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1. Introduction

Let A stand for the family of analytic functions in E = {z € C: |z| < 1} that are
normalized when 7(0) = 0 and #/(0) = 1 and express every 1 € A that has the following
series in the form shown below:

n(z)=z+ Zajzj.
j=2

In addition, S is a subclass of A, and members of S are univalent in E. The functiony € S
is called a starlike (S*) function in E (see [1]) if

Re(i?é?) >0, z€ E

and the function 77 € S is called a convex (C) function in E (see [2]) if

1
1+Re(z’7, (Z)> >0, z€ E.
1 (z)

The function 7 € S is called a close-to-convex (K) function in E (see [3]) if and only if

g € §*, such that
!
Re<z’7<z)) >0,
8(2)
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In [4], Noor introduced the class of functions € S that are called quasi-close-to-convex
(Q) functions in E if and only if ¢ € I exists, such that

(z1'(2))
Re< ) >>O.

Among the subclasses of S, the starlike (S§*) convex (C) and close-to-convex (K) functions
are the most well known. To learn more about the well-known and extensive research of
the starlike and convex function subclasses S and C, see [5-7].

The idea of starlike and convex functions of order & was first presented by Robert-
son [8] in 1936 as follows:

For 0 < a < 1, the function 77 € S is called a starlike (S*(a)) function of order a in E

(see [8]) if
zn'(z)
Re( 1(z) ) -t

and for 0 < & < 1, the function 77 € § is called a convex (C(«)) function of order « in E

(see [8]) if
Re(W(z))/> > Q.

n'(z)
Fora =0,
S*(a) =8
and
Cla)=C.

Let 0 < a < 1; the function 7 € S is called a close-to-convex (KC(«)) function of order « in
E (see [3]) if and only if g € S*(a) = S*, such that

/
Re(Z}7 (Z)> >
8(2)
For more details, see [5].

Let 0 < a < 1; the function # € S is said to be in the class of quasi-close-to-convex
(Q(w)) functions if and only if ¢ € K exists, such that

Re ((z;y’(z))/> > w.

g'(2)
Fora =0,
K(x) =K
and
Qa) = Q

We present the well-known class P (see [6]) of analytic functions p in E, which satisfy the
following conditions:
Re(p(z)) >0

and
p(0) =1
For 11, 12 € A, and #1 subordinate to 7, in E, denoted by (see [9])

m(z) <ma(z), z€E,
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suppose that an analytic function wy, such that |wy(z)| < 1 and wy(0) = 0, and
1(z) = n2(wo(2)), z € E.
Each function 77 € S has an inverse 77! = F that may be written as
F(y(z)) =2z z€E

and

—_

n(F(w)) =w, [w| <ro(y), ro(n) = 7.

The series of the inverse function is given by

F(w) = w — ayw?* + (2a5 — a3)w® — (543 — 5azaz + ag)w* + .. .. 1)
An analytic function 7 is called bi-univalent in E if 7 and 57 ~'are univalent in E, and ¥ stands
for the class of all bi-univalent functions. Here, we give some examples of bi-univalent
functions below:

z 1 14z
m(z) = 1—2 1m2(z) = —log(1 —2z), n3(z) = 2108(1_Z>/ z € E.
The famous Koebe function
k(z) =z(1—2)"2, forallz€E,

is not in class .

Lewin [10] introduced the concept of class X and established |ay| < 1.51 for every
1 € L. Following that, Brannan and Clunie [11] demonstrated that [a;| < /2. Subsequently,
Netanyahu [12] showed that max|ay| = %, and Styer and Wright [13] showed the existence
of n € X, for which |ap| < %. Furthermore, Tan [14] demonstrated that, for functions in X,
|az| < 1.485. Since class X was first introduced, many scholars have attempted to establish
the connection between the geometric features of the functions inside it and the coefficient
bounds. As a matter of fact, authors Lewin [10], Brannan and Taha [11], Srivastava et al. [15],
and others [16-20] built a solid framework for the study of bi-univalent functions. In these
more recent publications, the initial coefficients were only estimated using non-sharp meth-
ods, and the coefficient estimates for the general class of analytic bi-univalent functions
were also discovered in [21]; however, Atshan [22] utilized the quasi-subordination char-
acteristics and obtained some results for new bi-univalent function subclasses. A new
subclass of m-fold bi-univalent functions was defined by Oros and Cotirla [23], who also
found the coefficient estimates of the Fekete-Szeg6 problem. More recently, the integral
operator based on the Lucas polynomial was used to estimate coefficients for general sub-
classes of analytic bi-univalent functions [24]. Numerous authors looked into the bounds
for various m-fold bi-univalent function subclasses [25-30]. The sharp coefficient bound
for |ay|, (m =3,4,5,...) is still an unsolved problem.

Gong [31] discussed the uses and significance of the Faber polynomial methods that
Faber [32] introduced. The coefficient bounds |a;| for j > 3 were recently determined by
Hamidi and Jahangiri [33,34] using the Faber polynomial expansion method. The Faber
polynomial expansion approach has been used to introduce and study a number of new
bi-univalent function subclasses. Bult introduced a few new subclasses of bi-univalent
functions in References [35-37], and she implemented the Faber polynomial method to
discover the general coefficient bounds |a;| for j > 3. She also discussed how the initial
coefficient bounds have unpredictable behavior. In [38,39], new subclasses of meromorphic
bi-univalent functions were studied using the Faber polynomial. Recently, the subordina-
tion features and the method of generating Faber polynomials were also used to derive the
general coefficient bounds [a;| for j > 3 of analytic bi-univalent functions [40]. Altinkaya
and Yalcin [41] addressed the unusual behavior of coefficient bounds for novel subclasses of
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bi-univalent functions using a similar methodology. Additionally, numerous authors used
the Faber polynomial technique and obtained some intriguing findings for bi-univalent
functions (see [42-47] for additional information).

Let m € N. If a rotation of a domain E with an angle of 27r/m at its origin maps that
domain onto itself, then the domain is said to be m-fold symmetric.

Following that, it is demonstrated that an analytic # in E, being m-fold symmetric,
satisfies the following requirement:

2mi 2mi
q(e o Z) = e (2)
and Sy, in E represents m-fold symmetric univalent functions. The function 7 € S;; has the
following form:

N(z) =z+ Y iz 2)
j=1

Srivastava et al. [48,49] gave an additional boost to the study of the family ¥,,, which
has led to a large number of works on subclasses of ;. Then, for a new subclass of X,
Srivastava et al. [50] explored the initial coefficient bounds. Note that > = X. Sakar
and Tasar [51] developed further subclasses of m-fold bi-univalent functions and derived
the initial coefficient bounds for the functions belonging to these families. In [52], co-
efficient bounds were established for new subclasses of analytic and m-fold symmetric
bi-univalent functions. Recently, Swamy et al. [29] defined a new family of m-fold symmet-
ric bi-univalent functions by ensuring that they satisfied the subordination requirement.
References [53-58] presented interesting results on the initial coefficient bounds and the
Fekete-Szeg6 functional problem for some subfamilies of ;.

Recent work by Srivastava et al. [59] shows the series expansion for 77’1 to be as
follows:

F(w) = W_l(w) =w-— am+1wm+1 + Amwzm_’—l - Bmw3m+l/ (3)
where
An = (m4+1)ap, — a1,
1
Bu = 5 (m+1)(3m + 2)“%“ — (8m +2)ay 110241 + 341

For m = 1, Equation (3) coincides with Equation (1). Here, we provide examples of an
insignificant number of m-fold symmetric bi-univalent functions:

zZm \" -1
ne) = (1o i) =llos1 -] 7,
1+ zm
n6(z) = log T z€E

and their inverse functions are

1

1 m m
w™ n 20" 1\ "
<1+wm) 7 PS(Z) - (ez.wm+1> 7

1
" 1\ "
ewWL *

Many new classes of analytic functions have been built and studied by scholars in the
field of Geometric Function Theory (GFT) using g-calculus and fractional g-calculus. In 1909,
Jackson [60] developed the g-calculus (Dj) operator, and in [61], Ismail et al. utilized this
operator for the first time to build a class of g-starlike functions in E. See [62-65] for more
reading on g-calculus and analytic functions.

Fr(z)

Fy(z)
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The Faber polynomial is one such subject, and it has become more important in
mathematics and other sciences in recent years. This article is divided into three parts.
In Section 1, we quickly review some elementary concepts from the theory of geometric
functions since they are essential to our primary discovery. These elements are all standard
fare, and we appropriately reference them. In Section 2, we introduce the Faber polynomial
method, give a few illustrations, define some key terms, and present some preliminary
lemmas. In Section 3, we present the new (A, q)-differintegral operator for m-fold symmetric
functions, and, considering this operator, we define a new class of close-to-convex functions
and investigate the main results. Section 4 offers some final remarks.

2. Preliminaries

Addressing the basic definitions and notions of g-fractional calculus is now necessary
in order to construct some new subclasses of m-fold symmetric bi-univalent functions.

Definition 1 ([66]). Let us define the q-shifted factorial (vy,q); as
i1 4
(7/‘7)]':1_[(1_7‘7])/ (GeN, 7q9eC). )
j=0
Ify#qg ™ (meNy=1{0,1,2,...}), then it can be written as
H(l—’yq]) (y € Cand |g| < 1). (5)

j=0

Remark 1. When v # 0and q > 1, (7, q) o diverges. Thus, if and when this occurs (7, q) oo, then
we will assume |q| < 1.

Remark 2. When q — 1— in (4), then we obtain the Pochhammer symbol (7y); defined as
j—1
(Mj=TTr+0, fjeN

1=0

Ifj =0, then (v); = 1.

Definition 2 ([60]). The expression for the q-factorial [f], is

j
=111, (eN), (6)
I=1
where )
. 1—g
Ifj =0, then

U]q! =1

Definition 3 ([66]). (7, q); in (4) can be precise in terms of the g-Gamma function as follows:

(1=9)"7(,9)
(9%, 7)o

Fqly) = . (0<g<1),

or
(1qu) (v +7)
7)

(47, q); = , (jeN).
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For analytic functions, Jackson [60] presented the g-difference operator as follows:
Definition 4 ([60]). For € A, the g-difference operator is defined as

Dyn(z) = 1(z) —1(qz)

Note that

Dq(zj) = [j]qzj_l, D, (i ajzj> = i[j]qajzj_l

j=1 j=1

Definition 5. Pochhammer’s generalized symbol for q is denoted by

Folv+j) .
= ,jEN, yeC.
(7], Fo) N
Remark 3. When q — 1—, [v] j simplifies to (y); = %

Definition 6 ([67]). For A > 0, the fractional gq-integral operator is defined by

Lz / (== )1 () (1), @)
where the definition of the g-binomial function (z — tq),_; is

(Z - tq))x—l = ZA711©0 <q7A+l/ — q/ th/Z> .

The series 1Dy is given by

19o(a,—,q,z) =1+ Z (lgl <1,]z] <1).

J

This final equivalence is known as the q-binomial theorem (for reference, see [68]). For more details,
see [67,69].

Definition 7 ([68,70]). For an analytic function 1, the fractional g-derivative operator D{} is
defined by

Dyn(z) = Dyly *(2)

1

= R C T4, 022 <D

4

Definition 8 ([67,68]). For k to be the smallest integer, the extended fractional q-derivative D,’} of
order A is defined by

Dyy(z) = D15 n(2)). ®)
We find from (8) that

phyi— Fal+D) )

= T A 0<A, > 1)
T (1) ( J )

Note that Dg\ represents the fractional g-integral of order A when —oo < A < 0 and the fractional
g-derivative of order A when 0 < A < 2.
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Definition 9 ([71]). Selvakumaran et al. defined the (A, q)-differintegral operator Q{} A= A
as follows:
A _ - APA
Qn(z) = Fi(z)z D (z)

> 2—-A 41 ;
Fql >,Fq(]+ )ajz], z€E,
j=2 Fq(2)Fq(j+1-2)

where
0<A<2and0<g<1.

Consider the following:

lim OF(2) = Qg1 (2) = 2Dy (2).

Definition 10. For k to be the smallest integer, the extended fractional q-derivative D?/m of order
A is defined for m-fold symmetric functions as follows:

Dy (=) = DY (1 *y(2)); ©)
we find from (9) that

Fa(mj+2) ujyi-a

_ 0<A,j>—-1, meN).
Fq(mj+2—A7) 0=<Aj " )

D{i\'mzj =
The Faber Polynomial Expansion Method and Its Applications

The coefficients of the inverse map F may be expressed using the Faber polynomial
method applied to the analytic functions (see [72,73]).

. =1 -
Flw)=n""w)=w+)_ 7Q§_1(ﬂ2,ﬂ3,---,ﬂj)w],
=2

where
O = it e
(—2j4£;{3;j—4)!”£4”4
TR +(2)j})!!(j - 5)!”];5 a5 + (=i +2)]
s et (2 S
+Y d ',

i>7
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and for7 <i <j, Q;is a‘homogeneous polynomial in a3, a3, .. 4. To be more specific,

the first three terms of Q]__] | are

142 13 2

EQl = —day ng = 2a; — a3,
1

1Q3 4 = —(502 — 5a5a3 + a4).

The usual form of the expansion of Q]r. forr€ Z (Z:=0,4£1,4£2,...andj > 2is

r(r—1), ., 7! 3, 7! i
7 Ut (r—3)!3!vj ot (r—j)!(j)!vf'

Q/r = 1’11]'+

where
V]r = V]-r(llz,ag,....)

and according to [72], we have

ol(ag)t ... (a;)

V;’(az,...,aj):z , fora; =1land v <j.

The sum takes over all non-negative integers p1,..., jr which satisfies

g+t tu = o,
pi+ 2+ =

Clearly, 4 ‘
V]](lll,. . .,{Ilj) = V{

and the first and last polynomials are

j_ 1_
V]- = a7, and Vj =aj.

Lemma 1 ([5]). Ifp(z) =1+ ozo) cjzf € P and Re(p(z) > 0, then
j=1

[eil <2

In this section, we define the (A, g)-differintegral operator for m-fold symmetric func-
tions, consider this operator, and define a new class of close-to-convex functions. Then, we
obtain our main results by using the technique of Faber polynomial expansion.

3. Main Results

By using the same technique as Selvakumaran et al. [71], we define the (A, g)-differintegral
operator for m-fold symmetric functions as follows:

Definition 11. For m € N, the (A, q)-differintegral operator for m-fold symmetric functions
Qé‘m : Sm — Spy is defined as follows:

Fqa(2—-A)
A, _ q AA,
Qq m;y(z) - Fq(z) z Dq mﬂ(z)
_ < F (2= A)Fg(mj+2) mj+1

, Z€EE,

zZ+ , Ayia1Z
fg Fa@)F g(mj+2=2)""*
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where
0<A<2,and0<g <l

Taking motivation from [33] and considering the (A, q)-differintegral operator, we
define a new class of close-to-convex bi-univalent functions of class X,;,.

Definition 12. The function f € L, belongs to class Cg'q(tx,m) if and only if there exists a

function g € S* satisfying
Dy (Qﬁ,\’mn(z))
Re| ————= | >a
8(2)

G(w)

and

where0 <a <1,0<A<1,meN,zzw € Eand F=5"!

The Faber polynomial method is applied to Definition 12 in order to derive the j!"
coefficient bounds, , |am+1l, |92m+1|, as well as the

Feketo-Szeg® problem |y, 1 — ]/la%n—i-l k

Theorem 1. Let 7 € C’Z\’q(tx,m) be given by (2) if ayyq = 0,and 1 < k < j— 1. Then,

Fq2)F g(mj+2—A)(3 — 2a + mj)
[mj+1]gF (2 = A)F q(mj +2)

|amjan| < , for j>2.

Proof. Since 1 € Cg’q (a, m), then, by definition and using the Faber polynomial,
D, (Q?ry (z))
8(z)

= 1+ ) |Ki(gmjA ZQZ b1, bms2, -+ big1) sz(q,m,j,/\)] Z", (10)
=1

where

Ki(q,m, j, M)
. Fq(2—=A)F 4(mj+2)
= <[m] + 1]qu(2> (m]q+2 /\) Amj+1 — bmj—i—l)

Ky(q,m,j,A)

, Fq(2=A)F 4(mj —ml +2)
<([m]+1]q—ml) F 7 (m]q il 2= A) it bmj+lml)~

1

For the inverse map F = ! and G = ¢~!, we obtain

D (0} F(w))
G(w)

= 1+)

J=2

Ks(q,m,j,A Z Qz Bu+1, Bmta, -+ Buig1) X K4(q,m,j,)\)] w™, (11)
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where
K3(q,m, j,A)
_ - Fq(2=A)Fq(mj+2)
- ([Wl] + 1]17 Fq(z)Fq(mj y2— A) Am]+1 Bm]+1
Ky(q,m, j,A)
- (([m] + 1]@ - ml) Fq(Z)Fq(mj —ml+2— /\) Am]+1—ml - Bm]—l—l—ml .
A
As opposed to that, Rew >« in E, and
p(z) = 1 + Z ijzmj/
j=1
therefore,
D, (n(2))
I\*"q
— 2 = 1+ (1—a)p(z
Re (1-a)p(2)
= (1—«a Z Cmz" (12)
o Dy (O} F(w)) . . .
Similarly, Rew > a in E, and there exists the function
s(w) =1+) dm]-wmj
=1
so that
D, (QQF(w))
G(w) = 14+ (1—a)s(w)
= 1+(1—a)) dyw™ (13)
j=1
Evaluating the coefficients of Equations (10) and (12), for any j > 2, yields
{Kl(q/ mljl A)Ql_l(bm-‘rlr bm+2/ ce bml+1) X KZ(q/ mrj/ )\)} = (1 - UC)Cm]‘. (14)
Evaluating the coefficients of Equations (11) and (13), for any j > 2, yields
3(q,m,j, A Z Q; '(Bus1, Butas - - Buisn) X Kalg,m, j,A) = (1 — a)dyj.  (15)

For the special case j = 1, from Equations (14) and (15), we obtain

[m+1],F 4(2 —A)Fq(m+2)u b
Fa(2)Fg(m+2—2) m+1 = Tmtl

=(1—-a)cw

and
[m41]gF (2= A)F g(m +2)

Fa(2)F g(m+2—2) m+1
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By utilizing Lemma 1 and solving a,,; in absolute values, we achieve
Fa2)F g(m+2—A)
< 3-2 .
|am+1|— [m+1]qu(2—)\)Fq(m+2)( 0(+1’l’l)
However, under this assumption, a,,x,1 = 0and 1 < k < j — 1 both yield
A] = —{1]‘.
Therefore,
) Fg(2=A)F g(mj+2) _
[771] + 1]q Fq(z)Fq(mj y2— A) Amj+1 — bm]+1 - (1 - ‘X)Cm] (16)
and F 2= AV g(mj +2)
) - mj +
— [mj + 1) L i1 = Bujir = (1= a)d,. (17)

TFg(F 4(mj+2-A)

By solving Equations (16) and (17) for a; and determining the absolute values, and by using

Lemma 1, we obtain

Fq(2)F g(mj+2—A)(3 — 2a + mj)
[mj+1]gF ¢(2=A)F q(mj+2)

’umj+1| <

7

upon noticing that
|byjs1| < mj+1and |Byjp1| < mj+1.

This completes Theorem 1. [
Corollary 1. Let y € Cg’q(a, 1) be given by (2) if ag,q = 0,and 1 < k < j— 1. Then,

Fa)F q(G+2—2A)(3—2a+])
U+1gFq(2=A)Fq(j+2)

|aj1] < , for j>2.

Corollary 2. Let y € Cg’q(zx,m) be given by (2) if ayyp 1 = 0,and 1 < k < j—1. Then,

(3 — 20 + myj)

- , for j>2.
[mj+1]q Jor J

’amj+1| <

Corollary 3. Let y € Cg/l(a,m) be given by (2) if ayq = 0,and 1 < k < j— 1. Then,

F(mj+2—A)(3—2a+ mj)
mj+1)F(2—A)F (mj+2)’

|ajia| < for j>2.

Corollary 4. Letn € Cg’l (a, m) be given by (2) if g1 = 0,and 1 < k < j—1. Then,

(8 — 2a + mj)

- , for j>2.
[mj+1], for'J

’amj+1’ <

Whenwe set A =0, m =1, and 4 — 1—, we have a well-established corollary, which
is proven in [33].

Corollary 5 ([33]). Letn € Cs(a) ifag; =0,1 <k <j. Then,

o] <14 2022

, forj>3.

The following theorem is obtained given the initial coefficients |a,,11| and |az;,41], as
well as the Feketo-Szegd problem |y, 1 — a2, | in Cx(m, a, q).
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Theorem 2. Let 7 € Cé’q(zx,m) be given by (2). Then,

a |<\/2,rq(2)Fq(m+2—/\)rq(2m+2)(1—a)
=\ F 2= M) {Ks(g,m,,A) = Ke(g,m,j,A)}

for 0 <a<1—¢(q,AN).

2F g(2)F g(m +2—A)(1 —a)
m+1gF g(2—=A)Fg(m~+2)—F4(2)F g(m+2—A)’

|am+l‘ < [

for1—¢(g,A) <a<1

2F 4(2)F g(2m +2—A)(1 —a)

9241l S G AL o @m+ 2)F 2= A) — @) g@m 2=y < K@ mi A
where
$(q.A)
= Kolg.mj,A) x (Fg(@)F g2m+2=0){Qi(q,mN)})
and
Ko(g,m j,A) = .

P R 1= A)F 4 (2)Qa(q,m )

Qu(g,m,A) = [m+1gFq2=A)Fqg(m+2) = Fg(2)F 4(m+2—A)

Qa(q,m,A) = {Ks(q,m,j,A)Fq(m~+1—A)—Ke(q,m,j,A)F 4(2—A)}.
Now,

. 2 ‘ < 2 4(2)F q(2m+2—-A)(1 —«)
2t O = o 4 g F g (2= A)F g(2m +2) — Fg(2)F g(2m+2—A)"

where K5(q,m,j,A), K¢(q,m,j,A), and K7(q,m, j, A) are given by (18)—(20).

Proof. In the proof of Theorem 1, we obtain a,,; = —by,; for the function g(z) = Qj}iy(z). For
j =1, (14) and (15) respectively yield

[m+1)gF g(2—A)Fg(m+2)
m+1< FqZZ)qfq(m—qu—)\) —1> = (1—0()Cm
[m+1)gF 5(2—A)F g(m+2)
“'"“(‘ Fo@F g+ 23] “) - e

Any one of these two equations, when taken at its absolute value, gives

20 4(2)F g(m+2—A)(1—a)
m+ gl 2= A g(m+2) —Fg2)F g(m+2—A)

|am+l‘ < [
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For j = 2, Equations (14) and (15) respectively yield

2m +1]gF (2 = A)F 4(2m +2)
( Fq(2)Fq(2m+2—A) B >a2m+1

_([m+1]qu(2—)\)Fq(m+2) —l>a2
Fq2Q)F g(m+2—A) m+1

= (1—a)om

and

2m+1)gF (2= A)F g(2m +2)
(2&%1-&-1 - 112m+1) ( Fq(g),gq(Zm +2q_ gy — 1)

- ( [+ 1gF g2 = A)Fg(m+2) 1>a2
Fq(2)F g(m+2—A) m+1

= (1 — D()dzm.

Combining the two equations and solving |a,,1| yield

‘(12 1‘ _ Fq(Z)Fq(m+2—A)Fq(2m+2)(1—a)\d2m+c2m|,
" 2k (2= M{Ks(q,m,j,A) — Ke(g,m,j,A) }

where

Ks(q,m,j,A) = [2m+1gf g(2m+2)F 4(m+2—A) (18)

Ke(g,m,j,A) = [m+1]Fg(m+2)F 4(2m+2— 7). (19)

By applying Carathéodory’s Lemma 1, we obtain

a |<\/ZFq<2>Fq<m+z—A>Fq<2m+z><1—o«)
"= 2= M) {Ks(q,m,j,A) — Ke(q,m, j, )}

As a result, we obtain the estimate

Fq(2—A){Ks(q,m,j,A) — Ke(q,m,j,A)}

26 JQ)F g(m +2— A) g(2m +2)(1— )
Fq(2—=A){Ks(q,m,j,A) — Ke(q,m,j,A)}

\/ZFq(Z)Fq(m +2-A)F(2m+2)(1—a)

By substituting

cm(1—a)F ¢(2)F g(m+2—A)
m+1)yF g2 —=AMFg(m+2) = F4Q2)F g(m+2—A)

Am+1 =

in (4), we obtain
Fa2)F g2m+2—-A)(1—a)
2m+ 1y g@m+2)F 2 —A) — F 4(2)F g@m+2—A)

(L—a)F g(2)F g(m+2—A)
><{CZm+ [m_i_l}qu(Z—/\)qum—qu)—Fq(z)Fq(m_._z_A)C%}'

A2m+1
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Using the modulus and Carathéodory’s Lemma 1, we may prove the following:

(a2n1] < K7(g,m,j, ) < 2m + 1}5,@(22;[7%)27%” - )\2)_—}2;22;;; @m+2—A) )
where
K7(q,m,j,A)
= Ks(q,m,j, ) ([m+1]F 52 = A)F g(m+2) = W(g,m, 1)), 20)
W(q,m,A) = F q(2)F g(m+2—A) +2(1 = a)F o(2)F g(m +2 — A)
and

KS(q/ m/j/ A)
1

[+ 1], g2 = A)Fg(m+2) = F4)F g(m+2= 1)

Lastly, by subtracting Equation (4) from Equation (5), we obtain

o ‘< 2F4(2)F g(2m+2—A)(1 - a)
T = 2 1) F (2= A)F (2m+2) = Fg2)F g@m+2—=A)’

O

Corollary 6. Let yy € Cg'q(oc, 1) be given by (2). Then,

laz| < ZFQ(Z)Fq(S*)\)Fq(AL)(l,“)
< Fq(z—/\){[:’?]qfq(él)Fq(B—/\) - [2]qu(3>Fq(4_A)}

for 0 <a<1—¢(q,A)and

ol < 2/ 4(2)F 43— A)(1 - )
T [2lgF (2= A)F(3) = F4(2)F (3 =)

for 1—¢(q,A) <a <land

|as|
2Fq( ) q(4— /\)(1—“)
= [BlgFqg(B)Fq(2=A) = F4(2)F (4= A)
2 qu )L ) Fq( )Fq(?) )\)+2(1—0()Fq(2)Fq(3—/\)
Fq(z AMFq(3) = Fq(2)F4(3—A) }

and
2 4(2)F 44— M) (1 - )

‘ﬂs—ﬂ%‘ﬁ — — —
B]gF (2= A)Fq(4) — Fq(2)Fq(4 = A)

where

P(q,A) =
Fq(4=A){[2lgF 92— A)F4(3) *Fq(z)Fq(C’*A)}z
2F ¢(2—=M)Wi(q, M)
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and

Wi(g,A) = (BlgF q(4)F 42— A)F (83— A) = [2lgF 4(3)F (2= A)F 4(4 = A)).

Corollary 7. Let y € Cg’q(zx,m) be given by (2). Then,

2(1— )
|ami1| < \l {[2m+1]q - [m+1]q}

for 0 <a <1—¢(q,0). Now,

2(1—a)
< 270
(@] < [m—+1],—1

for 1—¢(q,0) <a <1

2(1—a) {[m+1]q—1+2(1—0¢)}

[a2m+1] < 2m+ 1], — 1 [m+1], — 1
and
‘ﬂ2m+1 - a%1+1’ < M,
where

Fo(m+2){[m+1),r 4(2) — F4(2)}°

T2 g (m+ D){RmAgF g+ 1) — [m+ 1, 4(2)}

¢(q,0)

Corollary 8. Letn € C%l (a, m) be given by (2). Then,

2(1—a)

lams1| <

for 0 <a <1—¢(1,0). Now,
2(1—uw)
m

|amy1] <

for 1—¢(1,0) <a <1

1—a m+2(1—a)
<
a2 11| < o X { o }
and
5 1—«
ﬂ2m+1—”m+1‘ < P
where "

The well-known corollary for A = 0, m = 1, and 4 — 1— is proven in [33].

Corollary 9 ([33]). Let 7 € Cx(a) be given by (2). Then,

20—a) if
ja2] = { 2(1—a) if

and
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4. Conclusions

In this paper, we introduced the (A, g)-differintegral operator for m-fold symmetric
functions given in (11) and discussed its applications for a class of m-fold symmetric
bi-close-to-convex functions that is defined in (12). We applied the Faber polynomial
technique and investigated the jth coefficient bounds, the initial coefficients, and the Fekete—
Szego functional for this newly defined class of m-fold symmetric functions. This research
also shows how current discoveries and other improvements may be made via careful
parameter specialization.

This article has three parts. Since the basics of geometric function theory are necessary
to understand our major discovery, we briefly cover them in Section 1. These elements are
all well recognized, and we appropriately reference them. The Faber polynomial method,
several related applications, and some preliminary lemmas are presented in Section 2. In
Section 3, we discuss our results. Researchers may create many other classes of m-fold
symmetric bi-univalent functions by using different extended g-operators in place of the
(A, q)-differintegral operator in their future investigations. Researchers may also explore
the behavior of coefficient estimations for newly defined subclasses of m-fold symmetric
bi-univalent functions using the Faber polynomial approach.
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