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1. Introduction

Let g be a simple finite-dimensional complex Lie superalgebra and f be its any even
nilpotent element. Then, we can construct an associated algebra denoted by W(g, f)
through the cohomology of Becchi-Rouet-Strora-Tyutin (shortly BRST) complex (see [1]).
We call this associated algebra a W-algebra. W-algebras appeared around 80’s in the study
of rational conformal field theories and can be considered as a generalization of vertex
algebras [2-5].

Let g be the affinization of g, and fix its positive root system A in the root system A of
g. Let b be the associated Cartan subalgebra of g (see Section 2.2 for the details). Then, we
obtain the full subcategory Oy of the category of left g-modules with level k whose objects
satisfy the following conditions (see [6]) :

1. V=6& jehs V¥ and dim V* < coforall u € h*, where V# is the weight space of
weight u € h*.

2. The set of weights of V is contained in |J; ()\i — Z203+) for some finite subset
{A1,..., An} of b, where Z>oA is the Z>g-span of A .

Through the theory of BRST cohomology, one can construct a functor H from the
category O to the category of W(g, f)-modules. More explicitly, the W(g, f)-module cor-
responding to a g-module M is the cohomology H(M) of the BRST complex associated
to M (see [7-9]). This functor was studied in [1,10-12] in order to compute the characters
of W(g, f)-modules. In addition, it is known that the vanishing property of BRST coho-
mology is satisfied in the category Oy (see [13-15]). Namely, for any object of Oy its BRST
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cohomology is vanished except for the degree 0. In [16], this vanishing property of BRST
cohomology was extended to a certain larger category containing Oy.

One of the main purposes of this article was to search for another category of g-modules
which satisfies the vanishing property of BRST cohomology. For this purpose, we shall
construct a new category 9y of modules over an affine Lie superalgebra based on certain
modified highest weight modules. We shall call these modified highest weight modules the
quasi highest weight modules in this paper. The quasi highest weight modules are motivated
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from the the generalized Verma modules introduced in [17] (Section 6) . We are particularly
interested in a certain specific quasi highest weight modules P, (see Section 3.2), and we
shall prove that they satisfy the vanishing property of BRST cohomology (see Theorem 5).

However, we should point out that it is necessary to know if the category Qj contains
projective covers satisfying the vanishing property of BRST cohomology in order to prove
the vanishing property of BRST cohomology for any object in Qy. For this reason, we are
also interested in constructing projective covers in Qy which satisfy the vanishing property
of BRST cohomology. In fact we shall prove that there exist projective covers in Oy, and
they yield the composition series whose successive factors are equal to the quasi highest
weight modules P, (see Theorem 4). In addition, it turns out that these composition series
give rise to the vanishing property of BRST cohomology (see Theorem 6).

In the forthcoming article, we shall show how the projective covers constructed in this
article can be used to prove the vanishing property of BRST cohomology for any object

Of Qk-

2. Preliminaries
2.1. Setting-Up

Assume that g is a simple finite-dimensional complex Lie superalgebra with a non-
degenerate even supersymmetric bilinear form (| ). Let {e, x, f} be an sl,-triple of even
elements of g normalized as [e f] = x, [xe] = ¢, [x f] = —f. Then, we obtain the following
properties from the representation theory of sl;:

(P1) There exists the eigenspace decomposition g = @ jelz 9 with respect to the action
of adx.

(P2) adf : g1 — 0.1 yields a vector space isomorphism.

We should notice that the element f gives rise to a skew-supersymmetric even bilinear
form (, ) on g1 defined by the formula (a,b) = (f|[a b]). In addition, we obtain from (P2)

that (, ) is a nondegenerate bilinear form on g; .
2

Write g/ for the centralizer of f in g. In other words, g/ = {x € g|[f x] = 0}. Then,
it follows from the representation theory of sl, that ¢/ = @
(see [18]).

Consider a Cartan subalgebra ) C gp of g containing x. Let A C h* be the set of roots
of g. Fix the root vector u, € g, satisfying (uy|u—_n) = 1 for each a« € A. It is well-known
that each root space g, is one-dimensional except for the case of type A(1,1) (see [19]). To
avoid this exceptional case, we shall always assume that g is a simple basic Lie superalgebra
different from the type A(1,1) in the remaining part of this paper.

For each j € }7Z, define A; = {a € Ala(x) = j}. Then, this implies that A = Uie1z8):
Also, we see that A is the set of roots of the subalgebra gy (see [18]). Write Ag + and
Ao, for the set of positive and negative roots of A, respectively. Then, we check that
Ay = Aoy LA (resp. A = Ap,_ LI Ap) is the set of positive (resp. negative) roots of
g, where A~o = Uj>0A; (resp. A<p = Uj<o4)). Hence, we obtain the following triangular
decompositions

f f_ ‘
je%zéog].,where g = gfﬂg]

g=n_®hdny

and
go =mo,— DhDdng o,

where ny = @pep, go and ng + = Bueng . G-
Next, define g~¢ = D09 and g9 = @Dj<09;- Notice from definitions that
9>0 = Puen_, 9a and g<o = Dpen_, 9, and hence we get

g=0<0Dng,_ DhDng4 D g>o.
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2.2. Affine Lie Superalgebras [20,21]

Let g be the Kac-Moody affinization of g. In other words, § is the Lie superalgebra
defined by § = g® C[t,t 1] & CK & CD with commutation relations

L fu(m) o(n)] = [ 0)(m+n) + MmOy mo(ulo)K,
2. [Du(m)] =mu(m), [Kg] =0,
whereu, v € g;m, n € Z; u(m) := u Q t".

Recall that the bilinear form ( | ) is extended from g to g by the rules

Lo (u(m)[o(n)) = (u[0)omno,
2. (g®@C[tt!]|CK®CD) =0,
3. (K|K)=(D|D) =0and (K|D) = (DIK) = 1.
In the remaining part of this paper, we shall fix the triangular decomposition
g=1_3dhdn,, where

h = heCKaCD,
i = (rec[r))e (el e (acl])
i, = (n_C[tt)d (haC[t)t) ® (ny @ C[t]).

We also write A, A, and A_ for the set of roots, positive roots and negative roots of
g, respectively. In addition, we denote by b the set {/\ € h*|AMK) = k} for a complex
number k.

3. Quasi Highest Weight Modules
3.1. New Category

We first introduce a new triangular decomposition of g.

Definition 1.
1. The quasi triangular decomposition of § is

i= (3" Dga0®no+) OHD (no- D0 ®7),

where g~ = g@ C[t !t L and g~ = g Ct]t.

2. A simultaneous eigenvector of b that is annihilated by no,— D g=0 DG~ is called a quasi
highest weight vector of g.

3. A U(g)-module generated by a single quasi highest weight vector is called a quasi highest
weight U(g)-module, where U(g) denotes the universal enveloping algebra of g.

Example 1. Let Cv be the 1-dimensional U (g)-module generated by a single vector v such that v
is a simultaneous eigenvector of b and ng _ © g acts trivially. Set

- =0 @g
and
V =U(g) & Co,
U(g=@®CD®CK)
where

1. g~ ®CD acts trivially on Co.
2. Kacts as scalar k on Co.

Then, we see that V is the quasi highest weight U (g)-module with quasi highest weight vector
1 ® v. We also point out that V is an example of the generalized Verma modules defined in [17]
(Section 6).
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Now, we introduce new categories of U(g)-modules containing quasi highest
weight modules.

Definition 2. The category Oy is the full subcategory of the category of the left U(g)-modules at
level k which has objects V satisfying the following conditions:

L V=8, VA with dimV* < oo for all A € by.
2. There exists a finite subset {y1, ..., 4n} ofﬁ,’: such that

wt(V) C LnJ (Vi — Zxg <Z+ - Ao,+) + Zzvo,+>/
i=1

where Z>( (KJF — A0,+) and Z>o Ao + denote the Z >o-span of Z+ — Ao, + and A, respectively.

Definition 3. Let Qy(A) be the full subcategory of Qy whose objects are those modules V of
Qy satisfying
= ~ VH
L V=8, V"
2. VE=0ifp g A=-1Lxo (A+ - Ao,+) + Z0A0,+-

Definition 4. Let FQ(A) be the full subcategory of Qi (A) whose objects are finitely generated
U (g)-modules.

Foreachy € A —Zx>g (&r - AO,JF) + Z>0Ap 4, set

P = {06 € Z>o (Z+ - Ao,+)| pt+aeA—1Zxg (3+ - Ao,+) + ZzoA(H}

and
P, = Z=g (L - A(H) —p.

Lemma 1. Foreachyu € A —Z>p <3+ - AO,+) + Z>Ag +, one has

1. Py isafinite set.
2. Ifa€Pand p € Zsg (& - AO,+), then & + B € Py.

Proof. (1) is immediate from the definition of P;.
In oder to prove (2), assume that « + 8 ¢ P,. Then, we have a + f € Pj since

o+ ‘B S ZZO (KJr — AOI+>. So we getu+a+ ,B e N— ZZO (ng — AO,+> + ZZOA0,+, and
hencey+a € A—7Zxg (3+ — A0,+> + Z>9Ag +. This contradicts toa € P,. O

Let us now consider the decomposition

U@ @g-0) = | U@ ©g-0)" | @ <EB u(g @g>o)“>,
xePy xepby
where U(§~ @ g~0) is graded by declaring that each monomial
Xj Xj, - X, (x]-l. € Gu;, fora;, € A, — A01+>

is of degree aj, +--- +a;,.
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Foragiveny € A —7Zx <Z+ — A0,+) +Z>pAo,+,wedefinea U (§> @ gs0Dng,— D E)—
module structure on U (g~ @ g>0) as follows:

ng,— acts trivially on U (3~ @ g~0), 1

(x+h)-v=(p+a)h)v+xo, ()

where x € §~ @ g-0, h€hand v € U(g ®g-0)"
On the other hand, we see from Lemma 1(2) that @,cp, U(g~ @ g=0)" is an ideal of
U(g” @ g>0)- Set
W(n) =U(G ®g=0)/ P UG ®o-0)",

aEP,

and definea U (ﬁ> @D g>0Bng_ P H) -module structure on W () via the action x - [u] = [x - u]

forx € 7 ® g0 ®no_ dhand u € UG @ gog), where [ | : UG @ g=0) — W(p) is
the natural quotient map.
Next, we introduce the induced U(g)-module

P(u) = U(3) X W(p). ®3)

U(3>@g-0®no,-©h)

Theorem 1. Let u € A — Z>g (KJF - AO,JF) + Z>0Mo,+. Then, P(y) defined in (3) is an object

Proof. We first notice that W(u) ~ @ucp U(F” @ g>0)" as vector spaces and P is fi-
nite due to Lemma 1. So, dimW () is finite because dim U(g~ @ g~¢)" < oo for each

® € Z>o (KJF - A0,+). Let us now take a basis {w; };-;-, of W(y). Then, P(y) becomes a

left free U(g~ @ g<o @ ng,+ )-module with a basis {1 ® w;},;,. This yields that P(u) is a
finitely generated U(g)-module.
On the other hand, we obtain from (1) and (2) that all weights of P(u) are contained in

U (V +a—7Zx>g <3+ - A0,+> + Zzvo,Jr), 4)
acPy

and (4) is contained in A — Zx (K+ - A0,+> + Z>pAp,+ due to the definition of P;. Fur-

thermore, @} ; U(§< ® g<o @ no,+ ) (1 ® w;) has finite dimensional weight spaces because

—Ng4+ N (K, - AO,,) = @. The result now follows. [

Lemma 2. Let V be an object of Qr(A) and y € A —Z>o (3+ - A0,+) + Z>0Ao,+. Then,

we have
Homg(P(u), V) ~= Homg (Cy,, V),

where Cy, is the 1-dimensional b-module with basis 1 whose action is h -1 = u(h)1.

Proof. Define
b Homu@ (P(]/l), V) — HOmu(E) (Cy, V)

by ®(A)(1) = A(1®[1]) for A € Homyg)(P(4),V), and

Y: Homu(g) (CV’ V) — Homu@ (P(]l), V)

by ¥(f)(x®[y]) =x-y- f(1) for f € Homu(a) (Cu,V),x eU(g)and y € U(G® g-0)-
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We first should check that ®(A) is an U (E) -module homomorphism. In fact, for i € b
we get

h-@(A)(1) = h-AQel

[
282>

This implies that ® is well-defined.

We now prove that ¥ is well-defined. We first show that x - y - f(1) is independent
of the choice of y € U(g® g>o). Let y, = y+uforu € @uep, UG @ g-0)". Since
V € Obj(Qk(A)), we should have

U@ @g-0)" f(1) € V™" = {0}
for f € Homu(g) (Cu, V) and & € P,. This yields that u - f(1) = 0, and ¥(f)(x ® [y]) is
independent of the choice of y. In addition,
z-¥(Hxely) = z-(x-y-f(1)

= () f(1)

= Y(H)zxey])

= Y- xey))

Thus, one has Y (f) € Homyg)(P(p), V) and hence ¥ is well-defined.

Finally, we see that

Q(Y(f)(1) =¥(f)1®[1]) = f(1)
and
Y(@(A)(x@y]) = x-y P(A)(1)
x-y-Al®[1])
= A(x-y-(1®[1]))
A(x®[y]) (sincey € U(F D g>0))-

This shows that ® and ¥ are inverse of one another. The result now follows. O

The following result shows that P(y) is a projective object in the category FQ(A).
Theorem 2. P(y) is a projective object in the category F Qi (A).

Proof. Consider a diagram

N M 0

in the category Qx(A). By Lemma 2, we obtain the associated diagram

C @)

}D(h)
8

N——M——0.
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It is obvious that we can find f € Homg(C,, N) making the diagram (5) com-
mutes. So, by Lemma 2 the homomorphism f gives rise to the associated homomorphism
Y(f) € Homg(P(u), N). Moreover, for x @ [y] € P(u) we see that

go¥(flx@[y]) = glx-y-f(1
= x-y-g(f(1

The result now follows. [

In the following theorem, we prove that the category FQ(A) contains enough projec-
tive objects.

Theorem 3. Let V be an object of FQy(A). Then, there exists a surjective U (g)-module homomor-
phism  : @} | P(u;) — V for some pq,- -+, un € h*.

Proof. Let {vy,---,v,} beasetof generators of V consisting of weight vectors, say v; € V.
By Lemma 2, we obtain

Y (fi) € Homyg)(P(pi), V)

from the U(S)—module homomorphism f; : C,;, — V# C V defined by f;(1) = v;.

By adding ¥(f;) for 1 < i < n, we get a surjective U(g)-module homomorphism 1 :
" 1 P(pi) — V. The result now follows. [

3.2. Composition Series

For A € EZ/ we define an 1-dimensional U (§> DgsoDng_ @ E) -module structure on
C, with basis 1 as follows:
*  §” @ g0 Dng,_ acts trivially on C,,
e h-1=A(h)1forheh.

Set

Py =U(9) (124 Cx, (6)
U(§>®g-0®no,-Bh)

Notice that Py is a free U(g< & g<o & no+ )-module of rank 1 with basis 1 ® 1. We also
point out that P, is a quasi highest weight U (g)-module with quasi highest weight vector
1®1.

In the following theorem, we construct an analogue of a Verma composition series for
the U(g)-module P(yu) defined in (3).

Theorem 4. Let y € A —Z>g (3+ - AO/+) + Z>0lo,+. Then, P(u) has a finite series
of submodules
P(y)=M; DMy D--- DM, DM,y ={0}

such that Mj /M1 ~ Py, where Py, is an object of FQ(A) forj =1,-- -, n.
Proof. By (2), the weights of W(u) are of the form u + a; for a; € P;. Choose a basis

{wy,- -+ ,wn} of W(u) so that w; € W(u)"" for «; € P;. We arrange w; so that &, > as
implies r > s, and define W =@ j Cw;. Then, we have

W) =Wy DWy D --- D W, D W, = {0} )
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Notice that U (§> ® g0 Dng,— D E) W; C W1 since ng, acts trivially on W(u) and
ggw; € W(u)" %P for all B € Ay — Ag.. This implies that each W is a
u (ﬁ> @ gs0Dng,— @ H) -module. Inside P(y), consider

M;=U(g) - (1@W;) =U(G" g0 @noy) - (1O W)).
Then, we obtain from (7) that
P(“l/l):M1DMQD"'DMnDMn+1:{O}.

Notice that M; /M1 isa free U(§~ @ g<o @ ng,+ )-module of rank 1 with basis {1 ® w; },
and hence M/ M;1 is isomorphic to the quasi highest weight module Py, where Aj = + a;.
Since each aj € Py, onehas Aj = p+a; € A —Z>g (Z+ — A0,+> + Z»0Ao,+- This implies
that Py, is an object of FQy(A). The result now follows. [J

4. BRST Cohomology
4.1. BRST Complex

Set Lg~o = g0 ® C[t,t71] and Lg%, = g%, ® C[tt"!]. Write CL(Lg~o % Lg*)
for the Clifford superalgebra associated with Lg~o @ Lg%, (see [22]). In other words,
CL(Lg>o @ Lg%,) is spanned by 9, (m) and $*(n) (x € Asg; m,n € Z) and satisfies the
following relations

Lo [a(m) 9P(n)] = boponno,
2 [yulm) gp(m)] = [p*(m) yP(n)] =0,
where {n},cp_, and {¢*},c,_, are the associated bases of Mg~ and Mg? ; corresponding
to the basis {ua},ep_, Of g0, respectively. (Recall that M is the parity reversing functor on
the category of superspaces.)

Let F(Lg~o) be the irreducible representation of CL(Lg~o @ Lg% ) generated by the
vector 1 satisfying the relations

Pu(n)1 =0fora € Aspandn >0,

$P(n)1=0for B € Asgand n > 0.

Define degl = 0, degn (1) = —1 and degy*(n) = 1 for a € A g and n € Z. Then,
one obtain the induced decomposition of F(Lg~g):

F(Lg>o) = @Fi(LEbO)'
i€Z

Recall that g 1 is a superspace with the nondegenerate skew-supersymmetric bilinear
form (, ) (see Section 2.1). Denote by g'° the superspace g 1 equipped with the nonde-

generate skew-supersymmetric bilinear form (, ). Let {®4},.,, be the corresponding
2

basis of g associated with the basis {um}aeAl of g1 Define Lg"* = g"* ® C[t, t’l], and
2 3 2 2
let CL (Lg’lle) be the Clifford superalgebra associated with Lg’{¢. Then, the superalgebra
z 2

CL (Lg’l‘g) is generated by @, (n) (rx € A%, ne Z) with the relation
i

[ @y (m) Pg(1)] = (Ua, tg)msnt10- 8)
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Write {u"},c,  for the dual basis of {us},c,, withrespectto (, ); thatis (g, uP) =

2 2
J4,p, and denote by ®* the corresponding dual basis of gl associated with u*. It is immedi-
ate from (8) that ’
[cboc (m) PF (n)} = 5m,ﬁ§m+n+1,0-

Let F™( f) be the irreducible representation of CL (Lg’}") generated by the vector 1
2

with the property ®,(n)1 =0 fora € Aypandn > 0.
For an object V Oy, set

C(V) =V &F(Lgso) ® F*(f) = @ C(V )
i€Z
where C/(V) = V ® Fi(Lg=q) ® F"(f).
Define the operator d on C(V') by

A=Y (- —n) @Y~ (n) ®
IXEA>0
nez
1
— > Y (—1)POP ([ug g i) @ 9 (k)P (1) (m) @ 1
Pl
+ Y (flug) @ 9" (1) @1+ Y (-1)PW1® ¢*(n) @ @u(—n), (10)
aEN| IXGA%

nez

where p(«) denotes the parity of u,.

Notice that the operator d is an odd operator, and dC(V) C C'*1(V). In addition, we
obtain [d d] = 2d?> = 0 from Theorem 2.1 in [17]. Thus (C(V),d) becomes a cohomology
complex. The cohomology

H(V):= H(C(V),d) fori € Z. (11)

given by the complex (C(V),d) is called the cohomology of the BRST complex of the
quantized Drinfeld-Sokolov reduction.

4.2. Main Results

We first prove the vanishing property of BRST cohomology for the quasi highest
weight module P, defined in (6).

Theorem 5. For A € fj\,’;, we have H(Py) = 0 for all i # 0.

Proof. Let wy be the Chevalley involution on U(go) defined by wo(uy) = —u_, fora € Ag
and wy(h) = —h for h € b (see [20], Chapter 1). Then, we have the induced algebra
isomorphism

1@wy: UM-) — U(F° @ g<0) ® U(ng) (12)

via identification U(f_) ~ U (g~ @ g<o) ® U(ng_).

Recall from (6) that P, is a free U(§~ @ g<o @ ng+ )-module of rank 1. Thus, due to
the isomorphism 1 ® wy defined in (12), P, is isomorphic to the Verma module M(A) with
highest weight A. Since the boundary operator d in (10) commutes with the isomorphism
1 ® wp, we have H(Py) = H'(M(A)) for all i. The result now follows from Theorem 6.3.1
in[14]. O

The following result is immediate from Theorems 4 and 5.
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Theorem6. Let A € h* andp € A—Z> <Z+ - AO,+) +Zs Mg +. Then, we have H' (P(u)) =0
foralli # 0.
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