k(λ1) =
∫ ∞

0
| ln u| (min{u, c1})αuλ1−1

(max{u, c1})λ+α
du

=


[

1−(λ1+α) ln c1
(λ1+α)2 +

2c(λ2+α)
1 −1−(λ2+α) ln c1

(λ2+α)2

]
1

cλ2
1

, c1 ≤ 1[
(λ1+α) ln c1−1+2−(λ1+α)

(λ1+α)2 + 1+(λ2+α) ln c1
(λ2+α)2

]
1

cλ2
1

, c1 > 1
;

(4) For α = 0,

h(u) =
| ln u|

∏s
k=1(max{u, ck})

λ
s

, λ1, λ2 > 0,

we get that
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k(λ1) =
s0−1

∑
i=0

1
(λ1 − λi

s )
2

{
[1− (λ1 −

λi
s
) ln ci+1]c

(λ1− λi
s )

i+1

− [1− (λ1 −
λi
s
) ln ci]c

(λ1− λi
s )

i

}
1

∏s
k=i+1 c

λ
s
k

+
1− [1− (λ1 − λ

s s0) ln cs0 ]c
(λ1− λ

s s0)
s0

(λ1 − λ
s s0)2

1

∏s
k=s0+1 c

λ
s
k

+
[(λ1 − λ

s s0) ln cs0+1 − 1]c(λ1− λ
s s0)

s0+1 + 1

(λ1 − λ
s s0)2

1

∏s
k=s0+1 c

λ
s
k

+
s

∑
i=s0+1

1
(λ1 − λi

s )
2

{
[(λ1 −

λi
s
) ln ci+1 − 1]c(λ1− λi

s )
i+1

− [(λ1 −
λi
s
) ln ci − 1]c(λ1− λi

s )
i

}
1

∏s
k=i+1 c

λ
s
k

;

(5) For λ = 0,

h(u) = | ln u|
s

∏
k=1

(
min{u, ck}
max{u, ck}

) α
s
, |λ1| < α (α > 0),

we have

k(λ1) =
s0−1

∑
i=0

1
(λ1 + α− 2α

s i)2

{
[1− (λ1 + α− 2α

s
i) ln ci+1]c

(λ1+α− 2α
s i)

i+1

− [1− (λ1 + α− 2α

s
i) ln ci]c

(λ1+α− 2α
s i)

i

}
∏i

k=1 c
α
s
k

∏s
k=i+1 c

α
s
k

+
1− [1− (λ1 + α− 2α

s s0) ln cs0 ]c
(λ1+α− 2α

s s0)
s0

(λ1 + α− 2α
s s0)2

∏s0
k=1 c

α
s
k

∏s
k=s0+1 c

α
s
k

+
[(λ1 + α− 2α

s s0) ln cs0+1 − 1]c(λ1+α− 2α
s s0)

s0+1 + 1

(λ1 + α− 2α
s s0)2

∏s0
k=1 c

α
s
k

∏s
k=s0+1 c

α
s
k

+
s

∑
i=s0+1

1
(λ1 + α− 2α

s i)2

{
[(λ1 + α− 2α

s
i) ln ci+1 − 1]c(λ1+α− 2α

s i)
i+1

− [(λ1 + α− 2α

s
i) ln ci − 1]c(λ1+α− 2α

s i)
i

}
∏i

k=1 c
α
s
k

∏s
k=i+1 c

α
s
k

;

(6) For λ = −α (α > 0),

h(u) = | ln u|
s

∏
k=1

(min{u, ck})
α
s ,

we derive that
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k(λ1) =
s0−1

∑
i=0

1
(λ1 + α− αi

s )
2

{
[1− (λ1 + α− αi

s
) ln ci+1]c

(λ1+α− αi
s )

i+1

− [1− (λ1 + α− αi
s
) ln ci]c

(λ1+α− αi
s )

i

} i

∏
k=1

c
α
s
k

+
1− [1− (λ1 + α− α

s s0) ln cs0 ]c
(λ1+α− α

s s0)
s0

(λ1 + α− α
s s0)2

s0

∏
k=1

c
α
s
k

+
[(λ1 + α− α

s s0) ln cs0+1 − 1]c(λ1+α− α
s s0)

s0+1 + 1

(λ1 + α− α
s s0)2

s0

∏
k=1

c
α
s
k

+
s

∑
i=s0+1

1
(λ1 + α− αi

s )
2

{
[(λ1 + α− αi

s
) ln ci+1 − 1]c(λ1+α− αi

s )
i+1

− [(λ1 + α− αi
s
) ln ci − 1]c(λ1+α− αi

s )
i

} i

∏
k=1

c
α
s
k .

For n ∈ N, we consider the following two expressions:

I1 :=
∫ ∞

1

{∫ 1

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
xλ1+

1
pn−1dx

}
yσ1− 1

qn−1dy, (11)

I2 :=
∫ 1

0

{∫ ∞

1
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
xλ1− 1

pn−1dx

}
yσ1+

1
qn−1dy. (12)

Setting u = xy in (11) and (12), by Fubini’s theorem (cf. [27]), we obtain

I1 =
∫ ∞

1

{∫ y

0
| ln u|

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

](
u
y

)λ1+
1

pn−1 du
y

}
yσ1− 1

qn−1dy

=
∫ ∞

1
y(σ1−λ1)− 1

n−1

{∫ y

0
| ln u|

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

}
dy

=
∫ ∞

1
y(σ1−λ1)− 1

n−1dy
∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

+
∫ ∞

1
y(σ1−λ1)− 1

n−1
∫ y

1
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1dudy

=
∫ ∞

1
y(σ1−λ1)− 1

n−1dy
∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

+
∫ ∞

1
[
∫ ∞

u
y(σ1−λ1)− 1

n−1dy] ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du, (13)
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I2 =
∫ 1

0

{∫ ∞

y
| ln u|

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

](
u
y

)λ1− 1
pn−1 du

y

}
yσ1+

1
qn−1dy

=
∫ 1

0
y(σ1−λ1)+

1
n−1

{∫ ∞

y
| ln u|

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1du

}
dy

=
∫ 1

0
y(σ1−λ1)+

1
n−1dy

∫ 1

y
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1du

+
∫ 1

0
y(σ1−λ1)+

1
n−1

∫ ∞

1
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1dudy

=
∫ 1

0

[∫ u

0
y(σ1−λ1)+

1
n−1dy

]
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1du

+
∫ 1

0
y(σ1−λ1)+

1
n−1dy

∫ ∞

1
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1du. (14)

Lemma 1. Suppose that p > 1, 1
p + 1

q = 1, σ1 ∈ R. If there exists a constant M, such that for any
non-negative measurable functions f (x) and g(y) in (0, ∞), the following inequality

I :=
∫ ∞

0

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
f (x)g(y)dxdy

≤ M
[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−σ1)−1gq(y)dy

] 1
q

(15)

holds, then we have σ1 = λ1. When σ1 = λ1, we have M ≥ k(λ1).

Proof. If σ1 < λ1, then for

n >
1

λ1 − σ1
(n ∈ N),

we set the following two functions

fn(x) :=

{
0, 0 < x < 1

xλ1− 1
pn−1, x ≥ 1

, gn(y) :=

{
yσ1+

1
qn−1, 0 < y ≤ 1

0, y > 1
.

Hence, we derive that

J2 :=
[∫ ∞

0
xp(1−λ1)−1 f p

n (x)dx
] 1

p
[∫ ∞

0
yq(1−σ1)−1gq

n(y)dy
] 1

q

=

(∫ ∞

1
x−

1
n−1dx

) 1
p
(∫ 1

0
y

1
n−1dy

) 1
q
= n.

By (14) and (15), we have

∫ 1

0

[∫ u

0
y(σ1−σ)+ 1

n−1dy
]
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1du

≤ I2 =
∫ ∞

0

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
fn(x)gn(y)dxdy

≤ MJ2 = Mn. (16)
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Since
(σ1 − λ1) +

1
n
< 0,

it follows that for any u ∈ (0, 1), ∫ u

0
y(σ1−λ1)+

1
n−1dy = ∞.

By (16), in view of

(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

pn−1
> 0, u ∈ (0, 1),

we obtain that ∞ ≤ Mn < ∞, which is a contradiction.
If σ1 > λ1, then for

n >
1

σ1 − λ1
(n ∈ N),

we set

f̃n(x) :=

{
xλ1+

1
pn−1, 0 < x ≤ 1
0, x > 1

, g̃n(y) :=

{
0, 0 < y < 1

yσ1− 1
qn−1, y ≥ 1

,

and find that

J̃2 :=
[∫ ∞

0
xp(1−λ1)−1 f̃ p

n (x)dx
] 1

p
[∫ ∞

0
yq(1−σ1)−1 g̃q

n(y)dy
] 1

q

=

(∫ 1

0
x

1
n−1dx

) 1
p
(∫ ∞

1
y−

1
n−1dy

) 1
q
= n.

By (13) and (15), we have

∫ ∞

1
y(σ1−λ1)− 1

n−1dy
∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

≤ I1 =
∫ ∞

0

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
f̃n(x)g̃n(y)dxdy

≤ MJ̃2 = Mn. (17)

Since (σ1 − λ1)− 1
n > 0, it follows that∫ ∞

1
y(σ1−λ1)− 1

n−1dy = ∞.

By (17), in view of

∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du > 0,

we have ∞ ≤ Mn < ∞, which is a contradiction.
Hence, we conclude that σ1 = λ1.
For σ1 = λ1, we reduce (13) and then use (17) as follows:
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1
n

I1 =
1
n

{∫ ∞

1
y−

1
n−1dy

∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

+
∫ ∞

1

(∫ ∞

u
y−

1
n−1dy

)
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

}

=
∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

+
∫ ∞

1
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

qn−1du ≤ 1
n

MJ̃2 = M. (18)

Since

(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1

(ln u
[

∏s
k=1

(min{u,ck})
α
s

(max{u,ck})
λ+α

s

]
uλ1− 1

qn−1) is nonnegative and increasing in (0, 1) ((1, ∞)), by

Levi’s theorem (cf. [27]), we derive that

k(λ1) =
∫ 1

0
lim

n→∞
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

+
∫ ∞

1
lim

n→∞
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

qn−1du

= lim
n→∞

{∫ 1

0
(− ln u)

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1+

1
pn−1du

+
∫ ∞

1
ln u

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1− 1

qn−1du

}
≤ M < ∞. (19)

This completes the proof of the lemma.

3. Main Results and Operator Expressions

Theorem 1. Suppose that p > 1, 1
p + 1

q = 1, σ1 ∈ R. The following statements are equivalent:

(i) There exists a constant M such that for any f (x) ≥ 0, with

0 <
∫ ∞

0
xp(1−λ1)−1 f p(x)dx < ∞,

the following inequality holds true:

J :=

{∫ ∞

0
ypσ1−1

[∫ ∞

0
| ln xy|

(
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

)
f (x)dx

]p

dy

} 1
p

< M
[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
; (20)

(ii) There exists a constant M, such that for any f (x), g(y) ≥ 0, with

0 <
∫ ∞

0
xp(1−λ1)−1 f p(x)dx < ∞

and
0 <

∫ ∞

0
yq(1−σ1)−1gq(y)dy < ∞,
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the following inequality holds true:

I =
∫ ∞

0

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
f (x)g(y)dxdy

< M
[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−σ1)−1gq(y)dy

] 1
q
; (21)

(iii) σ1 = λ1.

If Condition (iii) is satisfied, then M ≥ k(λ1) and the constant factor M = k(λ1) in (20)
and (21) is the best possible.

Proof. “(i)⇒ (ii)”. By Hölder’s inequality (cf. [28]), we have

I =
∫ ∞

0

[
yσ1− 1

p

∫ ∞

0
| ln xy|

(
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

)
f (x)dx

](
y

1
p−σ1 g(y)

)
dy

≤ J
[∫ ∞

0
yq(1−σ1)−1gq(y)dy

] 1
q
. (22)

Then by (20), we deduce (21).
“(ii)⇒ (iii)”. By Lemma 1, we have σ1 = λ1.
“(iii)⇒ (i)′′. Setting u = xy, we obtain the following weight function:
For y > 0,

ω(λ1, y) := yλ1

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
xλ1−1dx

=
∫ ∞

0
| ln u|

[
s

∏
k=1

(min{u, ck})
α
s

(max{u, ck})
λ+α

s

]
uλ1−1du = k(λ1). (23)

By Hölder’s inequality with weight and (23), we obtain that{∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
f (x)dx

}p

=

{∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
y(λ1−1)/p f (x)

x(λ1−1)/q
x(λ1−1)/q

y(λ1−1)/p
dx

}p

≤
∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
yλ1−1

x(λ1−1)p/q
f p(x)dx

×
{∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
xλ1−1

y(λ1−1)q/p
dx

}p/q

=

[
ω(λ1, y)

yq(λ1−1)+1

]p−1 ∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
yλ1−1 f p(x)
x(λ1−1)p/q

dx

=
(k(λ1))

p−1

ypλ1−1

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
yλ1−1 f p(x)
x(λ1−1)p/q

dx. (24)

If (24) assumes the form of equality for some y ∈ (0, ∞), then (cf. [28]) there exist
constants A and B, such that they are not all zero and

A
yλ1−1

x(λ1−1)p/q
f p(x) = B

xλ1−1

y(λ1−1)q/p
a.e. in R+.
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We suppose that A 6= 0 (otherwise, B = A = 0). Then, it follows that

xp(1−λ1)−1 f p(x) = yq(1−λ1)
B

Ax
a.e. in R+,

which contradicts the fact that

0 <
∫ ∞

0
xp(1−λ1)−1 f p(x)dx < ∞.

Hence, (24) assumes the form of strict inequality.
Therefore, for σ1 = λ1, by Fubini’s theorem, we derive that

J < (k(λ1))
1
q

{∫ ∞

0

∫ ∞

0
| ln xy|

[
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

]
yλ1−1

x(λ1−1)p/q
f p(x)dxdy

} 1
p

= (k(λ1))
1
q

{∫ ∞

0

[∫ ∞

0
| ln xy|

(
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

)
yλ1−1dy

x(λ1−1)p/q

]
f p(x)dx

} 1
p

= (k(λ1))
1
q

[∫ ∞

0
ω(λ1, x)xp(1−λ1)−1 f p(x)dx

] 1
p

= k(λ1)

[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
.

Setting M ≥ k(λ1), (20) follows.
Thus, the conditions (i), (ii) and (iii) are equivalent.
When Condition (iii) is satisfied, if there exists a constant M ≤ k(λ1), such that (21)

holds true, then by Lemma 1 we have that M ≥ k(λ1). Then the constant factor M = k(λ1)
in (21) is the best possible. The constant factor M = k(λ1) in (20) is still the best possible.
Otherwise, by (22) (for σ1 = λ1), we would conclude that the constant factor M = k(λ1)
in (21) is not the best possible.

This completes the proof of the theorem.

Setting y = 1
Y , G(Y) = Yλ−2g( 1

Y ), σ2 = λ− σ1 in Theorem 1, then replacing Y (G(Y))
by y (g(y)), we derive the following corollary.

Corollary 1. Suppose that p > 1, 1
p + 1

q = 1, σ2 ∈ R. The following conditions are equivalent:

(i) There exists a constant M, such that for any f (x) ≥ 0 satisfying

0 <
∫ ∞

0
xp(1−λ1)−1 f p(x)dx < ∞,

we have the following Hilbert-type inequality with the homogeneous kernel:

{∫ ∞

0
ypσ2−1

[∫ ∞

0
| ln x

y
|
(

s

∏
k=1

(min{x, cky}) α
s

(max{x, cky}) λ+α
s

)
f (x)dx

]p

dy

} 1
p

< M
[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
; (25)

(ii) There exists a constant M, such that for any f (x), g(y) ≥ 0, satisfying

0 <
∫ ∞

0
xp(1−λ1)−1 f p(x)dx < ∞,

and
0 <

∫ ∞

0
yq(1−σ2)−1gq(y)dy < ∞,
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we have the following inequality:

∫ ∞

0

∫ ∞

0
| ln x

y
|
[

s

∏
k=1

(min{x, cky}) α
s

(max{x, cky}) λ+α
s

]
f (x)g(y)dxdy

< M
[∫ ∞

0
xp(1−λ1)−1 f p(x)dx

] 1
p
[∫ ∞

0
yq(1−σ2)−1gq(y)dy

] 1
q
; (26)

(iii) σ2 = λ2.

If Condition (iii) is satisfied, then we have M ≥ k(λ2), and the constant M = k(λ2) in (25)
and (26) is the best possible.

Remark 1. On the other hand, setting y = 1
Y , G(Y) = Yλ−2g( 1

Y ), σ1 = λ− σ2, in Corollary 1,
then replacing Y (G(Y)) by y (g(y)), we deduce Theorem 1. Hence, Theorem 1 and Corollary 1
are equivalent.

For p > 1, 1
p + 1

q = 1, we set the following functions:

ϕ(x) := xp(1−λ1)−1, ψ(y) := yq(1−λ1)−1, φ(y) := yq(1−λ2)−1,

wherefrom,
ψ1−p(y) = ypλ1−1, φ1−p(y) = ypλ2−1 (x, y ∈ R+).

Define the following real normed linear spaces:

Lp,ϕ(R+) =

{
f : || f ||p,ϕ :=

(∫ ∞

0
ϕ(x)| f (x)|pdx

) 1
p
< ∞

}
,

Lq,ψ(R+) =

{
g : ||g||q,ψ :=

(∫ ∞

0
ψ(y)|g(y)|qdy

) 1
q
< ∞

}
,

Lq,φ(R+) =

{
g : ||g||q,φ :=

(∫ ∞

0
φ(y)|g(y)|qdy

) 1
q
< ∞

}
,

Lp,ψ1−p(R+) =

{
h : ||h||p,ψ1−p =

(∫ ∞

0
ψ1−p(y)|h(y)|pdy

) 1
p
< ∞

}
,

Lq,φ1−p(R+) =

{
h : ||h||p,φ1−p =

(∫ ∞

0
φ1−p(y)|h(y)|pdy

) 1
p
< ∞

}
.

(a) In view of Theorem 1 (with σ1 = λ1), for f ∈ Lp,ϕ(R+), setting

h1(y) :=
∫ ∞

0
| ln xy|

(
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

)
f (x)dx (y ∈ R+),

by (20), we obtain that

||h1||p,ψ1−p =

(∫ ∞

0
ψ1−p(y)hp

1 (y)dy
) 1

p
< M|| f ||p,ϕ < ∞. (27)

Definition 1. Define a Hilbert-type integral operator with the non-homogeneous kernel
T(1) : Lp,ϕ(R+)→ Lp,ψ1−p(R+) as follows:

For any f ∈ Lp,ϕ(R+), there exists a unique representation T(1) f = h1 ∈ Lp,ψ1−p(R+),

satisfying T(1) f (y) = h1(y), for any y ∈ R+.
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In view of (27), it follows that

||T(1) f ||p,ψ1−p = ||h1||p,ψ1−p ≤ M|| f ||p,ϕ,

and then the operator T(1) is bounded satisfying

||T(1)|| = sup
f ( 6=θ)∈Lp,ϕ(R+)

||T(1) f ||p,ψ1−p

|| f ||p,ϕ
≤ M.

If we define the formal inner product of T(1) f and g as follows:

(T(1) f , g) :=
∫ ∞

0

[∫ ∞

0
| ln xy|

(
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

)
f (x)dx

]
g(y)dy,

then we can rewrite Theorem 1 (for σ1 = λ1) as follows:

Theorem 2. Suppose that p > 1, 1
p + 1

q = 1. The following conditions are equivalent:

(i) There exists a constant M, such that for any f (x) ≥ 0, f ∈ Lp,ϕ (R+), || f ||p,ϕ > 0, we have
the following inequality:

||T(1) f ||p,ψ1−p < M|| f ||p,ϕ; (28)

(ii) There exists a constant M, such that for any f (x), g(y) ≥ 0, f ∈ Lp,ϕ(R+), g ∈ Lq,ψ(R+),
|| f ||p,ϕ, ||g||q,ψ > 0, we have the following inequality:

(T(1) f , g) < M|| f ||p,ϕ||g||q,ψ. (29)

We still have ||T(1)|| = k(λ1) ≤ M.

(b) In view of Corollary 1 (with σ2 = λ2), for f ∈ Lp,ϕ(R+), setting

h2(y) :=
∫ ∞

0
| ln x

y
|
[

s

∏
k=1

(min{x, cky}) α
s

(max{x, cky}) λ+α
s

]
f (x)dx (y ∈ R+),

by (27), we have

||h2||p,φ1−p =

(∫ ∞

0
φ1−p(y)hp

2 (y)dy
) 1

p
< M|| f ||p,ϕ < ∞. (30)

Definition 2. Define a Hilbert-type integral operator with the homogeneous kernel
T(2) : Lp,ϕ(R+)→ Lp,φ1−p(R+) as follows:

For any f ∈ Lp,ϕ(R), there exists a unique representation T(2) f = h2 ∈ Lp,φ1−p(R+),

satisfying T(2) f (y) = h2(y), for any y ∈ R+.

In view of (30), it follows that

||T(2) f ||p,φ1−p = ||h2||p,φ1−p ≤ M|| f ||p,ϕ,

and then the operator T(2) is bounded satisfying

||T(2)|| = sup
f ( 6=θ)∈Lp,ϕ(R+)

||T(2) f ||p,φ1−p

|| f ||p,ϕ
≤ M.
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If we define the formal inner product of T(2) f and g as follows:

(T(2) f , g) :=
∫ ∞

0

{∫ ∞

0
| ln x

y
|
[

s

∏
k=1

(min{x, cky}) α
s

(max{x, cky}) λ+α
s

]
f (x)dx

}
g(y)dy,

then we can rewrite Corollary 1 (for σ2 = λ2) as follows:

Corollary 2. Suppose that p > 1, 1
p + 1

q = 1. The following conditions are equivalent:

(i) There exists a constant M, such that for any f (x) ≥ 0, f ∈ Lp,ϕ (R+), || f ||p,ϕ > 0, we have
the following inequality:

||T(2) f ||p,φ1−p < M|| f ||p,ϕ; (31)

(ii) There exists a constant M, such that for any f (x), g(y) ≥ 0, f ∈ Lp,ϕ (R+), g ∈ Lq,φ(R+),
|| f ||p,ϕ, ||g||q,φ > 0, we have the following inequality:

(T(2) f , g) < M|| f ||p,ϕ||g||q,φ. (32)

We still have ||T(2)|| = k(λ1) ≤ M.

Remark 2. Theorem 2 and Corollary 2 are equivalent.

4. Conclusions

In this paper, by means of real analysis, an equivalent form related to a Hilbert-type
integral inequality with the non-homogeneous kernel

| ln xy|
s

∏
k=1

(min{xy, ck})
α
s

(max{xy, ck})
λ+α

s

and a best possible constant factor is given in Theorem 1. We also consider the case of the ho-
mogeneous kernel and the operator expressions in Corollary 1, Corollary 2 and Theorem 2.
The lemmas and theorems provide an extensive account of this type of inequalities.
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3. Mitrinović, D.S.; Pečarić, J.E.; Fink, A.M. Inequalities Involving Functions and Their Integrals and Deivatives; Kluwer Academic:

Boston, MA, USA, 1991.
4. Yang, B.C. On Hilbert’s integral inequality. J. Math. Anal. Appl. 1998, 220, 778–785.
5. Yang, B.C. A note on Hilbert’s integral inequality. Chin. Q. J. Math. 1998, 13, 83–86.
6. Yang, B.C. On an extension of Hilbert’s integral inequality with some parameters. Aust. J. Math. Anal. Appl. 2004, 1, 1–8.
7. Yang, B.C.; Brnetić, I.; Krnić, M.; Pečarić , J.E. Generalization of Hilbert and Hardy-Hilbert integral inequalities. Math. Ineq. Appl.

2005, 8, 259–272.
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