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Abstract: Using the concepts of q-fractional calculus operator theory, we first define a (λ, q)-differintegral
operator, and we then use m-fold symmetric functions to discover a new family of bi-close-to-convex
functions. First, we estimate the general Taylor–Maclaurin coefficient bounds for a newly established
class using the Faber polynomial expansion method. In addition, the Faber polynomial method is
used to examine the Fekete–Szegö problem and the unpredictable behavior of the initial coefficient
bounds of the functions that belong to the newly established class of m-fold symmetric bi-close-to-convex
functions. Our key results are both novel and consistent with prior research, so we highlight a few of
their important corollaries for a comparison.
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1. Introduction

Let A stand for the family of analytic functions in E = {z ∈ C : |z| < 1} that are
normalized when η(0) = 0 and η′(0) = 1 and express every η ∈ A that has the following
series in the form shown below:

η(z) = z +
∞

∑
j=2

ajzj.

In addition, S is a subclass of A, and members of S are univalent in E. The function η ∈ S
is called a starlike (S∗) function in E (see [1]) if

Re
(

zη′(z)
η(z)

)
> 0, z ∈ E

and the function η ∈ S is called a convex (C) function in E (see [2]) if

1 + Re
(

zη′′(z)
η
′(z)

)
> 0, z ∈ E.

The function η ∈ S is called a close-to-convex (K) function in E (see [3]) if and only if
g ∈ S∗, such that

Re
(

zη′(z)
g(z)

)
> 0.
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In [4], Noor introduced the class of functions η ∈ S that are called quasi-close-to-convex
(Q) functions in E if and only if g ∈ K exists, such that

Re

(
(zη′(z))′

g′(z)

)
> 0.

Among the subclasses of S , the starlike (S∗) convex (C) and close-to-convex (K) functions
are the most well known. To learn more about the well-known and extensive research of
the starlike and convex function subclasses S and C, see [5–7].

The idea of starlike and convex functions of order α was first presented by Robert-
son [8] in 1936 as follows:

For 0 ≤ α < 1, the function η ∈ S is called a starlike (S∗(α)) function of order α in E
(see [8]) if

Re
(

zη′(z)
η(z)

)
> α

and for 0 ≤ α < 1, the function η ∈ S is called a convex (C(α)) function of order α in E
(see [8]) if

Re

(
(zη′(z))′

η′(z)

)
> α.

For α = 0,
S∗(α) = S∗

and
C(α) = C.

Let 0 ≤ α < 1; the function η ∈ S is called a close-to-convex (K(α)) function of order α in
E (see [3]) if and only if g ∈ S∗(α) = S∗, such that

Re
(

zη′(z)
g(z)

)
> α.

For more details, see [5].
Let 0 ≤ α < 1; the function η ∈ S is said to be in the class of quasi-close-to-convex

(Q(α)) functions if and only if g ∈ K exists, such that

Re

(
(zη′(z))′

g′(z)

)
> α.

For α = 0,
K(α) = K

and
Q(α) = Q.

We present the well-known class P (see [6]) of analytic functions p in E, which satisfy the
following conditions:

Re(p(z)) > 0

and
p(0) = 1.

For η1, η2 ∈ A, and η1 subordinate to η2 in E, denoted by (see [9])

η1(z) ≺ η2(z), z ∈ E,
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suppose that an analytic function w0, such that |w0(z)| < 1 and w0(0) = 0, and

η(z) = η2(w0(z)), z ∈ E.

Each function η ∈ S has an inverse η−1 = F that may be written as

F(η(z)) = z, z ∈ E

and
η(F(w)) = w, |w| < r0(η), r0(η) ≥

1
4

.

The series of the inverse function is given by

F(w) = w− a2w2 + (2a2
2 − a3)w3 − (5a3

2 − 5a2a3 + a4)w4 + . . . . (1)

An analytic function η is called bi-univalent in E if η and η−1are univalent in E, and Σ stands
for the class of all bi-univalent functions. Here, we give some examples of bi-univalent
functions below:

η1(z) =
z

1− z
, η2(z) = − log(1− z), η3(z) =

1
2

log
(

1 + z
1− z

)
, z ∈ E.

The famous Koebe function

k(z) = z(1− z)−2, for all z ∈ E,

is not in class Σ.
Lewin [10] introduced the concept of class Σ and established |a2| < 1.51 for every

η ∈ Σ. Following that, Brannan and Clunie [11] demonstrated that |a2| ≤
√

2. Subsequently,
Netanyahu [12] showed that max|a2| = 4

3 , and Styer and Wright [13] showed the existence
of η ∈ Σ, for which |a2| < 4

3 . Furthermore, Tan [14] demonstrated that, for functions in Σ,
|a2| < 1.485. Since class Σ was first introduced, many scholars have attempted to establish
the connection between the geometric features of the functions inside it and the coefficient
bounds. As a matter of fact, authors Lewin [10], Brannan and Taha [11], Srivastava et al. [15],
and others [16–20] built a solid framework for the study of bi-univalent functions. In these
more recent publications, the initial coefficients were only estimated using non-sharp meth-
ods, and the coefficient estimates for the general class of analytic bi-univalent functions
were also discovered in [21]; however, Atshan [22] utilized the quasi-subordination char-
acteristics and obtained some results for new bi-univalent function subclasses. A new
subclass of m-fold bi-univalent functions was defined by Oros and Cotirla [23], who also
found the coefficient estimates of the Fekete–Szegö problem. More recently, the integral
operator based on the Lucas polynomial was used to estimate coefficients for general sub-
classes of analytic bi-univalent functions [24]. Numerous authors looked into the bounds
for various m-fold bi-univalent function subclasses [25–30]. The sharp coefficient bound
for |am|, (m = 3, 4, 5, . . . ) is still an unsolved problem.

Gong [31] discussed the uses and significance of the Faber polynomial methods that
Faber [32] introduced. The coefficient bounds |aj| for j ≥ 3 were recently determined by
Hamidi and Jahangiri [33,34] using the Faber polynomial expansion method. The Faber
polynomial expansion approach has been used to introduce and study a number of new
bi-univalent function subclasses. Bult introduced a few new subclasses of bi-univalent
functions in References [35–37], and she implemented the Faber polynomial method to
discover the general coefficient bounds |aj| for j ≥ 3. She also discussed how the initial
coefficient bounds have unpredictable behavior. In [38,39], new subclasses of meromorphic
bi-univalent functions were studied using the Faber polynomial. Recently, the subordina-
tion features and the method of generating Faber polynomials were also used to derive the
general coefficient bounds |aj| for j ≥ 3 of analytic bi-univalent functions [40]. Altinkaya
and Yalcin [41] addressed the unusual behavior of coefficient bounds for novel subclasses of
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bi-univalent functions using a similar methodology. Additionally, numerous authors used
the Faber polynomial technique and obtained some intriguing findings for bi-univalent
functions (see [42–47] for additional information).

Let m ∈ N. If a rotation of a domain E with an angle of 2π/m at its origin maps that
domain onto itself, then the domain is said to be m-fold symmetric.

Following that, it is demonstrated that an analytic η in E, being m-fold symmetric,
satisfies the following requirement:

η
(

e
2πi
m z
)
= e

2πi
m η(z)

and Sm in E represents m-fold symmetric univalent functions. The function η ∈ Sm has the
following form:

η(z) = z +
∞

∑
j=1

amj+1zmj+1. (2)

Srivastava et al. [48,49] gave an additional boost to the study of the family Σm, which
has led to a large number of works on subclasses of Σm. Then, for a new subclass of Σm,
Srivastava et al. [50] explored the initial coefficient bounds. Note that Σ1 = Σ. Sakar
and Tasar [51] developed further subclasses of m-fold bi-univalent functions and derived
the initial coefficient bounds for the functions belonging to these families. In [52], co-
efficient bounds were established for new subclasses of analytic and m-fold symmetric
bi-univalent functions. Recently, Swamy et al. [29] defined a new family of m-fold symmet-
ric bi-univalent functions by ensuring that they satisfied the subordination requirement.
References [53–58] presented interesting results on the initial coefficient bounds and the
Fekete–Szegö functional problem for some subfamilies of Σm.

Recent work by Srivastava et al. [59] shows the series expansion for η−1 to be as
follows:

F(w) = η−1(w) = w− am+1wm+1 + Amw2m+1 − Bmw3m+1, (3)

where

Am = (m + 1)a2
m+1 − a2m+1,

Bm =
1
2
(m + 1)(3m + 2)a3

m+1 − (3m + 2)am+1a2m+1 + a3m+1

For m = 1, Equation (3) coincides with Equation (1). Here, we provide examples of an
insignificant number of m-fold symmetric bi-univalent functions:

η4(z) =

(
zm

1− zm

)m
, η5(z) = [log(1− zm)]

−1
m ,

η6(z) = log

√
1 + zm

1− zm , z ∈ E

and their inverse functions are

F7(z) =

(
wm

1 + wm

) 1
m

, F8(z) =

(
e2wm − 1
e2wm + 1

) 1
m

,

F9(z) =

(
ewm − 1

ewm

) 1
m

.

Many new classes of analytic functions have been built and studied by scholars in the
field of Geometric Function Theory (GFT) using q-calculus and fractional q-calculus. In 1909,
Jackson [60] developed the q-calculus (Dq) operator, and in [61], Ismail et al. utilized this
operator for the first time to build a class of q-starlike functions in E. See [62–65] for more
reading on q-calculus and analytic functions.
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The Faber polynomial is one such subject, and it has become more important in
mathematics and other sciences in recent years. This article is divided into three parts.
In Section 1, we quickly review some elementary concepts from the theory of geometric
functions since they are essential to our primary discovery. These elements are all standard
fare, and we appropriately reference them. In Section 2, we introduce the Faber polynomial
method, give a few illustrations, define some key terms, and present some preliminary
lemmas. In Section 3, we present the new (λ, q)-differintegral operator for m-fold symmetric
functions, and, considering this operator, we define a new class of close-to-convex functions
and investigate the main results. Section 4 offers some final remarks.

2. Preliminaries

Addressing the basic definitions and notions of q-fractional calculus is now necessary
in order to construct some new subclasses of m-fold symmetric bi-univalent functions.

Definition 1 ([66]). Let us define the q-shifted factorial (γ, q)j as

(γ, q)j =
j−1

∏
j=0

(
1− γqj

)
, (j ∈ N, γ, q ∈ C). (4)

If γ 6= q−m, (m ∈ N0 = {0, 1, 2, . . . }), then it can be written as

(γ, q)∞ =
∞

∏
j=0

(
1− γqj

)
, (γ ∈ C and |q| < 1). (5)

Remark 1. When γ 6= 0 and q ≥ 1, (γ, q)∞ diverges. Thus, if and when this occurs (γ, q)∞, then
we will assume |q| < 1.

Remark 2. When q→ 1− in (4), then we obtain the Pochhammer symbol (γ)j defined as

(γ)j =
j−1

∏
l=0

(γ + l), if j ∈ N.

If j = 0, then (γ)j = 1.

Definition 2 ([60]). The expression for the q-factorial [j]q is

[j]q! =
j

∏
l=1

[l]q, (l ∈ N), (6)

where

[j]q =
1− qj

1− q
.

If j = 0, then
[j]q! = 1.

Definition 3 ([66]). (γ, q)j in (4) can be precise in terms of the q-Gamma function as follows:

zq(γ) =
(1− q)1−γ(q, q)∞

(qa, q)∞
, (0 < q < 1),

or

(qγ, q)j =

(
1− qj)zq(γ + j)

zq(γ)
, (j ∈ N).
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For analytic functions, Jackson [60] presented the q-difference operator as follows:

Definition 4 ([60]). For η ∈ A, the q-difference operator is defined as

Dqη(z) =
η(z)− η(qz)

z(1− q)
, z ∈ E.

Note that

Dq(zj) = [j]qzj−1, Dq

(
∞

∑
j=1

ajzj

)
=

∞

∑
j=1

[j]qajzj−1.

Definition 5. Pochhammer’s generalized symbol for q is denoted by

[γ]q,j =
zq(γ + j)
zq(γ)

, j ∈ N, γ ∈ C.

Remark 3. When q→ 1−, [γ]q,j simplifies to (γ)j =
Γ(γ+j)

Γ(γ) .

Definition 6 ([67]). For λ > 0, the fractional q-integral operator is defined by

Iλ
q η(z) =

1
zq(λ)

z∫
0

(z− tq)λ−1η(t)dq(t), (7)

where the definition of the q-binomial function (z− tq)λ−1 is

(z− tq)λ−1 = zλ−1
1Φ0

(
q−λ+1,−, q, tqλ/z

)
.

The series 1Φ0 is given by

1Φ0(a,−, q, z) = 1 +
∞

∑
j=1

(a, q)j

(q, q)j
zj, (|q| < 1, |z| < 1).

This final equivalence is known as the q-binomial theorem (for reference, see [68]). For more details,
see [67,69].

Definition 7 ([68,70]). For an analytic function η, the fractional q-derivative operator Dλ
q is

defined by

Dλ
q η(z) = Dq I1−λ

q η(z)

=
1

zq(1− λ)
Dq

z∫
0

(z− tq)−λη(t)dq(t), (0 ≤ λ < 1).

Definition 8 ([67,68]). For k to be the smallest integer, the extended fractional q-derivative Dλ
q of

order λ is defined by
Dλ

q η(z) = Dk
q

(
Ik−λ
q η(z)

)
. (8)

We find from (8) that

Dλ
q zj =

zq(j + 1)
zq(j + 1− λ)

zj−λ, (0 ≤ λ, j > −1).

Note that Dλ
q represents the fractional q-integral of order λ when −∞ < λ < 0 and the fractional

q-derivative of order λ when 0 ≤ λ < 2.
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Definition 9 ([71]). Selvakumaran et al. defined the (λ, q)-differintegral operator Ωλ
q : A → A

as follows:

Ωλ
q η(z) =

zq(2− λ)

zq(2)
zλDλ

q η(z)

= z +
∞

∑
j=2

zq(2− λ)zq(j + 1)
zq(2)zq(j + 1− λ)

ajzj, z ∈ E,

where
0 ≤ λ < 2, and 0 < q < 1.

Consider the following:

lim
λ→1

Ωλ
q η(z) = Ωqη(z) = zDqη(z).

Definition 10. For k to be the smallest integer, the extended fractional q-derivative Dλ,m
q of order

λ is defined for m-fold symmetric functions as follows:

Dλ,m
q η(z) = Dk

q

(
Ik−λ
q η(z)

)
; (9)

we find from (9) that

Dλ,m
q zj =

zq(mj + 2)
zq(mj + 2− λ)

zmj+1−λ, (0 ≤ λ, j > −1, m ∈ N).

The Faber Polynomial Expansion Method and Its Applications

The coefficients of the inverse map F may be expressed using the Faber polynomial
method applied to the analytic functions (see [72,73]).

F(w) = η−1(w) = w +
∞

∑
j=2

1
j

Qj
j−1(a2, a3, . . . , aj)wj,

where

Q−j
j−1 =

(−j)!
(−2j + 1)!(j− 1)!

aj−1
2 +

(−j)!
[2(−j + 1)]!(j− 3)!

aj−3
2 a3

+
(−j)!

(−2j + 3)!(j− 4)!
aj−4

2 a4

+
(−j)!

[2(−j + 2)]!(j− 5)!
aj−5

2

[
a5 + (−j + 2)a2

3

]
+

(−j)!
(−2j + 5)!(j− 6)!

aj−6
2 [a6 + (−2j + 5)a3a4]

+ ∑
i≥7

aj−i
2 Qi,
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and for 7 ≤ i ≤ j, Qi is a homogeneous polynomial in a2, a3, . . . aj. To be more specific,

the first three terms of Q−j
j−1 are

1
2

Q−2
1 = −a2,

1
3

Q−3
2 = 2a2

2 − a3,

1
4

Q−4
3 = −(5a3

2 − 5a2a3 + a4).

The usual form of the expansion of Qr
j for r ∈ Z (Z := 0,±1,±2, . . . and j ≥ 2 is

Qr
j = raj +

r(r− 1)
2

V2
j +

r!
(r− 3)!3!

V3
j + · · ·+

r!
(r− j)!(j)!

V j
j ,

where
V r

j = V r
j (a2, a3 . . . .)

and according to [72], we have

Vv
j (a2, . . . , aj) =

∞

∑
j=1

v!(a2)
µ1 . . . (aj)

µj

µ1!, . . . , µj!
, for a1 = 1 and v ≤ j.

The sum takes over all non-negative integers µ1, . . . , µj, which satisfies

µ1 + µ2 + · · ·+ µj = v,

µ1 + 2µ2 + · · ·+ jµj = j.

Clearly,
V j

j (a1, . . . , aj) = V
j
1

and the first and last polynomials are

V j
j = aj

1, and V1
j = aj.

Lemma 1 ([5]). If p(z) = 1 +
∞
∑

j=1
cjzj ∈ P and Re(p(z) > 0, then

∣∣cj
∣∣ ≤ 2.

In this section, we define the (λ, q)-differintegral operator for m-fold symmetric func-
tions, consider this operator, and define a new class of close-to-convex functions. Then, we
obtain our main results by using the technique of Faber polynomial expansion.

3. Main Results

By using the same technique as Selvakumaran et al. [71], we define the (λ, q)-differintegral
operator for m-fold symmetric functions as follows:

Definition 11. For m ∈ N, the (λ, q)-differintegral operator for m-fold symmetric functions
Ωλ,m

q : Sm → Sm is defined as follows:

Ωλ,m
q η(z) =

zq(2− λ)

zq(2)
zλDλ,m

q η(z)

= z +
∞

∑
j=1

zq(2− λ)zq(mj + 2)
zq(2)zq(mj + 2− λ)

amj+1zmj+1, z ∈ E,
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where
0 ≤ λ < 2, and 0 < q < 1.

Taking motivation from [33] and considering the (λ, q)-differintegral operator, we
define a new class of close-to-convex bi-univalent functions of class Σm.

Definition 12. The function f ∈ Σm belongs to class Cλ,q
Σ (α, m) if and only if there exists a

function g ∈ S∗ satisfying

Re

Dq

(
Ωλ,m

q η(z)
)

g(z)

 > α

and

Re

Dq

(
Ωλ,m

q F(w)
)

G(w)

 > α,

where 0 ≤ α < 1, 0 ≤ λ < 1, m ∈ N, z, w ∈ E and F = η−1.

The Faber polynomial method is applied to Definition 12 in order to derive the jth

coefficient bounds,
∣∣amj+1

∣∣, and the initial coefficient bounds, |am+1|, |a2m+1|, as well as the
Feketo–Szegö problem

∣∣a2m+1 − µa2
m+1

∣∣.
Theorem 1. Let η ∈ Cλ,q

Σ (α, m) be given by (2) if amk+1 = 0, and 1 ≤ k ≤ j− 1. Then,

∣∣amj+1
∣∣ ≤ zq(2)zq(mj + 2− λ)(3− 2α + mj)

[mj + 1]qzq(2− λ)zq(mj + 2)
, for j ≥ 2.

Proof. Since η ∈ Cλ,q
Σ (α, m), then, by definition and using the Faber polynomial,

Dq

(
Ωλ

q η(z)
)

g(z)

= 1 +
∞

∑
j=1

[
K1(q, m, j, λ)

j−1

∑
l=1

Q−1
l (bm+1, bm+2, . . . bml+1)× K2(q, m, j, λ)

]
zmj, (10)

where

K1(q, m, j, λ)

=

(
[mj + 1]q

zq(2− λ)zq(mj + 2)
zq(2)zq(mj + 2− λ)

amj+1 − bmj+1

)
K2(q, m, j, λ)

=

((
[mj + 1]q −ml

)zq(2− λ)zq(mj−ml + 2)
zq(2)zq(mj−ml + 2− λ)

amj+1−ml − bmj+1−ml

)
.

For the inverse map F = η−1 and G = g−1, we obtain

Dq

(
Ωλ

q F(w)
)

G(w)

= 1 +
∞

∑
j=2

[
K3(q, m, j, λ)

j−1

∑
l=1

Q−1
l (Bm+1, Bm+2, . . . Bml+1)× K4(q, m, j, λ)

]
wmj, (11)
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where

K3(q, m, j, λ)

=

(
[mj + 1]q

zq(2− λ)zq(mj + 2)
zq(2)zq(mj + 2− λ)

Amj+1 − Bmj+1

)
K4(q, m, j, λ)

=

((
[mj + 1]q −ml

)zq(2− λ)zq(mj−ml + 2)
zq(2)zq(mj−ml + 2− λ)

Amj+1−ml − Bmj+1−ml

)
.

As opposed to that, Re
Dq(Ωλ

q η(z))
g(z) > α in E, and

p(z) = 1 +
∞

∑
j=1

cmjzmj;

therefore,

Dq

(
Ωλ

q η(z)
)

g(z)
= 1 + (1− α)p(z)

= 1 + (1− α)
∞

∑
j=1

cmjzmj. (12)

Similarly, Re
Dq(Ωλ

q F(w))
G(w)

> α in E, and there exists the function

s(w) = 1 +
∞

∑
j=1

dmjwmj

so that

Dq

(
Ωλ

q F(w)
)

G(w)
= 1 + (1− α)s(w)

= 1 + (1− α)
∞

∑
j=1

dmjwmj. (13)

Evaluating the coefficients of Equations (10) and (12), for any j ≥ 2, yields{
K1(q, m, j, λ)Q−1

l (bm+1, bm+2, . . . bml+1)× K2(q, m, j, λ)
}
= (1− α)cmj. (14)

Evaluating the coefficients of Equations (11) and (13), for any j ≥ 2, yields

K3(q, m, j, λ)
j−1

∑
l=1

Q−1
l (Bm+1, Bm+2, . . . Bml+1)× K4(q, m, j, λ) = (1− α)dmj. (15)

For the special case j = 1, from Equations (14) and (15), we obtain

[m + 1]qzq(2− λ)zq(m + 2)
zq(2)zq(m + 2− λ)

am+1 − bm+1 = (1− α)cm

and
[m + 1]qzq(2− λ)zq(m + 2)

zq(2)zq(m + 2− λ)
Am+1 − Bm+1 = (1− α)dm.
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By utilizing Lemma 1 and solving am+1 in absolute values, we achieve

|am+1| ≤
zq(2)zq(m + 2− λ)

[m + 1]qzq(2− λ)zq(m + 2)
(3− 2α + m).

However, under this assumption, amk+1 = 0 and 1 ≤ k ≤ j− 1 both yield

Aj = −aj.

Therefore,

[mj + 1]q
zq(2− λ)zq(mj + 2)
zq(2)zq(mj + 2− λ)

amj+1 − bmj+1 = (1− α)cmj (16)

and

− [mj + 1]q
zq(2− λ)zq(mj + 2)
zq(2)zq(mj + 2− λ)

amj+1 − Bmj+1 = (1− α)dmj. (17)

By solving Equations (16) and (17) for aj and determining the absolute values, and by using
Lemma 1, we obtain

∣∣amj+1
∣∣ ≤ zq(2)zq(mj + 2− λ)(3− 2α + mj)

[mj + 1]qzq(2− λ)zq(mj + 2)
,

upon noticing that ∣∣bmj+1
∣∣ ≤ mj + 1 and

∣∣Bmj+1
∣∣ ≤ mj + 1.

This completes Theorem 1.

Corollary 1. Let η ∈ Cλ,q
Σ (α, 1) be given by (2) if ak+1 = 0, and 1 ≤ k ≤ j− 1. Then,

∣∣aj+1
∣∣ ≤ zq(2)zq(j + 2− λ)(3− 2α + j)

[j + 1]qzq(2− λ)zq(j + 2)
, for j ≥ 2.

Corollary 2. Let η ∈ C0,q
Σ (α, m) be given by (2) if amk+1 = 0, and 1 ≤ k ≤ j− 1. Then,

∣∣amj+1
∣∣ ≤ (3− 2α + mj)

[mj + 1]q
, for j ≥ 2.

Corollary 3. Let η ∈ Cλ,1
Σ (α, m) be given by (2) if amk+1 = 0, and 1 ≤ k ≤ j− 1. Then,

∣∣amj+1
∣∣ ≤ z(mj + 2− λ)(3− 2α + mj)

[mj + 1]z(2− λ)z(mj + 2)
, for j ≥ 2.

Corollary 4. Let η ∈ C0,1
Σ (α, m) be given by (2) if amk+1 = 0, and 1 ≤ k ≤ j− 1. Then,

∣∣amj+1
∣∣ ≤ (3− 2α + mj)

[mj + 1]q
, for j ≥ 2.

When we set λ = 0, m = 1, and q→ 1−, we have a well-established corollary, which
is proven in [33].

Corollary 5 ([33]). Let η ∈ CΣ(α) if ak+1 = 0, 1 ≤ k ≤ j. Then,

∣∣aj
∣∣ ≤ 1 +

2(1− α)

j
, for j ≥ 3.

The following theorem is obtained given the initial coefficients |am+1| and |a2m+1|, as
well as the Feketo–Szegö problem

∣∣a2m+1 − a2
m+1

∣∣ in CΣ(m, α, q).
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Theorem 2. Let η ∈ Cλ,q
Σ (α, m) be given by (2). Then,

|am+1| ≤

√
2zq(2)zq(m + 2− λ)zq(2m + 2)(1− α)

zq(2− λ){K5(q, m, j, λ)− K6(q, m, j, λ)}

for 0 ≤ α < 1− φ(q, λ).

|am+1| ≤
2zq(2)zq(m + 2− λ)(1− α)

[m + 1]qzq(2− λ)zq(m + 2)−zq(2)zq(m + 2− λ)
,

for 1− φ(q, λ) ≤ α < 1

|a2m+1| ≤
2zq(2)zq(2m + 2− λ)(1− α)

[2m + 1]qzq(2m + 2)zq(2− λ)−zq(2)zq(2m + 2− λ)
× K7(q, m, j, λ),

where

φ(q, λ)

= K9(q, m, j, λ)×
(
zq(2)zq(2m + 2− λ){Q1(q, m, λ)}2

)
and

K9(q, m, j, λ) =
1

2zq(m + 1− λ)zq(2)Q2(q, m, λ)

Q1(q, m, λ) = [m + 1]qzq(2− λ)zq(m + 2)−zq(2)zq(m + 2− λ)

Q2(q, m, λ) =
{

K5(q, m, j, λ)zq(m + 1− λ)− K6(q, m, j, λ)zq(2− λ)
}

.

Now, ∣∣∣a2m+1 − a2
m+1

∣∣∣ ≤ 2zq(2)zq(2m + 2− λ)(1− α)

[2m + 1]qzq(2− λ)zq(2m + 2)−zq(2)zq(2m + 2− λ)
.

where K5(q, m, j, λ), K6(q, m, j, λ), and K7(q, m, j, λ) are given by (18)–(20).

Proof. In the proof of Theorem 1, we obtain amj = −bmj for the function g(z) = Ωλ
q η(z). For

j = 1, (14) and (15) respectively yield

am+1

(
[m + 1]qzq(2− λ)zq(m + 2)

zq(2)zq(m + 2− λ)
− 1
)

= (1− α)cm

am+1

(
−
[m + 1]qzq(2− λ)zq(m + 2)

zq(2)zq(m + 2− λ)
+ 1
)

= (1− α)dm.

Any one of these two equations, when taken at its absolute value, gives

|am+1| ≤
2zq(2)zq(m + 2− λ)(1− α)

[m + 1]qzq(2− λ)zq(m + 2)−zq(2)zq(m + 2− λ)
.
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For j = 2, Equations (14) and (15) respectively yield(
[2m + 1]qzq(2− λ)zq(2m + 2)

zq(2)zq(2m + 2− λ)
− 1
)

a2m+1

−
(
[m + 1]qzq(2− λ)zq(m + 2)

zq(2)zq(m + 2− λ)
− 1
)

a2
m+1

= (1− α)c2m

and (
2a2

m+1 − a2m+1

)( [2m + 1]qzq(2− λ)zq(2m + 2)
zq(2)zq(2m + 2− λ)

− 1
)

−
(
[m + 1]qzq(2− λ)zq(m + 2)

zq(2)zq(m + 2− λ)
− 1
)

a2
m+1

= (1− α)d2m.

Combining the two equations and solving |am+1| yield∣∣∣a2
m+1

∣∣∣ = zq(2)zq(m + 2− λ)zq(2m + 2)(1− α)|d2m + c2m|
2zq(2− λ){K5(q, m, j, λ)− K6(q, m, j, λ)} ,

where

K5(q, m, j, λ) = [2m + 1]qzq(2m + 2)zq(m + 2− λ) (18)

K6(q, m, j, λ) = [m + 1]qzq(m + 2)zq(2m + 2− λ). (19)

By applying Carathéodory’s Lemma 1, we obtain

|am+1| ≤

√
2zq(2)zq(m + 2− λ)zq(2m + 2)(1− α)

zq(2− λ){K5(q, m, j, λ)− K6(q, m, j, λ)} .

As a result, we obtain the estimate√
2zq(2)zq(m + 2− λ)zq(2m + 2)(1− α)

zq(2− λ){K5(q, m, j, λ)− K6(q, m, j, λ)}

<
2zq(2)zq(m + 2− λ)zq(2m + 2)(1− α)

zq(2− λ){K5(q, m, j, λ)− K6(q, m, j, λ)} .

By substituting

am+1 =
cm(1− α)zq(2)zq(m + 2− λ)

[m + 1]qzq(2− λ)zq(m + 2)−zq(2)zq(m + 2− λ)

in (4), we obtain

a2m+1 =
zq(2)zq(2m + 2− λ)(1− α)

[2m + 1]qzq(2m + 2)zq(2− λ)−zq(2)zq(2m + 2− λ)

×
{

c2m +
(1− α)zq(2)zq(m + 2− λ)

[m + 1]qzq(2− λ)zq(m + 2)−zq(2)zq(m + 2− λ)
c2

m

}
.
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Using the modulus and Carathéodory’s Lemma 1, we may prove the following:

|a2m+1| ≤ K7(q, m, j, λ)

(
2zq(2)zq(2m + 2− λ)(1− α)

[2m + 1]qzq(2m + 2)zq(2− λ)−zq(2)zq(2m + 2− λ)

)
,

where

K7(q, m, j, λ)

= K8(q, m, j, λ)
(
[m + 1]qzq(2− λ)zq(m + 2)−W(q, m, λ)

)
, (20)

W(q, m, λ) = zq(2)zq(m + 2− λ) + 2(1− α)zq(2)zq(m + 2− λ)

and

K8(q, m, j, λ)

=
1

[m + 1]qzq(2− λ)zq(m + 2)−zq(2)zq(m + 2− λ)
.

Lastly, by subtracting Equation (4) from Equation (5), we obtain∣∣∣a2m+1 − a2
m+1

∣∣∣ ≤ 2zq(2)zq(2m + 2− λ)(1− α)

[2m + 1]qzq(2− λ)zq(2m + 2)−zq(2)zq(2m + 2− λ)
.

Corollary 6. Let η ∈ Cλ,q
Σ (α, 1) be given by (2). Then,

|a2| ≤
√√√√ 2zq(2)zq(3− λ)zq(4)(1− α)

zq(2− λ)
{
[3]qzq(4)zq(3− λ)− [2]qzq(3)zq(4− λ)

}
for 0 ≤ α < 1− φ(q, λ) and

|a2| ≤
2zq(2)zq(3− λ)(1− α)

[2]qzq(2− λ)zq(3)−zq(2)zq(3− λ)

for 1− φ(q, λ) ≤ α < 1 and

|a3|

≤
2zq(2)zq(4− λ)(1− α)

[3]qzq(4)zq(2− λ)−zq(2)zq(4− λ)

×
{
[2]qzq(2− λ)zq(3)−zq(2)zq(3− λ) + 2(1− α)zq(2)zq(3− λ)

[2]qzq(2− λ)zq(3)−zq(2)zq(3− λ)

}

and ∣∣∣a3 − a2
2

∣∣∣ ≤ 2zq(2)zq(4− λ)(1− α)

[3]qzq(2− λ)zq(4)−zq(2)zq(4− λ)
,

where

φ(q, λ) =

=
zq(4− λ)

{
[2]qzq(2− λ)zq(3)−zq(2)zq(3− λ)

}2

2zq(2− λ)W1(q, λ)
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and

W1(q, λ) =
(
[3]qzq(4)zq(2− λ)zq(3− λ)− [2]qzq(3)zq(2− λ)zq(4− λ)

)
.

Corollary 7. Let η ∈ C0,q
Σ (α, m) be given by (2). Then,

|am+1| ≤
√√√√ 2(1− α){

[2m + 1]q − [m + 1]q
}

for 0 ≤ α < 1− φ(q, 0). Now,

|am+1| ≤
2(1− α)

[m + 1]q − 1

for 1− φ(q, 0) ≤ α < 1.

|a2m+1| ≤
2(1− α)

[2m + 1]q − 1

{
[m + 1]q − 1 + 2(1− α)

[m + 1]q − 1

}
and ∣∣∣a2m+1 − a2

m+1

∣∣∣ ≤ 2(1− α)

[2m + 1]q − 1
,

where

φ(q, 0) =
zq(m + 2)

{
[m + 1]qzq(2)−zq(2)

}2

2zq(m + 1)
{
[2m + 1]qzq(m + 1)− [m + 1]qzq(2)

} .

Corollary 8. Let η ∈ C0,1
Σ (α, m) be given by (2). Then,

|am+1| ≤
√

2(1− α)

m

for 0 ≤ α < 1− φ(1, 0). Now,

|am+1| ≤
2(1− α)

m
for 1− φ(1, 0) ≤ α < 1.

|a2m+1| ≤
1− α

m
×
{

m + 2(1− α)

m

}
and ∣∣∣a2m+1 − a2

m+1

∣∣∣ ≤ 1− α

m
,

where
φ(1, 0) =

m
2

.

The well-known corollary for λ = 0, m = 1, and q→ 1− is proven in [33].

Corollary 9 ([33]). Let η ∈ CΣ(α) be given by (2). Then,

|a2| ≤
{ √

2(1− α) if 0 ≤ α < 1
2 ,

2(1− α) if 1
2 ≤ α < 1,

and

|a3| ≤
{

2(1− α) if 0 ≤ α < 1
2 ,

(1− α)(3− 2α) if 1
2 ≤ α < 1.
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4. Conclusions

In this paper, we introduced the (λ, q)-differintegral operator for m-fold symmetric
functions given in (11) and discussed its applications for a class of m-fold symmetric
bi-close-to-convex functions that is defined in (12). We applied the Faber polynomial
technique and investigated the jth coefficient bounds, the initial coefficients, and the Fekete–
Szegö functional for this newly defined class of m-fold symmetric functions. This research
also shows how current discoveries and other improvements may be made via careful
parameter specialization.

This article has three parts. Since the basics of geometric function theory are necessary
to understand our major discovery, we briefly cover them in Section 1. These elements are
all well recognized, and we appropriately reference them. The Faber polynomial method,
several related applications, and some preliminary lemmas are presented in Section 2. In
Section 3, we discuss our results. Researchers may create many other classes of m-fold
symmetric bi-univalent functions by using different extended q-operators in place of the
(λ, q)-differintegral operator in their future investigations. Researchers may also explore
the behavior of coefficient estimations for newly defined subclasses of m-fold symmetric
bi-univalent functions using the Faber polynomial approach.
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55. Breaz, D.; Cotîrlă, L.I. The study of coefficient estimates and Fekete–Szegö inequalities for the new classes of m-fold symmetric
bi-univalent functions defined using an operator. J. Inequalities Appl. 2023, 2023, 15. [CrossRef]

56. Tang, H.; Srivastava, H.M.; Sivasubramanian, S.; Gurusamy, P. Fekete–Szegö functional problems of m-fold symmetric bi-univalent
functions. J. Math. Ineq. 2016, 10, 1063–1092. [CrossRef]

57. Motamednezhad, A.; Salehian, S. Certain class of m-fold functions by applying Faber polynomial expansions. Stud. Univ. Babe
s-Bolyai Math. 2021, 66, 491–505. [CrossRef]

58. Al-shbeil, I.; Khan, N.; Tchier, F.; Xin, Q.; Malik, S.N.; Khan, S. Coefficient bounds for a family of m-fold symmetric bi-univalent
functions. Axioms 2023, 12, 317. [CrossRef]

59. Srivastava, H.M.; Sivasubramanian, S.; Sivakumar, R. Initial coefficient bounds for a subclass of m-fold symmetric bi-univalent
functions. Tbilisi Math. J. 2014, 7, 1–10. [CrossRef]

60. Jackson, F.H. On q-functions and a certain difference operator. Earth Environ. Sci. Trans. R. Soc. Edinb. 1909, 46 , 253–281. [CrossRef]
61. Ismail, M.E.H.; Merkes, E.; Styer, D. A generalization of starlike functions. Complex Var. Theory Appl. Int. J. 1990, 14, 77–84.

[CrossRef]
62. Aldweby, H.; Darus, M. Some subordination results on q -analogue of Ruscheweyh differential operator. Abstr. Appl. Anal. 2014,

2014, 1–6. [CrossRef]
63. Kanas, S.; Raducanu, D. Some class of analytic functions related to conic domains. Math. Slovaca 2014, 64, 1183–1196. [CrossRef]
64. Mahmood, S.; Sokol, J. New subclass of analytic functions in conical domain associated with ruscheweyh q-differential operator.

Results Math. 2017, 71, 1–13. [CrossRef]
65. Srivastava, H.M. Univalent functions, fractional calculus, and associated generalized hypergeometric functions, in univalent

functions. In Fractional Calculus; and Their Applications; Srivastava, H.M., Owa, S., Eds.; Halsted Press: Chichester, UK; John Wiley
and Sons: New York, NY, USA, 1989; pp. 329–354.

66. Gasper, G.; Rahman, M. Basic hypergeometric series (with a Foreword by Richard Askey). In Encyclopedia of Mathematics and Its
Applications; Cambridge University Press: Cambridge, UK, 1990; Volume 35.

67. Purohit, S.D.; Raina, R.K. Certain subclasses of analytic functions associated with fractional q-calculus operators. Math. Scand.
2011, 109, 55–70. [CrossRef]

68. Srivastava, H.M.; Choi, J. Zeta and q-Zeta Functions and Associated Series and Integrals; Elsevier Science Publishers: Amsterdam,
The Netherlands; London, UK; New York, NY, USA, 2012.

69. Srivastava, H.M. Operators of basic (or q-) calculus and fractional q-calculus and their applications in geometric function theory of
complex analysis. Iran. J. Sci. Tech. Tran. A Sci. 2020, 44, 327–344. [CrossRef]

70. Srivastava, H.M. Some parametric and argument variations of the operators of fractional calculus and related special functions
and integral transformations. J. Nonlinear Convex Anal. 2021, 22, 1501–1520.

71. Selvakumaran, K.A.; Choi, J.; Purohit, S.D. Certain subclasses of analytic functions defined by fractional q-calculus operators.
Appl. Math. E-Notes 2021, 21, 72–80.

72. Airault, H. Symmetric sums associated to the factorizations of Grunsky coefficients. In Groups and Symmetries: From Neolithic Scots
to John McKay; American Mathematical Society: Washington, DC, USA, 2007; Volume 47, p. 3.

73. Airault, H.; Bouali, H. Differential calculus on the Faber polynomials. Bull. Sci. Math. 2006, 130, 179–222. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.20852/ntmsci.2019.342
http://dx.doi.org/10.24193/subbmath.2021.4.05
http://dx.doi.org/10.46793/KgJMat2203.395M
http://dx.doi.org/10.3390/fractalfract6050271
http://dx.doi.org/10.1186/s13660-023-02920-6
http://dx.doi.org/10.7153/jmi-10-85
http://dx.doi.org/10.24193/subbmath.2021.3.07
http://dx.doi.org/10.3390/axioms12040317
http://dx.doi.org/10.2478/tmj-2014-0011
http://dx.doi.org/10.1017/S0080456800002751
http://dx.doi.org/10.1080/17476939008814407
http://dx.doi.org/10.1155/2014/958563
http://dx.doi.org/10.2478/s12175-014-0268-9
http://dx.doi.org/10.1007/s00025-016-0592-1
http://dx.doi.org/10.7146/math.scand.a-15177
http://dx.doi.org/10.1007/s40995-019-00815-0
http://dx.doi.org/10.1016/j.bulsci.2005.10.002

	Introduction 
	Preliminaries
	Main Results
	Conclusions
	References

