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1. Introduction

The theory of fixed point has been studiedfor a long time and the fundamental
concept linked to this theory is the concept of Banach’s contraction [1]. It is well known
for its simple nature and for being an applicable model forstudying the solutions of in-
tegral equations, differential equations, BVP problems, and many other problems in
nonlinear analysis. Since then, many researchers have scientifically developed important
extensions and generalized notions of metric space and the contractive map. Interesting
scientific research is related to different abstract general metric settings and finding ap-
propriate contractive conditions.

We emphasize some of the maingeneralizations that provide great developments to
the fixed point theory, such as the concepts of b—metric [2,3] and b—metric-like [4];
many scientists have contributed to this theory with papers and essential results, and
furthermore we can list references [5-14]. In 2012, Samet defined & — admissible mapping
[15], and further triangular «—admissible mapping [16]. In the same year, Wardowski
[17] established the notion of F —contraction by using an auxiliary function under some

imposed conditions, and later in 2018 introduced the notion of (¢, F)—contraction [18].
The classes of F —contraction and (¢,J’: )—contraction, revisited simultaneously with
a — admissible mapping, are still a main focus and have been considered in the literature
widely, and many fixed point theorems have beenpresented in metric space, b—metric

and b-—metric-like space (for short b—m.ls), and other spaces. For a valuable work
anddetails on these notions, see [19-28]. Later, Karapinar [29] came up with the notion of
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interpolative contraction, ongoing together with r— hybrid contractions, as defined by
M. Sh. Shagari [30]. In this regard, and to become familiar with more accurate infor-
mation, interested readers can browse references [31-36].

In the presented paper, the general types of (avq 0, F )—contractions and r — order
hybrid (ozvq 6 F )—Contractions are introduced, as a variant of Wardowski contractions

and a — contractions in the setting of b—m.l.s. By using these classes of contractions, we
set up general new results which expand, generalize, and unify the repertoire for
fixedpoint results beyond the types of interpolative and hybrid contractions discussed so
far.

2. Preliminaries

First, let us obtain an understanding of the preliminary base concepts and notations.

Definition 1 ([4]). Let Y be a nonempty set and a parameter v>1. A mapping
b:Y xY —[0,4) is called ab—metric-like if for all x,s,zeY, the following conditions are
satisfied:

b(x,2)=0 implies x = z;

b(x,z)=b(z,x);

b(x,z) <v[b(x,s)+b(s,2)].

The pair (Y ,b) s called a b—metric-like space. (b—m.Ls for short).

Definition 2 ([4]). Let (Y,b) be a b—m.l.s with parameterV, and let {Kn} be any sequence in
Y and xeY . Then, the following applies:

(a) {K”} converges to x, iff limb(x,,x)=b(x,«);

(b) {K”} is Cauchy sequence in (Y’b),ijf lim b(Kn,Km) exists and is finite;

n,m—+0

(c) (Y'b) is complete b—m.Ls, iff for every Cauchy sequence {K”} in Y, thereexists k€Y
such that lim b(Kn,Km) = lim b(Kn,K) = b(K, K‘) )
n,m—+0 N—+0

Definition 3 ([4]). Let (Y,b) be a b—m.lLs with parameterV, and a function f:Y =Y. We

say that the function f is continuous if for each sequence {x,} <Y the sequence fx, — fx

whenever Kk, —>Kk as N-—>+oo, that s, if nllrpmb(K”’K) =b(x,x)  yields
limb(fx,, fx)=b(fx, fx).

n—-+w0

Ina b-m.ls, it is remarked thatif lim b(x,,x,)=0, then the limit of the sequence

n,m—+o

{Kn} is unique if it exists.

Definition 4 ([15]). LetY be a non-empty set. Let f:Y =Y and a:Y xY —-R" be given
functions. We say that f is an a— admissible mapping if a(x,z)=1 implies that
a(fx, fz)=1 forall x,zeY .



Axioms 2023, 12, 672

3 of 18

Definition 5 ([10]). Let(Y,b)be a b—m.ls, f:Y >Y and a:YxY —>R" be given map-

pings, and let (=1 be an arbitrary constant. We can say that f isan &, — admissible map-

ping if a(x,z)=Vv°, which implies min{a(fr(,z),a(z, f/()}zvq forall x,zeY .

For illustrative examples belonging to this category of &, — admissible functions,

one can search in references [7,10].

Definition 6. Let (Y,b) be a b—m.ls with parameter v>1, f:Y ->Y, a:YxY >R".
Then, the function f satisfies &, — admissible property; if a sequence {x,}<=Y with

K, > KkeY and a(x, K

)=V and a(x,,,, Kk, )=V, then there exists a subsequence {K‘nk }

of {x,} with a(rcnk,/c)zvq and a(K,Knk)qu forall k=0 and q=1.

Definition 7. Let (Y,b) be a b—m.ls with parameter v>1, f:Y 5Y, a:YxY >R".
Then, the function f fulfills the unique e, —property, if for all x,z (k#12) fixed points of f

,we have a(k,2)=V® where q>1.

Lemma 1 ([4]). Let (Y,b) be a b—m.Ls with parameter v>1, and suppose that {x,} is con-
vergent to «, and b(k,k)=0. Then, for each 7€Y , we have

v (x,z) <liminfb(x,,z)<limsupb(x,,z) <vb(x,2).

N—+0 n—+w

Lemma 2 ([7]). Let (Y ) b) bea b—m.ls with parameter v>1. Then, the following applies:
(a) b(x,z) =0, implies b(x, k) =b(z,2) =0;
(b) If for {k,} Y , lim b(x,,x,

w1)=0 then we have
N—+o0

lim bk, x,) = lim b(x.q,50,1) =07
n—-+co N—>+o0
(c) =z implies b(x.2) > 0.
Lemma 3 ([9]). Let {x,} be asequence in a complete b—m.Ls (Y,b) with parameter v>1,
such that

lim b(x,,x,

]
N—+o0 n+l

)=o0.

If lim b(x,,x,)#0, then there exists £>0 and sequences {m(k)}; and {n(k)}f_l of

n,m—-+o0 =

natural numbers with n, >m, >K, (positive integers) such that

g/v? <limsup bk, 4k, 1) S €V,

b(x, &, )= €, b(x,, &, 1) <&, Kesan
g/v<limsupb(x, , &, ) <&V’ g/v<limsupb(x, ,,x, ) <&V’
k—-+0 « k Hl’ld K—s-t0 k k
3. Results

In this section, we introduce the new notion of general types of (aq 0, F )—con—
\4

tractions in the setting of b—m.Ls that can be seen as a new form of linear and nonlinear
contractions involving classical contractions, Wardowski type F —contractions, and in-
terpolative and hybrid contractions.
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Before proposing our definitions and theorems, we will use these formal notations:

F= {f :(0,+0) - R/ Fis continuous and strictlyincreasing},
0= {(/ﬁ :(0,+00) — (0, +0), satisfying condition :liminf ¢(m) > 0 for all 6 > 0 }

Qn is the set of all continuous functions I" :[0,00)n —>[O, oo) where n>2, satisfying the
conditions:

> I is non-decreasing withrespect to each variable;
> T(uuu,.,u)<u forue[0,+x).

Definition 8. Let (Y,b) be a b- mls with parameter v>1 and f:Y Y,
a:Y xY —[0,+00). The self-mapping f on Y, is named a generalized (avq P, T)—contrac—
tion, if there exist F €, ¢ €® such that

¢(b(7c,z))+.7:(a(r<,z)b(f1<, fz))sf(L(K, Z)) (1)

forall x,zeY with fx= 2 and a(k,z)2v%

b(x, fz) +b(z, f x)
4y

where L(x,z) = F[b(/{, z2),b(x, f x),b(z, fz), ) forsome I'e€),.

Remark 1. Some specific evidence of this definition ispointed out: aking the function ¢e® as
constant function, we derived a generalized (avq W F )—contmction. his definition extends and

generalizes some definitions in [6,7,18,19,25,35]. By taking the function ¢:(0,+%)— (0,+0) as

a constant function or OC(K,Z)ZVq

, we can obtain other new definitions in the same metric
structure. Also, this definition respectively holds validity in metric settings where v=1, obtain-

ing: Generalized (0!, 9, -7:) = (0!, -7:) — contractions.

Theorem 1. Let (Y,b) be a complete b—m.ls with parameter v=1 and a self-mapping
f:Y =Y satisfying the conditions:

Cl. there exists k, €Y with a(k,, fig)=V";

C2. t isa, —admissible mapping and satisfies o, —admissible property;

C3. f isa generalized (avq O, F )—contmction.

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique «, —property.

a(k,, fry)= Ve

Proof. Since Cl is satisfied, x, €Y existssuch that "We construct the

sequence {K”} via aniterative equation Koa = F(53) for all "€ N {0}. Then,

= >\
a(KO'Kl) a(KO' fKO) =V and since f is a,—- admissible it follows

alx,x,)=al(x, fr )=V, ) ) .
(15, ) = (s, ) so  inductively it can be concluded that

alc k. )=a(k,, fr )=V . . .
(K k) = (5, P, . Now, if we suppose that n, e N exists with fx, , = fx,,

then the proof is completed. Therefore, we assume fx, # fx, , for all neNwio} (it

b(fx,, fr,,)

means >0 )- Applying inequality (1) and property of F ,we have
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¢(b(l€n71,l{n ))+f(a(Kn—l’Kn)b(Kn’Kml)) :¢(b(Kn—l'Kn))+‘7:(a(Kn—1’Kn)b(fﬂ’n—l’ fa, ))
< F(L(xp0k,)) 2)
= ¢(b(l€n71,l('n ))+.7'-(qu(l('n,l('n+l)) < f(L(KH,Kn ))

where

L(x,,.%,)=T| b(x, K),b(,(n_I,f,(n_l),b(,(mfKn),b(Kn_l,fKn):vb(Kn,fKn_l)J

b an lKn+ +b Kann
-T b(Kn_lyKn):b(Kn—llKn)’b(Kn’Kn+1)y ( 1 ;f)V ( )J

vb (k1. K, )+ Vb (K, K, )+ 2V0 (K, 4, K, )j

<T|b(x,,.K,).b(x, 4.5, ).b(K, %00),

4v

vb(x,, k., ) +3vb(k, . K, )
4v '

=T|b(x,1.x,).0(x,4.5,).b(K, K1)

n-11"%n

If we assume that b(k, . x,)<b(x,.x,.,), then

vb(x,, K., ) +3vb (K, &, )J

L(Kn_l,lcn):F(b(/cn_l,rcn),b(rcn_l,/(n),b(r(n,/cm), ”

Sl—‘<b(’(n'KnJrl)’b(’(n'KnJrl)’b(Kn’KnJrl)'b(Kn’KnJrl))
<b K,

(K Kpar )

And, from inequality (2), it follows that

¢(b(/<n71, K, )) +]-"(vqb(1<n , KM)) < ]:(L(anl, K, )) < ]-"(b(/cn , KM)). (3)

The inequality (3) generates

.'F(qu(l(n ) Kn+1)) < -F(b(Kann+1))_¢(b(Kn—1’ Ky ))

4
<]-'(b(/(n,1<n+1)), )

which is a contradiction. Therefore, we have for all ne N:
b(x,, K1) <D (K, 1K, )- (5)

Hence, {b(Kn,KM)} is a decreasing sequence of nonnegative numbers. So, there

exists §>0 suchthat b(k,,x,,,)—>J as n—> +ow.If we suppose that §>0, then using
(5) and the property of F, Equation (3) can be written as

¢(b(1cn_l, K, )) + f(vqb(lcn , K‘n+1)) < ]—'(b(/cn_l, K, )) (6)
If we take the limit along (6) as n — +%, then
liminf ¢(b (., ,))+F (v16) < F (&),

which is a contradiction. Thus, we state that 6=0.
Hence,
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0= lim b(Kn,KM). (7)

n—+0

Next, we show that lim b(Kn,Km)zo. Then, we suppose the contrary, that is,
n,m—-+o0

lim b(Kn,Km)>0. Then, according to Lemma 3, £>0 exists, as well as sequences
n,m—-+to0

{mk} and{nk} of positive integers with N, >m, >k, such that

b(x,, .k, ) 2 €, b(rc,, &, 1) <&, and
g/V* <limsupb(x, , &, ,)<ev,
k—>-+a0 X ¥
g/v<limsupb(x, k. )<ev, ®)
k—+o0 ) X
g/v<limsupb(x, &, )<e&v’.
k—>+00 . «

Since O<e¢ <b(x, %, ) =b(mek,1, fx

n -1

), we apply condition (1) as

¢(b(1cmk71,Knkfl))+}'(vqb(i<mk K, )= ¢(b(/<mk71,/cnk71))+}"(vqb(fKmkfl, fzcnrl))
< (D, 115, 1))+ F (@l iy B( T 1, T, ) )
< F (L, 150 )

where

4v
b(Kmk—ll Knk ) + b(K'nK -1 Kmk J

b(x, ,, fx, )+bx, ;, Tx, _
L(Kmk_l,rcnk_l)=F(b(xmk_l,lcnk_l),b(Kmk_l,flcmk_l),b(icnk_l,ficnk_l), (i 22 P, 2) 0 kl)J

(10)

= 1—‘[b(’cmkl' Knk —l)l b(Kmk—l’ Kmk )’ b(Knk—l' Knk )! 4V

By taking the limit superior in Equation (10) and using Lemma 3, and result (7), we
obtain

limsup L((Kmkm ’fnk—l)) -

n—>+o0

4v

N—+o0

b K ) +b(x, .k,
- 'imsupf[b@mk_wnk-l),b(xmk_l,z«mk),b(r«nk-l,z«nk), (i 108, ) D0 1 X k)]

limsupb(,, 4%, ), limsupb(x,, &, ), limsupb(x, ,,x, ),
N—+o0 N—+00 n—-+0w (11)
=T limsupb(x,, ,,x, )+limsupb(x, ,,x,
Nn—>+x “ “ n—>+% * -

4y

2
<T| ev,0,0 214V sr(gv,o,o,g—ngv.
4y 2

Taking the upper limit as kK — +oo along (9) and using (11), we have

liminf ¢(b(;<mk K ))+ F(vie)< liminf ¢(b(/cmk Ky ))+ ]-"(Iimsupvqb(/(mk K )]

n—=>+e0 N—>+o0o

s]—'(limsup L((zcmkl,zcnkl))) (12)

Nn—>+o0

< F(ev).

Hence, the acquired inequality
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liminf ¢(b(x;, ,x, ))+F (sv*) < F(sv)

is a contradiction since &3>0 and liminf ¢(b(1cm VK, )) >0.
n—-+o0 X X

Thus,

lim b(x,,x,)=0. (13)

n,m—>+0

Hence, {k,} is a Cauchy sequence in (Y,b). Since it is complete, there is some

x €Y, such that the sequence {x,} is convergent to «.Thus, according to def 2/(c) and
(13), we have

limb(x,,x)=lim b(x,,x,)=b(x,x)=0 (14)

N—>+o0 n,m—>+0

Since f satisfies the @, —admissible property, there exists a subsequence {Knk}
of {Kn} such that oz(lcnK ,K) >Vifor all k>0. Again, by using (1) and the property of
F , we have

¢(b(1(nk,1<))+}'(vqb(lcnk+l, f/())z¢(b( )
S¢(b(1cnk,K))Jr}'(a(/cnk,/c)b(fKnk, fr()) (15)

where

" B 4v

b(x,, . frc)+b(zc,1cnk+l)}

=l—{b(l(nk,K),b(Knk,Knk+1),b(K, fK), W

L(K ,K):F[b(lc ,I(),b(l('nk, frc, ),b(,(, fx), b(K”k’ fK)+b(K' fr, )}

(16)

Taking the limit superior as k — +o0, in L(Knk ,K') and in view of Lemma 1, we

obtain

limsup L(Knk ,K) =

K—+o0
_ b(x,, . fx)+b(x, fx, )
= IIDligpF{b(Knk ,K‘),b(l('nk, fr, ),b(/c, fx), v
limsupb(x, , fx)+limsupb(x, fx,
—F[Iimsupb(/cn,K),Iimsupb(/cn,Kn+1),limsupb(1<,fz<), kpio (5. 1%) koo (< )J 17)
K —>+o0 “ k—>+o0 « « k—>+o0 4y

gr(o,o,b(x, m),MJ

4y
< b(K, fK').

Again, taking the upper limit as k —+oo in (15), and according to Lemma 1, the
result (17) and property of F, it follows that



Axioms 2023, 12, 672 8 of 18

|immf ¢<b(/(nk ,K))+.7-'(Vq’lb(lc, fl()) < }'(b(lc, fK)) ' (18)

Hence, since (=1, the inequality (18) implies that b(x, fx)=0 and so fx=x.

Therefore, x is a fixed point for which

b(x, fx)=0=b(x,«) (19)

fe=x fs=s

If we suppose that « and s are two fixed points of f where and

frc# fs.

with x#s, thatis , then using (19) and the property of I' € Q,, forL(x,s), we

have

L(x.5) =T b(ss) b, 1).b(s, ), 2520 f1<>]

<T b(x,s),b(x,x),b(s,s),WJ

_r b(K,s),b(K,K),b(s,s),b(’“’S)J

2v
b(x,s)
=T b(K,S),O,O,T)
< F(b(K,S),b(K,S),b(K,S),b(K,S))
Sb(lc,s).

Since, f satisfies the @, —unique property, then a(x,s)>V?, and from condition

(1) and the above inequality, we have
#(x, S)+.7-'(a(1<, s)b( fx, fS)) < .7:(L(K', s)) < f(b(l(‘, s)) (20)

=

#(r.5)+ F (v'b(x,s)) < F (b(x.5)) (1)

and (21) leads to a contradiction that implies b(x,5)=0. Therefore, x =5 . O

Corollary 1. Let(Y,b) be a b—m.ls with parameter v>1 and the mappings f:Y —Y,
a:Y xY —[0,+). If there exist F €, 7>0 such that fulfill the condition C,,C, and
r+f(a(1c,z)b(f1c, fz))s]-“(L(;«, 2)) (22)

forall x,zeY with fx=# 2 and a(x,2)2V"; where

b(x, fz) +hb(z, f/c)j for TeQ,

4y
Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —property.

L(x,2) = F(b(x, 2),b(x, f x),b(z, f2),

Proof. Take the function ¢: (0, +00) - (0, +00) as constant ¢(t) =7>0.0



Axioms 2023, 12, 672 9 of 18

Example 1. Let (Y,b) be a complete b—m.ls with a coefficient v=2, where Y =[0,+),
b:YxY —[0,40) with b(x,z)=(x+ Z)2 for all x,zeY . Consider the maps: f:Y Y,
a Y xY —[0,+%0), respectively, given by

£ ifxef0)
fy = 8 ;a(/(,z):{

% if k €[1,+0)

vi o if k,2€[0,1]
0 otherwise.

For K,zeY with a(x,z)24=V, fx, fZe[O,ﬂ and a(fx, fz)=V?, that is, f

- 1
is a, —admissible mapping. Consider FeF as ‘F(t)_t, 90 4 ¢(t)=ﬁt, and
reQ -
4 as I'(U,U,,U;,U, ) =max{u,,u, U,,u,}, and then

In the case of «,Z¢€ [0,1) , we have

((K’Z)) F(a ( 2)b(fx, f2))=
b(x,2))+ F (vb( f

In the case of Ke [0’1) and z=1, we have

$(b(x,2))+ F (a(x,2)b( T x, f2)) =
#(b(x,2))+F(v’b

< —~

x1)) =
<F(MK1) ( Kl) F(L(x )

Obviously, the conditions of Theorem 1 are confirmed and f has y=0 as a

unique fixed point. Already, this theorem is not applicable in the frame of metric space
and b — metric space, as we can see from the additional dates.

For z=1,x=99/100 using the usual metric b(l(, Z) = |K— Z| (andv=1,), and taking

F(ul, u,,Us, u4) =U,, any increasing function F €F, and any function ¢<®, we have



Axioms 2023, 12, 672 10 of 18

S

(b(x,2))+F (a(x.2)b(fx, fz))=

= p(b(x,2))+F (b(fx, fz))

- %1j ( (sgogo’ﬂqu{ﬁ]”(%j

>F(%)=F( (1)) F (biwio)
=F(L(x,2))

Hence, we can say that the (@,¢,F) and ( 0 F ) contractive condition is not

satisfied. Also, we can remark the same in a b-metric space with b-metric b(K, Z) = |/<— Z|2

where

Corollary 2. Let(Y,b)be a b—m.Ls with parameter v>1 and a self-mapping f:Y >Y. If
there exist F €lF, ¢ €® such that

¢(b(K,Z))+]-"(qu(fK, fZ))S.’F(L(K,Z))' (23)

forall x,zeY with fx# fz,and some =1, where

b(x, fz)+b(z, fx)
4v

Then, f has a unique fixed pointin Y .

L(x,z) = F(b(x, 2),b(x, fx),b(z, fz), j forsome T'eQ,.

Proof. Take the function a(x,z)=Vv".o
In the following theorem, we will use another function to help cover rational ex-
pressions in the set L (K‘, Z).

Theorem 2. Let (Y,b) bea b—m.l.swith parameter v=1 and f:Y Y, a:Y xY — [0, +00).
If there exist F €lF, ¢ €® such that the following conditions are met:

Cl. Thereexists x, €Y witha(k,, fr,)>v";

C2. f is a, —admissible mapping and satisfies @, —admissible property;

C3.

¢(b(K,Z))+F(a(K,Z)b(fK, fZ))S]—'(LV/(K,Z)) (24)

forall x,zeY with fx=#f2 and a(x,z)2V", where
b(x, f2) +b(z, f )
4dv

L, (x,2) = F(b(K, 2),b(x, fx),b(z, f2)y (b(x, fx),b(x,2), j for some T eQ,,
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and y: |0, +oo)2 —[0,400) is a continuous function with w(m,m)<1, forall m>O0.

Then, f has a fixed pointin Y . Moreover, it is unique if f satisfies the unique « , — property.

Proof. Repeating the same process as in the previous theorem, for x, €Y with
a(k,, fxy)2V%; build the iterative sequence {x,} by x,,="f(x,) such that
a(x,,x,.,)2V" for all ne NU{0}. The proof is clear in the case that n,eN exists,
with &, ,, =k, .Assuming that «,, #x, < fx, # fx, _, for all ne NU{0}, taking into

account (1) for x=x, ;,Z =k, ,we have

¢(b(Kn71,Kn ))—i—]-'(vqb(lcn,l(ml)) < ¢(b(anl,Kn ))+]-'(05(Kn4,lcn)b( fr ,, fx, ))
< .F(LW (K00, )), (25)

where

b(x,. 5, )0 (ks i) b (ki )y (b(x, 0, )b (0 iy ),
r b(x,,, fr,)+b(x,, fx, )
4v

b(K‘nil,K'n),b(l(‘nil,l('n),b(K‘n,K‘ml)l//(b(Knil,K‘n),b(anl,K'n )),

L, (Kn—l”‘n)

=0 b(k, k) +0(K, &, )

4y
<T|b(x,4.K,).0(x, 1.5, ).b(x,, K1), b(K"'l'K”J'Z):b(K”’K”)J
=L (k1. k).

The result is the same as in Theorem 1, and the proof goes along the same lines.o
Corollary 3. Let (Y,b) bea b—m.Ls with parameter v>1 and f:Y =Y, a:Y xY —[0,4)
If there exist F €F, ¢ €O,I" € Q, such that satisfy theconditions C,,C, and

#(b(x, 2))+ F (alx, 2)b( fx, fz)) <

b(z, fz)[1+b(x, fx)] b(x, fz) +b(z, f &) (26)
1+b(x,2) ’ 4v

f{r{b(x, 2),b(x, f x),b(z, f2)

forallx,zeY with fx# fzand a(x,z7)>V".

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —
property.

1

n
Proof. This comes from Theorem 2 by taking y(m,n)= 1+_m m
+

Corollary 4. Let (Y,b) bea b—m.ls with parameter v=1 and f:Y 5Y, a:YxY —> [0,+oo)
If there exist F €lF, ¢ €® such that satisfy the conditions C,,C, and

$(b(x,2))+ F (@, 2)b( fx, f2)) < ]-‘[max(b(zc, 2).b(x, f 5, b(z, fz), 25 fz)zvb(z' f")D 27)
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forall x,zeY with frc# 1z and a(k,z)=V".
Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —

property.

Proof. The proof is consideredcompletedwhenthe substitution in Corollary 3 with
I'eQ, as I'(u,up,uz,uy)=max{uy,us, Uz, Us} is made.o

Corollary 5. Let (Y,b) be a b— mls with parameter v>1 and f:Y Y,
a 1Y xY —[0,40). If there exist F €T, ¢ €© such that satisfy the conditions C,,C, and

¢(b(x.2))+ F (a(x,2)b(fx, fz)) <

]—‘(aib(rc, 7)+a,b(x, fx)+ab(z, fz) +a,

b(x, fz) +b(z, frc)j (28)
4y

forall x,zeY with frc# 1z and a(k,z)>V".

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —

property.

Proof. @ This comes from  Theorem 1 by taking Feq,

I'(uq, Uy, U3, Uy ) = Cily +CoUy +CaUz +Cyly with 0<G+C+C3+C4 <1 _

as

Corollary 6. Let (Y,b) be a b— mls with parameter v>1 and f:Y Y,
a:Y xY —[0,40). If there exist F €T, ¢ €© such that satisfy the conditions C,,C, and

$(b(x,2))+ F (e, 2B ( F, f2)) < ]—'(max {b(l(, 2,2 flzl[i::(z’;’ fk)]H 29)

forall x,zeY with fx=# 2 and a(k,z)>V".

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —

property.
Proof. The proof is completed by taking I'€Q, as I'(Uj,Up,Ug,Ug) =Mmax{U;, Uz} and the

in Theorem 2.0

function y(m,n)= ]:.L:r:

Corollary 7. Let (Y,b) be a b— mls with parameter v>1 and f:Y Y,
a 1Y xY —[0,40). If there exist F €T, ¢ ® such that satisfy the condition C,,C, and

b(z, f2)[1+b(x, f
$(blx, 2))+ F (a(x, 2)b( ., 1‘z))sf[a1t>(zc,z)+a2 (2 ?Jr[b’(;’(z") K)]] 30)

forall x,zeY with fx=# 2 and a(x,z)>V".

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —

property.

Proof. It comes from Theorem 2 by taking IeQ, as T'(uy, Uz, Ug, Ug) = &gty +a5Ug with
1+n
0<@g +ay <1, and the function l//(m, n) =Tam

+

.0
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Remark 2. The above corollaries 6; 7 correspond to the (avq 0, F )—Dass—Gupta and Jaggi con-

tractions. They are the generalization and extension of the theorems in [6,10,35-37].

In the following part, we generalize some previous definitions that have to do with
interpolation and hybrid contractions in metric and generalized metric spaces. The the-
orems established for these classes of contractions, in the sequel and in the published
literature, are a common important focus of Theorems 1 and 2.

Definition 9. Let (Y,b) be a b— mls with parameter v>1 and f:Y Y,
a:Y xY —[0,40). Theself-mapping f on Y, is named aHardy-Rogers type interpolative
(avq,qﬁ,]:)— contraction, if there exist FelF, ¢e® and &,a,383,8, e(O,l) with
O<ay+ay+ag+ay =1, such that

#(b(x.2))+F(a(x 2)b(fx, 1)) < F(L, (x,2)) (31)

forall x,zeY\Fix(f) with fx=fz and a(x,z)2V",

where

L, (%, 2) = (b(x, 2))* - (b, Tx))* - (b(z, f2))° .(b(’f' f2)+b(z, f")j 4

4y

Definition 10. Let (Y,b) be a b— mls with parameter v>1 and f:Y Y,
a:Y xY —[0,40). Theself-mapping f onY,is named a Hardy-Rogers r— order hybrid
(avq &, f)—contmction if there exist F €lF, ¢ €® such that

¢(b(1c,z))+.7:(a(ic,z)b(f1<, fz))sf(L'a(zc,z)) (32)

for all x,zeY\Fix(f) with frx#fz a(x,2)2V%, r>0 and a 20,i=1234 such that
O<ay+ay+ag+ay =1

where

1

a,(b(x,2)) +a, (b(x, Fx)) +a,(b(z, f2))' +a4[b(’“’fz)+b(z’f’()jr}r for r >0,k # z
L (K, Z) _ 4v

a

for r=0;x,zeY \Fix(f).

(b(x,2))* (b(x, f x))* (b(z, f2))* [Mj

4v

Remark 3. Taking v =1, consequently, we obtain the corresponding definitions in metric spaces.
Taking o(x,2)>V', we derive the r— order hybrid (V,0,¢,F)— contraction. Taking

¢(t)=7>0, we naturally obtain the r— order hybrid (a,F )~ contraction. Definition 10 gen-
erates an r— order interpolative (@, F )— contraction and r— order (a,F)— contraction. The

general Definition 8 generates the above Definitions 9 and 10, and all classical contractions for
certain types of I' € Q, and all classical contractions. It integrates many new forms of contrac-

tions that have been recently defined.

Theorem 3. Let (Y,b) be a b— mls with parameter v>1 and f:Y Y,
a:Y xY —[0,40). If f is an interpolative Hardy—Rogers ty;me(ozvq 0 F )—contraction, and
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conditions C,C, hold,then f has a fixed point in Y . Moreover, it is unique if f satisfies the
unique e, , — property.

Proof. It is derived from Theorem 1 by taking FeQ o

a a a l-a-a,-a
T(Ug, Uy, Ug,Ug) = Up® -U,2 -ug® -yt 82 3, where a,ay,a5¢(0,1) and & +ay+ag<l.

O

Theorem 4. Let (Y,b) be a b- mls with parameter v>1, and f:Y Y,
a:Y xY —[0,40). If there exist F €T, ¢ €© such that satisfy the conditions C,,C, and

#(b(x,2))+F (a(x, 2)b(fx, fz))<

1

F|la(b(x,z)) +a,(b(x, fx)) +a,(b(z, 1)) +a, [b(’(' fZ);va(z, f’f))r:lr

forall x,zeY with fx=fz,a(kz)2V, and r>0.
Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique «, —
property.
Proof. Itcomes from Theorem 1 by taking reQ, as

1
T'(up, Uy, U3,Ug) =[alu1Ir +ayUy" +agus’ +a4u4'r]Ir ,r>0, where O<g +a,+ag+a, <1l.0

Theorem 5. Let (Y,b) be a b—m.ls with parameter v=1 and f:Y 5Y, a:YxY - [0,+oo)
If there exist F €F, ¢ €@ such that hold conditions C,,C, and

¢(b(x,2))+ F(a(x,2)b(fx, fz))<

1

F {max{(b(lc, 7)), (b(x, fx))",(b(z, fz)) ,[b(x, f2)+b(z, f;c)j’Hr

4y

forall x,zeY with fx# fz,a(k,2)2V%, and r>0.

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique e, — property.

Proof. It is a special case of Theorem 1 when we take '€, as

1
_ ror.r rllr
F(ul,uz,u3,u4)—[max{u1 JUs' ,Ug' Uy }] ,r>0

|

Theorem 6. Let (Y,b) be a b—m.ls with parameter v>1, and mappings f:Y —Y,
a 1Y xY —[0,+0), if the following conditions are satisfied:

Cl. Thereexists x, €Y witha(k,, fi,)>v";

C2. f is a4 —admissible mapping and satisfies &, —admissible property;

C3. f isa generalized r — order hybrid (avq O F )—contmction.
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Then, f has a fixed point inY . Moreover, it is unique if f satisfies the unique o, —property.
Proof. In Theorem 1, we define

L;(K,Z): F1(ul’uzvl"3'u4) forr >0,
1—‘z(l'llvuz’ua'u4) forr=0.
1
[ Leq, as I (ul,uz,ua,u4) :(alulr +a,U," +agUy’ +a4u4r)r’.
> . =
T, (U, Uy, Uy, U, ) = U U U -u,™  where 31,8,33,84 20 with O<ey+ap+ag+ay =1
r>0.
Then,

And, we take functions

1

L, (U, u,,u5,u,) =| & (b(x,2))" +a, (b(x, fx)) +a,(b(z, 2)) +a, (b(zc,fz)+b(z,f;<)jr}’ forr>0

L (x,2) = w

for r=0.

T, (U, Uy, U5, U, ) = (b(x, 2))* (b(x, )™ (b(z, 12))* (Wj

|

Theorem 7. Let (Y,b) be a b- mls with parameter V21, and f:Y Y,

a 1Y xY —[0,40). If there exist F €T, ¢ €© such that satisfy the conditions C,,C, and
#(b(x.2))+ F(a(x2)b(fx, f2)) < F(L (x.2)) (33)

for all x,zeY\Fix(f) with fx=1fz a(k,2)=V", r>0 and & 20,i=12,3 such that
O0<ay+ay+ag =1 where

=l

L (x,2) = [al (b(x, Z))r +a, (b(x, f’f))r +2,(b(z, fz))r] forr>0,x#z
(b(x,2))* (b(x, fx))* - (b(z, f2))" for r=0x,zeY —Fix(f)

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique e, — property.

Proof. The proof is considered completed using Theorem 1, if we take I';,I’,€Q, and

define
L (x,2) - (U, Uy, U5,u,) forr>0
I, (U, Uy, Ug,u,) forr =0,
where
1

I (ul’uz’ualu4) = ("511ulr +a,U," "'asu?.r)r

I, (u1’u21u37u4) :(ul)a1 ~(u2 )az '(UB)a3 :
.0

Theorem 8. Let (Y,b) be a b- mls with parameter v>1, and f:Y Y ,
a:Y xY —[0,40). I there exist F €T, ¢ ® such that satisfy the condition C,,C, and
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¢(b(1c, Z))+]—'(a(/(, 2)b(fx, fz)) < .7-'(Lar (r, Z))

for all x,zeY\Fix(f) with fx# 1z and a(K,Z)ZVq, r>0 and a >0,i=12 such that
O<a +ay, =1 where
1

L. (x,2) = {ai(b(’ﬂ 7)) +a2((1+b(K’ )b fz)} } forr>0,xk#2

1+b(x,2)

(b(x, fx))* -(b(z, f2))* forr=0;x,zeY \Fix(f)

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique e, — property.

1+n
Proof. We take Theorem 2 l//(m, n) = lL/ I',I', eQ, and define
+m

r r
I, (uy,u,,us,u,) =au," +a,u, for r >0,

r, (ul’UZ!us'uzl):(uz)a1 '(u3)

3

for r=0.

)|

.0

Remark 4. Theorem 8 can be considered as new result for Jaggi r — order hybrid (avq 0, F )—

contractions and Dass and Gupta type r —order hybrid (a o F )—contmctions extended in
\

b—m.ls; they are also a special case of generalized (avq B F ) — contractions.

Theorem 9. Let (Y,b) be a b- mls with parameter v>1, and f:Y Y ,
oY xY —)[0, +0). If there exist F €T, ¢ €© such that satisfy the condition C,,C, and
¢(b(1c, Z))-{—]:(a(l(',Z)b(fK, fz))S}'(L'a(K,Z))
forall x,zeY\Fix(f) with fx# 1z and (Z(K,Z)qu, r>0 and & 20,i=12,3,4 such that
0<a1+az +a3+a4=1, where
1

[max{(b(lc, 2 (bx, 1))’ (b(z. 12))’ (b("fz”b(zij forr > 0,5 % 2
L (x,2) = w

b(x, fz) +b(z, fzc)}a‘

forr=0;x,z €Y \Fix(f)
4v

(b(x,2))" - (b(x, T &)™ -(b(z, f2))™ (

Then, f has a fixed point in Y . Moreover, it is unique if f satisfies the unique o, —
property.

Proof. We take Theorem 1 with the function I'},I',€Q, and define

1
L;(K' Z): Fl(ul’u21u37u4)=|:max{u1r:uzr1uar,u4r}:Ir for r>0,

T, (Uy, Uy, Ug, Uy ) = U™ - U,™ U™ U™ for r =0.



Axioms 2023, 12, 672 17 of 18

Remark 5. In Definition 9 and also Theorem 3

- By taking T(u,U,,U;,u,)=cC U -u,® -u -u,™ where 0<c<1, &,ay,83,84 20 with
O<ay+ay+ag+ay =1, and v=1 we obtain Definition 2 and, respectively, Theorem 4in
[31] in the (avq O, F ) version; so, our result is an extension, generalization, and new result
in the framework of metric and b-metric-like-spaces.

- By taking T(u,U,U;u,)=A-u® -u,”-u* where 0<A<l 8,8,832>0 with
O<a +ay+ag=1 and v=1,we obtain Definition 3 and, respectively, Theorem 4 in [34]
in the (avq O F ) version.

- Bytaking a(Y,z)=\V", we obtain some theorems in [8].

- By taking F(ul,uz,us,u4):¢(ula1.uzaz .u3a3) where ¢ is non decreasing function on
o0

[0,0) such that Y ¢@"(t)<wo for t>0 and ¢(t)<t for each t>0, also
n=1

a,8y,83 20 with 0<ay+ay,+ag=1 v=1, we obtain Definition 3 and, respectively,
Theorem 1 in [32], in the (avq N3 f) version.

- Inview of the implicit relation set €, our definitions and, respectively, the stated Theorems

have a general character and unifying power.
- The same consequences are present for Definition 10 and related theorems.

4. Conclusions

In this work, we established some new valuable and significant fixed point results in
a general metric space like a b-m.l.s. Moreover, we used these results to obtain several
interesting results related to linear and nonlinear contractions recently elaborated on
under the name of interpolative contraction and r— hybrid F - contraction in such
spaces. Our results extend, generalize, and significantly unify a great work on fixed point
theory.
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