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Abstract: This paper brings together methods to solve and/or characterize solutions of some prob-
lems of mathematical physics equations involving p-Laplacian and p-pseudo-Laplacian. Using
surjectivity or variational approaches, one may obtain or characterize weak solutions for Dirichlet or
Newmann problems for these important operators. This article details three ways to use surjectivity
results for a special type of operator involving the duality mapping and a Nemytskii operator, three
methods starting from Ekeland’s variational principle and, lastly, one with a generalized variational
principle to solve or describe the above-mentioned solutions. The relevance of these operators and
the possibility of their involvement in the modeling of an important class of real phenomena deter-
mined the author to group these seven procedures together, presented in detail, followed by many
applications, accompanied by a general overview of specialty domains. The use of certain variational
methods facilitates the complete solution of the problem via appropriate numerical methods and
computational algorithms. The exposure of the sequence of theoretical results, together with their
demonstration in as much detail as possible has been fulfilled as an opportunity for the complete
development of these topics.

Keywords: modeling real phenomena; mathematical physics problems; p-Laplacian; p-pseudo-
Laplacian; surjectivity methods; variational methods; Dirichlet problem; Neumann problem
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1. Introduction

Problems for partial differential equations involving the p-Laplacian and p-pseudo-
Laplacian are mathematical models that often occur in studies on the p-Laplace or p-pseudo-
Laplace equation, generalized reaction–diffusion theory, non-Newtonian fluid theory, non-
Newtonian filtration, the turbulent flow of a gas in a porous medium, glaciology, non-
Newtonian rheology, etc. These fractional order operators are very important mathematical
models describing a multitude of anomalous dynamic behaviors in applied sciences. In the
non-Newtonian fluid theory, the quantity p is a medium characteristic. Media with p > 2 are
called dilatant fluids and those with p < 2 are pseudoplastics. If p = 2, they are Newtonian
fluids. The p-Laplacian appears in the study of flow through porous media in turbulent
regime at Diaz et al. [1,2] or glacier ice when treated as a non-Newtonian fluid with a
nonlinear relationship between the rate deformation tensor and the deviatoric stress tensor,
as described by Glowinski et al. [3]. It is also used in the Helle-Shaw approximation for a
moving boundary problem by King et al. [4] and also for “power-law fluids” at Aronson
et al. [5]. The p-Laplacian also appears in the study of flow in porous media (p = 3/2, at
Schowalter et al. [6]) or glacial sliding (p ∈ (1, 4/3], at Péllissier [7]). Quasilinear problems
with a variable coefficient appear in the mathematical model of the torsional creep (elastic
for p = 2, plastic for p→ ∞; see in Bhattacharya et al. [8] and at Kawohl [9]). A nonlinear
field equation in Quantum Mechanics involving the p-Laplacian for p = 6 was proposed by
Benci et al. [10].
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Surjectivity methods to solve and/or characterize the solutions for Dirichlet problems
involving the p-Laplacian and the p-pseudo-Laplacian have been previously used by the
author in [11], together with other variational results, in [12] where two solving methods
are displayed, in [13] which discusses some Fredholm alternative types, in [14] with solu-
tions for the p-pseudo-Laplacian treated following two approaches, and in [15] involving
surjectivity methods. Solving such problems via results obtained with Ekeland variational
principle and other generalized variational principles has been the goal of other works of
the author where some Dirichlet or Newmann problems have been studied as in [12,14,16]
with the use of a perturbed variational principle, in [17] with variational procedures, as
also in [18]. Mountain pass theorem variants and applications involved in modeling real
phenomena are performed by the author in [19], while other applied variational methods
are capitalized on by the author in [20,21], and several variational principles, together with
generalizations and variants, have been compared and analyzed in the monograph [22].

The fractional differential equations are frequently used as modeling tools for pro-
cesses implied in anomalous diffusion or spatial heterogeneity [23]. Also, in water resources,
fractional models have been used to design chemical or contaminant transport in heteroge-
neous aquifers. In the field of magnetic resonance, fractional models of the Bloch–Torrey
equation for drawing anomalous diffusion have been considered. Concerning the domain
of cell biology, anomalous diffusion has been measured in fluorescence photo-bleaching
recovery and fractional-in-time models have been created for simple types of chemical
reaction–diffusion equations and for the simulation of microscale diffusion in the cell wall
lining of plants. Similar problems appear in models of chemical reactions, heat transfer,
population dynamics and so on [24]. Power law diffusion equations with p-Laplacian
having constant and/or variable p are significantly related to researches on non-Newtonian
fluids, turbulence modeling phase transitions, data clustering, machine learning and image
processing. Many studies devoted to power-law diffusions call for the development of effi-
cient numerical methods for solving elliptic partial differential equations with nonlinearities
of p-type gradient [25].

The interest in these kinds of operators is topical both for mathematical approaches
and results, as at Mukherjee et al. [26], Zhang et al. [27], Benedikt et al. [28], Lafleche
et al. [29], Cellina [30], Khan [31], Xu [32], Akagi et al. [33], Gulsen et al. [34] and Lee
et al. [35], and also for applications in many models in various fields, as in Rasouli [36],
Yang et al. [37], Elmoataz et al. [38], Gupta et al. [39], Liero et al. [40] and Silva [41].

In this paper, several sequences of results are proposed, starting from the most gen-
eral and abstract theory, passing step by step through many concrete stages until their
applications in models issued from design of real phenomena. The focus falls on a very
extended justification, containing all the necessary details and displaying all the theoretical
arguments. Some of the results presented in this paper are introduced with an integer
justification background and they are used to obtain and/or characterize the solutions
of equations of mathematical physics proposed by other authors for similar problems
for which they gave solutions via different methods. For such problems resulting from
mathematical modeling, we came up with original solving methods following the in-
volved abstract frame. From these original approaches stems the novelty of this work.
Our interest is now focused on such kinds of problems and their solutions, and this is
one of the initial studies for future developments to find a mathematical model (there is
none available) that can be applied for describing diffusion phenomena involved in the
micro-emulsification of disperse systems in tight connection with surface properties at the
interface in self-organized systems.

This article is the first part of review type of the work under this title containing
whole theoretical support detailed in a complete exposition of the arguments, while many
applications of the results presented here represent the aim of another original paper under
the same title, Part two.
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2. Surjectivity for the Operators λJϕ − S: Applications to Partial
Differential Equations
2.1. Surjectivity of the Operators of the Form λT − S

In this section, a generalization of a theorem from [42] (Theorem 1.1) is presented
and in this result the author used: normed space instead of Banach space, bijection with
continuous inverse instead of homeomorphism. Two corollaries of this statement, obtained
in [12,14], have also been presented.

Firstly, to have a short expression, we introduce the following.

Definition 2.1. T: X→ Y, where X and Y are normed spaces, is (K, L, a), where K > 0, L > 0,
a > 0, if

K ‖x‖a ≤ ‖Tx‖ ≤ L ‖x‖a ∀x from X.

Proposition 2.1. Let X and Y be real normed spaces, T: X → Y (K, L, a) odd bijection with
continuous inverse and S: X→ Y odd compact operator. For any λ 6= 0, if

lim
||x||→+∞

||λTx− Sx|| = +∞,

then λT − S is surjective.

Proof. Let z0 be from Y; we state that:

∃ x0 in X e.g., λTx0 − Sx0 = z0. (2.1)

Take R > 0 with the property (see the hypothesis)

‖x‖ ≥ R⇒ ‖λTx − Sx‖ > ‖z0‖ (2.2)

and the open ball from Y σ : = B(0, r), r : = |λ| LRa. If y ∈ ∂σ and y = λTx, then ‖x‖ ≥ R,
and hence,

‖ λTx− Sx ‖
(2.2)
> ||z0|| (2.3)

Let be the operator A: Y→ Y,

Ay = ST−1
( y

λ

)
A is compact, odd and Ay 6= y when y ∈ ∂σ (ad absurdum, put y in the form λTx and

take into account (2.3), i.e., 0 /∈ (I − A)(∂σ)). Applying Borsuk theorem, the Leray-Schauder
degree d(I − A, σ, 0) is odd. However,

H : [0, 1] × σ → Y, H(t, y) = Ay + tz0

being a homotopy of compact transformations on σ, we have

d(I − H(0, ·), σ, 0) = d(I − H(1, ·), σ, 0), i.e.,
d(I − A, σ, 0) = d(I − A − z0, σ, 0),

consequently, d(I − A, σ, 0) is an odd number, particularly different from zero, therefore
∃y0 in σ, e.g., (I − A − z0)(y0) = 0 and it remains only to take x0 in X with y0 = λTx0 to
obtain (2.1). �
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Corollary 2.1. Let X, Y be real normed spaces, T: X→ Y odd (K, L, a) bijection with continuous
inverse, S: X→ Y odd compact operator and α : = lim

||x||→+∞

‖Sx‖
‖x‖a < +∞. If

|λ| > α

K
, λ ∈ R,

then λT − S is surjective.

Explanations [43], Volume 5, V, §5, 11.91, p. 372: f : X→ Y, X and Y normed spaces,

lim
||x||→+∞

‖ f (x) ‖de f
= inf

ρ>0
sup
x∈X
||x|| ≥ρ

‖ f (x) ‖ = lim
ρ→+∞

sup
x∈X
||x|| ≥ρ

‖ f (x) ‖ .

If α = lim
||x||→+∞

‖ f (x) ‖, then xn ∈ X ∀n from N, and ‖xn‖→ +∞ implies lim
n→∞

‖ f (xn) ‖

≤ α.
If α = lim

n→∞
‖ f (xn) ‖, for any (xn) with xn from X and ‖xn‖ → +∞, then α = lim

||x||→+∞
‖f

(x)‖.

Proof. It remains to prove:

lim
||x||→+∞

||λTx− Sx|| = +∞, (2.4)

Assuming, ad absurdum, the contrary, obtain ρ > 0 and a sequence (xn)n≥1, xn ∈ X, ‖xn‖ →
+∞, e.g.,

‖λTxn − Sxn‖ ≤ ρ ∀n ≥ 1. (2.5)

From (2.5),

lim
n→∞

∥∥∥∥ λTxn

||xn||a
− Sxn

||xn||a

∥∥∥∥ = 0,

hence, lim
n→∞

[
|λ|‖Txn‖
‖xn‖a − ‖S(xn)‖

‖xn‖a

]
= 0, and as lim

n→∞
‖S(xn)‖
‖xn‖a ≤ α, it results

lim
n→∞

|λ|‖Txn‖
‖xn‖a ≤ α. (2.6)

But the condition (K, L, a) imposes:

K ≤ lim
n→∞

‖Txn‖
‖xn‖a . (2.7)

From (2.6) and (2.7), we obtain K ≤ α
|λ| . If α 6= 0, then |λ| ≤ α

K , which contradicts
the hypothesis, and if α = 0, then K = 0, also in contradiction with the hypothesis, and
consequently, (2.4). �

Corollary 2.2. Under the conditions of Corollary 2.1, if α = 0, then λT − S is surjective for λ any
in R\{0}.

2.2. Surjectivity for Operators of the Form λJϕ − S, Jϕ Duality Map
2.2.1. Preliminaries—Duality Map

Let X be a real Banach space, X* its dual (), x* an element any in X*, 2M the set of
subsets of M.

Definition 2.2. ϕ: R+ → R+ continuous and strictly increasing with ϕ(0) = 0 and lim
r→+∞
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ϕ (see, for instance [43], Volume 2, p. 27r) = +∞ is, by definition, weight or normalization function.
The multiple-valued map Jϕ : X→ 2X*, ϕweight,{

Jϕ0X = {0X∗},
x 6= 0⇒ Jϕx = ϕ(||x||){x∗ ∈ X∗ : ||x∗|| = 1, x∗(x) = ||x||},

equivalently,

x ∈ X⇒ Jϕ x = {x* ∈ X*: ‖x*‖ = ϕ(‖x‖), x*(x) = ϕ(‖x‖)‖x‖},

is, by definition, the duality map (on X) relative to ϕ. (Beurling-Livingstone).
Its name becomes normalized duality map when ϕ(t) = t (in this case, x* ∈ Jϕ x⇐⇒ x*(x)

= ‖x‖2 = ‖x*‖2).

Definition 2.3. Let X be a real normed space. A nonempty set β of bounded subsets of X, having
the properties:

1o
⋃

A∈β
A = X, 2o A ∈ β⇒ −A ∈ β, λA ∈ β(λ > 0) and

3◦ β is filtered to the right related to the inclusion “⊂”, i.e.,

for any A, B in β ∃ C in β, e.g., A ⊂ C and B ⊂ C,

is called bornology on X.

Let β be a bornology on X. The function f : X→ R, which is locally finite in the point a
(i.e., there exists a neighborhood of a on which f is finite), is, by definition, β-differentiable in
a if there exists ϕ in the topological dual X* such that for every S in β, we have:

limu
t→0
h∈S

f (a + th)− f (a)
t

= ϕ(h) (uniform limit on S for t→ 0).

ϕ is the β-derivative of f in a, and it is denoted by

∇β f (a).

If β is the set βG of the finite symmetrical parts of X or the set βF of the bounded
symmetrical parts of X, the β-derivative coincides with the Gâteaux derivative and Fréchet
derivative, respectively.

Proposition 2.2. 1◦ Jϕ x 6= ∅ ∀x in X;
2◦ For any x in X, Jϕ x is a convex, closed, bounded part of X* (it is contained in the sphere of

the equation ‖y‖X* = ϕ(‖x‖));
3◦ Jϕ x = ∂ψ (x), the subdifferential in x, where

ψ(u) =
‖u‖∫
0

ϕ(t)dt

(apply Asplund theorem; since ψ is continuous and convex, ψ is Gâteaux differentiable in x iff
∂ψ(x) has a single element, and thenψ′(x) = ∂ψ(x); consequently, Jϕ is uni-valued iff ψ is Gâteaux
differentiable, and in this case, Jϕ x = ψ′(x));

4◦ Jϕ is odd (Jϕ (−x) = − Jϕ x ∀x in X);
5◦ Jϕ(λx) = ϕ(λ‖x‖)

ϕ(‖x‖) Jx, ∀x in X\{0}, ∀λ ≥ 0;
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6◦ Jϕ is monotonous; more precisely: ∀x, y in X and ∀x*, y* from Jϕ x, Jϕ y,

(x* − y*)(x − y) ≥ [ϕ(‖x‖) − ϕ(‖y‖)](‖x‖ − ‖y‖) ≥ 0;

7◦ The normalized duality map is linear iff X is a Hilbert space;
8◦ If x* ∈ Jϕ x, then x ∈ Jϕ−1 (x*) (duality map on X*);
9◦ Jϕ, Jϕ1 being duality maps on X, there exists µ: [0, +∞]→ [0, +∞) such that

Jϕ x = µ(‖ x ‖)Jϕ1 ∀x in X;

10◦ Let x, y be in X. Then, ‖x‖ ≤ ‖x + λy‖ ∀λ ≥ 0 iff there exists x* in Jx, J the normalized
duality map on X, with the property x*(y) ≥ 0 (Kato).

Furthermore, retain that if Jϕ is uni-valued, then it is coercive since:

lim
‖x‖→+∞

〈Jϕx, x〉
‖ x ‖ = lim

‖x‖→+∞
ϕ(‖ x ‖) = +∞.

The Banach space X is, by definition, smooth (Krein) if

∀x 6= 0 there exists x*
0 unique in X∗, e.g., ‖ x∗0‖= 1, x∗0(x) = ‖ x ‖ .

Thus, any duality map on a smooth space is uni-valued and reciprocal.
Since x*

0 from X* is sub-gradient in x0 6= 0 for x→ ‖x‖, iff ‖x*
0‖ = 1 and x*

0(x) = ‖x‖
and x→ ‖x‖ is convex and continuous.

Proposition 2.3. X is smooth space iff the norm of X is Gâteaux differentiable on X\{0}.

From this, combined with Proposition 2.2, 3◦, we obtain:

X smooth⇒ Jϕ x = ϕ(‖x‖)‖x‖′, x 6= 0. (∗)

To validate this formula, we prove the following:

Proposition 2.4. Let X and Y be real normed spaces and f : X→ Y be Gâteaux differentiable, F: Y
→ R of Gâteaux C1 class. Then, g : = F o f is Gâteaux differentiable, and g′(x) = F′(f (x)) o f′(x) [43].

Proof. We use the formula of finite increases [43], Volume 9, p. 93:
Let β be a bornology on X and f : X→ R β-differentiable on the segment [a, b] from X.

There exists θ in (0,1) such that:

f (b) − f (a) = ∇β f (a + θ(b − a))(b − a).

Standard justification. Take F: [0,1]→ R, F(t) = f (a + t(b − a)). With δ being small,

F(t + δ)− F(t)
δ

=
1
δ
[ f (a + t(b− a) + δ(b− a))− f (a + t(b− a))],

let A be in βwith b − a ∈ A (property 1◦ from the definition of the bornology), and take the
limit for δ→ 0, F′(t) = ∇β f (a + t(b − a))(b − a), F(1) − F(0) = F′(θ), with θ in (0,1), etc. �
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We continue the proof of this proposition. Let x0 and h be in X.
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∗∥ = 1,  𝑥0
∗(x) = ∥x∥. 

Thus, any duality map on a smooth space is uni-valued and reciprocal. 

Since  𝑥∗  from X* is sub-gradient in x0 ≠ 0 for x  ∥x∥, iff ∥𝑥∗∥ = 1 and  𝑥∗(x) = ∥x∥ and 
x  ∥x∥ is convex and continuous. 

Proposition 2.3. X is smooth space iff the norm of X is Gâteaux differentiable on X\{0}. 

From this, combined with Proposition 2.2, 3°, we obtain: 

X smooth ⇒ Jφ x = φ(∥x∥)∥x∥, x ≠ 0. (∗)   

To validate this formula, we prove the following: 

Proposition 2.4. Let X and Y be real normed spaces and f : X  Y be Gâteaux differentiable, F: Y 
 R of Gâteaux C 1 class. Then, g : = F o f is Gâteaux differentiable, and g(x) = F(f (x)) o f (x) [43]. 

Proof. We use the formula of finite increases [43], Volume 9, p. 93: 

Let β be a bornology on X and f : X  R β-differentiable on the segment [a, b] from X. 

There exists θ in (0,1) such that: 

f (b) − f (a) = ∇β f (a + θ(b − a))(b − a). 

Standard justification. Take F: [0,1]  R, F(t) = f (a + t(b − a)). With δ being small, 

𝐹 𝑡 δ 𝐹 𝑡
δ

  
1
δ
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let A be in β with b − a ∈ A (property 1° from the definition of the bornology), and take the 

limit for δ  0, F (t) = ∇β f (a + t(b − a))(b − a), F(1) − F(0) = F (θ), with θ in (0,1), etc.  
We continue the proof of this proposition. Let x0 and h be in X. 
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1
𝑡
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lim
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𝑡
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lim
→
θ 𝑡 𝑓 𝑥 𝑡ℎ 𝑓 𝑥   0 
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𝑥   𝑎 and 𝑦  𝑏 ⇒  𝐹 𝑦 𝑥   𝐹 𝑏 𝑎 : 

𝐹 𝑦 𝑥 𝐹 𝑏 𝑎   𝐹 𝑦 𝑥 𝐹 𝑦 𝑎 𝐹 𝑦 𝑎 𝐹 𝑏 𝑎 , 

∥ 𝐹 𝑦 𝑥 𝐹 𝑦 𝑎 ∥  ∥ 𝐹 𝑦 𝑥 𝑎 ∥  ∥ 𝐹 𝑦 ∥ ∥ 𝑥 𝑎 ∥  ∥ 𝑥 𝑎 ∥ 

(the sequence (‖ F′(yn) ‖) is bounded, being convergent),

‖ F′(yn)(a)− F′(b)(a)‖ = ‖
〈

F′(yn)−F′(b) , a〉 ‖ ≤ ‖ a ‖ ‖ F′(yn)−F′(b)‖. �

Finally, we introduce the following:

Definition 2.4. F: X→ 2X* is upper semicontinuous in x0 if, for any neighborhood V of F(x0) in
the ∗-weak topology on X*, there exists U neighborhood of x0, e.g., F(U) ⊂ V.

Proposition 2.5. Any duality map Jϕ on X is upper semicontinuous on X (Browder).

Definition 2.5. A Banach space X is called strictly convex (Clarkson) if one of the following
equivalent properties is fulfilled:

1◦ x 6= y, ‖x‖ = ‖y ‖ = 1⇒ ‖λx + (1 − λ)y ‖ < 1 ∀λ in (0, 1);
2◦ x 6= y, ‖x‖ = ‖y‖ = 1⇒ ‖x + y‖ < 2;
3◦ ‖x + y‖ = ‖x‖ +‖y‖, y 6= 0⇒ ∃ λ ≥ 0 with x = λy;
4◦ ‖x‖ = ‖y‖ = 1 and‖x + y‖ = ‖x‖ + ‖y ‖ ⇒ x = y;
5◦ The sphere {x ∈ X: ‖x‖ = 1} does not contain any segment;
6◦ Any x* from X* attains its inferior upper bound on the unity ball of X in at least one point;
7◦ The function x→ ‖x‖2 is strictly convex.

Proposition 2.6. If X* is smooth (respectively strictly convex), then X is strictly convex (respec-
tively smooth). The reciprocal assertions are true when X is reflexive.

Proposition 2.7. If the Banach space X is reflexive, there exists a norm on X equivalent strictly
convex such that the dual norm is also strictly convex. (Lindenstrauss, Asplund).

Definition 2.6. A Banach space is uniformly convex (Clarkson) if

∀ε > 0 ∃δ > 0 such that ‖x‖ = ‖y‖ = 1 and ‖x − y‖ ≥ ε⇒ ‖x + y‖ ≤ 2(1 − δ),

equivalently

‖ xn ‖ = ‖ yn ‖ = 1 ∀nin N and ‖ xn + yn ‖ → 2 ⇒ lim
n→∞

(xn − yn) = 0.
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A Banach space is local uniformly convex (Lovaglia) if

∀ε > 0 and ∀x with ‖x‖ = 1 ∃δ > 0 e.g., ‖y‖ = 1 and ‖x − y‖ ≥ ε⇒ ‖x + y‖ ≤ 2(1 − δ),

equivalently,

‖ x ‖=‖ xn ‖= 1 ∀nin N and ‖ xn + x ‖ → 2 ⇒ lim
n→∞

xn = x.

Proposition 2.8. X uniformly convex⇒ locally uniformly convex⇒ X is strictly convex.

Proposition 2.9. X uniformly convex⇒ x is reflexive. (Milman).

Proposition 2.10. If X is local uniformly convex, then, for any sequence (xn)n≥1, xn ∈ X,

xn
w→ x and ‖ xn ‖ → ‖ x ‖ ⇒ xn → x.

Here is a characterization of the uniform convexity.

Proposition 2.11. X and X* are uniformly convex iff the norm on X* and X, respectively, is
uniformly Fréchet differentiable.

Clarification. f is uniformly Fréchet differentiable
de f⇔ ∀ε > 0 ∃δ > 0 with the property

‖h‖ ≤ δ⇒ ‖ f (x + h) − f (x) − f ′(x)(h)‖ ≤ ε‖h‖ ∀x with ‖x‖ < 1;

x→ ‖x‖ is uniformly Fréchet differentiable iff it is Fréchet differentiable and the Fréchet
derivative is uniformly continuous on the unity ball.

Proposition 2.12. If X is local uniformly convex and reflexive, then the norm on X* is Fréchet
differentiable.

Proposition 2.13. For any reflexive Banach space, there exists on this an equivalent norm for which
it becomes local uniformly convex. (Troianski).

Proposition 2.14. For any reflexive Banach space X, there exists an equivalent norm on X for
which X and X* are locally uniformly convex. (Asplund).

Thus, the equivalent norm and its dual norm are Fréchet differentiable (Proposi-
tion 2.12).

Proposition 2.15. If X is smooth, for any weight ϕ, Jϕ is uni-valued and continuous from X, with
the strong topology on X* endowed with the ∗-weak topology.

Proof. Take Proposition 2.5 into account. �

Corollary 2.3. If X is smooth and reflexive, any duality map J on X is semicontinuous.

Proof. Let xn→ x. Setting x∗n: = xn, x* : = Jx, we have x∗n(u)→ x*(u) ∀u from X, i.e., denoting
u** : = Φu, Φ is the canonical embedding in bidual, u**(x∗n)→ u**(x*), hence Jxn

w→ Jx. �

The strict convexity can be characterized by the duality map.

Proposition 2.16. X is strictly convex iff any duality map on X is strictly monotonous. (Petryshin).

Consequently,
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Proposition 2.17. If X is strictly convex and smooth, then any duality map on X is uni-valued and
injective.

Proposition 2.18. Let X be smooth and local uniformly convex, J duality map on X and (xn)n≥1 ,
xn ∈ X. If (Jxn − Jx)(xn − x)→ 0, then xn → x.

Proposition 2.19. Let X be Banach space. A duality map on X is uni-valued and continuous in the
topologies of the norms iff the norm on X is Fréchet differentiable.

Proof. Necessary. X is smooth, and the norm is Gâteaux differentiable (Proposition 2.3),
even of the C1 Gâteaux class in accordance with (∗). Sufficient. This results from a Cudia
theorem. �

Proposition 2.20. Let X be a Banach space and Jϕ a duality map on X. X* is uniformly convex iff
Jϕ is uni-valued and uniformly continuous on the bounded sets of X.

Proof. Necessary. X* is uniformly convex
Proposition 2.11⇒ x→ ‖x‖ is Fréchet differentiable⇒

Jx = ϕ(‖x‖)‖x‖′, x→ ‖x‖′ is uniformly continuous on the closed unity ball. Sufficient. J uni-

valued
Proposition 2.3⇒ x→ ‖x‖ is Gâteaux differentiable

Proposition 2.11⇒ x→ ‖x‖ is uniformly

Fréchet differentiable
Proposition 2.11⇒ X* is uniformly convex. �

Place here the characterization of the reflexivity of a Banach space.

Proposition 2.21. The Banach space X is reflexive iff any x* in X* attains sup
‖x‖≤1

x∗(x).

In the following, there is a characterization of the reflexivity of the duality map.

Proposition 2.22. Let X be a Banach space and Jϕ duality map on X. X is reflexive iff

X∗ =
⋃

x∈X
Jϕx.

Proof. Necessary. Let x∗0 be in X∗. There exists x0 in X with ‖x0‖ = 1 and x∗0(x0) = ‖x∗0‖; take
t0 > 0, e.g., ϕ(t0) = ‖x∗0‖, then x∗0 ∈ Jϕ (t0 x0). Sufficient. Use Proposition 2.21. Let x∗0 be any
in X*, ∃ x0 in X, e.g., x∗0 ∈ Jϕ x0, i.e., ‖x∗0‖ = ϕ(‖x0‖), x∗0(x0) = ϕ(‖x0‖)‖x0‖. For y0: = x0

‖x0‖
,

we have ‖y0‖ = 1, x∗0(y0) = ‖x∗0‖ = sup
‖x‖≤1

x∗0(x). �

Corollary 2.4. Let X be a smooth space and J a duality map on X.
1◦ X is reflexive⇐⇒ J is surjective;
2◦ X is reflexive and strictly convex⇐⇒ J is bijective.

Proof. Take Proposition 2.22 and Proposition 2.16 into account. �

Proposition 2.23. Let X be a reflexive and smooth space and Jϕ a duality map on X. Then J−1 : X*
→ 2X, J−1 x* = {x ∈ X: Jϕ x = x*} coincides with J∗

ϕ−1 , the duality map on X* coincides with the
weight ϕ−1 (identification via canonical embedding Φ in the bidual). If X is also strictly convex,
then J−1 is uni-valued, and the formula holds true:

J−1
ϕ = Φ−1 J∗

ϕ−1
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Proof. The statement is, in accordance with Corollary 2.4, correct. First assertion. Let x*
be any in X*. x ∈ J−1 x*⇐⇒ x* = Jϕ x⇐⇒ ‖x*‖ = ϕ(‖x‖) and x*(x) = ϕ(‖x‖)‖x‖ ⇐⇒ ‖x‖
= ϕ−1(‖x*‖) and x(x*) = ϕ−1 (‖x*‖)‖x*‖ ⇐⇒ x ∈ J∗

ϕ−1 x*. Second assertion. X* is smooth
(Proposition 2.6). �

Pass to continuity properties of the duality map. A previous result is represented by
Corollary 2.3.

Definition 2.7. A Banach space has the property (h) if

xn
w→ x and ‖ xn ‖ → ‖ x ‖ ⇒ xn → x.

A Banach space has the property (H) if it is strictly convex, and it has the property (h).
For instance, any local uniformly convex space has the property (H) (Propositions 2.8

and 2.9).

Proposition 2.24. If X is reflexive and X* has the property (H), then any duality map J on X is
uni-valued, surjective and continuous relative to the strong topologies on X and X*.

Proof. J is indeed uni-valued (Proposition 2.6) and surjective (Corollary 2.4). Let xn → x.
Then, Jxn

w→ Jx (Corollary 2.3); moreover, ‖Jxn‖ → ‖Jx‖ since ‖Jxn‖ = ϕ(‖xn‖) and ‖Jx‖ =
ϕ(‖x‖). Therefore, Jxn → Jx. �

Combining Proposition 2.24 with Corollary 2.4, one obtains the following.

Proposition 2.25. If X is reflexive and strictly convex and X* has the property (H), then any
duality map on X is uni-valued, bijective and continuous relative to the strong topologies on X and
X*.

We next proceed to the continuity of the inverse of the duality map.

Proposition 2.26. If X is reflexive, smooth and has the (H) property, then any duality map Jϕ on X
is bijective with J−1

ϕ continuous relative to the strong topologies on X and X∗.

Proof. Jϕ is bijective (Corollary 2.4), and X* is reflexive, smooth and strictly convex
(Proposition 2.6). Let x∗n → x0. Then, J∗

ϕ−1 x∗n
w→ J∗

ϕ−1x* (Corollary 2.3), and the formula
from Proposition 2.23 imposes J∗

ϕ−1 x∗n → J∗
ϕ−1x* (see (H)). �

Combining Propositions 2.25 and 2.26, one obtains the following.

Proposition 2.27. If X is reflexive and X and X* have the property (H), then any duality map on X
is a homeomorphism of X in X* relative to the strong topologies.

We finish this subsection with the following result:

Proposition 2.28. Any uni-valued duality map Jϕ on a local uniformly convex space X has the
property S+:

xn
w→x and lim

n→∞
〈Jϕxn − Jϕx0, xn − x0〉 ≤ 0⇒ xn → x.

Proof. The hypothesis implies

lim
n→∞
〈Jϕxn − Jϕx0, xn − x0〉 ≤ 0,
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but
0 ≤ [ϕ(‖ xn ‖)−ϕ(‖ x0 ‖)](‖ xn ‖ − ‖ x0 ‖ ≤ 〈Jϕxn − Jϕx0, xn − x0〉,

consequently,
lim

n→∞
[ϕ(‖ xn ‖)−ϕ(‖ x0 ‖)](‖ xn ‖ − ‖ x0 ‖) = 0. (2.8)

We denote tn: = ‖ xn ‖, t0 : = ‖ x0 ‖. Somehow,

lim
n→∞

tn = t0, (2.9)

we apply Proposition 2.11 and obtain xn → x. Assume, ad absurdum, that tn 9 t0. Then
there exists (tkn) subsequence of (tn) e.g., for instance, tkn≥ ρ > t0 ∀n. (tkn) is bounded,
otherwise it has a subsequence (tikn ), tikn → +∞, which implies ϕ(tikn )→ +∞, [ϕ(tikn ) −
ϕ(t0)](tikn − t0)→ +∞, in contradiction with (2.8). Thus, (tkn) has a convergent subsequence
(tl kn ), tl kn → t′0 6= t0. Consequently, since ϕ(tl kn )→ ϕ(t′0) 6= ϕ(t0), from a rank on, we have,
with δ > 0,

|tl kn − t0| ≥ δ, |ϕ(tl kn)−ϕ(t0)| ≥ δ

and one obtains a final contradiction with (2.8). Here is another justification for (2.9). (tn)
is bounded (see above); let t* be an adherence value any for this sequence (a fortiori t* ∈
R) and (tjn) subsequence with lim

n→∞
tjn = t*. Then, from (2.8), [ϕ(t*) − ϕ(t0)](t* − t0), which

implies t* = t0 (ad absurdum !) and, consequently, (2.9). �

2.2.2. Main Results

Proposition 2.29. Let X be a real reflexive Banach space, smooth and having the property (H), Jϕ
duality map on X with ϕ being (K, L, a) function, S: X→ X* odd compact operator and

α : = lim
||x||→+∞

‖Sx‖
‖x‖a < +∞.

Then
1◦ α > 0⇒ λJϕ − S is surjective ∀λ with |λ| > α

K ;
2◦ α = 0⇒ λJϕ − S is surjective ∀λ 6= 0.

Proof. Jϕ is odd and bijective with a continuous inverse (Proposition 2.26). Moreover, since

Kta ≤ ϕ(t) ≤ Lta ∀t ≥ 0,

we have
K‖x‖a ≤ ϕ(‖x‖) = ‖Jϕ x‖ ≤ L‖x‖a ∀x from X,

i.e., Jϕ is (K, L, a). We apply Corollaries 2.1 and 2.2 from Section 2.1. �

Proposition 2.30. Let X be a real reflexive Banach space, smooth with the property (H), and Jϕ the
duality map on X with ϕ(t) = tp−1, p ∈ (1, +∞). Suppose that X is compactly embedded by the
linear injection i in a Banach space Z,

‖i(u)‖ ≤ c0 ‖u‖ ∀u from X (2.10)

and N: Z→ Z* is an odd semicontinuous operator with the property

‖Nx‖ ≤ c1‖x‖q-1 + c2 ∀x from Z, c1, c2 ≥ 0, q ∈ (1, p). (2.11)

Then λJϕ − N is surjective for any λ 6= 0.
Explanation. N is the short notation for the operator, which acts from X to X*, i′ o N o i,

i′ being the adjoint of i.



Axioms 2023, 12, 532 12 of 66

Proof. It follows to state that

∀h from X* ∃u in X, e.g., λJϕ u − (i ‘ o N o i) u = h. (2.12)

Apply Proposition 2.1 with T = Jϕ (correctly, as ϕ is (K, L, a) with K = L = 1, a =
p − 1), S = i′ o N o i. S is obviously odd and also compact: let (xn)n∈N, xn ∈ X, be a
bounded sequence (i(xn))n≥1 has a convergent subsequence (xkn)n≥1; let i(xkn )→ γ, γ ∈ Z,
then N(i(xkn )) w→ N(γ) and, consequently, i′(N(i(xkn )))→ i′(N(γ)) since i′ is also compact
(Schauder theorem). So, to obtain the conclusion, it remains to prove

lim
||u||→+∞

‖(i′ ◦ N ◦ i)u‖
‖u‖p−1 = 0. (2.13)

‖i ‘(N(i(u)))‖ ≤ ‖i ‘‖ ‖N(i(u))‖
(2.10),(2.11)
≤ c0 (c1 ‖i(u)‖q–1 + c2) ≤ c0 (cq−1

0 c1 ‖u‖q−1 + c2), from
which it results (2.13) (‖i′‖ ≤ ‖i‖ ≤ c0 has been used) [11,12,15]. �

In the following, we search for the surjectivity of the operator λJϕ − N, when N
verifies the growth condition (2.11), where q = p, i.e.,

‖Nx‖ ≤ c1 ‖x‖p-1 + c2 ∀x from Z, c1, c2 ≥ 0. (2.14)

For this reason, we present the statement:

Proposition 2.31. Let X be a real reflexive Banach space compactly embedded by the linear injection
i in the Banach space Z,

‖ i(u) ‖ ≤ c0 ‖ u ‖ ∀u f rom X. (2.15)

If

λ1 := inf
{
||u||p
||i(u)||p : u ∈ X\{0}

}
, p ∈ (1,+∞),

then
1◦ λ1 is attained and nonzero;

2◦ λ
− 1

p
1 is optimal for (2.15) (i.e., λ

− 1
p

1 ≤ c0 for any c0);
3◦ If X and Z are smooth and JXX* : X→ X*, JZZ* : Z→ Z* are duality maps relative to the

same weight ϕ: ϕ(t) = tp–1, then λ1 is the smallest eigenvalue of the couple (JXX*, JZZ*) [44].

Clarification. λ is, by definition, eigenvalue for the couple (JXX*, JZZ*) if there exists u0 6=
0 in Z, e.g., λ (i′ o JXX* o i) u0 = JZZ* u0. In this case, u0 is, by definition, an eigenvector.

Proof. The set from the statement is correctly defined: u 6= 0⇒ i(u) 6= 0.
1◦ We have

λ1 = inf {‖v‖p : v ∈ X, ‖i(v)‖ = 1}

(the two sets coincide, as
∥∥∥ i
(

u
i(u)

)∥∥∥ = 1). Let (vn)n≥1, vn ∈X, be with ‖i(vn)‖ = 1 and ‖vn‖

→ λ
1
p
1 .
X being reflexive, (vn)n≥1 has a subsequence (we use the same notation for it) that is

weakly convergent in X, vn
w→ v (Kakutani theorem [43], Volume 3, p. 155). Then,

‖ v ‖ ≤ lim
n→∞

‖ vn ‖,

‖v‖p ≤ λ1. (2.16)



Axioms 2023, 12, 532 13 of 66

On the other hand, since i is compact, we have i(vn) → i(v), which implies ‖i(vn)‖
→ ‖i(v)‖, ‖i(v)‖ = 1 and hence ‖v‖p ≥ λ1, ‖v‖p (2.16)

= λ1, and λ1 is attained and, a fortiori,
nonzero.

2◦ We take the definitions of λ1 and 10 into account.
3◦ Firstly, we show that λ1 is an eigenvalue for the couple (JZZ*, JXX*), i.e., ∃u0 6= 0 in

X e.g.,
λ1 (i′ o JZZ* o i)u0 = JXX* u0. (2.17)

Taking the functional Φ: X→ R,

Φ(u) =
1
p
‖ u ‖p−λ1

p
‖ i(u) ‖p .

Φ(u) ≥ 0 ∀u in X (see the definition of λ1) and, for u0 6= 0 e.g., λ1
10
=
(
‖u0‖
‖i(u0)‖

)p
, Φ(u0) = 0,

which imposes (taking into account Proposition 2.3)

Φ′(u0) = 0 (Gâteaux derivative). (2.18)

Then (the formulae: (∗) and that from Proposition 2.4), ∀u in X,
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using 2° from Proposition 2.31, which will be sufficient to impose the conclusion. ∥(i ‘ o N 

o i)u∥ ≤ ∥i ‘∥ ∥N(i(u))∥ ≤ p

1

1


 (c1 p

p


1

1
1|||| pu + c2) ( ||'|| i ||𝑖||

1

1
p


 ), and (2.19) becomes ob-

vious. □ 

Remark 2.1. Propositions 29, 30 and 32 have been briefly presented by the author in [11,12,15]. 

Let λ now be an eigenvalue for the couple (JZZ*, JXX*) and u be a corresponding eigenvector.
Then

‖ u ‖p= (JXX∗ u)(u) = λ〈JZZ∗(i(u)), i(u)〉= λ ‖ i(u) ‖p,

hence

λ =
‖u‖p

‖i(u)‖p ≥ λ1. �

We can now state the following.

Proposition 2.32. Let X be a real reflexive Banach space, smooth and have the property (H), Jϕ

duality map on X with ϕ(t) = t p−1, p ∈ (1, +∞). Suppose that X is compactly embedded with the
linear injection i in the Banach space Z and let N: Z→ Z* be an odd semicontinuous operator with:

‖Nx‖ ≤ c1 ‖x‖p-1 + c2 ∀x from Z, c1, c2 ≥ 0.

Then, for any λ, if

|λ| > lim
‖u‖→+∞

||(i′ ◦ N ◦ i)u||
||u||p−1 , a fortiori if |λ| > c1λ

−1
1 ,

where

λ1 := inf
{
‖u‖p

‖i(u)‖p : u ∈ X\{0}
}

,

then λJϕ − N is surjective (N means i′ o N o i).

Proof. The statement is correct, λ1 6= 0 (Proposition 2.31, 10). We apply, as for Proposition
2.30, Proposition 2.29 with T = Jϕ, S = i′ o N o i. We prove

lim
‖u‖→+∞

||(i′ ◦ N ◦ i)u||
||u||p−1 ≤ c1λ−1

1 (2.19)
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using 2◦ from Proposition 2.31, which will be sufficient to impose the conclusion. ‖(i ‘ o N o

i)u‖ ≤ ‖i ‘‖ ‖N(i(u))‖ ≤ λ
− 1

p
1 (c1λ

1−p
p

1 ||u||p−1 + c2) (||i′|| ≤ ||i|| ≤ λ
− 1

p
1 ), and (2.19) becomes

obvious. �

Remark 2.1. Propositions 29, 30 and 32 have been briefly presented by the author in [11,12,15].

2.3. Existence of the Solutions of the Problems

Consider the problems

(∗)
{
−λ div(|∇u|p−2∇u) = f ( · , u( · )) + h, x ∈ Ω

u|∂Ω = 0
, p ∈ (1,+∞)

and

(∗∗)

 −λ
n
∑

i=1

∂
∂xi

(∣∣∣ ∂u
∂xi

∣∣∣p−2
∂u
∂xi

)
= f ( · , u( · )) + h, x ∈ Ω

u|∂Ω = 0
, p ∈ [2,+∞)

In this subsection, we apply (the idea originates in [45]) the results from Section 2.2 to
partial differential equations (weak solutions).

2.3.1. Preliminaries for Sobolev Spaces

To prepare the framework for this subsection and to be coherent and understandable,
we start with a theoretical recapitulation for Sobolev spaces.

The spaces Lp(Ω) (Lebesgue integral in RN).
Let Ω be a nonempty open set in RN.

p ∈ [1,+∞) ⇒ Lp(Ω) : = {u : Ω → R : umeasurable,
∣∣u∣∣p Lebesgue integrable},

‖ u ‖Lp(Ω): =

∫
Ω

|u|pdx

 1
p

.

This norm is Gâteaux differentiable on Lp(Ω)\{0} for p > 1. It is even of Fréchet C1

class ([43,46]).
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𝑝

1
𝑝′
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Then, 
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Proposition 2.33. When p ∈ (1, +), u  𝑢    is of Fréchet C
1 class on  𝐿 (Ω)\{0}. 

Proof. For the following calculus, we use the inequalities [47]: 

If µ(Ω) < +∞, then ‖ u ‖Lp(Ω)≤ [µ(Ω)]
1
p−

1
q ‖ u ‖Lq(Ω), 1 ≤ p ≤ q ≤ +∞.

p ∈ [1,+∞] ⇒ ‖ u ‖0,p : = ‖ u ‖Lp(Ω).

Lp(Ω), modulo the known factorization, is a Banach space for p ∈ [1, +∞], Lp(Ω) is
uniformly convex and hence reflexive (Proposition 2.9) for p ∈ (1, +∞), L1(Ω) and L∞ (Ω)
are not reflexive, Lp(Ω) is separable for p ∈ [1, +∞), and L∞ (Ω) is not separable.

For p in [1, +∞], p’ is defined by:

1
p
+

1
p′

= 1.

Then,

p ∈ (1,+∞) ⇒ (Lp (Ω))∗ = Lp′(Ω), (L1(Ω))∗ = L∞ (Ω), (L∞ (Ω))∗ ⊃
6=

L1(Ω).
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L1
loc(Ω) : = {u: Ω→ R: u integrable on any compact part of Ω}.

At the end of this part of the exposure, we prove ([43], Ω is a Lebesgue measurable
set):

Proposition 2.33. When p ∈ (1, +∞), u→ ‖ u ‖Lp(Ω) is of Fréchet C1 class on Lp(Ω)\{0}.

Proof. For the following calculus, we use the inequalities [47]:
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nA   =  dxuuuu
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1p
0n

1p
n |sgn||sgn||| ≤ 

p' p'(p 2)
0 n 0 n 0
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0 n 0 0 n 0 0,p
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therefore, when p ∈ (1, 2], 
n

lim 'p
nA   = 0 (see (2.22)), i.e. 

n
lim An = 0 and hence (2.23), and 

when p > 2,   

n
lim 'p

nA   = 0,  (2.24)

i.e.
n

lim An = 0 and hence (2.23). (2.24) is proved as follows: 

(2.20)

Let
Φ(u) : = ‖ u ‖0,p, Ψ(u) : =

1
p
||u||p0,p,

hence,
Φ(u) = p

1
p [Ψ(u)]

1
p . (2.21)

Ψ is Gâteaux differentiable on Lp(Ω) and [48]

Ψ′(u)(h) =
∫
Ω

|u|p−1(sgnu)h dx, ∀h in Lp(Ω)

We prove that u→ Ψ’(u) is continuous on Lp(Ω) and then (2.21) will impose the conclusion,
taking into account Proposition 2.4.

Let
un → u0 in Lp(Ω). (2.22)

It follows to prove
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therefore, when p ∈ (1, 2], 
n

lim 'p
nA   = 0 (see (2.22)), i.e. 

n
lim An = 0 and hence (2.23), and 

when p > 2,   

n
lim 'p

nA   = 0,  (2.24)

i.e.
n

lim An = 0 and hence (2.23). (2.24) is proved as follows: 

(2.23)

‖h‖0,p = 1 ⇒ |〈Ψ’(un) − Ψ’(u0), h〉| = |
∫
Ω
(|un|p−1sgnun − |u0|p−1sgnu0)h dx| ≤

∫
Ω
|(|un|p−1sgnun − |u0|p−1sgnu0)h| dx

H
..
older
≤ An, An: = ‖|un|p−1 sgn un − |u0|p−1 sgn

u0||Lp′(Ω), since ‖h||Lp(Ω) = 1, where 1
p + 1

p′ = 1.

However, | |un|p−1 sgn un − |u0|p−1 sgn u0 |p′ = | |un|p−2 un − |u0|p−2 u0 |p′

(2.20)
≤ {

c0|un − u0|p′(|un|+ |u0|)p′(p−2), p > 2
c0|un − u0|p, p ∈ (1, 2]

,

hence Ap′
n =

∫
Ω
| |un|p−1sgnun − |u0|p−1sgnu0|p′ dx ≤


c0
∫
Ω
|un − u0|p′(|un|+ |u0|)p′(p−2)dx, p > 2

c0
∫
Ω
|un − u0|pdx = c0||un − u0||

p
0,p, p ∈ (1, 2]

,

therefore, when p ∈ (1, 2], lim
n→∞

Ap′
n = 0 (see (2.22)), i.e., lim

n→∞
An = 0 and hence (2.23), and

when p > 2,
lim

n→∞
Ap′

n = 0, (2.24)
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i.e., lim
n→∞

An = 0 and hence (2.23). (2.24) is proved as follows:∫
Ω
|un − u0|p′(|un|+ |u0|)p′(p−2)dx

H
..
older
≤ ‖|un − u0|p′‖0, p

p′
‖(|un|+ |u0|)p′(p−2)‖0, p

p′(p−2)

= (||un − u0||0,p)
p′‖|un| + |u0|||p′(p−2)

0,p , lim
n→∞
‖un − u0‖

p′
0,p

(2.22)
= 0, and the second factor is

bounded, since ‖ |un| + |u0| ‖0,p ≤ ‖un‖0,p + ‖u0‖0,p and ‖un‖0,p
(2.22)→ ‖u0‖0,p. �

Corollary 2.5. When p ∈ (1, +∞), any duality map on Lp(Ω) is a homeomorphism of Lp(Ω) on
Lp′ (Ω).

Proof. Lp(Ω) is smooth (Proposition 2.3) and uniformly convex, hence local uniformly
convex (Proposition 2.8) and, in particular, has the (H) property, even Lp′ (Ω) has the same
properties (by applying Proposition 2.27). �

Let Ω be a nonempty open set from RN and p in [1, +∞].
W1,p(Ω) designates the real vector space of the functions u from Lp(Ω) for which there

exists g1, . . . , gN in Lp(Ω) e.g.,

∀ϕ in C∞
c (Ω)

∫
Ω

u
∂ϕ

∂xi
dx= −

∫
Ω

giϕdx, i = 1, N.

In the definition, C∞
c (Ω) can be replaced by C1

c (Ω). We denote, for each i, 1 ≤ i ≤ N,

∂u
∂xi

:= gi, the weak derivative.

These are uniquely determined.

Remark 2.2. By weak differentiation, one remains in Lp(Ω).

Additionally, for u from W1,p(Ω),
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Additionally, for u from 𝑊 , (Ω), 

∇𝑢  grad 𝑢 ≔
𝜕𝑢
𝜕𝑥

, … ,
𝜕𝑢
𝜕𝑥

, the weak gradient 

|∇𝑢| ≔
𝜕𝑢
𝜕𝑥

  

, 

div 𝑢 ≔
𝜕𝑢
𝜕𝑥

  

, the weak divergence. 

|∇𝑢| ∈  𝐿 Ω : |∇𝑢| 𝑔 ∶ 
𝜕𝑢
𝜕𝑥

  

∈ 𝐿 Ω , |∇𝑢|   𝑔 . 

Moreover, for p ∈ (1, +) and p’ the conjugated coefficient, 

|∇𝑢|
𝜕𝑢
𝜕𝑥

∈ 𝐿 Ω , 𝑖  1,𝑁, 

𝜕
𝜕𝑥

𝜕𝑢
𝜕𝑥

𝜕𝑢
𝜕𝑥

∈ 𝐿 Ω , 𝑖  1,𝑁. 

To justify the above two relations, for 

Moreover, for p ∈ (1, +∞) and p’ the conjugated coefficient,
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and for p = 2—obviously since p′ = 2.
We define:

‖ u ‖W1,p(Ω) := ‖ u ‖Lp(Ω) +
N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
Lp(Ω)

,

a norm on W1,p(Ω).
Sometimes, when p ∈ [1, +∞), one takes the equivalent norm:

(
‖ u ‖p

Lp(Ω)
+

N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥p

Lp(Ω)

) 1
p

.

W1,p(Ω) is a Banach space for p ∈ [1, +∞], it is uniformly convex and reflexive for p ∈
(1, +∞) and separable for p ∈ [1, +∞). When p > N, any function from W1,p(Ω) is Fréchet
differentiable on Ω a.e. ([49], Chapter VIII).

We now provide some clarifications related to the weak derivative, p ∈ [1, +∞]. If u
∈ C1 (Ω) ∩ Lp(Ω) and ∂u

∂xi
∈ Lp(Ω), i = 1, N (derivatives in the usual meaning), then u ∈

W1,p(Ω) and the weak derivatives coincide with them in the usual sense. In particular, if Ω
is bounded, then C1 (Ω) ⊂W1,p(Ω). Reciprocally, if u ∈W1,p(Ω) ∩ C(Ω) and ∂u

∂xi
∈ C(Ω), i =

1, N (weak derivatives), then u ∈ C1 (Ω).
Let p be in [1, +∞).

W1,p
0 (Ω) := C1

c (Ω)
W1,p(Ω)

= Cc(Ω)
W1,p(Ω)

.

W1,p
0 (Ω) with the norm induced is a separable Banach space. It is reflexive if p ∈ (1, +∞).

Since C1
c (RN) is dense in W1,p(RN), W1,p

0 (RN) = W1,p(RN). However, when Ω 6= RN, in
general, W1,p

0 (Ω) 6= W1,p(Ω).

Proposition 2.34. For any p in [1, +∞),

W1,p(Ω) ∩ Cc (Ω) ⊂W1,p
0 (Ω).

The following considerations strongly imply W1,p
0 (Ω) in the theory of partial differential equations.

Definition 2.8. We define, by local charts, W1,p(Γ) with p ∈ [1, +∞), Γ regular manifold, for
instance Γ = ∂Ω, Ω open set of C1 class with ∂Ω bounded. In this situation there exists a unique

continuous linear operator γ: W1,p(Ω)→W1− 1
p ,p(∂Ω), the trace, such that γ is surjective and

u ∈W1,p (Ω) ∩ C (Ω) ⇒ γ(u) = u | ∂Ω.

By the way,

Proposition 2.35. Let Ω be of C1 class and u in W1,p(Ω) ∩ C (Ω), p ∈ [1, +∞). Then

u ∈ W1,p
0 (Ω) ⇐⇒ u | ∂Ω = 0.
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Here is another characterization of the spaces W1,p
0 (Ω).

Proposition 2.36. Let Ω be of C1 class and u in Lp(Ω), p ∈ (1, +∞). Then

u ∈W1,p
0 (Ω)⇐⇒ ∃c > 0 such that

∣∣∣∣∫Ω
u

∂ϕ

∂xi
dx
∣∣∣∣ ≤ c‖ ϕ ‖

Lp′ (Ω)
, i = 1, N, ∀ϕ in C1

c (Ω).

Suppose µ(Ω) < +∞. Then u→ ‖|∇u|‖Lp(Ω) is a norm on W1,p
0 (Ω) equivalent (and hence

also complete) to u→ uW1,p(Ω).
We denote:
u ∈W1,p

0 (Ω)⇒ ‖u‖1,p: = ‖|∇u|‖Lp(Ω) (= ‖|∇u|‖0,p, when confusion cannot appear).

This norm, when p ∈ (1, +∞), is Gâteaux differentiable on W1,p
0 (Ω)\{0} (combine Proposition

2.15 and Proposition 2.4), which assures uni-valued duality maps (Proposition 2.3).

Proposition 2.37. (W1,p
0 (Ω), ‖ · ‖1,p), p ∈ (1, +∞), is uniformly convex and hence particularly

reflexive.

Proof ([50]). The case p ∈ [2, +∞). We use the following inequality: ([51], Euclidean norm)

ξ, ζ ∈ Rn, n ≥ 1 ⇒
∥∥∥∥ξ+ η2

∥∥∥∥p
+

∥∥∥∥ξ− η2

∥∥∥∥p
≤ 1

2
(‖ ξ ‖p + ‖ η ‖p) (2.25)

Let ε be from (0, 2] and u, v from W1,p
0 (Ω) with

‖u‖1,p = ‖v‖1,p = 1, ‖u − v‖1,p ≥ ε. (2.26)

Then
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2
𝑑𝑥
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.
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.
1

ε
2
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1
ε

2

p
1
p

  1 δ. 

The case p ∈ (1, 2). We use 

ξ, ζ ∈  𝐑 , n ≥ 1 ⇒ ξ η p′
+

ξ η p′
≤  ∥ ξ ∥ ∥ η ∥ ,  (2.27)

p’ the coefficient conjugated with p ([51]). 

We remark that, for u in 𝑊 ,
(Ω), 

|∇u|p’ ∈ Lp−1 (Ω),  ‖𝑢‖ ,   = ∥|∇u|p’∥ , .  (2.28)

Let ε be in (0, 2] and u, v in 𝑊 ,
(Ω). Then |∇u|p’, |∇v|p’  ∈

.
𝐿 (Ω) and as 

∥ |∇u|p’∥ ,   + ∥ |∇v|p’∥ ,   ≤ ∥ |∇u|p’ + |∇v|p’∥ , .  (2.29)

Since 0 < p – 1 < 1, it results: 

𝑢 𝑣
2 ,

𝑢 𝑣
2 ,

. , . , . 1
2
‖𝑢‖ , ‖𝑣‖ , , 

consequently, if ∥u∥1,p = ∥v∥1,p = 1 and ∥u − v∥1,p ≥ ε, one obtains 

𝑢 𝑣
2 ,

1
ε
2

 

and hence the conclusion. □ 

We take δ > 0 defined by [
1−

(ε
2

)p] 1
p
= 1− δ.

The case p ∈ (1, 2). We use

ξ, ζ ∈ Rn , n ≥ 1 ⇒
∥∥∥∥ξ+ η2

∥∥∥∥p′
+

∥∥∥∥ξ− η2

∥∥∥∥p′
≤
[

1
2
(‖ ξ ‖p + ‖ η ‖p)

] 1
p−1

, (2.27)

p′ the coefficient conjugated with p ([51]).
We remark that, for u in W1,p

0 (Ω),

|∇u|p′ ∈ Lp−1 (Ω), ‖u‖p′
1,p=‖ |∇u|p′ ‖0,p−1. (2.28)

Let ε be in (0, 2] and u, v in W1,p
0 (Ω). Then |∇u|p′ , |∇v|p′

(2.27)
∈ Lp−1(Ω) and as

‖ |∇u|p′ ‖0,p−1+ ‖ |∇v|p′ ‖0,p−1 ≤ ‖ |∇u|p′ + |∇v|p′ ‖0,p−1 . (2.29)
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Since 0 < p − 1 < 1, it results:∥∥∥∥u + v
2

∥∥∥∥p′

1,p
+

∥∥∥∥u− v
2

∥∥∥∥p′

1,p

(2.28),(2.29),(2.27)
≤

[
1
2
(‖u‖p

1,p + ‖v‖p
1,p)

] 1
p−1

,

consequently, if ‖u‖1,p = ‖v‖1,p = 1 and ‖u − v‖1,p ≥ ε, one obtains∥∥∥∥u + v
2

∥∥∥∥p′

1,p
≤ 1−

(ε
2

)p′

and hence the conclusion. �

The dual of W1,p
0 (Ω), p in [1, +∞), is denoted

W−1,p′(Ω),

p′ the coefficient conjugated to p.
If Ω is bounded,

2N
N + 2

≤ p < +∞ ⇒ W1,p
0 (Ω) ⊂ L2(Ω) ⊂ W−1,p′(Ω)

with continuous injections and dense and, if Ω is not bounded,

2N
N + 2

≤ p ≤ 2 ⇒ W1,p
0 (Ω) ⊂ L2(Ω) ⊂ W−1,p′(Ω).

The elements of W−1,p′ (Ω) can be characterized by the following.

Proposition 2.38. Let F be from W−1,p′ (Ω). There exists f0, . . . , fN in Lp′ (Ω) such that

F(u) =
∫
Ω

f0udx +
N

∑
i=1

∫
Ω

fi
∂u
∂xi

dx ∀u in W1,p
0 (Ω)

and
‖ F ‖= max

1≤i≤N
‖ fi ‖Lp′(Ω).

When Ω is bounded, one can take f 0 = 0.

2.3.2. The Operators −∆p, −∆s
p and Nf

−∆p, p ∈ (1, +∞), the p-Laplacian

Let Ω be an open set, with the finite Lebesgue measure, from RN, N ≥ 2. The norm on
W1,p

0 (Ω) will be u→ ‖u‖1,p.

Consider the operator − ∆p : W1,p
0 (Ω)→W−1,p′(Ω),

∆p u = div(|∇u|p−2∇u). (2.30)

This acts according to [45]:

〈−∆p u, v〉 =
∫
Ω

|∇u|p−2∇u · ∇vdx∀u, v in W1,p
0 (Ω). (2.31)

Taking into account the following, the next property of the p-Laplacian—the identification
with a particular duality map—is the most important.
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Proposition 2.39. Let Ψ: W1,p
0 (Ω)→ R,

Ψ(u) =
1
p
||u||p1,p.

Then Ψ is Gâteaux differentiable on W1,p
0 (Ω)\{0}, and

Ψ′(u) = −∆p u = Jϕ u∀ufrom W1,p
0 (Ω),

where ϕ(t) = tp−1 ([50]).

Proof. Since Ψ(u) =
||u||1,p∫

0
ϕ(t)dt, we have

Jϕ u = ∂ Ψ(u) ∀uin W1,p
0 (Ω) (Proposition 2.2),

thus, it remains to prove that Ψ is Gâteaux differentiable and

Ψ′(u) = −∆p u ∀uin W1,p
0 (Ω). (2.32)

Ψ = g o f, where g: Lp(Ω)→ R, g(u) = 1
p ||u||

p
0,p, f : W1,p

0 (Ω)→ Lp(Ω), f (u) = |∇u|.
From now on, the proof is continued as in [11] and has been proposed by the author.
g is of Fréchet C1 class on Lp(Ω) (Proposition 2.33). f is Gâteaux differentiable on

W1,p
0 (Ω)\{0} and f ′(u)(h) = ∇u·∇h

|∇u| ∀h in W1,p
0 (Ω) [50]. Applying Proposition 2.4, u 6= 0 and h

∈W1,p
0 (Ω)⇒ Ψ′(u)(h) =

∫
Ω
| ∇u|p−1∇u·∇h

|∇u| dx =
∫
Ω
| ∇u|p−2∇u · ∇h dx

(2.31)
= 〈− ∆p u, h〉 and

the case u = 0 remains to finish with (2.32).
However, Ψ′(0)(h) = lim

t→0
1
t Ψ(th) = lim

t→0
tp−1

p ‖h‖
p
1,p = 0 = 〈− ∆p 0, h〉. �

Remark 2.3. Ψ has even the Fréchet C1 class on W1,p
0 (Ω) [44,52].

Corollary 2.6. u→ ‖u‖1,p is Gâteaux differentiable on W1,p
0 (Ω)\{0} and W1,p

0 (Ω) is smooth.

Proof. For the first assertion, apply Proposition 2.4 considering ϕ(u) = ‖u‖1,p = p
1
p [Ψ(u)]

1
p ;

for the second assertion, we use Proposition 2.3. �

Proposition 2.40. The operator − ∆p: W1,p
0 (Ω) → W−1,p′(Ω) is bijective with monotonous

inverse, bounded and continuous.

Proof. −∆p = Jϕ (Proposition 2.39), and W1,p
0 (Ω) is uniformly convex; apply Proposition

2.26 and take into account the formula J−1
ϕ = Φ−1 Jϕ−1, Φ is the canonical embedding in

bidual (Proposition 2.23). �

−∆s
p, p ∈ (1, +∞), the p-Pseudo-Laplacian

Let Ω be an open set of finite Lebesgue measure from RN, N ≥ 2, and p in (1, +∞).

uuu1,p :=

(
N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥p

Lp(Ω)

) 1
p
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is a norm on W1,p
0 (Ω) since

(
N

∑
i=1

∥∥∥∥ ∂u
∂xi

+
∂v
∂xi

∥∥∥∥p

0,p

) 1
p

≤
[

N

∑
i=1

(∥∥∥∥ ∂u
∂xi

∥∥∥∥p

0,p
+

∥∥∥∥ ∂v
∂xi

∥∥∥∥p

0,p

)p] 1
p

,

applying Minkovski inequality.
The dual of (W1,p

0 (Ω), u · u1,p) is also designated by W−1,p′ (Ω), where p′ is the exponent
conjugated with p.

u · u1,p is equivalent to the norm |u|1,p : =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

:

N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
Lp(Ω)

≤ Nuuu1,p ≤ N
N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
Lp(Ω)

.

However, | · |1,p is equivalent to ‖ · ‖1,p since ‖u‖1,p ≤ |u|1,p ≤ N ‖u‖1,p. Consequently,

Proposition 2.41. (W1,p
0 (Ω), u · u1,p), p ∈ (1, +∞), is Banach space.

Furthermore,

Proposition 2.42. (W1,p
0 (Ω),u · u1,p), p ∈ [2, +∞), is uniformly convex.

Proof. The following proof was proposed by the author in [11]. Use the inequality (2.25):

ξ, η ∈ Rn, n ≥ 1⇒
∥∥∥ ξ+η

2

∥∥∥p
+
∥∥∥ ξ−η

2

∥∥∥p
≤ 1

2 (‖ξ‖p + ‖η‖p) with the Euclidean norm [51].

Let ε be in (0, 2] and define u, v with uuu1,p = uvu1,p = 1, uu − vu1,p ≥ ε. Suppose p ∈ [2,

+∞). u u+v
2 u

p + u u−v
2 u

p =
N
∑

i=1

∫
Ω

(∣∣∣∣ ∂u
∂xi

+ ∂v
∂xi

2

∣∣∣∣p +

∣∣∣∣ ∂u
∂xi
− ∂v

∂xi
2

∣∣∣∣p
)

dx ≤
N
∑

i=1

∫
Ω

1
2

(∣∣∣ ∂u
∂xi

∣∣∣p +
∣∣∣ ∂v

∂xi

∣∣∣p)dx = 1,

and hence, u u+v
2 u

p
1,p
≤ 1 −

(
ε
2
)p, take δ defined by 1 − δ =

[
1−

(
ε
2
)p
] 1

p . �

Let Ω be an open set in RN, N ≥ 2, of the finite Lebesgue measure and p in (1, +∞).
Considering the operator −∆s

p: W1,p
0 (Ω)→W−1,p′(Ω),

−∆s
pu = −

n

∑
i=1

∂

∂xi

(∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

)
.

This acts according to [45]:

〈−∆s
pu, h〉 =

N

∑
i=1

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂h
∂xi

dx, ∀u, h in W1,p
0 (2.33)

Proposition 2.43. The function Ψ: Ψ(u) = 1
p uuu

p
1,p, p ∈ (1, +∞), is Gâteaux differentiable on

W1,p
0 (Ω)\{0}, and

Ψ′(u) = −∆s
pu = Jϕ u, ϕ(t) := tp−1.
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Proof ([11]). Fix the index i, 1 ≤ i ≤ N, and let g: W1,p
0 (Ω)→ R, g(u) =

∥∥∥ ∂u
∂xi

∥∥∥p

0,p
. We have g

= F o f, f : W1,p
0 (Ω)→ Lp(Ω), f (u) = ∂u

∂xi
, F: Lp(Ω)→ R, F(v) = ‖v||p0,p. As f ′(u)(h) = ∂h

∂xi
and

F′(v)(h) = p
∫
Ω
|v|p−2vhdx ([48]), g′(u) = F′(f (u)) o f ′(u) (formula from Proposition 2.4),

g′(u)(h) = p
∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂h
∂xi

dx (2.34)

and hence

Ψ′(u)(h) =
N

∑
i=1

(∥∥∥∥ ∂u
∂xi

∥∥∥∥p

0,p

)′
(h)

(2.34),(2.33)
=

〈
−∆s

pu, h
〉

.

The rest of the proof is the same as for Proposition 2.39. �

Corollary 2.7. u→ uuu1,p, p ∈ (1, +∞), is Gâteaux differentiable on W1,p
0 (Ω)\{0}. Consequently,

(W1,p
0 (Ω), u · u1,p) is a smooth space.

Proof ([11]). Taking Φ(u) = uuu1,p, we have

Φ(u) = p
1
p (Ψ(u))

1
p .

We apply the formula from Proposition 2.4. For the second assertion, we take Proposition 2.3
into account. �

Nemytskii Operator Nf

In the following, some statements from [53] are necessary to develop some results.

Definition 2.9. Let Ω be a nonempty open Lebesgue measurable (L.m.) set from RN, N ≥ 1, µ the
Lebesgue measure in RN and M (Ω) : = {u: Ω→ R: u L.m.}. By definition, f : Ω × R→ R is a
Carathéodory function if:

1◦ f (·, s) is L.m. ∀s in R;
2◦ f (x, ·) is continuous∀x in Ω\A, µ(A) = 0.

Proposition 2.44. If f : Ω × R→ R is a Carathéodory function, then, for any u in M (Ω), x→f
(x, u(x)) is L.m.

Proof. Let (ϕn)n≥1 be a sequence of real functions, simple, L.m., with

ϕn (x) →
x∈Ω

u(x).

Fn : Fn (x) : = f (x, ϕn (x)) is L.m. on A1, . . . , Ap, where ϕn | Ak = constant, k = 1, p (10

from Definition 2.9), hence Fn is L.m. on Ω. ∀x in Ω\A, and since ϕn (x)→ u(x), we have
Fn (x)→ f (x, u(x)) (20 from Definition 2.9), which implies, since the Lebesgue measure is
complete, x→ f (x, u(x)) L.m. �

Definition 2.10. Thus, one may consider the Nemytskii operator:

Nf : M (Ω)→M (Ω), (Nf u)x = f (x, u(x)).

Proposition 2.45. Suppose µ(Ω) < +∞. Then

un (x)
µ→

x∈Ω
u0 (x) ⇒ Nf u(x)

µ→
x∈Ω

Nf u0 (x).
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Proof ([54]). It is sufficient to show the proof in the case f (x, 0) = 0 ∀x in Ω and un (x)
µ→

x∈Ω
0;

thus, it remains to prove that:

∀ε, η > 0 ∃ N in N, e.g., n ≥ N⇒ µ({x ∈ Ω: | f (x, un (x))| ≥ ε}) ≤ η. (2.35)

Set Ω0 : = Ω\A. For k ∈ N, Ωk : = {x ∈ Ω0 : |s| < 1
k ⇒ | f (x, s)| < ε} (nonempty set for

sufficiently big k; f (x, ·) is continuous in 0), we have Ωk ⊂ Ωk+1 ∀k and Ω0 =
∞⋃

k=1
Ωk, hence

µ(Ω0) = lim
k→∞

µ(Ωk) and hence ∃ k0 in N, e.g., µ(Ω0\Ωk0) ≤ η
2 . Let An: = {x ∈ Ω0 : |un (x)|

< 1
k0

}, ∃ N in N, e.g., n ≥ N ⇒ µ(Ω0\An) ≤ η
2 . Setting Bn: = {x ∈ Ω0 : |f (x, un (x))|< ε},

we have, since An ∩ Ωk0 ⊂ Bn, n ≥ N⇒ µ(Ω0\Bn) ≤ µ(Ω0\An) + µ(Ω0\Ωk0) ≤ η, which
implies (2.35). �

Proposition 2.46. If the Carathéodory function f verifies the growth condition:

|f (x, s)| ≤ c|s|r + β(x), ∀x ∈ Ω\A with µ(A) = 0 ∀s ∈ R,
where c ≥ 0, r > 0, β ∈ Lp(Ω), 1 ≤ p ≥ +∞,

then
1◦ Nf (Lpr(Ω)) ⊂ Lp(Ω);
2◦ Nf is continuous (p < +∞) and bounded on Lpr(Ω).

Clarification. A map between metric spaces is bounded if the image of any bounded set
is bounded.

Proof. 1◦ Let u be in Lpr(Ω).

|f (x, u(x))| ≤ c |u(x)|r + β(x), x ∈ Ω\A, s ∈ R, (2.36)

but |u|r ∈ Lp(Ω), β ∈ Lp(Ω), hence Nf u ∈ Lp(Ω) (when p < +∞, taking the power p, the
first member is integrable and measurable (Proposition 2.44); when p = +∞, the justification
is obvious).

2◦ From (2.36),

||Nf u||Lp(Ω) ≤ ||c |u|r + β||Lp(Ω) ≤ c || |u|r ||Lp(Ω)+||β||Lp(Ω)= c||u||rLp(Ω) + ||β||Lp(Ω),

and hence Nf is bounded on Lpr(Ω).
We proceed to the continuity. Suppose f (x, 0) = 0 ∀x in Ω, and let

un → 0 in Lpr(Ω). (2.37)

We will prove:
Nf un → 0 in Lp(Ω). (2.38)

For (2.38), it is sufficient to prove that any subsequence (Nf ukn ) has a subsequence (Nf
ulkn

) convergent to 0 in Lp(Ω) (if (xn), the sequence in the metric space X has the property
that any subsequence (xkn ) has a subsequence (xlkn

) with xlkn
→ x0, and then xn → x0 − ad

absurdum justification).
Since ukn → 0 in Lpr(Ω), ∃ (ulkn

) a subsequence with

ulkn
(x) → 0, x ∈ Ω\B, µ(B) = 0

and
|ulkn

(x)| ≤ g(x), g ∈ Lpr(Ω).
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From (2.36),

| f (x, ulkn
(x))| ≤ c(g(x))r + β(x), x ∈ Ω\(A ∪ B). (2.39)

Taking the power p in (2.39), the second member is integrable, and as x ∈ Ω\(A ∪ B)⇒f (x,
ulkn

(x))→ 0, it results in (Lebesgue theorem of dominated convergence)

∫
Ω

|Nfun(x)|pdx → 0,

i.e., (2.38).
Pass to the general case and let un → u0 in Lpr(Ω). g: Ω × R→ R,

g(x, s) = f (x, s + u0 (x)) − f (x, u0 (x)),

is a Carathéodory function. Since g(x, 0) = 0 ∀x in Ω and un − u0 → 0 in Lpr(Ω), we obtain
Ng (un − u0)→ 0 in Lp(Ω) and, hence Nf un → Nf u0 in Lp(Ω). �

Remark 2.4. Retain the inequality:

||Nfu||Lp(Ω)≤ c||u||r
Lpr(Ω)

+||β||Lp(Ω).

2.3.3. The Problem

Consider the problem

(∗)
{
−λ ∆p u = f ( · , u( · )) + h, x ∈ Ω, λ ∈ R

u|∂Ω = 0

The next two propositions were obtained by the author and are given in [11,12,15].

Proposition 2.47. Let Ω be an open bounded set of the C1 class from RN, N ≥ 2, p ∈ (1, +∞), h
be from W−1,p′(Ω) and f : Ω × R→ R a Carathéodory function with the properties

1◦ f (x, − s) = − f (x, s) ∀s from R, ∀x from Ω,
2◦ |f (x, s)| ≤ c1 |s|q–1 + β(x) ∀s from R, ∀x from Ω\A, µ(A) = 0,
where c1 ≥ 0, q ∈ (1, p), β ∈ Lq′(Ω), 1

q +
1
q′ = 1.

Then, for any λ 6= 0, the problem (∗) has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Explanations. The relationship u | ∂Ω from (∗) is in the sense of the trace (Definition 2.8).
Moreover, γ−1(0) = W1,p

0 (Ω). f (·, u) = Nf u, where Nf is the Nemytskii operator (see
Section 2.3.2 above), and so the equation from (∗) can be written as

− λ ∆p u = Nf u + h. (2.40)

From 2◦ of the last assertion, it is determined (via Proposition 2.46) that Nf maps Lq(Ω)
on Lq′(Ω), and it is continuous and bounded. Moreover (Proposition 2.46),

‖ Nf u ‖0,q′ ≤ c1 ||u||
q−1
0,q +c2 , c2 := ||β||0,q′ , ∀uin Lq(Ω). (2.41)

Since q ∈ (1, p) and q < p* (the Sobolev conjugated exponent), (W1,p
0 (Ω), ‖ · ‖ 1, p) is

compactly embedded in Lq(Ω). Let i (linear injection) be such an embedding,

‖ i(u) ‖0,q ≤ c0,q ‖ u ‖1,q ∀uin W1,p
0
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(using the Rellich-Kondrashev theorem and taking into account that the norms ‖ · ‖1, p and
‖ · ‖W1,p(Ω) are equivalent).

Let i’: Lq′(Ω)→W−1,p′(Ω) be the adjoint of i (as (Lq(Ω))* = Lq′(Ω)!).
u0 from W1,p

0 (Ω) is a solution for (∗) in the sense of W−1,p′(Ω) if

− λ ∆p u0 = (i’ o Nf o i)u0 + h. (2.42)

We proceed to the proof of Proposition 2.47.

Proof. −∆p
Proposition2.39

= Jϕ, where Jϕ is the duality map with ϕ(t) = tp−1; the Banach space

(W1,p
0 (Ω), ‖ · ‖1,p) is uniformly convex (Proposition 2.37) and, consequently, has the (H)

property, and it is reflexive (uniformly convex⇒ reflexive). It is also smooth (its norm being
Gâteaux differentiable on W1,p

0 (Ω)\{0} (Proposition 2.3)). Thus, one can apply Proposition
2.30 with X = W1,p

0 (Ω), Z = Lq(Ω), N = Nf − odd continuous operator (Proposition 2.46) and
Z* = Lq′(Ω) and take (2.41) into account; the operator λ(−∆p) − S: W1,p

0 (Ω)→W−1,p′(Ω),
where S = i ′ o Nf o i is surjective, a fortiori the operator −λ∆p − S − h is surjective

(commutative group) and hence ∃u0 in W1,p
0 (Ω) which verifies (2.42). �

By replacing q with p in Proposition 2.47, 20, and by applying Proposition 2.32, we
obtain the following:

Proposition 2.48. Let Ω be an open bounded set of the C1 class from RN, N ≥ 2, p ∈ (1, +∞), h
from W−1,p′(Ω) and f : Ω × R→ R Carathéodory function having the properties

1◦ f (x, −s) = − f (x, s) ∀x from Ω, ∀s from R,
2◦ |f (x, s)| ≤ c1 |s|p−1 + β(x) ∀s from R, ∀x from Ω\A, µ(A) = 0,
where c1 ≥ 0, β ∈ Lp′ (Ω), 1

p + 1
p′ = 1.

Finally, let i : W1,p
0 (Ω)→ Lp(Ω) be linear compact embedding. Then, for any λ, if

|λ| > c1λ−1
1 , λ1 := inf

{
||u||p1,p

||i(u)||p0,p
: u ∈W1,p

0 (Ω)\{0}
}

then the problem (∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Proof. The statement is correct since (W1,p
0 (Ω), ‖ · ‖1, p) is compactly embedded in Lp(Ω)

(Rellich-Kondrashev theorem). Apply Proposition 2.32. �

Remark 2.5. The condition from Proposition 2.48 can be replaced (Proposition 2.32 allows this) by:

|λ| > lim
||u||→+∞

||(i′ ◦ N f ◦ i)u||
||u||p−1 .

Attention to λ1: λ
− 1

p
1 is optimal for the inequality from the statement; it is attained and nonzero,

and it is the smallest eigenvalue of the couple (JLq Lq′ , J
W1,p

0 W−1,p′ ) (see Proposition 2.31).

2.3.4. The Problem

Consider the problem

(∗∗)
{
−λ ∆s

p u = f ( · , u( · )) + h, x ∈ Ω, λ ∈ R
u|∂Ω = 0

The following two statements are obtained by the author and given in [11,12,15].
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Proposition 2.49. Let Ω be an open bounded set of C1 class from RN, N ≥ 2, p ∈ [2, +∞), h from
W−1,p′(Ω) and f : Ω × R→ R Carathéodory function with the properties

1◦ f (x, − s) = − f (x, s) ∀x from Ω, ∀s from R,
2◦ |f (x, s)| ≤ c1 |s|q–1 + β(x) ∀s from R, ∀x from Ω\A, µ(A) = 0,
where c1 ≥ 0, q ∈ (1, p), β ∈ Lq′(Ω), 1

q +
1
q′ = 1.

Then, for any λ 6= 0, the problem (∗∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Explanations (similar to those for Proposition 2.47): The relationship u | ∂Ω from (∗∗)
is in the sense of the trace. f (·, u) = Nf u, Nf Nemytskii operator, and so the equation from
(∗∗) can be written as

−λ∆s
pu = Nf u + h. (2.43)

Now, the norm that endows W1,p
0 (Ω) is u · u1,p, and (W1,p

0 (Ω), u · u1,p) is a Banach space
that is compactly embedded in Lq(Ω) since u · u1,p and ‖ · ‖1,p, and hence also || · ||W1,p(Ω),
are equivalent (see above). Let i be the embedding.

Let i′: Lq′(Ω) → W−1,p′(Ω) be the adjoint of i (as (Lq)* = Lq′). u0 from W1,p
0 (Ω) is a

solution for (∗∗) in the sense of W−1,p′(Ω) if

−λ∆s
p u0 = (i′ o Nf o i)u0 + h. (2.44)

Proof. −∆s
p

Prop.2.43
= Jϕ, Jϕ duality map with ϕ(t) = tp−1, the Banach space (W1,p

0 (Ω), u ·
u1,p) being uniformly convex (see above, proposition 2.42). It is also smooth (its norm

being Gâteaux differentiable on W1,p
0 (Ω)\{0}). So, we apply Proposition 2.30 with X =

W1,p
0 (Ω), Z = Lq(Ω), N = Nf − odd continuous operator, Z* = Lq′(Ω), take into account ‖Nf

u‖0,q′ ≤ c1||u||
q−1
0,q + c2, c2 : = ‖β‖0,q′ , ∀u from Lq(Ω) the operator λ (−∆s

p) − S: W1,p
0 (Ω)

→W−1,p′(Ω), where S = i′ o Nf o i is surjective, a fortiori the operator − λ∆s
p − S − h is

surjective (commutative group) and hence ∃u0 in W1,p
0 (Ω) which verifies (2.44). �

Replacing q with p in 2◦ from Proposition 2.49 and applying Proposition 2.32, obtain:

Proposition 2.50. Let Ω be an open bounded set of C1 class from RN, N ≥ 2, p ∈ [2, +∞), h from
W−1,p′(Ω) and f : Ω × R→ R Carathéodory function having the properties

1◦ f (x, −s) = − f (x, s) ∀x from Ω, ∀s from R,
2◦ | f (x, s)| ≤ c1 |s|p−1 + β(x) ∀s from R, ∀x from Ω\A, µ(A) = 0,
where c1 ≥ 0, β ∈ Lp′ (Ω), 1

p + 1
p′ = 1.

Finally, let i: W1,p
0 (Ω)→ Lp(Ω) be a linear compact embedding. Then, for any λ, if

|λ| > c1λ−1
1 , λ1 : = inf

 uuu
p
1,p

||i(u)||p0,p
: u ∈W1,p

0 (Ω)\{0}

,

the problem (∗∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Proof. The proof is the same as for Proposition 2.48. �

Remark 2.6. The condition from Proposition 2.49 can be replaced (see Proposition 2.48) by:

|λ| > lim
||u||→+∞

||(i′ ◦ N f ◦ i)u||

uuu
p−1 .
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Attention to λ1 : λ
− 1

p
1 is optimal for the inequality from the statement; it is attained and nonzero,

and it is the smallest eigenvalue of the couple (JLq Lq′ , J
W1,p

0 W−1,p′ ) (see Proposition 2.31).

Remark 2.7. The above results will be used to provide solutions, together with their characteriza-
tions, for particular problems from glaciology [55–57], for nonlinear elastic membrane [41,58], for
the pseudo-torsion problem [9,59] for nonlinear elastic membrane with the p-pseudo-Laplacian as
in [60]. They are presented in the second part of this paper.

3. Results of the Fredholm Alternative Type for Operators λJϕ − S
3.1. Important Results

In this section, we continue with results that complete the previous theory provided
in Section 2. The statements from this section originate from the generalization due to
the author in [11,13] of a theorem of Nečas [42,61] in which normed space is used instead
of Banach space and the goal function is a bijection with continuous inverse instead of
homeomorphism. The results mentioned above have been obtained based on this theorem
and also on propositions of the author and presented in the previous section.

Definition 3.1. Let X, Y be real normed spaces and F: X→ Y, F0 : X→ Y. F is strongly closed and
strongly continuous, respectively, if

xn
w→ a and F(xn) → α⇒ α = F(a),

and, respectively,
xn

w→ a and F(xn) → F(a).

For instance, any linear compact operator between Banach spaces is strongly continuous [62].

Definition 3.2. Let a be a real, strictly positive number. F is, by definition, a-homogeneous if F(tu)
= ta F(u), ∀u in X, ∀t ≥ 0.

F is a-quasi-homogeneous relative to F0, and F0 is a-homogeneous if

tn ↓ 0, un
w→ u0 and ta

n F
(

un

tn

)
→ γ ⇒ γ = F0 (u0).

F is a-strongly quasi-homogeneous relative to F0, F0 a-homogeneous if

tn ↓ 0, un
w→ u0 and ta

n F
(

un

tn

)
→ F0 (u0).

Proposition 3.1. Let F be an a-homogeneous and strongly closed (respectively, strongly continuous),
then F is a-quasi-homogeneous (respectively a-strongly quasi-homogeneous) relative to F.

Proof. Observe, in both cases, that ta
n F
(

un
tn

)
→ F0 (u0). �

Proposition 3.2. If F is a-strongly quasi-homogeneous relative to F0, then F0 is a-homogeneous
and strongly continuous.

Proof. First assertion. t > 0. Let u0 be arbitrarily fixed from X and tn ↓ 0, un
w→ u0. Then

ta
nF
(

un
tn

)
→ F0 (u0), hence (ttn)

a F
(

un
tn

)
→ ta F0 (u0), but (ttn)

a F
(

tun
ttn

)
→ F0 (tu0) since tun

w→ tu0, ta F0 (u0) = F0 (tu0). t = 0. It should be shown that F0 (0) = 0. Take tn ↓ 0 and (un)n≥1

with un = 0 ∀n. Then, ta
n F
(

un
tn

)
→ F0 (0), but F

(
un
tn

)
= 0, etc.
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Second assertion. From the hypothesis,

lim
t→0+

taF
(u

t

)
= F0(u)∀u in X. (3.1)

Suppose, ad absurdum, that F0 is not strongly continuous. Then there exists un, un
w→ u0,

and
F0(un) → F0(u0). (3.2)

ε > 0 being arbitrarily fixed, from (3.2), there exists a subsequence of (un), it is denoted in
the same manner, e.g.,

‖F0 (un) − F0 (u0)‖ ≥ ε ∀n ≥ 1. (3.3)

Furthermore, from (3.1), for any n from N ∃ tn, 0 < tn ≤ 1
n , for which

‖ F0 (un)− ta
n F
(

un

tn

)
‖ ≤ ε

2
. (3.4)

Then

ε
(3.3)
≤ ‖ F0 (u0)− F0 (un) ‖ ≤ ‖ F0 (u0)− ta

n F
(

un

tn

)
‖ + ‖ ta

n F
(

un

tn

)
−F0 (un) ‖

(3.4)
≤ ε

2
+ ‖ F0 (u0)− ta

n F
(

un

tn

)
‖,

and taking the limit for n→ ∞, we obtain ε ≤ ε
2 , which is a contradiction. �

Proposition 3.3. The uni-valued duality map Jϕ is a-homogeneous iff ϕ is a-homogeneous.

Proof. Necessary. ∀u 6= 0, ∀t ≥ 0, Jϕ (tu) = ϕ(t‖u‖)
ϕ(‖u‖) Jϕ u (Proposition 2.2, 5◦), Jϕ (tu) = ta Jϕ

u, and by taking the norm, ϕ(t‖u‖) = ta ϕ(‖u‖), taking into account that u→ ‖u‖ takes all
the values from R+. Sufficient. Use the same formula. �

Thus, for p ∈ (1, +∞), −∆p and −∆s
p are (p − 1)-homogeneous maps on W1,p

0 (Ω)
(Propositions 2.39 and 2.43).

Proposition 3.4. If the Banach space is reflexive, smooth and has the property (H), then any duality
map Jϕ on X is strongly closed.

Proof. Let un
w→ u0 and Jϕ un → γ. We have

〈Jϕ un − Jϕ u0, un − u0〉 → 0,

but

〈Jϕ un − Jϕ u0, un − u0〉 ≥ [ϕ(‖un‖) − ϕ(‖u0‖)](‖un‖ − ‖u0‖) ≥ 0 (Proposition 2.2),

hence lim
n→∞

[ϕ(‖ un ‖) − ϕ(‖u0‖)](‖un‖ − ‖u0‖) = 0, which implies ‖un‖ → ‖u0‖ (see the

proof for Proposition 2.28). With X having the property (H), we obtain un → u0, which
implies (X is smooth reflexive⇒ Jϕ is semicontinuous, Corollary 2.3) that Jϕ un

w→ Jϕ u0
and hence Jϕ u0 = γ. �

Corollary 3.1. If the Banach space X is reflexive, smooth and has the property (H), any duality map
on X Jϕ that is a-homogeneous is a-quasi-homogeneous related to Jϕ.

Proof. Combine Propositions 3.1 and 3.4. �

We proceed to the basis proposition of this section. The conditions are slightly weak-
ened. Previously:
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Definition 3.3. The map f : X→ Y, where X and Y are normed spaces, is regularly surjective if it
is surjective and ∀R > 0 ∃r > 0 e.g.,

‖ f (x) ‖ ≤ R⇒ ‖x‖ ≤ r.

Proposition 3.5. Fredholm alternative. Let X and Y be real normed spaces, T: X → Y a(K, L,
a) and a-homogeneous bijection, odd with a continuous inversei and S: X→ Y an odd compact
a-homogeneous operator. Theni for any λ 6= 0, λT − S is regularly surjective iff λ is not an
eigenvalue for the couple (T, S).

Proof. Necessary. Let, ad absurdum, x0 6= 0 be from X such that

λT(x0) − S(x0) = 0. (3.5)

Multiplying (3.5) by ta, we obtain

λT(tx0) − S(tx0) = 0 (3.6)

and as lim
t→+∞

‖tx0‖ = +∞, (3.6) imposes (ad absurdum!) the conclusion that λT − S is not

regularly surjective, which is a contradiction.
Sufficient. Firstly, we prove that:

ρ := inf
||x||=1

‖ λT(x)− S(x) ‖ > 0. (3.7)

Assume, ad absurdum,
ρ = 0. (3.8)

With (3.8), we obtain a sequence (xn)n∈N, xn ∈ X,

‖xn‖ = 1 (3.9)

and
lim

n→∞
[λT(xn)− S(xn)] = 0. (3.10)

The sequence (xn) being bounded, (S(xn))n∈N has a subsequence (xkn ) convergent in Y,
and let γ = lim

n→∞
S(xkn ). However, T is surjective and λ 6= 0, so ∃ x0 ∈ X such that λT(x0) = γ,

and then, from (3.10),
lim

n→∞
λT(xkn) = λT(x0). (3.11)

From (3.11), T having a continuous inverse, we obtain

lim
n→∞

xkn = x0. (3.12)

(3.12) imposes, on the one hand, ‖x0‖
(3.9)
= 1 and, on the other hand, lim

n→∞
S(xkn ) = S(x0),

which, combined with (3.10) and (3.11), gives λT(x0) − S(x0) = 0, which is a contradiction,
and hence (3.7).

Thus, from (3.7), ∥∥∥∥λT
(

x
||x||

)
− S

(
x
||x||

)∥∥∥∥ ≥ ρ ∀x ∈ X\{0},

so
ρ‖x‖a ≤ ‖λT(x) − S(x) ‖ ∀x ∈ X\{0}. (3.13)
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From (3.13),
lim

||x ||→+∞
‖ λT(x)− S(x) ‖= +∞, (3.14)

from which one concludes that λT − S is surjective (see Proposition 2.1).
This surjectivity is regular. Indeed, assuming, ad absurdum, the contrary, we obtain

R > 0 such that ∀n ∈ N ∃x′n ∈ X, ‖x′n‖ > n and

‖ λT(x′n)− S(x′n) ‖ ≤ R. (3.15)

However, since lim
n→∞
‖x′n‖ = +∞, we have lim

n→∞
‖λT(x′n) − S(x′n)‖(3.14)

= +∞ and obtain a

contradiction with (3.15). �

Proposition 3.6. Let X be a real reflexive Banach space, smooth and having the property (H),
which is compactly embedded in the real Banach space Z, and N: Z→ Z* an a-homogeneous odd
semicontinuous operator. Then the operator λJϕ − N, with Jϕ being the duality map on X with ϕ(t)
= ta, λ 6= 0, is regularly surjective iff λ is not an eigenvalue for the couple (Jϕ, N) ([11]).

Explanation. In the expressions λJϕ − N and (Jϕ, N), N is actually i′ o N o i, i: X→ Z
linear compact injection, i′: Z*→ X* is its adjoint.

Proof ([11]). We apply Proposition 3.5 with T : = Jϕ, S : = i′ o N o i, correctly, as Jϕ is (K, L,
a) with K = L = 1, bijective with continuous inverse (Proposition 2.26), odd and S is odd,
a-homogeneous and compact (see the proof of Proposition 2.30). �

3.2. Applications
3.2.1. Application for the p-Laplacian and p-Pseudo-Laplacian

In Proposition 3.6, we now take (X, ‖ · ‖X) = (W1,p
0 (Ω), ‖ · ‖1, p), where p ∈ (1, +∞)

and Ω is an open bounded set of C1 class from Rn, n ≥ 2 (hence Jϕ = − ∆p, ϕ(t) = tp−1,
Proposition 2.39), (Z, ‖ · ‖Z) = (Lp(Ω), ‖ · ‖0,p), N: Lp(Ω)→ Lp′ (Ω), 1

p + 1
p′ = 1, Nu = |u|p−2

u.
W1,p

0 (Ω) is uniformly convex (Proposition 2.37) and hence also reflexive (Proposition
2.9) with the property (H), with its norm being Gâteaux differentiable (Corollary 2.6) and
hence smooth (Proposition 2.3). It is compactly embedded in Lp(Ω). For the last assertion,
we can mention the following:

Theorem 3.1. Let Ω be a bounded set of the C1 class. Then
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Concerning N, it is the duality map on Lp(Ω) relative to the weight t → tp−1 (see
the following Proposition 3.8); consequently, N is a homeomorphism of Lp(Ω) on Lp′ (Ω)
(Corollary 2.5), odd and (p − 1)-homogeneous.

We apply Proposition 3.6 in order to obtain the following statement [11,13].

Proposition 3.7. Let p be from (1, + ∞) and λ 6= 0. If

λ(−∆p u) = |u|p−2 u
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does not have a nonzero solution in W1,p
0 (Ω), then, for any h from W−1,p′(Ω), the equation

λ(−∆p u) = |u|p−2 u + h

has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Explanation. The term |u|p−2 u from (3.16) and (3.17) is actually considered to be its
image through a compact embedding of Lp′ (Ω) in W−1,p′(Ω) (use Schauder’s theorem).

Regarding the operator N, we can complete it with the following result.

Proposition 3.8. The duality map on Lp(Ω), p ∈ (1, +∞), of weight ϕ(t) = tp−1 is

Jϕ u = |u|p−1 sgn u, u ∈ Lp(Ω)

i.e.,
〈Jϕ u, h〉 =

∫
Ω

|u|p−1(sgnu)hdx ∀h ∈ Lp(Ω)

Proof. Let Ψ: Ψ(u) = 1
p ||u||

p
0,p. As Ψ(u) =

||u||0,p∫
0

ϕ(t)dt, we have (Proposition 2.2, 3◦)

Jϕ (u) = ∂Ψ(u).

However, Ψ′(u)(h) =
∫
Ω
|u|p−1(sgnu)hdx ∀h from Lp(Ω) ([46]), and thus the conclusion. �

Proposition 3.9. In the statement of Proposition 3.7, if p ∈ [2, +∞), then −∆p can be replaced
by −∆s

p ([11,13]).

Proof ([11,13]). In Proposition 3.6, we take (X, ‖ · ‖) = (W1,p
0 (Ω), u · u1, p) (see above),

and (Z, ‖ · ‖Z) = (Lp(Ω), ‖ · ‖0,p), N: Lp(Ω) → Lp′ (Ω), 1
p + 1

p′ = 1, Nu = |u|p−2 u, and

take into account that (W1,p
0 (Ω), u · u1,p) is uniformly convex (see also Proposition 2.42

and Corollary 2.7 above). The compact embedding of W1,p
0 (Ω) in Lp(Ω) is given by the

equivalence of the norms u · u1,p and ‖ · ‖1,p since u · u1,p is equivalent to the norm | · |1, p
(see the p-pseudo-Laplacian in Section 2.3.2). �

3.2.2. Another Application for p-Laplacian

Here, in Proposition 3.6, we take (X, ‖ · ‖X) = (W1,p
0 (Ω), ‖ · ‖1, p), where Ω is an open

bounded set of C1 class in Rn, n≥ 2, (Z, ‖ · ‖Z) = (Lp(Ω), ‖ · ‖0,p), N: Lp(Ω)→ Lp′ (Ω), 1
p + 1

p′

= 1, Nu = Nf u, Nf is the Nemytskii operator, with f : Ω × R→ R a Carathéodory function
which verifies

1◦ | f (x, s)| ≤ c1 |s|p–1 + β(x) ∀s ∈ R, ∀x ∈ Ω\A, µ(A) = 0, where c1 ≥ 0, β ∈ Lp′ (Ω);
2◦ f is odd and (p − 1)-homogeneous in the second variable.
Then, Nf is odd, (p − 1)-homogeneous and continuous (Proposition 2.46). We apply

Proposition 3.6 (see also Section 3.2.1 above) and obtain the following:

Proposition 3.10. Let p be from (1, +∞) and λ 6= 0. If

λ(−∆p u) = Nf u

has no nonzero solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω), then, for any h from W−1,p′(Ω),

the equation
λ(−∆p u) = f (·, u(·)) + h, x ∈ Ω
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has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω) ([11,13]).

Remark 3.1. This statement can be compared with Proposition 2.48 above.

Remark 3.2. Applications to real phenomena regarding the nonlinear elastic membrane with
p-Laplacian and with p-pseudo-Laplacian will be developed in the second part of this article.

4. Surjectivity to Different Homogeneity Degrees

The propositions in this section originate from another assertion of the author [11,15],
which generalizes a theorem of Fučik [42], but they are also based on other propositions
obtained by the author. Applications to partial differential equations (weak solutions) are
also given.

4.1. Theoretical Results

Proposition 4.1. Let X and Y be real normed spaces, X complete and reflexive, T: X→ Y (K, L,
a) bijection odd with continuous inverse and S: X → Y odd compact operator b-strongly quasi-
homogeneous relative to S0, b < a. For any λ 6= 0, the operator λT − S is surjective.

Remark 4.1. The author proposed this weakened version of the theorem from [42], i.e., with normed
space instead of Banach space, and bijection with continuous inverse instead of homeomorphism.

Proof. According to Corollary 2.2, it is sufficient to prove:

lim
||x||→+∞

||Sx||
||x||a

(
= lim
||x||→+∞

||Sx||
||x||a

)
= 0. (4.1)

Supposing, ad absurdum, the contrary, we obtain a sequence (xn)n∈N, xn ∈ X\{0}, lim
n→∞
‖xn‖

= +∞, for which
||S(xn)||
||xn||a

≥ ε0 ∀n in N, (4.2)

where ε0 > 0. With X being complete and reflexive, the bounded sequence (yn)n∈N, yn : =
xn
||xn || has a weakly convergent subsequence, one denotes this identically, yn

w→ y0. Then,

lim
n→∞

S(||xn||yn)

||xn||b
= S0 (y0)

and as lim
n→∞

||xn ||b
||xn ||a = 0, we obtain

lim
n→∞

||S(xn)||
||xn||a

= 0,

in contradiction with (4.2), and hence (4.1). �

An immediate consequence:

Proposition 4.2. Let X be a real reflexive Banach space and smooth with the property (H) which
is compactly embedded in the real Banach space Z and N: Z→ Z* odd semicontinuous and b-
homogeneous operator.
Then, for any λ 6= 0,

λJϕ − N,

Jϕ the duality map on X with ϕ(t) = ta, a > b, is surjective ([11,15]).
Clarification. In the expression λJϕ − N, N is actually (abbreviation!) the operator i′ o

N o i, i′ is the adjoint of i.
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Proof ([11,15]). Applying Proposition 4.1, with T = Jϕ (K = L = 1 is odd bijective with
continuous inverse (Proposition 2.26)), S : = i′ o N o i is odd, compact and b-homogeneous.
It remains only to prove that S is b-strongly quasi-homogeneous relative to S. Let tn

↓ 0 and un
w→u0, then tb

nS
(

un
tn

)
= S(un) and S(un) → S(u0): un

w→u0
i compact⇒ i(un) → i(u0)

N semicontinuous⇒ N(i(un)) w→N(i(u0))
i′ compact⇒ S(un)→ S(u0). �

4.2. Applications
4.2.1. First Application

We now take (X, ‖ · ‖X) = (W1,p
0 (Ω), ‖ · ‖1, p) with p ∈ (1, +∞) and (X, ‖ · ‖X) =

(W1,p
0 (Ω), u · u1,p) with p ∈ [2, +∞), respectively, and Ω is open bounded set of C1 class in

Rn, n ≥ 2, ϕ(t) = tp−1; hence Jϕ = −∆p (Proposition 2.39) and Jϕ = − ∆s
p (Proposition 2.43),

respectively, (Z, ‖ · ‖Z) = (Lq(Ω), ‖ · ‖0,q) with q ∈ (1, p), N: Lq(Ω)→ Lq′(Ω), Nu = |u|q−2

u, 1
q + 1

q′ = 1. N is odd, continuous (an even homeomorphism; see Proposition 3.8 and
Corollary 2.5 above) and (q − 1)-homogeneous, q − 1 < p − 1. Applying Proposition 4.2,
we obtain the following.

Proposition 4.3. Under the above conditions, for any λ 6= 0 and for any h from W−1,p′(Ω), there
exists u0 in W1,p

0 (Ω) such that

λ(−∆p)u0 = (i′ o N o i)u0 + h

and
λ(−∆s

p)u0 = (i′ o N o i)u0 + h

respectively ([11,15]).

4.2.2. Second Application

This second application of Proposition 4.2 is made by replacing the operator N from
Proposition 4.3 with Nf, the Nemytskii operator. More precisely, we take N: Lq(Ω)→ Lq′(Ω),
N = Nf, with f : Ω × R→ R odd Carathéodory function and (q − 1)-homogeneous in the
second variable, which verifies the growth condition

|f (x, s)| ≤ c1 |s|q−1 + β(x) ∀s in R, ∀x in Ω\A, µ(A) = 0,

where c1 ≥ 0, β ∈ Lq′(Ω).
Then, Nf is odd, (q − 1)-homogeneous and continuous (Proposition 2.46), and one can

apply Proposition 4.2 to obtain:

Proposition 4.4. Under the above conditions, for any λ 6= 0 and for any h in W−1,p′(Ω), there
exists u0 in W1,p

0 (Ω) such that

λ(−∆p)u0 = (i′ o Nf o i)u0 + h

and
λ(−∆s

p)u0 = (i′ o Nf o i)u0 + h

respectively ([11,15]).

Remark 4.2. Applications to models of real phenomena involving a nonlinear elastic membrane
and a nonlinear elastic membrane with p-Laplacian and the p-pseudo-Laplacian will be provided in
the second part of this work.
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5. Weak Solutions Starting from Ekeland Variational Principle
5.1. Critical Points and Weak Solutions for Elliptic Type Equations

The theoretical results in the following two subsections were obtained by the author
in [17].

5.1.1. Theoretical Support

In order to introduce the first result, theoretical support will be given, starting with:

Ekeland Principle. Let (X, d) be a complete metric space and ϕ: X→ (−∞, +∞] bounded from
below, lower semicontinuous and proper. For any ε > 0 and u of X with

ϕ(u) ≤ inf ϕ(X) + ε

and for any λ > 0, there exists vε in X such that

ϕ(vε) < ϕ(w) +
ε

λ
d(vε, w) ∀w ∈ X\{vε}

and
ϕ(vε) ≤ ϕ(u), d(vε, u) ≤ λ

([22,63,64]).

We continue with the following:

Definition 5.1. Let X be a real normed space, β a bornology (Definition 2.3) on X, and let ϕ: X
→ R. Let c be in R and F a nonempty subset of X. ϕ verifies the Palais-Smale condition on level c
around F (or relative to F), (PS)c,F, with respect to β, when ∀(un)n≥1 a sequence of points in X for
which

lim
n→∞

ϕ(un) = c, lim
n→∞
||∇βϕ(un)|| = 0 and lim

n→∞
dist(un, F) = 0, (5.1)

this sequence has a convergent subsequence.

To clarify the above notation, see Definition 2.3 regarding the β-derivative.
Let us introduce the definition of the metric gradient in order to provide other obser-

vations related to this central notion for the following statement.

Definition 5.2. In a real normed space X, consider the Gâteaux-differentiable functional f : X→ R.
The metric gradient of f is the multiple-valued mapping:

∇ f : X → P (X), ∇ f (x) = i−1 J∗ f ′w(x),

where J∗: X*→ P (X**) is the duality mapping on X* corresponding to the identity, and i is the
canonical injection of X into X**: i(x) = x**, 〈x**, x*〉 = 〈x*, x〉, ∀x* ∈ X*.

Consequently, for any x ∈ X: ∇f (x) = {y ∈ X: i(y) ∈ J∗ f ′w(x)} = {y ∈ X: 〈i(y), f ′w(x)〉 =
〈 f ′w(x), y〉 = ‖ f ′w(x)‖2, ‖i(y)‖ = ‖y‖ = ‖ f ′w(x)‖}. If X is reflexive, for any x ∈ X, ∇f (x) is
nonempty. X** being strictly convex, J∗ is single-valued. So, if X is reflexive and strictly
convex, then ∇f : X→ X, ∇f (x) = i−1 J∗ f ′w(x), and the following equalities hold:〈

f ′w (x), ∇ f (x)〉 = || f ′w(x)||2, ||∇ f (x)|| = || f ′w(x)||.

Through the minimization of a functional on F (minimization with constraints), its global
critical points may be obtained.

As a preliminary, we generalize some results from [65] by introducing Banach space
instead of Hilbert space and Gâteaux differentiability instead of C1-class Fréchet.
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Proposition 5.1. Let X be real reflexive strictly convex Banach space, let ϕ: X → R be lower
semicontinuous and Gâteaux differentiable and let F be a closed subset of X such that for every u
from F with the metric gradient ∇ϕ (u) 6= 0, for sufficiently small r > 0,(

u− δ
∇ϕ(u)
||∇ϕ(u)||

)
∈ F, ∀δ ∈ [0, r]. (5.2)

Then, if ϕ is lower bounded on F, for every (vn)n≥1 a minimizing sequence for ϕ on F, there
exists a sequence (un)n≥1 in F such that

‖ϕ′(un)‖ ≤
√
εn, (5.3)

ϕ(un) ≤ ϕ(vn) ∀n (5.4)

lim
n→∞
‖un − vn‖ = 0, (5.5)

where εn > 0 and εn → 0 .

Remark 5.1. This result is reported in [65] as Lemma 9 in the frame of Hilbert spaces having
the function ϕ of the Fréchet C1 class, but the condition (5.3) is more complicated due to another
condition imposed on the set F.

Proof. Denote c : = inf ϕ(F) and let n be from N. For εn : = ϕ(vn)− c + 1
n , hence εn > 0, we

have ϕ(vn) < c + εn. We apply the enounced Ekeland principle with λ =
√
εn, ∃un in F, with

known properties. Thus, we obtain the sequence (un)n≥1 satisfying (5.4), (5.5) (||un − vn||
≤ √εn, εn → 0) and

ϕ(v) ≥ ϕ(un)−
√

εn||v− un|| ∀v ∈ F. (5.6)

Next, we verify (5.3). It is sufficient to work under the assumption that ||ϕ′w(un)|| > 0
∀n. Thus, we apply the hypothesis made in the statement with respect to F with u = un

and, denoting, for δ ∈ (0, r], vδ := un − δ ∇ϕ(un)
||∇ϕ(un)|| (∈ F), replace vδ in (5.6) and find

√
εn||vδ − un|| ≥ ϕ(un)−ϕ(vδ),

multiply this inequality by 1
δ , δ > 0, and take the limit for δ→ 0+ in order to keep the sense

of the inequality. We remark that lim
δ→0

vδ = un; lim
δ→0

||vδ−un ||
δ = lim

δ→0

δ
||∇ϕ(un)||
||∇ϕ(un)||

δ = 1. Consider that

the existence of the limit for δ→ 0 implies the existence of the limit for δ→ 0±, together

with their equality, lim
δ→0+

ϕ(un)−ϕ(vδ)
δ = lim

δ→0+

ϕ
(

un−δ
∇ϕ(un)
||∇ϕ(un)||

)
−ϕ(un)

−δ = ϕw
′(un)

(
∇ϕ(un)
||∇ϕ(un)||

)
=

1
||∇ϕ(un)|| 〈ϕw

′(un),∇ϕ(un)〉 = 1
||∇ϕ(un)||||ϕ′w(un)||2 = ||ϕ′w(un)||; taking into account

the definition of the Gâteaux derivative and the above considerations on the metric gradient,
(5.3) is also fulfilled. �

Remark 5.2. The Gâteaux derivative from the above statement can be replaced by any β-derivative,
and the result remains the same. In the case of the Fréchet derivative, the condition “ϕ lower
semicontinuous” must be removed from the statement.

Notation. ϕ: X→ R is β-differentiable, c ∈ R⇒

Kc(ϕ) :=
{

x ∈ X : ϕ(x) = c, ∇βϕ(x) = 0
}

.

Proposition 5.2. Let X be a real reflexive strictly convex Banach space and ϕ: X → R lower
semicontinuous and Gâteaux differentiable and let F be a nonempty convex closed subset such that
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(I −∇ϕ)(F) ⊂ F, where I is the identity map. If ϕ is lower bounded on F, then for every (vn)n≥1, a
minimizing sequence for ϕ on F, there is a sequence (un)n≥1 in F such that

ϕ(un) ≤ ϕ(vn) ∀n, lim
n→∞
‖un − vn‖ = 0, lim

n→∞
‖ϕ′w(un)‖ = 0.

Moreover, if ϕ satisfies (PS)c,F, where c = inf ϕ(F), then

F ∩ Kc(ϕ) 6= ∅.

Proof. Applying Proposition 5.1, (5.2) is satisfied; indeed, if u ∈ F and ϕ′w(u) 6= 0, then, F
being convex,

u− δ ∇ϕ(u)||∇ϕ(u)|| =
(

1− δ

||ϕ′w(u)||

)
u +

δ

||ϕ′w(u)||
(I −∇ϕ) (u) ∈ F.

Let (un)n≥1 be the sequence given by the statement. c ≤ ϕ(un) ≤ ϕ(vn) ∀n, hence ϕ(un)→

c. ||ϕ′w(un)||
(5.3)
≤ √εn, hence ||ϕ′w(un)|| → 0 , clearly dist (un, F) = 0, and consequently,

(un)n≥1 has a convergent subsequence (ukn)n≥1, ukn → u0 ∈ F . This implies ||ϕ′w(ukn)|| →
||ϕ′w(u0)|| = 0 and thus u0 is a global critical point of ϕ contained in F. �

5.1.2. Weak Solutions

Open set of C1 class in RN. We use the following notations (the norm is that Euclidean
from RN−1): RN

+ = {x = (x′, xN): xN > 0}, Q = {x = (x′, xN) : ‖x′ ‖ < 1, |xN| < 1}, Q+ = Q
∩ RN

+, Q0 = {x = (x′, xN): ‖x′‖ < 1, xN = 0}. Let Ω be an open nonempty set in RN, Ω 6= RN

and ∂Ω its boundary. By definition, Ω is of C1 class if ∀x from ∂Ω ∃U is a neighborhood of
x in RN and f : Q→ U is bijective such that f ∈ C1(Q), f−1 ∈ C1(U), f (Q+) = U ∩ Ω, and

f (Q0) = U ∩ ∂Ω.

Weak solution. Let Ω be an open bounded nonempty set in RN, N > 1, f : Ω × RN → R,
and u0 ∈W1,p

0 (Ω). Consider the problems:

(∗)
{
−∆pu = f (x, u), x ∈ Ω

u = 0 on ∂Ω,

and

(∗∗)
{
−∆s

pu = f (x, u), x ∈ Ω
u = 0 on ∂Ω.

The equality u = 0 on ∂Ω for both problems is in the sense of the trace (Definition 2.8). u
from X = W1,p

0 (Ω) is, by definition, a weak solution for (∗) and (∗∗) if u = 0 on ∂Ω in the sense
of the trace and ∫

Ω

|∇u|p−2∇u · ∇vdx−
∫
Ω

f (x, u(x))vdx = 0 ∀v ∈ W1,p
0 (5.7)

and
n

∑
i=1

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂v
∂xi

dx−
∫
Ω

f (x, u(x))vdx = 0 ∀v ∈ W1,p
0 (5.8)

respectively.

Remark 5.3. Here, ∇w is the weak gradient (see Section 2.3.1 here and what follows). X : =
W1,p

0 (Ω) is endowed in the first case (∗) with the norm ‖ · ‖1, p that was defined in Section 2.3.1,
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which is equivalent to the norm u→
(
||u||pLp(Ω)

+
n
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

(also highlighted there). For

the second case (∗∗), equip the same vector space with the norm u→ uuu1,p =
(

n
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

,

which is equivalent to u→ |u|1, p =
n
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

(Section 2.3.2).

For the Nemytskii operator, see also Section 2.3.1 and suppose now that µ(Ω) < +∞.
Then,

un(x)
µ→

x∈Ω
u0 (x) ⇒ Nfun(x)

µ→
x∈Ω

Nfu0(x).

Assume that f satisfies the growth condition:

| f (x, s)| ≤ c |s|p−1 + b(x), ∀x ∈ Ω\A with µ(A) = 0, ∀x ∈ R,

where c≥ 0, p > 1 and b ∈ Lq(Ω), q ∈ [1, +∞]. Then Nf (Lq(p−1)(Ω))⊂ Lq(Ω); Nf is continuous
(q < +∞) and bounded on L(p−1)q(Ω) (Proposition 2.46). If Ω is bounded and 1

p +
1
q = 1, then

Nf(Lp(Ω)) ⊂ Lq(Ω) with Nf continuous; moreover, NF(Lp(Ω)) ⊂ L1(Ω), with NF continuous

(ibidem), where F(x, s) =
s∫

0
f (x, t)dt, and Φ: Lp(Ω)→ R, Φ(u) =

∫
Ω

F(x, u(x))dx is of Fréchet

C1 class and Φ′ = Nf [65], so it is also Gâteaux differentiable.

Theorem 5.1. Let Ω be an open bounded nonempty set in RN and f : Ω × R→ R a Carathéodory
function with the growth condition:

|f (x, s)| ≤ c|s|p−1 + b(x), (5.9)

where c > 0, 2 ≤ p ≤ 2N
N−2 when N ≥ 3 and 2 ≤ p < +∞ when N = 1, 2, and where b ∈ Lq(Ω),

1
p + 1

q = 1.

Then, the energy functional ϕ : W1,p
0 (Ω)→ R, and

ϕ(u) =
1
p
||u||p1,p −

∫
Ω

F(x, u(x))dx, f or the problem (∗) (5.10)

and
ϕ(u) =

1
p
uuu

p
1,p−

∫
Ω

F(x, u(x))dx, f or the problem (∗∗), (5.11)

where F(x, s) =
∫ s

0 f (x, t)dt is Gâteaux differentiable on W1,p
0 (Ω)\{0} and, respectively,

ϕ′w(u)(v) =
∫

Ω
|∇u|p−2∇u · ∇vdx−

∫
Ω

f (x, u(x))vdx, ∀u, v ∈W1,p
0 (Ω) (5.12)

and

ϕ′w(u)(v) =
N

∑
i=1

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂v
∂xi

dx−
∫

Ω
f (x, u(x))vdx, ∀u, v∈W1,p

0 (Ω). (5.13)

Proof. One may consider ϕ, in both cases, to be the sum of two other functions. The
second of these functions being Gâteaux differentiable (see the above considerations), it is
sufficient to remark that the maps u→ 1

p ||u||
p
1,p and u→ 1

p uuu
p
1,p are also Gâteaux differen-

tiable on W1,p
0 (Ω)\{0} (Propositions 2.39 and 2.43) and then ϕ is Gâteaux differentiable on

W1,p
0 (Ω)\{0}. �
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Corollary 5.1. Let Ω and f be as in Theorem 5.1 above. Then the weak solutions of (∗) and (∗∗) are
precisely the critical points of the functional ϕ : W1,p

0 (Ω)→ R, respectively:

ϕ(u) =
1
p
||u||p1,p −

∫
Ω

F(x, u(x))dx, F(x, s) :=
∫ s

0
f (x, t)dt

and
ϕ(u) =

1
p
uuu

p
1,p−

∫
Ω

F(x, u(x))dx, F(x, s) :=
∫ s

0
f (x, t)dt.

Proof. Indeed, if u is a weak solution of (∗) and (∗∗), then ϕ′w(u)(v) = 0 ∀v ∈ W1,p
0 (Ω)

((5.7) and (5.8) respectively (Theorem 5.1)), hence, ϕ′w(u) = 0. The inverse assertion is
obvious. �

Weak subsolutions and weak supersolutions of (∗) and (∗∗). Let Ω be an open bounded set
of C1 class in RN, N ≥ 3, f : Ω × R→ R a Carathéodory function and let u ∈W1,p

0 (Ω). u is
a weak subsolution and a weak supersolution, respectively, of (∗) or (∗∗) if

u ≤ 0 on ∂Ω and u ≥ 0 on∂Ω, respectively, and


∫
Ω
|∇u|p−2∇u · ∇vdx ≤

∫
Ω

f (x, u(x))vdx ∀v ∈W1,p
0 (Ω), v ≥ 0

respectively∫
Ω
|∇u|p−2∇u · ∇vdx ≥

∫
Ω

f (x, u(x))vdx ∀v ∈W1,p
0 (Ω), v ≥ 0.

(5.14)

or 

n
∑

i=1

∫
Ω

∣∣∣ ∂u
∂xi

∣∣∣p−2
∂u
∂xi

∂v
∂xi

dx ≤
∫
Ω

f (x, u(x))vdx ∀v ∈W1,p
0 (Ω), v ≥ 0

respectively
n
∑

i=1

∫
Ω

∣∣∣ ∂u
∂xi

∣∣∣p−2
∂u
∂xi

∂v
∂xi

dx ≥
∫
Ω

f (x, u(x))vdx ∀v ∈W1,p
0 (Ω), v ≥ 0.

(5.15)

Proposition 5.3. Let Ω be an open bounded set of C1 class in RN, N ≥ 3, and let f : Ω × R→
R be a Carathéodory function and u1 and u2 from W1,p

0 (Ω) bounded weak subsolution and weak
supersolution of (∗), respectively, with u1 (x) ≤ u2 (x) a.e. on Ω. Suppose that f verifies (5.9) and
there is ρ > 0 such that the function g: g(x, s) = f (x, s) + ρs is strictly increasing in s on [inf u1(Ω),
supu2(Ω)]. Then there is a weak solution u of (∗) in W1,p

0 (Ω) with the property

u1(x) ≤ u(x) ≤ u2(x) a.e. on Ω.

Proof. Taking the equivalent norm on X = W1,p
0 (Ω), we obtain

||u|| =
(

ρ||u||pLp(Ω)
+

n

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥p

Lp(Ω)

) 1
p

.

Considering the functional ϕ: W1,p
0 (Ω)→ R,

ϕ(u) =
1
p
||u||p −

∫
Ω

G(x, u(x))dx, G(x, s) :=
s∫

0

g(x, t)dt. (5.16)

where ϕ is Gâteaux differentiable, and its critical points are the weak solutions of (∗) (see
Corollary 5.1 above). ϕ is also lower-bounded, with the norm on Lp(Ω) actually being of
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Fréchet C1 class (see, for instance, [43], Volume 2). Use Proposition 5.2, (X, ‖ · ‖) being a
reflexive strictly convex Banach space (see Section 2). Let

F : = {u ∈ W1,p
0 (Ω) : u1(x) ≤ u(x) ≤ u2(x) a.e. on Ω}.

F is closed convex. We also obtain

(I − ∇ϕ)F ⊂ F.

Here, ∇ϕ denotes the metric gradient of ϕ. Since (X, ‖ · ‖) is reflexive and strictly convex
(see in Section 2),∇ϕ is thus uni-valued, and it has the above-described properties. Indeed,
let u be in F and v := (I − ∇ϕ)(u). We should prove that v ∈ F. v = u − ∇ϕ(u) ∈
W1,p

0 (Ω) and u1(x) ≤ v(x) ≤ u2(x). Since the definition relation of the subsolution for u1

actually means ϕw
′(u1)(w) ≤ 0 ∀w in W1,p

0 (Ω) with w(x) ≥ 0 almost everywhere (a.e.) on
Ω, and that of the supersolution for u2 is ϕw

′(u2)(w) ≥ 0 ∀w in W1,p
0 (Ω), verifying w(x)

≥ 0 a.e. on Ω, we will prove that v(x) − u1(x) ≥ 0 a.e. on Ω and u2(x) − v(x) ≥ 0 a.e.
on Ω using the Gâteaux derivatives of ϕ in u1 and u2, respectively. ϕw

′(u1)(v − u1) =
ϕw
′(u1)(u1 − u) − ϕw

′(u1)(∇ϕ(u)) ≤ −ϕw
′(u1)(∇ϕ(u)) ≤ −ϕw

′(u)(∇ϕ(u)) = −‖ϕw
′(u)‖2

≤ 0 (take into account that u1 ≤ u,ϕw
′(u1) is a linear map and some properties of the metric

gradient). Also ϕw
′(u2)(u2 − v) = ϕw

′(u2)(u2 − v) + ϕw
′(u2)(∇ϕ(u)) ≥ ϕw

′(u2)(∇ϕ(u)) ≥
ϕw
′(u)(∇ϕ(u)) = ‖ϕw

′(u)‖2 ≥ 0. ϕ is lower bounded on F, ϕ being continuous, actually
(for this assertion, see Section 2). Until now, applying Proposition 5.2, for every (vn)n≥1, a
minimizing sequence for ϕ on F, there is a sequence (un)n≥1 in F such that ϕ(un) ≤ ϕ(vn)
∀n, lim

n→∞
||un − vn|| = 0, lim

n→∞
||ϕ′w(un)|| = 0. So lim

n→∞
ϕ(un) = c and since c : = inf ϕ(F),

we have lim
n→∞
||ϕ′w(un)|| = 0 already, and the last property from the (PS)c,F condition is

verified. To finish the proof, we once again apply Proposition 5.2. �

Example 1. Consider the problem (Ω is an open bounded set of C1 class in RN, N ≥ 3){
−∆pu = α(x) u |u|p−2on Ω,
u = 0 on ∂Ω,

(5.17)

where p = 2N
N−2 and α is continuous with 1 ≤ α(x) ≤ a < +∞ on Ω. Then u1 : = 1 is a weak

subsolution, u2 : = M, M > 1 sufficiently big, is a weak supersolution, |f (x, s)| ≤ a|s|p−1

(condition (5.9)), and s→ α(x)s|s|p−2 + s is increasing in s on [1, M]; consequently, according to

Proposition 5.3, (5.17) has a weak solution
−
u with 1 ≤ u(x) ≤M a.e. on Ω.

Proposition 5.4. Let Ω be an open bounded set of C1 class in RN, N ≥ 3, and f : Ω × R→ R a
Carathéodory function and u1, u2 from W1,p

0 (Ω) bounded weak subsolution and weak supersolution
of (∗∗), respectively, with u1 (x) ≤ u2 (x) a.e. on Ω. Suppose that f verifies (5.9) and there is ρ > 0
such that the function g: g(x, s) = f (x, s) + ρs is strictly increasing in s on [inf u1(Ω), sup u2(Ω)].
Then there is a weak solution u of (∗∗) in W1,p

0 (Ω) with the property

u1(x) ≤ u(x) ≤ u2(x) a.e. on Ω.

Proof. We follow, step by step, the above proof for Proposition 5.3 considering the real
reflexive strictly convex Banach space X = W1,p

0 (Ω) endowed with the norm u→ uuu1, p =(
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

or the equivalent norm u→ u1,p =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

, which are both also

equivalent to the other two norms used in Remark 5.3. The functionϕ is from (5.11), having
the weak derivative given in Theorem 5.1. Using similar calculus, we obtain a similar
conclusion. �
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Example 2. Consider the problem (Ω is an open bounded set of the C1 class in RN, N ≥ 3){
−∆s

pu = α(x) u |u|p−2on Ω,
u = 0 on ∂ Ω ,

(5.18)

where p = 2N
N−2 and α is continuous with 1 ≤ α(x) ≤ a < +∞ on Ω. Then, u1 : = 1 is a weak

subsolution, u2 : = M, M > 1 being sufficiently big, is a weak supersolution, |f (x, s)| ≤ a|s|p−1

(condition (5.9)), and s→ α(x)s|s|p−2 + s is increasing in s on [1, M]; consequently, according to
Proposition 5.8, (5.18) has a weak solution u with 1 ≤ u(x) ≤M a.e. on Ω.

Remark 5.4. The results from Sections 5.1.1, 5.1.2 and 5.2.1 have been reported by the author
in [17].

Remark 5.5. Applications to real phenomena, as well as an application in glaciology, a nonlinear
elastic membrane, the pseudo-torsion problem and a nonlinear elastic membrane with the p-pseudo-
Laplacian, will be presented in the second part of this article.

5.2. Critical Points for Nondifferentiable Functionals
5.2.1. Theoretical Results

The meaning of the title is actually “not compulsory differentiable”. We start this
section with the following:

Definition 5.3. x0 is a critical point (in the sense of the Clarke subderivative) for the real function f
if 0 ∈ ∂ f (x0). In this case, f (x0) is a critical value (in the sense of the Clarke subderivative) for f.
To clarify this notion, the Clarke derivative should be introduced. Let X be a real normed space, E ⊂
X, f : E→ R, x0 ∈

o
E and v ∈ X. We set

f 0(x0; v) := lim
x→ x0
t→ 0+

f (x + tv)− f (x)
t

.

The upper limit obviously exists. f 0 (x0; v) is by definition the Clarke derivative (or the generalized
directional derivative) of the function f at x0 in the direction v. The functional ξ from X* is by
definition Clarke subderivative (or generalized gradient) of f in x0 if f 0 (x0; v) ≥ ξ(v) ∀v ∈ X. The
set of these generalized gradients is designated as ∂ f (x0).

Here it is a generalization at p-Laplacian and p-pseudo-Laplacian of an application of
this concept from [66].

Let Ω be a bounded domain of RN with the smooth boundary ∂Ω (topological bound-
ary). Consider the nonlinear boundary value problems (∗) and (∗∗) from Section 5.1.2
above, where f : Ω × R→ R is a measurable function with subcritical growth, i.e.,

(I) |f (x, s)| ≤ a + b|s|σ ∀s ∈ R, x ∈ Ω a.e.,

where a, b > 0, 0 ≤ σ < N+2
N−2 for N > 2 and σ ∈ [0, +∞) for N = 1 or N = 2.

Set [67]:
f (x, t) = lim

s→t

f (x, s), f (x, t) = lim
s→t

f (x, s).

Suppose

(II) f and f : Ω × R → R are measurable with respect to x.

We emphasize that (II) is verified in the following two cases:
1◦ f is independent of x;
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2◦ f is Baire measurable and s→ f (x, s) is decreasing ∀x ∈ Ω, in which case we have:

f (x, t) = max{ f (x, t+), f (x, t−)}, f (x, t) = min { f (x, t+), f (x, t−)}.

Definition 5.4. u from W1,p
0 (Ω), p > 1, is solution of (∗) and (∗∗) if u = 0 on ∂ Ω in the sense of

the trace (see in Section 2.3.2 above) and

−∆p u(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.19)

and
−∆s

pu(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.20)

respectively.

Let X : = W1,p
0 (Ω), but in the first case (∗), the norm endowing X is ‖ · ‖1, p i.e.,

‖u‖1, p
notation
= ||u||

W1,p
0 (Ω)

=||u||Lp(Ω)+
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

, which is equivalent to the norm u →(
||u||pLp(Ω)

+
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

. For the second case (∗∗), equip (also as previously) the

same set X with the norm u → uuu1,p =
(

N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

, which is equivalent to u →

|u|1, p =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

.

Associate with (∗) the locally Lipschitz functional Φ : X→ R,

Φ(u) =
1
p
‖ u ‖p

1,p −
∫
Ω

F(x, u)dx, u ∈ X, (5.21)

and associate with (∗∗)

Φ(u) =
1
p
uuu

p
1,p−

∫
Ω

F(x, u)dx, u ∈ X, (5.22)

where F(x, s) =
s∫

0
f (x, t)dx. Set

Q(u) : =
1
p
‖ u ‖p

1,p, u ∈ X, Ψ1 (u) : =
∫
Ω

F(x, u)dx, u ∈ X, (5.23)

and
Q(u) : =

1
p
uuu

p
1,p, u ∈ X, Ψ1 (u) : =

∫
Ω

F(x, u)dx, u ∈ X, (5.24)

respectively, where F, a map defined on Ω × R, taking values in R, is locally Lipschitz (use
(I)). The functional Ψ: Lσ+1(Ω)→ R, Ψ(u) =

∫
Ω

F(x, u)dx, is also locally Lipschitz (again (I)).

Using the Sobolev embedding X ⊂ Lσ+1(Ω), we find that Ψ1: = Ψ|X is locally Lipschitz on
X, which implies that Φ is locally Lipschitz on X, and consequently, according to a local
extremum result for Lipschitz functions (if x0 is a point of local extremum for f, then 0 ∈ ∂ f
(x0)), the critical points of Φ for Clarke subderivative can be taken into account. One may
state:
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Proposition 5.5. Suppose (I) and (II) are satisfied. Then Ψ is locally Lipschitz on Lσ+1 (Ω) and
(i) ∂ Ψ (u) ⊂ [ f (x, u (x)), f (x, u (x))] in Ω a.e.

(ii) If Ψ1 = Ψ|X, where X = W1,p
0 (Ω) endowed with the norm ‖ · ‖1, p for the problem (∗) and

u · u1, p for the problem (∗∗), respectively, then

∂ Ψ1 (u) ⊂ ∂ Ψ (u) ∀u ∈ X.

Proof. The proof for (i) can be found in [67], Theorem 2.1, which remains the same here,
while the problem was solved for the Laplacian with X = H1

0(Ω) only. In order to prove (ii),
we use 2.2 from [67], observing for both cases (X is endowed with each one from those two
norms) that X is reflexive and dense in Lσ+1(Ω), as can be seen, for instance, in Section 2,
where they are summarized. �

Proposition 5.6. If (I) and (II) are verified, every critical point of Φ is a solution for (∗) and (∗∗),
respectively.

Proof. Problem (∗). Let u0 be a critical point for Φ. We have

0 ∈ ∂ Φ(u0) ⊂ ∂ Q(u0) + ∂ (−Ψ1)(u0) (5.25)

since Φ
(5.21)
= Q − Ψ1, and we apply some rules of subdifferential calculus concerning finite

sums. ∂ Q(u0) = {Q′(u0)}, where Q′(u0)(v) =
∫
Ω
|∇u0|p−2 · ∇vdx = 〈−∆p u0 , v〉 (Section 2).

Using (5.25) and a specific property of a function f Lipschitz around x0 (f 0 (x0; v) =
sup

ξ∈∂ f (x0)

ξ(v), ∀v ∈ X, f 0 the Clarke derivative of f ), we find

0 ≤
∫
Ω

|∇u0|p−2 · ∇vdx + (−Ψ1)0 (u0; v).

However, (−Ψ1)0 (u0; v) = Ψ0
1(u0; −v) (a property of the Clarke derivative; see [22]), and

thus, ∫
Ω

|∇u0|p−2 · ∇(−v)dx ≤ Ψ0(u0; −v) ∀v ∈ X;

that is,
µ0 (v) : =

∫
Ω

|∇u0|p−2 · ∇vdx ≤ Ψ0
1(u0; v) ∀v ∈ X,

µ0 = −∆p u0 ∈ ∂ Ψ1 (u0) and, using Proposition 5.5, −∆p u0 ∈ ∂ Ψ(u0). Since ∂ Ψ(u0) ⊂
(Lσ+1(Ω))* = L(σ+1)/σ(Ω), we obtain u0 ∈W2, (σ+1)/σ(Ω) and (5.19):

−∆p u0 (x) ∈ [ f (x, u0(x)), f (x, u0(x))] in Ω a.e.

Problem (∗∗). Let u0 be a critical point for Φ. We have

0 ∈ ∂ Φ(u0) ⊂ ∂ Q(u0) + ∂(−Ψ1)(u0) (5.26)

since Φ
(5.22)
= Q − Ψ1, and we apply some rules of subdifferential calculus concerning finite

sums (Section 2).

∂ Q(u0) = {Q′(u0)}, where Q′(u0)(v) =
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂v
∂xi

dx =
〈

∆s
pu0, v

〉
.
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Using (5.26) and a mentioned property of a function f Lipschitz around x0, we find

0 ≤
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂v
∂xi

dx + (−Ψ1)0 (u0; v).

However, (−Ψ1)0 (u0; v) = Ψ0
1(u0; −v) (a property of the Clarke derivative, see [22]), and

thus,
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂(−v)
∂xi

dx ≤ Ψ0 (u0;−v) ∀v ∈ X;

that is

µ0 (v) : =
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂v
∂xi

dx ≤ Ψ 0
1 (u0, v) ∀v ∈ X,

µ0 = −∆s
pu0 ∈ ∂ Ψ1(u0) and, using Proposition 5.5, −∆s

pu0 ∈ ∂ Ψ(u0). Since ∂ Ψ(u0) ⊂
(Lσ+1(Ω))* = L(σ+1)/σ(Ω), we obtain u0 ∈W2, (σ+1)/σ(Ω) and (5.20),

−∆s
pu0 (x) ∈ [ f (x, u0(x)), f (x, u0(x))] in Ω a.e.

�

Remark 5.6. Some applications to characterize the solution of the modeling given in [68] and
solutions using this kind of definition for Dirichlet problems derived from the previously presented
problems of the movement of glacier, nonlinear elastic membrane, pseudo-torsion problem or a
nonlinear elastic membrane with the p-pseudo-Laplacian will be developed in Part two of this article.

5.3. Other Solutions

The results from this section have been obtained by the author in [18].

5.3.1. Basic Results

Let us now consider the two problems (∗) and (∗∗) from the above two subsections,
but the boundary condition is now by Bu = 0 instead of u = 0. Once again, we take the
function f as in Section 5.2.1 with the corresponding f and f , as was performed there.

Definition 5.5. u from W2,p(Ω), p > 1, is solution of (∗) and (∗∗) from this section if Bu = 0 on ∂
Ω in the sense of the trace (whose meaning is introduced above) and

−∆p u(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.27)

and
–∆s

pu(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.28)

respectively.

We now continue with some necessary results on Lipschitz functions and Palais-Smale
type conditions. First, we provide some comments related to the Clarke derivative. From
Definition 5.3, the Clarke derivative is:

f 0(x0; v) = inf
V ∈ V(x0)

r ∈ (0, + ∞)

sup
x ∈ V

t ∈ (0, r)

f (x + tv)− f (x)
t

. (5.29)
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Proposition 5.7. Let f be Lipschitz around x0 with the constant L. Then
1◦ the function v→ f 0 (x0; v) has values in R, is positive homogeneous and subadditive on X

and ∣∣∣ f 0(x0; v)
∣∣∣ ≤ L‖v‖ ∀v ∈ X;

2◦ f 0 (x0; − v) = (− f )0 (x0; v) ∀v ∈ X, λ ≥ 0⇒ (λ f )0 (x0; v) = λ f 0 (x0; v) ∀v ∈ X;
3◦ v→ f 0 (x0; v) is Lipschitz on X with the constant L [69].

Proof. 1◦ f 0 (x0; v) ∈ R. For x near x0 and with t strictly positive near 0, we have∣∣∣∣ f (x + tv)− f (x)
t

∣∣∣∣ ≤ 1
t

L ‖ tv ‖= L ‖ v ‖ . (5.30)

From (5.30), we obtain ∣∣∣ f 0(x0; v)
∣∣∣ ≤ L‖ v ‖ and so f 0 (x0; v) ∈ R. (5.31)

Indeed, suppose ad absurdum that f 0 (x0; v) > L‖v‖, for instance. Then, with ∀V from V
(x0) and ∀r from (0, +∞), we have

sup
x ∈ V

t ∈ (0, r)

f (x + tv)− f (x)
t

> L ‖ v ‖,

in contradiction with (5.30).
v→ f 0(x; v) is positive homogeneous. Since f 0 (x0; 0) = 0, let λ > 0. Then, f 0 (x0; λv) =

λ lim
x→ x0
λt→ 0+

f (x+tλv)− f (x)
λt , etc.

v→ f 0(x; v) is subadditive.
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2◦ f 0(x0;−v) = lim

x→ x0
t→ 0+

f (x−tv)− f (x)
t

u=x−tv
= lim

u→ x0
t→ 0+

(− f )(u+tv)−(− f )(u)
t = (−f )0 (x0;

v), since lim
x→ x0
t→ 0+

(x− tv) = x0. For the second statement, we use Formula (5.29).

3◦ Let v and w be arbitrary in X. For x near x0 and with t strictly positive near 0, we
have

f (x0 + tv)− f (x0) ≤ f (x0 + tw)− f (x0) + Lt‖v− w‖.

Dividing by t and taking the upper limit for x→ x0 and t→ 0+, one finds:

f 0(x0; v) ≤ f 0(x0; w) + L‖v− w‖.
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Exchanging v with w, we come to the desired conclusion. �

Proposition 5.8. Let f be locally Lipschitz on X. The function Φ : X × X→ R,

Φ(x; v) = f 0 (x0; v)

is upper semicontinuous [69].

Proof. Let (x0, v0) be a point in X × X and (xn, vn)n≥1 be an arbitrary sequence such that
(xn, vn)→ (x0, v0). We show that

lim
n→∞

f 0(xn, vn) ≤ f 0(x0; v0). (5.33)

According to (5.29), we have ∀m, p ∈ N

f 0(xn; vn)−
1
n
< sup

x ∈ B(xn, 1
m )

t ∈ (0, 1
p )

f (x + tvn)− f (x)
t

. (5.34)

We fix m, p in N and let kn be in N, kn > n such that

1
m

+
1
p
<

1
kn

. (5.35)

With (5.34), we find ykn and tkn such that
∥∥ykn − xn

∥∥ < 1
m and tkn ∈

(
0, 1

p

)
, hence

∥∥ykn − xn
∥∥+ tkn

(5.35)
<

1
kn

(5.36)

and moreover (see (5.34)),

f 0(xn; vn)−
1
kn

<
f (ykn + tkn vn)− f (ykn)

tkn

. (5.37)

The second member of (5.37) is equal to

f (ykn + tkn v0)− f (ykn)

tkn

+
f (ykn + tkn vn)− f (ykn + tkn v0)

tkn

,

consequently passing in (5.37) to the upper limit for n→ ∞, and taking into account ykn →
x0, tkn → 0 (see (5.36)) and

∣∣ f (ykn + tkn vn)− f (ykn + tkn v0)
∣∣ ≤ Ltkn‖vn − v0‖, we find even

(5.33), since lim
n→∞

f (ykn+tkn v0)− f (ykn )
tkn

≤ f 0(x0; v0). �

Proposition 5.9. If f is Lipschitz around x0, and L is the constant, then
1◦ ∂ f (x0) is nonempty, convex, ∗-weakly compact (for X complete) and

‖ξ‖ ≤ L ∀ξ ∈ ∂ f (x);

2◦ f 0(x0; v) = sup
ξ∈∂ f (x0)

ξ(v) ∀v ∈ X ([69]).

Proof. 1◦ With the function v→ f 0 (x0; v) being positive homogeneous and subadditive
(Proposition 5.7), there is a linear functional ξ such that

− f 0 (x0; −v) ≤ ξ(v) ≤ f 0 (x0; v) ∀v ∈ X.
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However,

f 0(x0; v)
Proposition 5.7

≤ L‖v‖,− f 0(x0;−v) ≥ −L‖−v‖,

consequently |ξ(v)| ≤ L‖v‖ ∀v ∈ X, hence ξ ∈ X*, ξ ∈ ∂ f (x0) and ‖ξ‖ ≤ L.
The convexity is obvious according to Definition 5.3.
For the remaining statement, i.e., ∂ f (x0) is ∗-weakly compact, it is sufficient to show

that ∂ f (x0) is ∗-weakly closed (corollary of the Alaoglu-Bourbaki-Kakutani theorem [43],

Volume 10, p. 144, 3.371). Let ξ ∈ ∂ f (x0)
∗−weak

. Prove

f 0 (x0; v) ≥ ξ(v) ∀v ∈ X. (5.38)

Fix v in X and let ε > 0 be arbitrary. There is µ in ∂ f (x0) such that |(ξ − µ)(v)| < ε. Thus
µ(v) > ξ(v) − ε and we have

f 0 (x0; v) ≥ µ(v) ≥ ξ(v) − ε.

We pass to the limit for ε→ 0 and obtain (5.38).
2◦ Suppose, ad absurdum, that ∃ v0 ∈ X such that f 0(x0; v0) 6= sup

ξ∈∂f(x0)

ξ(v0). Since f 0

(x0; v0) ≥ ξ(v0) ∀ξ ∈ ∂ f (x0), this implies

f (x0; v0) > ξ(v0) ∀ξ ∈ ∂ f (x0). (5.39)

We take µ, a linear functional on X, with

µ(v0) = f 0 (x0; v0) (5.40)

and −f 0 (x0; −v) ≤ µ(v) ≤ f 0 (x0; v) ∀v ∈ X ([43], Volume 10, p. 91, 2.2). However, µ ∈ ∂ f
(x0) (see the beginning of the proof), and consequently, (5.40) contradicts (5.39). �

Proposition 5.10. Let X be a reflexive or separable Banach space and f : X→ R locally Lipschitz.
For every x0 from X and ε > 0, there is δ > 0 such that, for every ξ in ∂ f (x) with ‖x − x0 ‖ ≤ δ,
there exists ξ′ in ∂ f (x0) having the property ([67], p. 105)

|(ξ − ξ′)(v)| ≤ ε ∀v ∈ X.

Proof. Suppose, ad absurdum, the contrary, ∃ x0, v0 ∈ X, ε > 0, and also the sequences
(xn)n≥1 in X, (ξn)n≥1, ξn in ∂ f (xn) such that ∀n ∈ N:

‖xn − x0‖ ≤
1
n

and |(ξn − ξ)(v0)| > ε0 ∀ξ ∈ ∂ f (x0). (5.41)

According to (5.41), xn is, for n ≥ N, in a neighborhood of x0 as in Proposition 5.9,
hence n ≥ N ⇒ ‖ξn‖ ≤ L, so there is a subsequence (ξkn)n≥1 that is weakly convergent
(Šmulian corollary [43], Volume 10, p. 171, 4.29) and, consequently, ∗-weakly convergent

(X reflexive⇔ X* reflexive (Pettis [43], Volume 10, p. 151, 4.7)). Let ξkn
∗−weak→ ξ0, i.e.,

ξkn(v)→ ξ0(v) ∀v ∈ X (5.42)

([43], Volume 10, p. 145, 3.39 or p.145, ex.9 or p. 164, 4.25). However, ξ0 ∈ ∂ f (x0). Indeed,
with u being arbitrarily fixed in X, ∃ (hn)n≥1, hn → 0 and (tn)n≥1, tn ↓ 0 such that (use
Definition 5.3—the Clarke derivative)

∀n
1
tn
[ f (xkn + hn + tnu)− f (xkn + hn)] ≥ ξkn(u)−

1
n

,
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pass to the limit for n→ ∞, taking (5.42) into account, f 0 (x0; u) ≥ ξ0(u), i.e., ξ0 ∈ ∂ f (x0).
Thus, it can take ξ = ξ0 in (5.41), and one obtains a contradiction with (5.42). �

Remark 5.7. In [67], Proposition 5.10, alias 1, (6), has another formulation. Moreover, X must be
reflexive or separable.

Proposition 5.11. Let X be a real reflexive space and f : X→ R be locally Lipschitz.
1◦ For every x0 in X, there is ξ0 in ∂ f (x0) such that

‖ξ0‖ = inf {‖ξ‖: ξ ∈ ∂ f (x0)}.

2◦ The function µ: X→ R

µ(x) = inf {‖ξ‖: ξ ∈ ∂ f (x)}

is lower semicontinuous ([67], p. 105).

Proof. 1◦ The application ξ→ ‖ξ‖ of X* in R is weakly lower semicontinuous and hence
∗-weakly lower semicontinuous ([43], vol 10, p. 147, (0)), since X* is reflexive. On the other
hand, ∂ f (x0) is ∗-weakly compact (Proposition 5.9), hence the conclusion.

2◦ Suppose, ad absurdum, the contrary and let x0 and xn, n ∈ N, be from X, xn → x0,
with

lim
n→∞

µ(xn) < µ(x0). (5.43)

We take ξn in ∂ f (xn) with µ(xn) = ‖ξn‖ (see 1◦). Proposition 5.10 yields, for every n from
N, ξn in ∂ f (xn) and ξ0

n in ∂ f (x0) such that

|(ξn − ξ0
n)(v)| ≤

1
n
∀v ∈ X. (5.44)

With ∂ f (x0) being ∗-weakly compact (Proposition 5.9), it is bounded, and hence, (ξ0
n)n≥1

has a weakly convergent subsequence and hence is ∗-weakly convergent,
(
ξ0

kn

)
n≥1

,

ξ0
kn

∗−weak→ ξ0 ∈ ∂ f (x0). (5.45)

Since
|(ξkn−ξ

0)(v)| ≤ |(ξkn − ξ
0
kn
)(v)|+ |(ξ0

kn
− ξ0)(v)|,

from (5.44) and (5.45), we obtain ξkn
∗−weak→ ξ0, and this attracts lim

n→∞

‖ ξkn‖ ≥ ‖ξ0‖ ([43],

Volume 10, p. 145, 3.39, 3◦), i.e., lim
n→∞

µ(xkn ) ≥ ‖ξ0‖ ≥ µ(x0) and we obtain a contradiction

with (5.43). �

Remark 5.8. In [67], 1, (7) (here, Proposition 5.11), the condition “X reflexive” is lacking, and this
is an error.

Definition 5.6. Let X be a real normed space, E⊂ X and x0 ∈ E. The vector v of X is by definition
a possible direction for E according to x0, if there is ρ > 0 such that x0 + tv ∈ E ∀t in (0, ρ). In
addition, let be f : E→ (−∞, +∞] and x0 ∈ dom f. If

lim
t→0+

f (x0 + tv)− f (x0)

t

exists and is finite, it is designated by
f ′(x0; v),
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the derivative of f at x0 according to the vector v or according to the direction v (directional
derivative). Thus

f ′(x0; v) = lim
t→0+

f (x0 + tv)− f (x0)

t
.

Remark 5.9. Suppose E convex, f convex and finite on a neighborhood V of x0. Then there exists f ′

(x0; v). Indeed, one can suppose V an open ball with the center in x0, let δ be its radius, δ ≤ ρ‖v‖.
Consider the function F :

[
0, δ
‖ v ‖

)
→ R, F(t) = f (x0 + tv) (we supposed v 6= 0, f ′ (x0; 0) = 0). F

is convex: t1, t2 ∈
[
0, δ
‖ v ‖

)
and λ1, λ2 ≥ 0, λ1 + λ2 = 1⇒ F(λ1 t1 + λ2 t2) = f ((λ1 + λ2)x0 +

(λ1t1 + λ2t2)v) = f (λ1 (x0 + t1v) + λ2 (x0 + t2v)) ≤ λ1 f (x0 + t1v) + λ2 f (x0 + t2v) = λ1F(t1) +
λ2F(t2). Thus the function Φ :

(
0, δ
‖ v ‖

)
→ R, Φ(t) = F(t)−F(0)

t is increasing, that is the function

t→ f (x0+tv)− f (x0)
t has this property on

(
0, δ
‖ v ‖

)
, consequently lim

t→0+

f (x0+tv)− f (x0)
t is finite.

Proposition 5.12. Let E be a convex subset of a real Banach space and f : E→ R be convex. If f is

Lipschitz around x0 ∈
o
E, then for every v in X, we have

f 0 (x0; v) = f ′(x0; v)

and the set of subderivatives in x0 coincides with the set of Clarke subderivatives in x0 ([69]).

Proof. It is sufficient to prove the first statement because the second is obtained by the
formulae that are found in Proposition 5.9 and [22], I, 5.5. We obviously suppose that v 6= 0
and let ε > 0 be arbitrarily fixed. We set

α : = inf
V∈V(x0)
r∈(0,+∞)

sup
x∈V

t∈(0,r)

f (x + tv)− f (x)
t

(
(5.29)
= f 0(x0; v)),

β := lim
r→0+

sup
||x−x0||<rε

sup
t∈(0,r)

f (x + tv)− f (x)
t

. (5.46)

The suppositions α < β and β < α lead to a contradiction (attention to the definitions: limit,
least upper bound and greatest lower bound), therefore α = β. However, with the function
t → f (x+tv)− f (x)

t , x near x0, increasing on an interval (0, η) (see Remark 5.9), we obtain,
via (5.46),

f 0 (x0; v) = lim
r→0+

sup
||x−x0||<rε

f (x + rv)− f (x)
r

. (5.47)

However, we have

f (x + rv)− f (x)
r

=

[
f (x + rv)− f (x)

r
− f (x0 + rv)− f (x0)

r

]
+

f (x0 + rv)− f (x0)

r

and, via the Lipschitz condition verified on the open ball B(x0; rε) for r near 0, x ∈ B(x0; rε)
⇒
∣∣∣ f (x+rv)− f (x)

r − f (x0+rv)− f (x0)
r

∣∣∣ ≤ 2εL, and hence, using (5.47),

f 0 (x0; v) ≤ lim
r→0+

f (x0 + rv)− f (x0)

r
+ 2εL = f ′(x0; v) + 2εL

and hence
f 0 (x0; v) ≤ f ′(x0; v).
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We take the opposite inequality. We have, with ∀t from (0, r),

f (x0 + tv)− f (x0)

t
≤ sup

x∈V
t∈(0,r)

f (x + tv)− f (x)
t

, where V ∈ V (x0);

hence, lim
t→0+

f (x0+tv)− f (x0)
t ≤ sup

x∈V
t∈(0,r)

f (x+tv)− f (x)
t and, consequently, according to (5.29),

f ′(x0; v) ≤ f 0 (x0; v).

�

Remark 5.10. The second part of the proof uses only the hypothesis “there exists f′(x0; v)”.

Proposition 5.13 (Local extremum). Let f be Lipschitz around x0. If x0 is a point of the local
extremum for f, we have ([69])

0 ∈ ∂ f (x0).

Proof. x0 local minimum point. Let v be arbitrary in X. We must prove that f 0(x0; v) ≥ 0.
Suppose ad absurdum that f 0(x0; v) < 0. There is, according to (5.29), V in V (x0) and r > 0
such that sup

x∈V

f (x+tv)− f (x)
t < 0; hence, in particular, we have t ∈ (0, r)⇒ f (x0 + tv) − f (x0) <

0, which prevents x0 from being a local minimum point for f, which is a contradiction.
x0 local maximum point. In this case, x0 is a local minimum point for −f, and hence 0 ∈

∂(−f )(x0) = −∂ f (x0) ([22], Rules of subdifferential calculus, 5.26), 0 ∈ ∂ f (x0). �

5.3.2. Some Palais-Smale Type Conditions

We now present some results following from some ideas in [67] that are improved and
generalized. These results contain conditions of Palais-Smale type suggested by Ekeland
principle.

Let X be a complete metric space, ϕ: X→ R and c ∈ R.
ϕ satisfies the (PS)∗c,+ condition when, for every sequence (un)n≥1, un ∈ X, (εn)n≥1 and

(δn)n≥1, εn, δn ∈ R+, εn → 0 and δn → 0, if

ϕ(un)→ c (5.48)

and
∀u ∈ X d(un, u) ≤ δn ⇒ ϕ(un) ≤ ϕ(u) + εnd(un, u), (5.49)

then
(un)n≥1 has a convergent subsequence.

By changing un and u to each other in (5.49), we obtain the (PS)∗c,− condition. Finally,
(PS)∗c condition means (PS)∗c,+ + (PS)∗c,−.

When, with X being a real Banach space, the conclusion required by the hypothesis

“(un)n≥1 has a convergent subsequence”

is replaced by
“(un)n≥1 has a weak convergent subsequence”,

we obtain, respectively, the conditions

(PS)∗c, w, +, (PS)∗c, w, −, (PS)∗c, w.
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Suppose that X is a real Banach space and ϕ is locally Lipschitz. ϕ satisfies the [PS]∗c,+
condition (obvious definition for [PS]*

c,−, [PS]*
c) when the properties in (5.48) and (5.49)

imply that
c is a critical value of ϕ (for the Clarke subderivative).

The definition is, according to Proposition 5.9, coherent. We have

(PS)∗c, + ⇒ [PS]∗c, +,

and the reciprocal assertion it is not true (consider ϕ: R→ R Lipschitz, periodic and

c = inf ϕ(R) or c = sup ϕ(R)).

Finally, we provide the last version of the Palais-Smale condition according to Chang [67].
Let X be a real Banach space, ϕ: X→ R be locally Lipschitz and c ∈ R. ϕ satisfies the (PS)ch

c
condition when, for every sequence (un)n≥1 from X, if

ϕ(un)→ c (5.50)

and
µ(un): = inf {‖ξn ‖: ξn ∈ ∂ ϕ(un)}→ 0, (5.51)

then
(un)n≥1 has a convergent subsequence.

The definition is correct, ∂ϕ(un) 6= ∅ ∀n (Proposition 5.9, see also Proposition 5.10).
One can state the following.

Proposition 5.14. Let X be a real Banach space and ϕ: X→ R locally Lipschitz and convex. Then,

ϕ verifies (PS)ch
c ⇒ ϕ verifies (PS)∗c,−.

Proof. Let (un) be a sequence from X and let (εn) and (δn) be sequences from R+, εn → 0, δn
→ 0, such that

ϕ(un)→ c

and
‖un − u‖ ≤ δn ⇒ ϕ(u) ≤ ϕ(un) + εn un − u ∀u ∈ X. (5.52)

We must prove, for finding a convergent subsequence of (un), that

µ(un): = inf {‖ξn‖: ξn ∈ ∂ ϕ(un)}→ 0. (5.53)

Take u: = un + tv, ‖v‖ = 1, 0 < t ≤ δn. Since ‖un − u‖ ≤ δn, (5.52) gives:

ϕ(un + tv)−ϕ(un)

t
≤ εn

and, passing to the limit for t→ 0+, we obtain (Proposition 5.12):

ϕ0(un; v) = ϕ′(un; v) ≤ εn,

and consequently, ξ(v) ≤ εn ∀ξ ∈ ∂ ϕ(un) (Proposition 5.9); hence, changing v in −v,

‖ξ‖ ≤ εn ∀ξ ∈ ∂ ϕ(un). (5.54)

Let ξn be in ∂ϕ(un) such that ‖ξn‖ = µ(un) (see Proposition 5.9). Then, taking (5.50)
into account, we obtain

µ(un) ≤ εn,
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which yields (5.49) by passing to the limit. �

Remark 5.11. The last statement represents what the author recovered from Proposition 5.3 in [67],
p. 475. The proof of this ([67], p. 483) contains, among other things, the implicit statement that v
→ Φ0 (u0; v) is not a subnorm, but an even linear functional.

We now proceed to some propositions of [67].

Proposition 5.15. Let X be a complete metric space, ϕ: X→ R lower bounded, lower semicontinu-
ous and c : = inf ϕ (X). c is attained when ϕ verifies (PS)*

c, +.

Proof. Let (vn)n≥1, vn ∈ X, be a minimizing sequence for ϕ such that, for every n, εn: =
ϕ(vn) − c > 0, and hence εn → 0. Applying Ekeland principle with ε = εn, λ = 1, one finds
(un)n≥1, a sequence in X, with the properties

ϕ(un) ≤ ϕ(vn),
ϕ(un) ≤ ϕ(u) + εn d(un, u) ∀u ∈ X.

Since c ≤ ϕ(un), we have ϕ(un)→ c; applying (PS)*c, + and letting (ukn )n≥1 be a convergent
subsequence, ukn → u0. However, ϕ(u0) ≤ lim

n→∞

ϕ(ukn ) = c, and this imposes ϕ(u0) = c. �

Proposition 5.16. Let X be a real Banach space, ϕ: X→ R lower bounded, locally Lipschitz and c :
= inf ϕ(X). If ϕ satisfies (PS)*c, +, then ϕ has critical points (for the Clarke subderivative).

Proof. Apply Proposition 5.15 combined with Proposition 5.13. �

Proposition 5.17. Let X be a real Banach space, ϕ: X→ R lower bounded, locally Lipschitz and c :
= inf ϕ(X). If ϕ verifies [PS]∗c, +, then c is a critical value of ϕ (for the Clarke subderivative).

Proof. Let (εn)n≥1, εn > 0, εn → 0. For every εn, take vn such that ϕ(vn) ≤ c + εn and apply
Ekeland principle with λ = 1. ∃ un such that ϕ(un) ≤ ϕ(vn),

ϕ(un) ≤ ϕ(u) + εn ‖un − u‖, ∀u ∈ X. (5.55)

Since ϕ(un)→ c, (5.54) allows the application of the hypothesis [PS]∗c, +, where c is a critical
value. �

As an application, we continue with the problems (∗) and (∗∗) in this subsection.
However, firstly:

Proposition 5.18. Let X : = W1,p(Ω) and Φ: X→ R, Φ(u) = 1
p ||u||

p
1,p −

∫
Ω G(u)dx−

∫
Ω hudx

and Φ(u) = 1
p uuu

p
1,p−

∫
Ω G(u) dx−

∫
Ω hudx, respectively, where G : R→ R has the period T and

is Lipschitz, h ∈ Lp′ (Ω) and
∫

Ω huhudx = 0. Then, for every c from R, Φ verifies [PS]∗c.

Clarification. On X = W1,p(Ω), we can consider for this statement the following norms:

‖u‖1, p =
(
||u||pLp(Ω)

+
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

, which is equivalent to the norm u→ ‖u||Lp(Ω) +

N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

for (∗). For the second case (∗∗), we equip the same vector space with the

norm u→ uuu1,p =
(

N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

, which is equivalent to u→ |u|1, p =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

(see the considerations in the sections above).



Axioms 2023, 12, 532 52 of 66

Proof. It is sufficient to prove this for [PS]∗c, +. Let (un)n≥1 be a sequence from X, (εn)n≥1
and (δn)n≥1 sequences from R+ convergent to 0. Suppose Φ(un)→ c and

‖un − u‖ ≤ δn ⇒ Φ(un) ≤ Φ(u) + εn ‖un − u‖. (5.56)

We decompose X into the direct sum

X = X0 ⊕ X1, (5.57)

where X1 is the vector space of constant functions, and X0 = X1
⊥, the vector subspace of

functions from W1,p(Ω) having a mean value equal to 0. Let un = vn + cn, vn ∈ X0, cn ∈

R and |G(s)| ≤M on R. Hence

∣∣∣∣∣∫Ω G(un)dx

∣∣∣∣∣ ≤ ∫Ω |G(un)|dx ≤
∫
Ω

Mdx = Mµ(Ω), and since∫
Ω

cnh dx = 0, we have, in the first case,
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∫
Ω
|∇vn|2dx)n≥1 is bounded,

and hence, (‖vn‖1,p)n≥1 and (uvnu1,p)n≥1, respectively, are also bounded.

Consider the sequence (ũn)n≥1, ũn = vn +
∼
c n, where

∼
c n ≡ cn (modulo T) and

∼
c n ∈

[0, T]. Since Φ has the period T, (5.56) gives

||∼un−(u +
∼
c n−cn)|| ≤ δn ⇒ Φ(

∼
un ) ≤ Φ(u) + εn ||(

∼
un−u) + (cn −

∼
c n)||,

i.e.,
||∼un−w|| ≤ δn ⇒ Φ(

∼
un ) ≤ Φ(w) + εn ||

∼
un − w||. (5.60)
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However, (vn) and (
∼
c n) are bounded, and hence (

∼
un) is bounded, consequently, it has

a weakly convergent subsequence (
∼
ukn)n≥1,

∼
ukn

weak→ ∼
u (Eberlein–Šmulian), whence the

existence of a convergent subsequence of (
∼
ukn)n≥1, and using the same notation,

∼
ukn →

∼
u (5.61)

(the same proof as in Proposition 4 [67], p. 484). In (5.60), taking w =
∼
ukn + δkn v, ‖v‖ =

1, we obtain Φ(
∼
ukn + δkn v) − Φ(

∼
ukn ) ≥ −εknδkn , − εkn ≤

1
δkn

[Φ(
∼
ukn + δkn v) − Φ(

∼
ukn )], and

passing to the limit, we find that, since (
∼
ukn , δkn )

(5.61)→ (
∼
u, 0), 0 ≤ lim

n→∞
1
δkn

[Φ(
∼
ukn + δkn v)

− Φ(
∼
ukn )] ≤ Φ0(

∼
u; v), 0 ≤ Φ0(

∼
u; v), ‖v‖ = 1, whence 0 ≤ Φ0 (

∼
u; v) ∀v ∈ X (0 ≤ Φ0 (

∼
u;

v
||v|| ) = 1

||v||Φ
0(
∼
u; v)) (Proposition 5.7), i.e., 0 ∈ ∂ Φ(

∼
u). Moreover, c = Φ(

∼
u), since Φ(

∼
ukn ) =

Φ(
∼
ukn −

∼
c kn + ckn ) = Φ(

∼
ukn )→ c, and also Φ(

∼
ukn )

(5.61)→ Φ(
∼
u) (Φ is continuous, being locally

Lipschitz), and c is a critical value for Φ. �

Now:

Proposition 5.19. Nonlinear Neumann problems

(N)

{
−∆pu = g(u) + h(x), x ∈ Ω

Bu = 0 on ∂Ω,

and

(N′)

{
−∆s

p u = g(u) + h(x), x ∈ Ω
Bu = 0 on ∂Ω,

respectively, with the conditions

(III) g : R → R boundedmeasurable T− periodic,
T∫

0

g(s)ds = 0

and
(IV) h boundedmeasurable,

∫
Ω

hdx = 0,

have solution in W1,p(Ω) in the sense of (5.27) and (5.28), respectively.

Proof. We are in the presence of problems of types (∗) and (∗∗) (this subsection), respectively,
with f (x, u) = g(u) + h(x). Conditions III and IV imply (I) (σ = 0) and (II) from Section 5.2.1.
The associated functionals are

Φ(u) =
1
p
||u||p1,p−

∫
Ω

G(u) dx−
∫
Ω

hudx, u ∈ W1,p(Ω),

and
Φ(u) =

1
p
uuu

p
1,p−

∫
Ω

G(u) dx−
∫
Ω

hudx, u ∈ W1,p(Ω),

respectively, where G(u(x)) =
u(x)∫
0

g(t)dt. G is Lipschitz and has the period T (use (III)).

Since (I) and (II) are satisfied, any critical point of Φ is, according to Proposition 2.6, a
solution for the problems (N) and (N′), respectively. However, Φ verifies [PS]∗c for every c
in R, particularly for c = inf

u∈W1,p(Ω)
Φ(u). This is correct since Φ is lower bounded (the same
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justification as for (5.58) and (5.59), respectively). It only remains to apply Proposition 5.18,
c is a critical value, c = Φ(u0), u0 a critical point, u0 is a solution for (N) or (N′), respectively.
�

Remark 5.12. The series of results in this subsection has been presented by the author in [18].

Remark 5.13. Other applications to the velocity problem under the assumption of solid friction, or
to the problem studied in [70], for thermal transfer or another pseudo torsion problem are provided
in the second part of this work.

6. Weak Solutions Using a Perturbed Variational Principle
An Application of Ghoussoub-Maurey Linear Principle to p-Laplacian and to p-Pseudo-Laplacian

The results in this section have been partially reported by the author in [17]. We
start with the statement of the generalized perturbed variational principle. To clarify the
involved notions, we present the following:

Definition 6.1. Let X be a real normed space, f : X→ (−∞, +∞], and C a nonempty subset of X,
x0 ∈ C. f strongly exposes C from below in x0 when f (x0) = inf f (C) < +∞ and xn ∈ C ∀n ≥ 1, f
(xn)→ f (x0)⇒ xn → x0. “f strongly exposes C from above in x0” and has a similar definition. We
remark that, taking C = X in the given definition, we fall on the definition of strongly minimum
point. And also, a set of Gδ type means a set that is a countable intersection of open sets. A set of the
Fσ type means a set that is a countable union of closed sets.

Ghoussoub-Maurey Linear Principle. Let X be a reflexive separable space and ϕ: X→ (−∞,
+ ∞] lower semicontinuous and proper.

(I) If ϕ is bounded from below on the closed bounded nonempty subset C, the set

{ξ ∈ X* : ϕ + ξ strongly exposes C from below}

is of Gδ type and everywhere dense.
(II) If, for any ξ from X*, ϕ + ξ is bounded from below, the set

{ξ ∈ X* : ϕ + ξ strongly exposes X from below}

is of Gδ type and everywhere dense.

The above linear principle devolves (see the continuation to Theorem 6.1) from the
more general Theorem 6.1, and we proceed to its preparation with definitions and some
auxiliary propositions.

Definition 6.2. Let X be a real normed space and C, D with C ⊂ D nonempty subsets of X*. C is
strict w-Hδ set in D or strict w*-Hδ set in D if

D\C =
∞
∪

n=1
Kn, (6.1)

dist (Kn, C) > 0, and Kn convex and weakly compact or ∗-weakly compact, respectively.

For instance,

Proposition 6.1. Any nonempty closed set C of a separable reflexive space X, C 6= X, is strict w-Hδ
set in X. In particular, if ϕ: X→ (−∞, +∞] is l. s. c. (lower semicontinuous) and proper, then the
epigraph of ϕ in X × R is strict w-Hδ set in X × R.

Proof. Let (xn)n≥1 be a sequence with the set of the terms dense in X\C (open set). Take,
for each n from N, Kn the closed ball centered in xn with the radius rn : = 1

4 dist (xn, C). Kn is
convex, weakly compact (Kakutani–Šmulian theorem [43], Volume 10, p. 151) and dist(Kn,
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C) > rn : let x be from Kn, dist (x, C) ≥ dist (xn, C) − dist (x, xn) ≥ 4rn − rn = 3rn. We take

the greatest lower bound. Moreover, X\C =
∞
∪

n=1
Kn: let x be from X\C, and let ∃ (xpn )n≥1

subsequence of (xn)n≥1 such that xpn → x, which also implies that dist (xpn , C)→ dist (x,
C), and if u and v are taken such that 0 < u < v < dist (x, C), from a rank on, we have 4 dist
(xpn , x) < u but, on the other side, 4rn = dist (xpn , C) > v, and hence x ∈ Kpn . �

Let X be a reflexive space and C, D subsets of X*, C ⊂ D. We set

M (C, D) : = {x ∈ X : ∃ ξ ∈ C such that Jx (ξ) ≥ Jx (η) ∀η ∈ D},

otherwise expressed, M (C, D) is the set of x from X for which Jx is upper-bounded on D,
and the least upper bound is attained at a point of C, J the Hahn embedding of X in X**. So,
with X being reflexive, J is an isomorphism of vector spaces that preserves the norms.

In the following, to abridge the writing, sometimes x designates Jx.
Retain that if C is ∗-weakly compact, M (C, D) is closed.
Notations. BX (x0, r) ≡ the closed ball centered in x0 of radius r in the normed space X.

BX ≡ BX (0,1).

E ∗ ≡ the closure of the subset E from X* for the ∗-weak topology.
We proceed to the auxiliary propositions.

Definition 6.3. Let (X, d) be metric space and (M, δ) the metric space of real functions defined on
X. For each nonempty subset A of X, we consider

MA : = {f ∈M : f upper bounded on A}

and, for each f from MA and t > 0, the slice of A,

S(A, f , t) def
= {x ∈ A : f (x) > sup f (A)− t},

is a set that is obviously nonempty when MA 6= ∅.

Proposition 6.2. Let X be a reflexive space, D⊂ X* and K ⊂D, and K be convex ∗-weakly compact.
If

BX (x, α) ⊂M(K, D),

then, for any ε > 0,
S(D, Jx, ε) ⊂ K +

ε

α
Bx ∗ .

In particular, when C ⊂ D ⊂ conv ∗C, we have

dist (K, C) = 0.

Proof. First assertion. This reverts to

ξ /∈ K +
ε

α
BX∗ ⇒ ξ /∈ S(D, x, ε). (6.2)

Suppose ad absurdum that ξ ∈ S(D, x, ε), i.e., (see Definition 3.3)

x(ξ) > sup x(D) − ε (x ∈M(K, D)⇒ Jx (D) upper bounded). (6.3)

The first member of (6.2) gives

||ξ− η||X∗ >
ε

α
∀η ∈ K. (6.4)
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Let z be from X such that

‖Jz‖X** (= ‖z‖) = 1 and Jz(ξ − η) = ‖ξ − η‖X* (6.5)

(Hahn lemma [43], Volume 10, p. 94).
Combining this with (6.4) and taking the least upper bound, one obtains

sup z(K) ≤ z(ξ)− ε
2

. (6.6)

However, x + αz
(6.5)
∈ BX (x, α) ⊂M(K, D), hence ∃η0 is in K such that

(x + αz)(η0) ≥ (x + αz)(ξ). (6.7)

However,

(x + αz)(ξ) = x(ξ) + αz(ξ)
(6.3),(6.6)

> [sup x(D)− ε] + α[sup z(K) +
ε

α
] ≥ x(η0) + z(η0)

and we obtain a contradiction with (6.7); thus, (6.2) is validated.
Second assertion. This results from

∩
ε>0

S(D, x, ε) ⊂ K, (6.8)

∩
ε>0

S(D, x, ε) ∩ C 6= ∅. (6.9)

For (6.8): ξ∈ ∩
ε>0

S(D, x, ε)
(6.2)⇒ ξ = ηε + ε

α uε, ηε ∈ K, ‖uε‖ ≤ 1, and hence ||ξ − ηε|| ≤ ε
α , ξ

is strong adherent point of K, and the strong closure of K is included in the ∗-weak closure
of this, which is in K. �

Proposition 6.3. Let X be reflexive space, C ⊂ X* nonempty and U ⊂ X nonempty open having
the property

sup Jx (C) < +∞ ∀x ∈ U.

Then Jx, for any x from U, is upper bounded on conv ∗C and attains its least upper bound.

Proof. Set D : = conv ∗C. We have

sup Jx (C) = sup Jx (D)

[ξ ∈ conv C⇒ ξ = λ1 ξ1 + λ2 ξ2, ξ1, ξ2 ∈ C, λ1 + λ2 = 1, λ1, λ2 ≥ 0⇒ Jx (ξ) = λ1 Jx (ξ1) + λ2

Jx(ξ2) ≤ sup Jx (C); ξ ∈ D⇒ ∃ ξn ∈ conv C, ξn
∗−weak→ ξ⇒ ξn (x)→ ξ(x), ξn (x) ≤ sup Jx (C)

∀n ≥ 1, hence ξ(x) ≤ sup Jx (C)], and so,

sup Jx (D) < +∞ ∀x ∈ U, (6.11)

and the first assertion is proved.
We proceed to the second assertion. We fix x from U, ∃ε > 0 with x + εz ∈ U ∀z in BX.

Then
sup J(x + εz)(D) = sup (Jx + εJz)(D) < +∞ ∀z ∈ BX ((6.11)),

consequently, once again using (6.11),

sup Jz (D) < +∞ ∀z ∈ BX, (6.12)

which implies
sup Jz (D) < +∞ ∀z ∈ X (6.13)
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(for any fixed z, z 6= 0, replace z in (6.12) with z
||z|| , Jy(ξ) = ξ(y)). Replacing z with −z in

(6.13), one finds
inf Jz (D) > −∞ ∀z ∈ X. (6.14)

However, X is reflexive, hence (6.13) and (6.14) express that D is weakly bounded, and
consequently, D is even bounded. With D also being ∗-weakly closed, it is ∗-weakly
compact ([43], Volume 10, p. 144), hence the conclusion by applying Weierstrass theorem.
�

Remark 6.1. Proposition 6.3 is Lemma 2.7 from [65], Ch.2. Here, an improved proof is proposed.

Proposition 6.4. Let X be a reflexive space, C ⊂ X* nonempty and U nonempty open from X such
that

sup Jx (C) < +∞ ∀x ∈ U.

If C is a strict w*-Hδ set in D: = conv ∗C, then the set

V : = {x ∈ U: Jx attains sup Jx (D) in C}

includes a set of Gδ type that is dense in U.

Proof. According to the definition

D\C =
∞
∪

n=1
Kn, (6.15)

Kn is convex ∗-weakly compact and dist (Kn, C) > 0. Every Jx, x ∈ U is upper bounded on
D and attains its supremum on this (Proposition 6.3). As dist (Kn, C) > 0, Proposition 6.2
prevents M(Kn, D) from including any nonempty ball; in other words, ∀n ≥ 1 int M(Kn, D)
= ∅, and so M(Kn, D), being also closed, is thin, and Un : = X\M(Kn, D) is open and dense

in X. Then
∞
∩

n=1
Un is dense in X (Baire theorem), hence

∞
∩

n=1
(U ∩Un), a set of the Gδ type, is

dense in U. We see that if x ∈
∞
∩

n=1
(U ∩Un), then Jx, which is upper bounded on D, attains

a fortiori its least upper bound on C, as x /∈M(Kn, D) ∀n ≥ 1 and one takes into account
(6.13). �

Proposition 6.5. Let X be a reflexive space, C subset of X* and separable, D : = conv ∗C and U
nonempty open subset of X such that sup Jx (C) < +∞ ∀x ∈ U. Suppose that M(C, D) includes a
dense and of Gδ-type subset of U. Then, for any K ⊂ D ∗-weakly compact with K ∩ C = ∅ and for
any ε > 0, the set

G(K, ε) :=
{

x ∈ U : ∃r > 0 such that S
∗
(D, Jx, r) ∩ K = ∅ and diam S

∗
(D, Jx, r) < ε}

is open and dense in U.

Proof. G(K, ε) is open. We use the fact that, D being bounded (proof for Proposition 6.3), the
subset S(D, Jx, r) is also bounded.

G(K, ε) is dense in U. Let V ⊂ U, V nonempty open arbitrary. C being separable, we
can find a sequence (Cn)n≥1, Cn ⊂ D, with Cn being convex ∗-weakly compact, with the
properties

C ⊂
∞
∪

n=1
Cn, (6.16)

dist (Cn, K) > 0 ∀n, (6.17)

diam Cn ≤ ε

2
∀n. (6.18)
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We obviously have V ⊃ ⋂ ∞
∪

n=1
M(Cn, D) ∩ V

(6.16)
⊃ M(C, D) ∩ V. However, the last member

includes, according to the hypothesis, a set of the Gδ type that is dense in V, which forces,
via the Baire theorem, the second member to have at least one term, let this term be M(Cn0 ,
D) ∩ V, with a nonempty interior. From this interior, we take a point x. It remains to show

x ∈ G(K, ε). (6.19)

Applying Proposition 6.2, for every ρ > 0, there exists r > 0 such that

S(D, Jx, r) ⊂ Cn0 + ρBX∗ (6.20)

(∃ α > 0 such that BX (x, α) ⊂M(Cn0 , D), taking r = αρ). We take

ρ < min
{ε

4
, dist (Cn0 , K)}. (6.21)

(6.20) gives
S ∗(D, Jx, r) ⊂ Cn0 + ρBX∗

∗
= Cn0 + ρBX∗ (6.22)

because the last term, being ∗-weakly compact, is also ∗-weakly closed. However,

(Cn0 + ρBX∗) ∩ K = ∅ : (6.23)

let, ad absurdum, ξ + ρu = ζ, ξ ∈ Cn0 , u ∈ BX*, ζ ∈ K, then ρ = ‖ξ − ζ‖ ≥ dist (Cn0 , K),
and we obtain a contradiction with (6.21). So, (6.22) and (6.23) give S

∗
(D, Jx, r) ∩ K = ∅.

Moreover,

diam S ∗(D, Jx, r)
(6.22)
≤ diam Cn0+2ρ

(6.18),(6.21)
<

ε

2
+
ε

2
= ε,

which finishes the proof. �

Now:

Theorem 6.1. Let X be a reflexive space, C separable subset of X*, which is a strict w*-Hδ set in D :
= conv ∗C, and U be open subset of X such that sup Jx (C) < +∞ ∀x ∈ U. Then
(I) The set

{x ∈ U: Jx strongly exposes D from above at a point of C}

is of the Gδ type and dense in U.
(II) If ϕ: C→ (−∞, +∞] is proper lower semicontinuous and ϕ + Jx is, ∀x from X, bounded

from below on C, then the set

{x ∈ X: ϕ + Jx strongly exposes C from below}

is of Gδ type and dense in X (N. Ghoussoub, B. Maurey [65]).

Proof. (I). According to the hypothesis, D\C =
∞
∪

n=1
Kn, Kn is convex ∗-weakly compact,

dist (Kn, D) > 0. M(C, D) includes a subset of the Gδ type dense in U (Proposition 6.4),
but then, for each n from N, the set Vn : = G(K1 ∪ K2 ∪ . . . ∪ Kn, 1

n ) is open and dense in

U (Proposition 6.5), consequently
∞
∩

n=1
Vn is dense in U (relativized Baire theorem) and it

remains only to observe that
∞
∩

n=1
Vn = {x ∈ X: Jx strongly exposes D from above at a point

of C}.
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(II). C × R, separable subset of X* × R, is a strict w*-Hδ set in D × R and then, ϕ being l. s.
c., the epigraph epi ϕ in C × R (nonempty set, ϕ is proper) is a strict w*-Hδ set in D × R
and hence also in conv ∗epi ϕ. W : = {(x, α): x ∈ X, α < 0} is open in X × R, and sup (Jx,
α)(epi ϕ) < +∞ ∀(x, α) ∈W [(Jx, α), continuous linear functional, acts on C × R by the rule
(Jx, α)(ξ, λ) = Jx(ξ) + αλ]. Indeed, Jx(ξ) + αλ ≤ Jx(ξ) + αϕ(ξ), ∃ a in R, such that (J x

α )(ξ) +
ϕ(ξ) ≥ a ∀ξ ∈ C (the hypothesis), hence Jx(ξ) + αϕ(ξ) ≤ αa ∀ξ ∈ C. We show that for each
ε > 0, ∃ y0 with ‖y0‖ ≤ 2ε and ϕ + Jy0 strongly exposes C from below, which is enough to
validate (II). Applying (I), ∃ (xε, αε) in W such that

‖(xε, αε) − (0, −1)‖ ≤ ε (6.24)

((0, −1) ∈W !) and (Jxε, αε) strongly exposes epi ϕ from above at a point (ξ0, λ0). Then, ∀
(ξ, λ) from epi ϕwith ξ 6= ξ0, we have

Jxε (ξ0) + αε λ0 > Jxε (ξ) + αε λ,

consequently, taking y0 : = xε
αε

, we have, in particular,

ϕ(ξ0) + Jy0 (ξ0) < ϕ(ξ) + Jy0 (ξ) ∀ ξ ∈ C\{ξ0},

ξ0 is a strict global minimum point forϕ + Jy0. Moreover, as ε < 1
2 can be supposed, we have

‖y0‖ = ‖xε‖|αε| ≤ 2ε, because, via (6.24), ‖xε‖ ≤ ε and |αε + 1| ≤ ε, hence, αε ∈
(
− 3

2 ,− 1
2

)
.

Finally, let (ξ n)n≥1 be a minimizing sequence for ϕ + Jy0 on C, then (ξn, ϕ(ξn))n≥1 is
maximizing sequence for (Jxε, αε) which strongly exposes epi ϕ in (ξ0, λ0), which imposes
ξn → ξ0. �

Proof of Ghoussoub-Maurey linear principle

Proof. (I). Set Y : = X*, a separable reflexive space ([43], Volume 10, p. 162). Then, Y* = X
(identification via the Hahn embedding; X is reflexive). C is separable and strict w*-Hδ set
in Y* (Proposition 6.1, the weak and ∗-weak topologies coincide) and hence also in D : =

conv∗C (X\C =
∞
∪

n=1
Kn with the properties from (6.1), take the intersection with D). Apply

(II), Theorem 6.1 transcribed with Y replaced by X; this is correct, as ϕ + ξ, ξ ∈ X* = Y**, is
bounded from below |(ξ(x)| ≤ ‖ξ‖ ‖x‖ and C is bounded).

(II). The epigraph epi ϕ of ϕ in X × R is strict w-Hδ set in X × R (Proposition 6.1).
In the following, using the proof for (II), Theorem 6.1 beginning from (6.24), epi ϕ is that
considered above. �

Corollary 6.1. Let X be reflexive space, C a subset of X* separable bounded strict w*-Hδ set in D :
= conv∗C and ϕ: X→ (−∞, +∞] bounded from below, l. s. c. and proper. For any ε > 0, there
exists x0 in X with ‖x0‖ ≤ ε and ξ0 in C such that

1◦ (ϕ + Jx0)(ξ0) < (ϕ + Jx0)(ξ) ∀ξ ∈ C\{ξ 0};
2◦ Any minimizing sequence from C for ϕ + Jx0 converges to ξ0 ([65]).

Proof. C bounded implies that ϕ + Jx bounded from below ∀x ∈ X, consequently (II),
Theorem 6.1 can intercede to obtain 1◦ and 2◦. �

We imply this theorem in two generalizations of a minimization problem of the
form [71]:

C f : = min{
∫
Ω

[
1
p

(
|u|p +

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p
)
− f (u)

]
dx: u ∈ W1,p

0 (Ω), ‖ u ‖ 2∗ = 1}, (6.25)
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and

C f : = min{
∫
Ω

(
1
p

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p − f (u)

)
dx: u ∈ W1,p

0 (Ω), ‖ u ‖ 2∗ = 1}, (6.26)

where Ω is open set of C1 class in RN, N ≥ 3, f ∈ W−1,p′(Ω) (= (W1,p
0 (Ω))*), 1

p + 1
p′ = 1, 2*

= 2N
N−2 —the critical exponent for the Sobolev embedding (for the necessary explanations,

here and in the following, see Section 2).
Let Ω be an open bounded set of the C1 class in RN, N ≥ 3. Consider the problems

(∗) and (∗∗) from Section 5.1.2, where f : Ω × R→ R is a Carathéodory function with the
growth condition

| f (x, s)| ≤ c|s|p−1 + b(x), > 0, 2 ≤ p ≤ 2N
N − 2

, b ∈ Lp′(Ω),
1
p
+

1
p′

= 1. (6.27)

The functionals ϕ: W1,p
0 (Ω)→ R,

ϕ(u) =
∫
Ω

[
1
p

(
|u|p +

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p
)
− F(x, u(x))

]
dx (6.28)

and

ϕ(u) =
∫
Ω

(
1
p

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p − F(x, u(x))

)
dx, (6.29)

with F(x, s) : =
s∫

0
f (x, t) dt, are of the Fréchet C1 class and their critical points are the weak

solutions of the problems (∗) and (∗∗), respectively.
Problem (∗). Let λ1 be the first eigenvalue of –∆p in W1,p

0 (Ω) with a homogeneous
boundary condition. We have (see, for instance, Section 2)

λ1 = inf {
||u||p1,p

|i(u)|p0,p
: u ∈ W1,p

0 (Ω)\{0}} (the Rayleigh− Ritz quotient). (6.30)

Now, we provide an answer to (6.25). We use the norm ‖ · ‖1, p on W1,p
0 (Ω) (see above). We

denote the dual of (W1,p
0 (Ω), ‖ · ‖1, p) by W−1,p′(Ω), where p′ is the conjugate of p (i.e., 1

p +
1
p′= 1).

Proposition 6.6. Under the above assumptions and, in addition, the growth condition

F(x, s) ≤ c1
sp

p
+ α(x)s, (6.31)

with 0 < c1 < λ1, α ∈ Lq′(Ω) for some 2 ≤ q ≤ 2N
N−2 and f (x, −s) = −f (x, s), ∀x from Ω, the

following assertions hold:
(i) The set of functions h from W−1,p′(Ω), having the property that the functionalϕh : W1,p

0 (Ω)
→ R,

ϕh (u) =
1
p
||u||pp−

∫
Ω

(F(x, u(x)) + h(u(x)))dx (6.32)

has an attained minimum in only one point and includes a Gδ set that is everywhere dense.
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(ii) The set of functions h from W−1,p′(Ω), having the property

the problem
{
−∆pu = f (x, u) + h (u) in Ω

u = 0 on ∂ Ω
has solutions,

includes a Gδ set that is everywhere dense.
(iii) Moreover, if s→ f (x, s) is increasing, then the set of functions h from W−1,p′(Ω), having

the property

the problem
{
−∆pu = f (x, u) + h(u) in Ω

u = 0 on ∂Ω
has a unique solution,

includes a Gδ set that is everywhere dense.

Remark 6.2. This is a generalization applied to the p-Laplacian and at W1,p
0 (Ω) of Theorem 2.13

from [65].

Proof. It is sufficient to justify (i). Consider, for each h from W−1,p′(Ω), the functional ξh
from W−1,p′(Ω),

ξh (u) = −
∫
Ω

h(u(x)) dx. (6.33)

One may see that ϕh = ϕ + ξh (see (6.28)). Consequently, according to the Ghoussoub-
Maurey linear principle, (II), if we show that ϕh is bounded from below for any h from
W−1,p′(Ω), then (i) is proven. However, taking into account the Sobolev embedding and
(6.31), we have ∀u ∈W1,p

0 (Ω),
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1

1
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> 0. To prove some of these inequalities, r ∈ R, and hence the conclusion since 1 − c1
λ1

> 0. To prove some of these inequalities,
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Problem (∗∗). Let λ1 be the first eigenvalue of –∆s
p in W1,p

0 (Ω) with a homogeneous
boundary condition. We have (see Section 2)

λ1 = inf

 uuu
p
1,p

|i(u)|p0,p
: u ∈ W1,p

0 (Ω)\{0}} (the Rayleigh− Ritz quotient).

Now, we provide an answer to (6.26). We use the norm u · up on W1,p
0 (Ω) (see above). We

denote the dual of (W1,p
0 (Ω), u · up) also by W−1,p′(Ω), where p′ is the conjugate of p (i.e.,

1
p + 1

p′ = 1).

Proposition 6.7. Under the above assumptions and, in addition, the growth condition

F(x, s) ≤ c1
sp

p
+ α(x)s,

with 0 < c1 < λ1, α ∈ Lq′(Ω) for some 2 ≤ q ≤ 2N
N−2 and f (x, −s) = −f (x, s), ∀x from Ω, the

following assertions hold.
(i) The set of functions h from W−1,p′(Ω), having the property that the functionalϕh : W1,p

0 (Ω)
→ R,

ϕh (u) =
1
p
uuu

p
p−
∫
Ω

(F(x, u(x)) + h(u(x)))dx

has an attained minimum in only one point and includes a Gδ set that is everywhere dense.
(ii) The set of functions h from W−1,p′(Ω), having the property

the problem
{
−∆s

pu = f (x, u) + h (u) in Ω
u = 0 on ∂ Ω

has solutions,

includes a Gδ set that is everywhere dense.
(iii) Moreover, if s→ f (x, s) is increasing, then the set of functions h from W−1,p′(Ω), having

the property

the problem
{
−∆s

pu = f (x, u) + h(u) in Ω
u = 0 on ∂Ω

has a unique solution,

includes a Gδ set that is everywhere dense.

Remark 6.3. This is a generalization applied to the p-pseudo-Laplacian and at W1,p
0 (Ω) of Theorem

2.13 from [65].

Proof. The proof and the afferent calculus follow, step by step, those for Proposition 6.6.
There, one replaces the norm ‖ · ‖p on W1,p

0 (Ω) with the norm u · up, and the inequalities
and considerations remain the same. �

Remark 6.4. For the above results, there are some applications for particular problems from [72–74],
together with others for the pseudo torsion problem.

7. Conclusions

Seven methods to obtain and/or characterize weak solutions for some problems
of mathematical physics equations involving Dirichlet or Neumann problems for the p-
Laplacian and the p-pseudo-Laplacian have been developed. They were presented starting
from the most general abstract framework, together with detailed proofs, and numerous
auxiliary propositions are highlighted. The aim of this unfolding is to be applied to
problems derived from the modeling of real phenomena.
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The first three ways use surjectivity results (obtained from three generalizations due to
the author of three surjectivity theorems of Fučik and Nečas) and they are applied to duality
maps and Nemytskii operators. The novelty of this work consists of the presentation of all
the proof details, together with examples, to use this theory to solve mathematical physics
problems describing real phenomena. Many demonstration details are explained in accor-
dance with the aim of this journal. We proposed solving methods, and the characterization
of the solutions for problems derived from glaciology, a nonlinear elastic membrane either
with the p-Laplacian or with the p-pseudo-Laplacian and the pseudo torsion problem will
be provided in Part two of this work.

The fourth sequence of results starts with Ekeland variational principle to obtain
theoretical propositions that generalize two statements given by Ghoussoub, in which
the author replaced the real Hilbert space with a real reflexive uniformly convex Banach
space and the Fréchet C1 class of the goal function with the condition imposed that it
be lower semicontinuous and Gâteaux differentiable. It is also worthwhile to underline
that Gâteaux differentiability can be replaced by the property of β-differentiability, with β
being a bornology any. These theoretical statements have been used to characterize weak
solutions for the p-Laplacian and for the p-pseudo-Laplacian. Some adequate examples
will be also given in Part two of this work. The novelty consists in using these results for
the targeted modeling of real phenomena problems solved for glaciology, nonlinear elastic
membrane with p-Laplacian and p-pseudo-Laplacian and pseudo torsion problem.

The fifth succession of statements establishes results for nondifferentiable functionals
using the Clarke gradient and critical points for this type of map and other specific notions
until their insertion for the characterization of weak solutions for Dirichlet problems with
the p-Laplacian and the p-pseudo-Laplacian, respectively, in W1,p

0 (Ω). Applications in
thermal transfer, for Dirichlet problems derived from previously presented problems of
the movement of a glacier, nonlinear elastic membrane, the pseudo torsion problem or
nonlinear elastic membrane with the p-Laplacian and p-pseudo-Laplacian will be presented
in Part two.

The sixth series of results, using properties of the Clarke subderivative, conditions of
the Palais-Smale type and Ekeland principle, are results for Neumann or mixed problems.
They are involved in the solution of corresponding problems for the p-Laplacian and
the p-pseudo-Laplacian. The novelty resides in applications to solutions for the velocity
of solid friction, the study of glacier flow, injection molding, thermal transfer and the
pseudo-torsion problem.

The last sequence of assertions starts from the Ghoussoub-Maurey linear principle,
which is used in order to solve some minimization problems. Generalizations of the
minimization problem for the Laplacian given by Brezis and Nirenberg have been obtained
in conjunction with the characterization of weak solutions of Dirichlet problems for the
p-Laplacian and for the p-pseudo-Laplacian.

We are particularly interested in these applications, and this work is a necessary study
for our future developments since our final goal is to obtain a mathematical model for a
specific process involving transfer phenomena for the targeted environmental engineering
application. The role of the reactor (in nanofabrication) in nano-liquid-liquid dispersed
systems, in which micro- or nano-droplets play this role, and the determinant parameters
are related to surface phenomena as a result of special intermolecular forces at the interface.
In this context, some innovative mathematical modeling methods have to be proposed
and tested in order to properly simulate the physical-chemical interactions and processes
specific to nanofabrication. However, one may stress that there are no models available that
can be applied for describing the diffusion phenomena involved in the micro-emulsification
of dispersed systems in connection with surface properties at the interface in self-organized
systems, and this will be the subject of future research.
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