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1. Introduction and Preliminaries

Ongoing research in the field of special functions, including special polynomials, is
driven primarily by their wide-ranging applications in mathematics, statistics, physics,
and engineering. Numerous special polynomials have been introduced, studied, and
utilized in various applications. Special matrix functions and polynomials represent a
notable generalization of special functions, with their study being crucial due to numerous
applications in fields such as statistics, physics, and engineering. The special matrix
polynomials are found in a variety of mathematical and engineering disciplines. For
instance, the matrix polynomials are used to form matrix polynomial equations, which
encode a variety of problems ranging from elementary world problems to complicated
problems in the sciences, in settings ranging from basic chemistry and physics to economics
and social science, as well as in calculus and numerical analysis to approximate other
functions. Thus, many researchers have investigated the special matrix polynomials (see,
e.g., [1-5] and references therein).

The focus of this research is on the methodologies employed in the study of these
polynomials. Conveniently, we classify the methodologies about the cited articles in this
work into three rough categories: conventional methods, operational methods, and matrix
methods. For example, conventional techniques are used in [1,6]; operational techniques are
used in [2,3]; matrix techniques are used in [4,5]; conventional and operational techniques
are used in [7].

This study concentrates on the matrix-based approaches by selecting the matrix poly-
nomials given in [2]. It highlights that the identities obtained in this article using matrix
techniques differ from those in [2] obtained using operational methods. This article utilizes
matrix techniques, specifically certain identities of the generalized Pascal functional matrix
of an analytic function and the Wronskian matrix of several analytic functions, to present
several identities and recurrence relations for the Gould-Hopper-Laguerre-Sheffer matrix
polynomials in (12). This article is structured as follows: Section 2 establishes recurrence
relations for the Gould-Hopper—-Laguerre-Sheffer matrix polynomials, while Section 3
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provides certain identities for these polynomials. Additionally, particular cases are demon-
strated to showcase the applications of the results presented in Sections 2 and 3. Section 4
presents several particular cases of the results in Section 2. In conclusion, Section 5 of this
article provides final remarks, emphasizing that the identities obtained in this study using
matrix techniques differ from those derived in [2] through operational methods.

Exploring the properties of multivariable special polynomials is facilitated by a pow-
erful method provided by linear algebra. The features of the generalized Pascal functional
matrix and the Wronskian matrix [4] play a crucial role in establishing the theoretical basis
for this method. Let us recall certain definitions and properties pertaining to the Pascal
and Wronskian matrices: Let F be a class of functions which are analytic at the origin. The
generalized Pascal functional matrix Py[a(u)] (a(u) € F) is a lower triangular matrix of
order (£ +1) (see, e.g., [4,5]):

(D=9 (u), if 5 >¢,

0, otherwise,

Pyla(u)]y e = { ©)

forally, ¢ =0,1,2, ..., L. In the present and subsequent instances, for any nonnegative
integer 7, a(¥) denotes the 7" order derivative of a, while a” stands for the T/ power of a.
In particular, a0 =aanda =1.

The ¢! order Wronskian matrix of analytic functions a1 (1), ap(u), az(u), - - -, am(u) € F
isan (£ + 1) x m matrix which is defined as

a}(u) a/z(u) a;q,(u) a,m(u)
Wyla1(u),a2(u),a3(u), -+ ,am(u)] = 31(:M) ay(u) a3fu) a, (u) o
ag[)(u) a(ﬁ)(u) agﬂ)(u> a’(ﬁ)(u)

For any constants &,  and any analytic functions a(u) and b(u), the following proper-
ties hold true (see, e.g., [5]):

Pylaa(u) + pb(u)] = aPyla(u)] + BP,[b(u)); ®)
Wolaa(u) + pb(u)] = aWy[a(u)] + W, [b(u)]; )
Pyla(u)]Py[b(u)] = Py[b(u)]Pyfa(u)] = Pela(u)b(u)]; ®)
Pyla(u)]We[b(u)] = Pe[b(u)]W,la(u)] = Wela(u)b(u)]; (6)

Wlb(a(u))]u—o = We[L,a(u),a®(u),23(u),- -+, a" (u)]u=o A " Welb(W)]u=o,  (7)

where Ay := diag[0!,1!,2!,- - -, ¢!] (and elsewhere), a(0) = 0 and a’(0) # 0. Equations (3)~(5)
reveal that W exhibits linearity, whereas P, satisfies both linearity and the multiplicative
law. Furthermore, the multiplication of P, is commutative. Furthermore, for any analytic
functions b(u) and aq (1), ap(u), - - -, a (1), the following property holds true:

Pyb(u)|Welar(u),az(u), - - am(u)] = Wy[(bar)(u), (baz)(u), - -, (bam)(u)].  (8)

Here and elsewhere, b(u) is an invertible analytic function, that is, b(0) # 0, while
a(u) is analytic function with a(0) = 0 and a’(0) # 0 that admits compositional inverse a~!
(see Remark 1).

It is also noted that the involved functions are analytic at # = 0 and have power
series representations centered at the origin and its suitable neighborhood. It is recalled
(see Theorem 2.3.4 in [8]) that a sequence sy(x) is Sheffer for (b(u),a(u)) if and only if it is
generated by
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o
b(a="(u))

Furthermore, the Gould-Hopper-Laguerre-Sheffer matrix polynomials (GHLSMaP)
¢S] (x,1,2; A, B) are defined by the following generating function (see [2]):

exa‘l(u) — i SgéiC) uZ (x € C). )
RS

m 00 4
E(X 2Aa*1(u)+By(a*1(u)) )Co(zafl(u)) _ ZgLsgn(x/]//Z} A,B)
=0

u
— 1
b(a 1 (u)) a0
where Cy(xu) is the Oth-order Bessel-Tricomi function and given by (see Equations (5)—(7)
in [2])
Colax) = exp(—aD5 {1}, a1

and A, B are matrices in C*¥ (k € N), which denotes the set of k by k square matrices with

entries of complex numbers, such that A is positive stable, C and N being, respectively,

the sets of complex numbers and positive integers, and elsewhere. In addition, the other

notations and restrictions about (10) would follow from those in [2]. In view of (11), the
generating relation (10) takes the following form:

F(X, v,z; A B; u) — b(all(u))e(x\/ﬂDz_l)a—l(Ll)JrBy(a—l(u))m

ut (12)

(e} C
=Y s/ (x,y,z A B)—.
= /!

For a(u) = u, the GHLSMaP g;s'(x,y,z; A, B) gives the Gould-Hopper-Laguerre-
Appell matrix polynomials (GHLAMaPs), g1 A}’ (x,y,z; A, B), which are generated by the
following function (see [3]):

u

G(x’y’Z;A/ B’u) = l)(l)e(mezl)”+By”]n = Z gLAZZ(x/]//Z} A/B) g. :

(13)
u =0

Remark 1. In (9), the functions a and b are called delta series and invertible series, re-
spectively, because they are treated as series centered at 0 (see [8]). The followings are
well-known in the geometric function theory (see [9]). Let .# denote the class of functions
a(u) normalized by the following Maclaurin series:

a(u) =u+ i apu’ (u e U), (14)
(=2

which are analytic in the open unit disk U := {1 € C : |u| < 1} and univalent in U. Then,
it is well known that every function a € .# has compositional inverse a~!, given by

ala(u)=u (uel)

and 1
-1 .
a(a™'(@)) =o (ol < rofa); ro(a) > )
the latter one of which means that v belongs to the range of a and ry(a) is the radius
centered at 0 including the range of a. Indeed, the inverse function a~! is given by

a 1(v) = v —a0® + <2a% — a3> > — (Sa% —5aa3 + a4> ot

It is found that the analytic function a € . and the delta series a are the same when their
domains are adjusted and the delta series a(u) is normalized. Take an example a(u) := 1.

Then, a~!(u) = ;. Since both a(u) and a~!(u) are univalent in U, a(u) is called bi-
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univalent in U (see [9]). The sequence sy(x) is Sheffer for (1,a(u)), which is also called
associated with a(u), and generated by

u 2 sp(x
gx1+u = /ZO [é' ) MK (x S (C) (15)

It is observed from the Taylor-Maclaurin expansion that

0 u
so(x) =1 and sp(x) = —¢*Tr

S|y (kEN). (16)

By using Fad di Bruno’s formula (see [10]), which is a recursive formula for finding higher-
order derivatives of a composite function, we have

se(x) = Bp(x1,...,%p), xp:= (—1)7‘*l k'x (keN), (17)

where By(x1,...,x;) are the (th complete exponential Bell polynomials which can be
expressed as determinants (see [11]):

Bg(xl,.. .,Xg)

r X X X3 X e XA
0! 1! 2! 3! (e—1)!
-1 4 x» oxm . X1
0! 1! 2! (t=2)!
X X Xp_
o -2 % # - (’5’;*32)1 as)
0 0 0o —-4 ... e (2‘/:;)!
L 0 0 0 0o - —(¢-1) % J

The first few associated polynomials sy(x) for a(u) = % are

so(x) =1, s1(x)=x, sp(x)=x*—2x, s3(x) =x>—6x>+6%,

s4(x) = x* — 1243 4 36x2 — 24x.

2. Recurrence Relations

Since F(x,y,z; A, B;u) is analytic at u = 0, it follows from (12) and Taylor-Maclaurin
series expansion that, for k € Ny := NU {0} (and elsewhere),

k
gLt (x,y,2,A,B) = (;u> F(x,y,z; A,B;u) . (19)
u

Thus, it is found from (2) and (19) that

W [F(x,y,z; A, B;u)] _, (20)
= [gsl (v, Y, A, B) 157 (%, 4,2 A, B) . g1} (x,9,2: A, B)]T,

where T denotes the transpose of a matrix.

The following lemma is a modified version of Lemma 3.3 in [5].
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Lemma 1. The following identity holds true:

(Wg[gLsg’(x,y,z; A,B) g157(x,y,2,A,B) - - g1 (%, 1,25 A,B)]| ) Ay 1:[ 1
e(sz’lquByu’”)
b(u)
A;'PY[G(x,y,2; A, B;u)]u=o

=W [La (), (a W) (a7 (w)]
=We[La (), (a w2, (2 w)]

Ag_lpé |: :| PZ [exmu]uzo
u=0

u=0 1)

u=0

=W [La (), (a7 ()% (a7 ()]

17 ] u=0"

[ee)
-1
u:OAe Pl[g gL AV (x,y,2, A, B)—

where A7 = diag[1,1/11,1/21,- - ,1/£!], Z;' := diag [1, 1/V24, -, 1/(\/2A)Z], and
G(x,y,z; A, B; u) is the same as in (13).

Proof. Using (7) in the right member of (20) provides

lgrso' (x,y,2; A, B) g1 (%, 4,2, A, B) ... g5y (%, Y, 2; A,B)]T
=W[l,a  (u), (@ ()%, (a7 () Ju=o

x 2Aue(—D;1u+Byu’")
b(u)

(22)
x AT W,

u=0

Employing (6) in (22) and noting that
W[e*V244),_o = [1 xV2A (xV2A)? - (xvV2A)]T,
one obtains

[erst (%, y,2; A, B) g18V (%, y,2 A, B) .. g151 (x,y,2; A, B)|T
= W[La (), -, (@ (1) Jumo A}
e(—D;1u+By14"’)
b(u)

Taking k' order partial derivatives with respect to x on both sides of (23) and dividing
each side of the resultant equation by (v/2A)* k! yields the following identity:

(23)

xpg[ ] [1xV2A (xV2A)? - (xv2A)T.
u=0

1 1 [ o o !
K (V2A) | ox ~—eLS0 (v,Y,2 A, B) ﬁgLST(X,y,Z;A,B) ﬁgLSZ‘(x,y,z;A,B)
(—D;W—&-Byu’")
_ - - ¢ - e
= W[La ), 6 @)L W) AR [b()]o )
T
X {0---0 1 <k—£1>x\/27\ (k—ltz)(x\/ZiA)Lu <£)(x 2A)Ek} .

k terms

The last observation is that the right and left members of (24) are equal to the (k + 1)™
columns of the corresponding members of the first equality of (21), respectively. The second
and third equalities of (21) follow from (5) and (13). This completes the proof. [
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Theorem 1. For finite order { € Ny, the GHLSMaPg; s}’ (x,y,z; A, B) satisfies the following
differential matrix recurrence relation:

gLSi41(%, Y,z A, B)
_ & (evV2A =D )P+ mByQe + Ry) o, - A, B (25)
N k;) (V2A)k k! Ik gLs) (x,y,z, A, B),

where

(k)
gLS0 (x,y,2;A,B) = F(x,y,2, A, B;0), P:= ( 1 )

Proof. In view of Definition 2 and Equation (19), we have

d
W,|—F(x,vy,z; A, B,u
Z[du ( Y ):|u—0 (26)

= [g157"(x,y,2; A, B) 155 (x,,2; A, B) g185 (%, 1,2, A, B) ... g18741(x,y,2; A, B)]".

On the other hand, performing the differentiation in the expression

W, [;;F(x,y,z; A, B;u)}

u=0

and then using properties (5)—(7) in a suitable manner, we find that

d
W, ﬁP(x,y,z; A, B;u)} .
u=

(27)

= Wift, a7 w), (@7 ()%, (7 w) o7 P [(Dwy)]
=0

b(u)

x Pole(V2A0)], (W, {(NZ*A = D! 4 mByu" ! ffﬁ’f) 1 L_o'

Using Lemma 1, Equation (27) yields

d
W, {duF(x,y,z, A, B,u))] L
= (Wylgrsy (x,y,2; A, B) g1 (x,y,2, A, B) ... g1.57 (X, Y, 2; A,B)])TAglEgl
< W, l(x\/Z/IX -D;h N mByu" 1 b’ (u) ] /
0

a’(u) a'(u)  b(u)a'(u) |
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which, upon using Definition 2, leads to
W -iF(x z; A, B;u)
14 _dl/l Y,2,4,D, 0
i . 0 gL50 (XyzAB) 92 g15) (xy,zAB) o' g1sg (xy,zAB) ]
g0 (Y, AB) 5 (V2A) 1 02 (V2A)2 2! ol (v2A)L i
gLs7 (x, 4,2, A, B) %gmz”\(/%;:ﬁﬁ) % gLS(Ei/(%f;;z;,B) aa;l %
_ s’”(x 2 A B) igLsZ’(x,y,z;A,B) igLsé”(x,y,z;A,B) LfgLs?(x,y,z;A,B)
gL\, Y, 2 4, X (v2A) 1 a2 (V2AZ 2! anl (V2A) 1!
: : : : (28)
. 9 eLs) (xy,zAB) 32 grsi'(xy,zA,B) of gLsy'(xy,zA,B)
_gLSZ”(x,y, zZAB) 5 (V2A) 1! aZ (V2A)2 2! axl (V2A) o
(xV2A — D; )Py + mByQo + Ro
(xV2A — D;1)Py + mByQq + Ry
% | (xv/2A — D71 P, + mByQs + Ry | .
(xV2A — DY) Py + mByQq + Ry

Equating the last rows of Equations (26) and (28), our assertion (25) is proved. O

Set a(u) = u and find that Py = 1, P, = 0 (k € N), Q-1 = (m —1),

Qe =0

(k € Ng\ {m —1}). Therefore, setting a(u) = u in Theorem 1 provides the following

corollary.

Corollary 1. The GHLAMaPg; A} (x,y,z; A, B) satisfies the following differential matrix recur-
rence relation of finite order £ € Ny:

el Al (%, y,2, A, B)

where

=(xVv2A —
mBy

amfl

i (\/ziA)mfl oxm-1 &
+ Z

o (-

B (u)\ ¥
b(u) )

ak
2A V2A)K k!l 9x

u:0'

D; VgL Al (x,y,2; A, B)

LAY (x,y,2; A, B)

O LAV (x,y,5 A, B),

(29)

Theorem 2. For finite order { € Ny, the GHLSMaP ;s (x,y,z; A, B) satisfies the following

recurrence relation:

To gL5) 1(x,y,2;A,B) = _
gLop+1 1;) ( /2A>k k!

k

where

gL (%, Y,z A, B) =

£ 1

Fxy,zAB0), Ti=(d(a (w)gla ()

(uk (x 24 —

k=1

U= (60, Viei= (57 160) Y]

DZl) — Uga + mBka)

d S
X W gLSZl(x,y,Z,' A/ B) - Z <k o 1> Tf*k+1 gLSZZ(x/]//Z} A/ B)/

(k)

|u=0’

(30)
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Proof. Consider the following:

W, {a’(a_l(u))b(a_l(u))dF(x,y,z;A, B;u)} (31)
du u=0
By using the relation (6) in Equation (31), we obtain
ra—1 -1 d
P, [a (a=Y(u))b(a (u))] Wg[F(x,y,z;A,B;u)] ) (32)
u=0 du u=0
which, in view of (2) and Equation (19), becomes
P reL—1 b -1
(@t wpaw)] -
X [grs1 (%, 1,2, A, B) g155 (%, ,2; A, B) ... g157 1 (X, 1, Z; A, B)]T.
Using (1) in Equation (33), we find
Ty 0 0 0 gL' (x,y,2;, A, B)
T Ty 0 0 sy (x,y,2; A, B)
S . N (34)
T, (DT ()T ToJ Legrsi’(x,y,2 A, B)
On the other hand, we can write (31) as
V34— D-1 )"t DTN ) Y evEA D e Byt )
w[[<x 2A — D; +mBy<a (u)) o) )¢ -
which, upon using (7), gives
Well,a™ (), a7 (@)%, (a7 () TuzoA !
(xv2A—D3 V) u+Byu'™ (35)
-1 m—1 N ¢
xwgl{(x\QA D; " + mByu )b(u) b(u)} ) 10
Using (4)-(6) and Lemma 1 in Equation (35), we have
T
(Wil (2054 B) ool (e A B) s vz A B AP
X ((x\/271 - D;1>W5[b(u)]u:0 + mByW, [um_lb(u)} oW [b'(u)] u=0)’
which, upon using (2), yields
_ . 9 gLsq (xyzAB) 92 gLsy (Xy,zAB) 9! gLy (xy,z:A,B)
gLSg(x,y,Z,A,B) ﬁg 2@) 1 ﬁg (OM)Z 21 Wg (Omy 0
S (x,y,z; A, B) L eSTUWEAB) R gisy(vyzAE) A gLt (xy,zAB)
gL\ Y 2 B) 5 aa 1 a2 (VaAra oxl  (VaA) Ol
si(x,y,z; A B) Qe CvsAB) - @ g5y (vyzAB) 9 eLsy (vyzAB)
gl LY 2 B) 5 aa 1 a2 (VaAra oxl  (VaA) Ol
. ) 0 Lsm(;c,y,z;A,B) 92 LS’,”(.x,yrz;A,B) o LS’”('x,y,z;A,B)
_gLSZ”(X,]/,Z,A,B) ﬁg ém) 1 Wg ([\/ﬂ)z 21 Wg (fm)g 0 (37)

(xv/2A — D7) Uy + mByVy — Uy
(xv/2A — DY) Uy + mByVy — U,
x | (xvV2A — D71 Uy + mByV, — Uy

(xv/2A — D;7Y)U, + mByV, — Uyyq
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Equating the last rows of Equations (34) and (37), our assertion (30) is proved. [
3. Identities
This section provides certain identities for the GHLSMaP ¢ s7' (x,y,2; A, B).

Theorem 3. The following relation between GHLSMaP 415} (x,y,z; A, B) and GHLAMaP
gL A7 (x,,2; A, B) holds true: For { € Ny,

/ Am(_x —y. -7 A B) ak
L 7 ]// 74y m
LT e awes e nAB) = (39)
k=0 !
where
1 (0)
b= < 12) :
(b(a=t(u))) u=0
Proof. We find from (2) that
1 T
M ICERTr) P )

We can write

1
Wf[(b(a*(u)))ZLO
X _n-1 a—l u a—l u))m
:we e( \/2714 D; ) ( )+B]/( ( )) e—{(X\/ZiA—szl)afl(M)-&-By(a*l(u))m}
b(a—1(u))b(a1(x))

Utilizing the identities (5), (6), and (7) in the right member of Equation (40) suitably,
we obtain

(40)

u=0

o _ a1 a2 e (a YA e, | L
Wz[(b(al(u)))z]u_o WilLa~ (), (@ ()%, (a7 (1)) JumoA; Pg[b(u)}u_o

< P e(x\/ﬂ—Dz’l)u-&-Byum W
l u—0 l

e(—xﬂ—&-D;Uu—&-B(—y)u"’
b(u) u*O’

which, upon noting that D1 {1} = —D; {1} (see, e.g., Equation (6) in [2]) and employing
Equation (13) and Lemma 1, yields

1
W) |l——M
! {(b(al (u)))z} u=0
= (Wz[gLS?(x,y,z; A, B) g5 (x,y,2, A, B) - - g157' (%, 4,2, A, B)] !x)T (41)

e > w
X A, 155 1W4ZgLA]'~”(—x,—y,—z;A,B)],' .
j=0 Cdu=0
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Then, the use of (2) in Equation (41) gives

[ 1
Wil ——s
4 -1 2
_(g<a (u))) u=0
[ , 0 ety sAB) - 2 gusf(oyzAB) o g (vyzAB)T
gLsy (x,y,2 A, B) X (V2A) 1! xr (V2A)2 2 axl (V2A)
m ] 9 etsT (xyzAB) 92 erst(xy.mAB) 9l grs{'(xy.zAB)
els1' (v Y,z A B) 5 (V2A) 1! 0x2 (y2A)2 2 !l (V2A) 1
m ) 9 gLy (xyBAB) 32 grsy'(xyzAB) 9l g1y (xy,5AB)
= |grs5' (%, ¥,z A B) (V2A) 1! w2 (V2A2 2l wt(V2a) o
: : : (42)
" ) 0 s (xyzAB) - R sy (xyzAB) 9l 18] (xy,zAB)
gLsg (x,]/, zZ, A/ B) ox (ﬂ) 1! ox2 (m)Z 21 oxt (\/ZA)[ 0!
_gLAgl(_xr —]/, —Z, A/B)_
gLA’in(_x/ _]// —Zz; A/ B)
X gLAgl(_xr —]/; -z, A/ B) .

_gLAZn(fxr 7]/1 72; A/ B)_

Equating the last row of Equations (39) and (42), the desired identity (38) is proved. [

Theorem 4. GHLSMaP gLSZ”(x, y,z; A, B) satisfies the following identity:

Lorr
) <k) Bk gLsi11-k(x,y,2, A, B)
=0 , (43)
= Z (i) {(xm— Dz_l)’)/k + mByék +€k}gLST_k(x/y,Z; A, B)
k=0
where
— (p(at ) ® _ (b @)\
b= (b @) "] = (S2) |y
5 (L) e w)\ _ <_b’< <u>>>“‘>
£ ( (a1(u)) > = KT a'(a=t(u)) u=0
Proof. Using (6), with the aid of Definitions (1) and (2), yields
[ (071 0) g oy, 4,Biw)|
u=0
e(xx/271 Dz l)a’l( )+By(a~!(u)" Lo
@ 1() uow‘f[ G, ,
gL' (x,y,2, A, B) 0 0 Bo (44)
gLy (x,y,2;, A, B) grs7 (x,y,2;, A, B) 0 B1
= gLS?(x v,z AB)  (Desy (v, A, B) 0 B2l

gLy (%, Y,z A, B) (ersy (x,y,2; A, B) - st (x,y,z,A,B) | LBe
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From the left-most term of Equation (44) and %a’l (u) =1/a’(a=(u)), we find

i {b(al(u))ddul-"(x,y, z; A, B; u)}

u=0
W (xv2A - D;Yb(a ()  b'(a"'(u))
— YV 31(371(@) a’(a*l(u)) (45)
mBy(a~' ()" b ) \ o
+ a'(a () )F( Y, A, B; )] .

Using (6) and (4) in the right member of (45), we obtain

Wg{b(a_l(u))ddF(x,y,z;A,B;u)} — Py[F(x,y,% A, Biu)], o
u u=0
b(a~(u a L(w))" 1b(a=Y(u
e R e e I
_b'(a ()
*Wf{ af(a—1<u>>Lo>'

Employing (1) in the first factor and -y, J;, and € in the second factor in the right
member of (46), we obtain a column (£ + 1) x 1 matrix, say M. Finally, identifying the
(£ + 1)-th row of the resulting matrix in the right-hand side of (44) with (¢ 4 1)-th row of
M, we prove the desired identity (43). O

Theorem 5. Let ¢ € N. Then, GHLSMaP g1s}'(x,y,z; A, B) satisfies the following identity:

14 k
0
lgrsi(x,y,2,A,B) = kE (\/Ti()k e gLs) (x,y,2, A, B), 47)
-0 !

where

G = (a(u) | _, (ke Np).

Proof. Using (6), in view of Definitions (1) and (2), and (12), we have

W uF(x,y,z;, A, B;u)|,_o = Polu],_oWe[F(x,y,2; A B u)],_,

000 O 0 00
100 0 0 0 0| . ysm(x,y,2A,B) T
020 0 0 0 0|| 1s"(x,,zA,B)
B 003 0 0 0 0|| . si(x,y,zA,B) )
) gLs)1(x,y,2; A, B)
000 O (-1 0 of LeLsi'(xy,zA,B)
000 0 0 ¢ 0]

Furthermore, since a(a~!(u)) = u, in terms of (12), the left-most term of (48) can be
written as

Wy[uF(x,y,2; A, B; u)]u=0

= Wé a(afl (u)) b(a_ll(u))e(xm_Dzl)a1(U)+By(al(u))m O/
u=
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the right member of which, in view of (7), becomes

W[uF(x,y,z; A, B;u)],—o

_ _ _ _ (49)
=W[La (), (a ()%, (@ (1) JumoA; Wy a(u) G(x,y,2; A, B;u)],
Using (6) at the right-most factor in (49), we find
W [uF(x,y,z; A, B;u)],_q (50)

=WlLa " (u), @ ()%, (a7 () Tumo Ay "By [G (x,y,2; A, B; ) ]u—o We[a (1) u—o.
Applying Lemma 1 to the right member of (50), we obtain

W/ [uF(x,y,z; A, B;u)],_,

T
= (Wg[gLSgZ(X,y,Z,' A,B) g1 (x,y,2,A,B) - - - g15) (x,y,2; A, B)] |x) A;lEf (51)
X Wf[a(u)]uZO'

Using Definition 2 in Equation (51), and, then, equating the last row of the resultant
equation with the last row of Equation (48), our desired identity (47) is proved. [

Theorem 6. For the GHLSMaP g1 s} (x,y,z; A, B), the following identity holds true:

EZ( ),BE x gLSK (X, 9,2, A, B)

4 1 ak (52)
— m .
Z 2A)kk (V24 — D)8, + mBygi + 9 ) 5 a1t (v, A,B),
where
N OEONS _(u" h(w)a(u) Y
=\ ) N 2 (u) w0’
_ (_Ba)\"
=" w w0’
Proof. Using (5) and (6), Definitions 1 and 2, and Equation (12), we obtain
W, {u b(a’l(u))iF(x,y,z;A, B;u)}
du u=0
_ d
= Pilul oy b )] We| PG54, B)|
0 0 0 e 0 07 [ grsi'(x,y,2z, A, B) (53)
Bo 0 0 0 0| | grsh(x,y,2A,B)
—| 208 20k 0 0 0| | gs§(xy,zA4B)
(B NP2 U(NBs o €GIDBo 0] Lers (2 A, B)
On the other hand,
%F(x,y,z; A,B;u) = b avZA-D e w)+By(a )"

{b(a~1(u))}?

X [{(x 2A—-D; 1)+ mBy(al(M))ml}b(al(u)) — b/(afl(”))} a(w)
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which, upon using u = a(a~!(u)), gives
_1 m
wb(a ™ (1) F(x, 2, Bru) = 22 U0) /202007 0 (e )
du b(a=1(u) (54)

)
x [{(x\/ﬂ— D; Y+ mBy(a‘l(u))M1}b(a_l(u)) - b'(a_l(u))} T

Employing (7) in the right member of (54), with the aid of (6), we have

_ d
W [ub(a 1(u))glf(x,y,z;z‘\, B;u)]u=0

=WyLa (), (@ ()%, (@ () JumoA; PG (x,y,2: A, Biu)u—o  (55)

_q\b(u)a(u) ™ b(u)a(u) b (u)a(u)
ng{(x\/ﬂ—Dzl) ) + mBy 2 0) W L:o

Using (4) and Lemma 1 in the right member of (55), we obtain the resultant (¢ +1) x 1
matrix, say M;. Finally, equating the (¢ 4 1)-th row of the resulting matrix in (53) and the
(£ + 1)-th row of M; yields the desired identity (52). This completes the proof. [J

4. Particular Cases

This section considers several particular cases of the results in Section 2.

Example 1. The case of b(u) = 1 and a(u) = i,’:—;% Then, the Sheffer polynomials sy(x) in (9)
become the Mittag—Leffler polynomials M,(x) (see [8] (pp. 75-78) and the references therein). In this
regard, the GHLSMaPs g1 s} (x,y,z; A, B) are named as Gould—Hopper—Laguerre-Mittag—Leffler
matrix polynomials and denoted by (GHLMLMaP) g M}'(x,y,z; A, B).

In Theorems 2, 3 and 5, we find

Up=1 Uy =0(keN); Vyq1=(m-1), V=0 (k#m—1);

1 ifk=0,
1 (1) 2 .
ao=1, ap =0 (k € N); @kzi(Ek(l)—Ek (0)); T ={ -1, ifk=2,
0, ifk#£0,2.

(@)

Here, Ei(x) are the Euler polynomials and E, "’ (x) are the generalized Euler polynomials
which are generated by (see, e.g., [12] (pp. 86 and 88))

2" S E@Y (i <)
= Er(x) — u| < m), (56)
et +1 = k!
and . L
2 > xXu = (@) u o
——— ) =) EY(x) = (ul<m1*=1). (57)
<e”+1 =k k!

Therefore Equations (30), (38), and (47) provide the following identities for GHLMLMaP
gLMJ'(x,y,2; A, B):

1 xV2A—D;!
setMitq (% Y,z A, B) = ((\/TA)Z)gLMZl(x/%Z? A, B)
58
14 " mBy "1 " G8)
LAV eLM/" (%, y,2, A, B) + (V2A)m—1 gxm-1 sLMJ'(x,y,2; A, B).

grAo(—x,—y,—z A, B) gt M (x,y,2; A,B) = 1. (59)
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(Ex(1) — Ey) 9

2A kk' axkgLMZ (x,y,z; A, B). (60)

14
gelMy1(x,y,z,A,B) = ZZ

Example 2. The case of b(u) = 1 and a(u) = In(1 + u). Then, the Sheffer polynomials in (9)
become the exponential polynomials e;(x) (see, e.g., [7] and [8] (pp. 63—67)). In this connection,
the GHLSMaPs g1 s}'(x,y,2; A, B) are named as the Gould-Hopper—Laguerre exponential matrix
polynomials and denoted by (GHLEMaP) gre}'(x,y,z; A, B).

In Theorem 2, Theorem 3 and Theorem 5, we find
Up=1, Uy =0(keN); Vy_i=m—-1, Vi=0(k#m—1); T=(-1k

vo=1ar,=0(keN);, Bo=1=0(keN);, yvo=711=1 1=0((keN\{1});
=0, Op1=m—1), 6p=ml, 6 =0(k#mm—-1); g =(-D1 k-1

Therefore Equations (30), (38), (43) and (47) give the following identities for GHLEMaP
gref'(x,y,z; A, B):

¢
g - m
)y <k>(_1)€ “gref’1(x,y,z A, B)

k=0 ) ) (61)
(xv2A - D; mBy oM~
— TA)ZgLe?(x,y,z;A,B) + (ﬂ)m—l ST gre; (x,y,2, A, B).
grAo(—x,—y, =z, A, B) gre)' (x,y,2,A,B) = 1. (62)

grefi1(%,y,z A, B) = (xV2A - D) g€} (x,y,% A, B)

S (23271) )ax el (x50,8) + YT iy A8 g

14 (—)Rt ook
gLei—1(x%,y,2, A, B) zkg)k VIAN ok grey (x,y,2 A, B). (64)
Example 3. The case of b(u) = (1 —u)~*"1 and a( ) = . Then the Sheffer polynomials

in (9) become the generalized Laguerre polynomials L ( ) (see e.g., [8,13] (pp. 108-113)). In
this regard, GHLSMaP g s}’ (x,y,z; A, B) are named as the Gould-Hopper-Laguerre-generalized

Laguerre Matrix polynomials and denoted by (GHLgLMaP) g, Lé“’m) (x,y,2; A, B).
In Theorem 2, Theorem 3 and Theorem 5, we find

Up = (a+ k)i V=" "g)®] ;i Te= (=D a+1)
=Qa+Ll+1)n Gp=-—
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Therefore Equations (30), (38) and (47) offer the following identities for GHLgLMaP
(ac,m) . )
gLy (x,y,z, A, B):

l
Z() D +1), kgLL,(<+1)(xy,zAB)

= Z (xv2A-D; 1) (65)
2A kk'
ok (am)
X (a+k)— (e +k+1)g1+ mBka> Y gLy " (x,y,2; A, B).
2 gL Ax(—x,—y,—z; A, B) 8 (a,m)
L ,2; A, B 20+ 0+ 1),. 66
(a,;m) -1 1 o (a,m) .
gt L, (x,y,2,A,B) = A 2 (\/ﬂ)ka o grL, " (x,v,2, A, B). (67)

Example 4. The case of b(u) = EUT*1 and a(u) = u. The Sheffer polynomials in (9) become the
Bernoulli polynomials B;(x) (see, e.g., [8] (pp. 93-100) and [6]). In this connection, the GHLSMaPs
gL8)' (x,y,2; A, B) are named as the Gould-Hopper-Laguerre-Bernoulli matrix polynomials and
denoted by (GHLBMaP) g1 B} (x,y,z; A, B).

In Theorems 2-6, we find

1 k!
1
{
14 1 1 -1 k!
"‘ﬂ—k;)(k)B”Bk' P=it T ST kv T mmroy

k! —k
01=1,0=0(k#1);, 6=0,6=1(k#0); ka:M? P = 1

Therefore Equations (30), (38), (43), (47), and (53) give the following identities for
GHLBMaP g B} (x,y,z; A, B):

4
Z( >£ k+1 gLBk—i-l(x nyAB)

_2 1 (xv2A-D;1) 1 . __mByk (68)
V2A)k k! k+1 k+2  (k—m+2)!
ak
X Y gL.B)'(x,y,2; A, B).

gLBr(—x,—y,—z;, A, B) ok ¢ (E)
Bl (x,y,z, A, B By_By. 69
2 (\/ﬂ)k k' axk gL f( y ) kgo k (—kPk ( )
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References

1 etBlhk (2, z A B)

B ﬁ 1 (xvV2A-D;1) 1 mBy k! (70)
-2 (V2A)K k! k+1 k+2  (k—m+2)!
k
Ll
oxk &

01~
R
bl
N
»
+ | =
—_
09

LB/ (x,y,z; A, B).

10
(V2A) g1B)' 1(x,y,2,A,B) = 7% gL.B/ (x,y,2; A, B). (71)

e i (g_ 1) gLB;(n(x/]/,Z}A,B)
E\k-1)  —k+1

4
o # m A -1 mByk' . k (72)
_,;(\/ZA)kk!((x 2A-D; )+(kfm+1)! k+1
X ik Bm( - A B)

axk gLDy x/]//Z/ 7 .

5. Concluding Remarks

In [2], a novel type of polynomials, named as the Gould-Hopper-Laguerre-Sheffer
matrix polynomials, was introduced, and various identities of these polynomials were
demonstrated through the utilization of operational methods. In this article, the Gould—
Hopper-Laguerre-Sheffer matrix polynomials in [2] were also investigated using matrix
techniques, and several of their identities, such as recurrence relations, were derived. Some
particular cases of the main findings in this article were further demonstrated. It is pointed
out that the identities derived in this article via matrix techniques are different from the
ones in [2] derived via operational methods.

The Sheffer polynomials and their hybrid forms have been extensively explored (see,
e.g., [8] and references therein). The Sheffer matrix polynomials and their hybrid matrix
forms have recently been investigated (see, e.g., [1-5] and references therein). In this article,
some properties of the generalized Pascal functional matrix and Wronskian matrix were
mainly utilized.

The operational methods (referenced as [2]) and the matrix methods employed in this
article each exhibit distinct advantages. To conclude, we raise an essential question: Is it
possible to attain the identities derived using the matrix methods presented in this article
by employing the operational methods described in [2]?
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