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Abstract: In current manuscript, using Laguerre polynomials and (p− q)-Wanas operator, we identify
upper bounds |a2| and |a3|which are first two Taylor-Maclaurin coefficients for a specific bi-univalent
functions classes WΣ(η, δ, λ, σ, θ, α, β, p, q; h) and KΣ(ξ, ρ, σ, θ, α, β, p, q; h) which cover the convex
and starlike functions. Also, we discuss Fekete-Szegö type inequality for defined class.
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1. Introduction

Denote by A function collections that have the style:

f (z) = z +
∞

∑
n=2

anzn, z ∈ D, (1)

holomorphic in D = {z : |z| < 1} in the complex plane C.
Further, present by S the sub-set of A including of univalent functions in D fullfiling

(1). Taking account the Koebe 1
4 theorem (see [1]), each f ∈ S has an inverse f−1 with

the properties f−1( f (z)) = z, for z ∈ D and f ( f−1(w)) = w, with |w| < r0( f ), where
r0( f ) ≥ 1

4 . If f is of the style (1), then

f−1(w) = w− a2w2 +
(

2a2
2 − a3

)
w3 −

(
5a3

2 − 5a2a3 + a4

)
w4 + · · · , |w| < r0( f ). (2)

When f and f−1 are univalent functions, f ∈ A is bi-univalent in D. The set of
bi-univalent functions can be expressed by Σ. The work on bi-univalent functions have
been brightened by Srivastava et al. [2] in recent years. The following functions can be
examplified for functions in the set of bi-univalent.

z
1− z

, − log(1− z) and
1
2

log
(

1 + z
1− z

)
.

Although Koebe function is not an element of bi-univalent set of functions, the Σ is not
null set.

Later, such studies continued by Ali et al. [3], Bulut et al. [4], Srivastava et al. [5] and
others (see, for example, [6–18]). However, non decisive predictions of the |a2| and |a3|
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coefficients in given by (1) were declared in different studies. Generalized inequalities on
Taylor-Maclaurin coefficients

|an| (n ∈ N; n = 3)

for f ∈ Σ has not been totally solved yet for several subfamilies of the Σ.∣∣a3 − µa2
2

∣∣ of the Fekete-Szegö function for f ∈ S is well-known in the Geometric
Function Theory.

Its origin lies in the refutation of the Littlewood-Paley conjecture by Fekete-Szegö [19].
In that case, the coefficients of odd (single-valued) univalent functions are bounded by unity.

Functions have received much attention since then, especially in the investigation of
many subclasses of the single-valued function family.

This topic has become very interesting for Geometric Function Theorists (see for
example [20–25]).

The generator function for Laguerre polynomial Lγ
n(τ) is the polynomial answer φ(τ)

of the differential equation ([26])

τφ′′ + (1 + γ− τ)φ′ + nφ = 0,

where γ > −1 and n is non-negative integers.
The generating function of generator function for Laguerre polynomial Lγ

n(τ) is ex-
pressed as below:

Hγ(τ, z) =
∞

∑
n=0

Lγ
n(τ)zn =

e−
τz

1−z

(1− z)γ+1 , (3)

where τ ∈ R and z ∈ D. The generator function for Laguerre polynomial can also be
expressed given below:

Lγ
n+1(τ) =

2n + 1 + γ− τ

n + 1
Lγ

n(τ)−
n + γ

n + 1
Lγ

n−1(τ) (n ≥ 1),

with the initial terms

Lγ
0 (τ) = 1, Lγ

1 (τ) = 1 + γ− τ and Lγ
2 (τ) =

τ2

2
− (γ + 2)τ +

(γ + 1)(γ + 2)
2

. (4)

Simply, when γ = 0 the generator function for Laguerre polynomial leads to the simply
Laguerre polynomial, L0

n(τ) = Ln(τ).
Let f and g be holomorphic in D, it is clear that f is subordinate to g, if there occurs

a holomorphic function w in D such that w(0) = 0, and |w(z)| < 1, for z ∈ D so that
f (z) = g(w(z)). This subordination is indicated by f ≺ g. Moreover, if g is univalent
in D, then we have the balance (see [27]), given by f (z) ≺ g(z) ⇐⇒ f (D) ⊂ g(D) and
f (0) = g(0).

The (p, q)-derivative operator or (p, q)-difference operator (0 < q < p ≤ 1), for a
function f is stated by

Dp,q f (z) =
f (pz)− f (qz)

(p− q)z
(z ∈ D∗ = D \ {0}),

and
Dp,q f (0) = f ′(0).

More information on the subject of (p, q)-calculus are founded in [28–33].
For f ∈ A, we conclude that

Dp,q f (z) = 1 +
∞

∑
n=2

[n]p,qanzn−1,
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where the (p, q)-bracket number or twin-basic [n]p,q is showed by

[n]p,q =
pn − qn

p− q
= pn−1 + pn−2q + pn−3q2 + · · ·+ pqn−2 + qn−1 (p 6= q),

which is a native generator number for q, namely is, we get (see [34,35])

lim
p→1−

[n]p,q = [n]q =
1− qn

1− q
.

Obviously, the impression [n]p,q is symmetric, namely,

[n]p,q = [n]q,p.

Wanas and Cotîrlǎ [36] presented Wσ,θ
α,β,p,q : A −→ A known as (p− q)-Wanas operator

showed by

Wσ,θ
α,β,p,q f (z) = z +

∞

∑
n=2

(
[Ψn(σ, α, β)]p,q

[Ψ1(σ, α, β)]p,q

)θ

anzn = z +
∞

∑
n=2

[Ψn(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
anzn,

where

Ψn(σ, α, β) =
σ

∑
τ=1

(
σ
τ

)
(−1)τ+1(ατ + nβτ), Ψ1(σ, α, β) =

σ

∑
τ=1

(
σ
τ

)
(−1)τ+1(ατ + βτ),

and

α ∈ R, β ∈ R+
0 with α + β > 0, n− 1 ∈ N, σ ∈ N, θ ∈ N0, 0 < q < p ≤ 1 and z ∈ D.

Remark 1. The operator Wσ,θ
α,β,p,q is a generalized form of several operators given in previous

researches for some values of parameters which are mentioned below.

1. For p = σ = β = 1, θ = −ν, <(ν) > 1 and α ∈ C \Z−0 , the operator Wσ,θ
α,β,p,q decreases to

the q-Srivastava Attiya operator Jν
q,α [37].

2. For p = σ = β = 1, θ = −1 and α > −1, the operator Wσ,θ
α,β,p,q decreases to the q-Bernardi

operator [38].
3. For p = σ = α = β = 1 and θ = −1, the operator Wσ,θ

α,β,p,q decreases to the q-Libera
operator [38].

4. For α = 0 and p = σ = β = 1, the operator Wσ,θ
α,β,p,q decreases to the q-Sălăgean operator [39].

5. For q −→ 1− and p = σ = 1, the operator Wσ,θ
α,β,p,q decreases to the operator Iθ

α,β was
presented and studied by Swamy [40].

6. For q −→ 1−, p = σ = β = 1, θ = −ν, <(ν) > 1 and s ∈ C \ Z−0 , the operator Wσ,θ
α,β,p,q

decreases to the operator Jν
α was presented by Srivastava and Attiya [41]. The operator Jν

s is
well-known as Srivastava-Attiya operator by researchers.

7. For q −→ 1−, p = σ = β = 1 and α > −1, the operator Wσ,θ
α,β,p,q, decreases to the operator

Iθ
α was presented by Cho and Srivastava [42].

8. For q −→ 1−, p = σ = α = β = 1, the operator Wσ,θ
α,β,p,q decreases to the operator Iθ was

presented by Uralegaddi and Somanatha [43].
9. For q −→ 1−, p = σ = α = β = 1, θ = −ξ and ξ > 0, the operator Wσ,θ

α,β,p,q decreases to

the operator Iξ was presented by Jung et al. [44]. The operator Iξ is the Jung-Kim-Srivastava
integral operator.

10. For q −→ 1−, p = σ = β = 1, θ = −1 and α > −1, the operator Wσ,θ
α,β,p,q decreases to the

Bernardi operator [45].
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11. For q −→ 1−, α = 0, p = σ = β = 1 and θ = −1, the operator Wσ,θ
α,β,p,q decreases to the

Alexander operator [46].
12. For q −→ 1−, p = σ = 1, α = 1− β and t ≥ 0, the operator Wσ,θ

α,β,p,q decreases to the

operator Dθ
β was presented by Al-Oboudi [19].

13. For q −→ 1−, p = σ = 1, α = 0 and β = 1, the operator Wσ,θ
α,β,p,q decreases to the operator

Sθ was presented by Sălăgean [47].

2. Main Results

Firstly, We start to present the classes WΣ(η, δ, λ, σ, θ, α, β, p, q; h) and KΣ(ξ, ρ, σ, θ,
α, β, p, q; h) given below:

Definition 1. Suppose that 0 ≤ η ≤ 1, 0 ≤ λ ≤ 1, 0 ≤ δ ≤ 1 and h is analytic in D, h(0) = 1.
f ∈ Σ is in the classWΣ(η, δ, λ, σ, θ, α, β, p, q; h) if it provides the subordinations: z

(
Wσ,θ

α,β,p,q f (z)
)′

Wσ,θ
α,β,p,q f (z)


η(1− δ)

z
(

Wσ,θ
α,β,p,q f (z)

)′
Wσ,θ

α,β,p,q f (z)
+ δ

1 +
z
(

Wσ,θ
α,β,p,q f (z)

)′′
(

Wσ,θ
α,β,p,q f (z)

)′



λ

≺ h(z)

andw
(

Wσ,θ
α,β,p,q f−1(w)

)′
Wσ,θ

α,β,p,q f−1(w)


η(1− δ)

w
(

Wσ,θ
α,β,p,q f−1(w)

)′
Wσ,θ

α,β,p,q f−1(w)
+ δ

1 +
w
(

Wσ,θ
α,β,p,q f−1(w)

)′′
(

Wσ,θ
α,β,p,q f−1(w)

)′



λ

≺ h(w),

where f−1 is given by (2).

Definition 2. Suppose that 0 ≤ ξ ≤ 1, 0 ≤ ρ < 1 and h is analytic in D, h(0) = 1. f ∈ Σ is in
the class KΣ(ξ, ρ, σ, θ, α, β, p, q; h) if it provides the subordinations:

(1− ξ)
z
(

Wσ,θ
α,β,p,q f (z)

)′
(1− ρ)Wσ,θ

α,β,p,q f (z) + ρz
(

Wσ,θ
α,β,p,q f (z)

)′

+ξ


(

Wσ,θ
α,β,p,q f (z)

)′
+ z
(

Wσ,θ
α,β,p,q f (z)

)′′
(

Wσ,θ
α,β,p,q f (z)

)′
+ ρz

(
Wσ,θ

α,β,p,q f (z)
)′′
 ≺ h(z)

and

(1− ξ)
w
(

Wσ,θ
α,β,p,q f−1(w)

)′
(1− ρ)Wσ,θ

α,β,p,q f−1(w) + ρw
(

Wσ,θ
α,β,p,q f−1(w)

)′
+ξ


(

Wσ,θ
α,β,p,q f−1(w)

)′
+ w

(
Wσ,θ

α,β,p,q f−1(w)
)′′

(
Wσ,θ

α,β,p,q f−1(w)
)′

+ ρw
(

Wσ,θ
α,β,p,q f−1(w)

)′′
 ≺ h(w),

where f−1 is given by (2).

Theorem 1. Suppose that 0 ≤ η ≤ 1, 0 ≤ λ ≤ 1 and 0 ≤ δ ≤ 1. If f ∈ Σ of the style (1) be an
element of classWΣ(η, δ, λ, σ, θ, α, β, p, q; h), with h(z) = 1 + e1z + e2z2 + · · · , then

|a2| ≤
(η + λ(δ + 1))[Ψ2(σ, α, β)]θp,q|e1|

[Ψ1(σ, α, β)]θp,q
=
|e1|
Ω
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and

|a3| ≤ min

{
max

{∣∣∣ e1

∆

∣∣∣, ∣∣∣∣∣ e2

∆
−

ϕe2
1

Ω2∆

∣∣∣∣∣
}

, max

{∣∣∣ e1

∆

∣∣∣, ∣∣∣∣∣ e2

∆
−

(2∆ + ϕ)e2
1

Ω2∆

∣∣∣∣∣
}}

, (5)

where
Ω =

(η+λ(δ+1))[Ψ2(σ,α,β)]θp,q

[Ψ1(σ,α,β)]θp,q
,

∆ =
2(η+λ(2δ+1))[Ψ3(σ,α,β)]θp,q

[Ψ1(σ,α,β)]θp,q
,

ϕ =
[η(η−1)+λ(δ+1)(2η+(λ−1)(δ+1))−2(η+λ(3δ+1))][Ψ2(σ,α,β)]2θ

p,q

2[Ψ1(σ,α,β)]2θ
p,q

.

(6)

Proof. Assume that f ∈ WΣ(η, δ, λ, σ, θ, α, β, p, q; e1; e2). Then there consists two holomor-
phic functions φ, ψ : D −→ D showed by

φ(z) = r1z + r2z2 + r3z3 + · · · (z ∈ D) (7)

and
ψ(w) = s1w + s2w2 + s3w3 + · · · (w ∈ D), (8)

with φ(0) = ψ(0) = 0, |φ(z)| < 1, |ψ(w)| < 1, z, w ∈ D so that z
(

Wσ,θ
α,β,p,q f (z)

)′
Wσ,θ

α,β,p,q f (z)


η(1− δ)

z
(

Wσ,θ
α,β,p,q f (z)

)′
Wσ,θ

α,β,p,q f (z)
+ δ

1 +
z
(

Wσ,θ
α,β,p,q f (z)

)′′
(

Wσ,θ
α,β,p,q f (z)

)′



λ

= 1 + e1φ(z) + e2φ2(z) + · · · (9)

and w
(

Wσ,θ
α,β,p,q f−1(w)

)′
Wσ,θ

α,β,p,q f−1(w)


η(1− δ)

w
(

Wσ,θ
α,β,p,q f−1(w)

)′
Wσ,θ

α,β,p,q f−1(w)
+ δ

1 +
w
(

Wσ,θ
α,β,p,q f−1(w)

)′′
(

Wσ,θ
α,β,p,q f−1(w)

)′



λ

= 1 + e1ψ(w) + e2ψ2(w) + · · · . (10)

Unification of (7), (8), (9) and (10), yield z
(

Wσ,θ
α,β,p,q f (z)

)′
Wσ,θ

α,β,p,q f (z)


η(1− δ)

z
(

Wσ,θ
α,β,p,q f (z)

)′
Wσ,θ

α,β,p,q f (z)
+ δ

1 +
z
(

Wσ,θ
α,β,p,q f (z)

)′′
(

Wσ,θ
α,β,p,q f (z)

)′



λ

= 1 + e1r1z +
[
e1r2 + e2r2

1

]
z2 + · · · (11)

and w
(

Wσ,θ
α,β,p,q f−1(w)

)′
Wσ,θ

α,β,p,q f−1(w)


η(1− δ)

w
(

Wσ,θ
α,β,p,q f−1(w)

)′
Wσ,θ

α,β,p,q f−1(w)
+ δ

1 +
w
(

Wσ,θ
α,β,p,q f−1(w)

)′′
(

Wσ,θ
α,β,p,q f−1(w)

)′



λ

= 1 + e1s1w +
[
e1s2 + e2s2

1

]
w2 + · · · . (12)

It is clear that if |φ(z)| < 1 and |ψ(w)| < 1, z, w ∈ D, we obtain∣∣rj
∣∣ ≤ 1 and

∣∣sj
∣∣ ≤ 1 (j ∈ N).
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Taking into account (11) and (12), after simplifying, we find that

(η + λ(δ + 1))[Ψ2(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
a2 = e1r1, (13)

2(η + λ(2δ + 1))[Ψ3(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
a3

+
[η(η − 1) + λ(δ + 1)(2η + (λ− 1)(δ + 1))− 2(η + λ(3δ + 1))][Ψ2(σ, α, β)]2θ

p,q

2[Ψ1(σ, α, β)]2θ
p,q

a2
2

= e1r2 + e2r2
1, (14)

−
(η + λ(δ + 1))[Ψ2(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
a2 = e1s1 (15)

and

2(η + λ(2δ + 1))[Ψ3(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q

(
2a2

2 − a3

)
+

[η(η − 1) + λ(δ + 1)(2η + (λ− 1)(δ + 1))− 2(η + λ(3δ + 1))][Ψ2(σ, α, β)]2θ
p,q

2[Ψ1(σ, α, β)]2θ
p,q

a2
2

= e1s2 + e2s2
1. (16)

If we implement notation (6), then (13) and (14) becomes

Ωa2 = e1r1, ∆a3 + ϕa2
2 = e1r2 + e2r2

1. (17)

This gives
∆
e1

a3 = r2 +

(
e2

e1
− ϕe1

Ω2

)
r2

1, (18)

and on using the given certain result ([48], p. 10):

|r2 − µr2
1| ≤ max{1, |µ|} (19)

for every µ ∈ C, we get ∣∣∣∣ ∆
e1

∣∣∣∣|a3| ≤ max
{

1,
∣∣∣∣ e2

e1
− ϕe1

Ω2

∣∣∣∣}. (20)

In the same way, (15) and (16) becomes

−Ωa2 = e1s1, ∆(2a2
2 − a3) + ϕa2

2 = e1s2 + e2s2
1. (21)

This gives

− ∆
e1

a3 = s2 +

(
e2

e1
− (2∆ + ϕ)e1

Ω2

)
s2

1. (22)

Applying (19), we obtain∣∣∣∣ ∆
e1

∣∣∣∣|a3| ≤ max
{

1,
∣∣∣∣ e2

e1
− (2∆ + ϕ)e1

Ω2

∣∣∣∣}. (23)

Inequality (5) follows from (20) and (23).

If we take the generating function Lγ
n(τ) given by (3) common generalized Laguerre

polynomials as h(z), then from the equalities given(4), we get e1 = 1 + γ − τ and
e2 = τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2 . We obtain following corollary from Theorem 1.
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Corollary 1. If f ∈ Σ given by style (1) is in the family WΣ(η, δ, λ, σ, θ, α, β, p, q; Hγ(τ, z)),
then

|a2| ≤
(η + λ(δ + 1))[Ψ2(σ, α, β)]θp,q|1 + γ− τ|

[Ψ1(σ, α, β)]θp,q
=
|1 + γ− τ|

Ω

and

|a3| ≤ min

{
max

{∣∣∣∣1 + γ− τ

∆

∣∣∣∣,
∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

∆
− ϕ(1 + γ− τ)2

Ω2∆

∣∣∣∣∣
}

,

max

{∣∣∣∣1 + γ− τ

∆

∣∣∣∣,
∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

∆
− (2∆ + ϕ)(1 + γ− τ)2

Ω2∆

∣∣∣∣∣
}}

,

for all η, λ, δ so that 0 ≤ η ≤ 1, 0 ≤ λ ≤ 1 and 0 ≤ δ ≤ 1, where Ω, ∆, ϕ are given by (6) and
Hγ(τ, z) is given by (3).

Theorem 2. Suppose that 0 ≤ ξ ≤ 1 and 0 ≤ ρ < 1. If f ∈ Σ of the style (1) be an element of the
class KΣ(ξ, ρ, σ, θ, α, β, p, q; h), with h(z) = 1 + e1z + e2z2 + · · · , then

|a2| ≤
(ξ + 1)(1− ρ)[Ψ2(σ, α, β)]θp,q|e1|

[Ψ1(σ, α, β)]θp,q
=
|e1|
Υ

and

|a3| ≤ min

{
max

{∣∣∣ e1

Φ

∣∣∣, ∣∣∣∣∣ e2

Φ
−

χe2
1

Υ2Φ

∣∣∣∣∣
}

, max

{∣∣∣ e1

Φ

∣∣∣, ∣∣∣∣∣ e2

Φ
−

(2Φ + χ)e2
1

Υ2Φ

∣∣∣∣∣
}}

, (24)

where
Υ =

(ξ+1)(1−ρ)[Ψ2(σ,α,β)]θp,q

[Ψ1(σ,α,β)]θp,q
,

Φ =
2(2ξ+1)(1−ρ)[Ψ3(σ,α,β)]θp,q

[Ψ1(σ,α,β)]θp,q
,

χ =
(2ξ+1)(ρ2−1)[Ψ2(σ,α,β)]2θ

p,q

[Ψ1(σ,α,β)]2θ
p,q

.

(25)

Proof. Assume that f ∈ KΣ(ξ, ρ, σ, θ, α, β, p, q; e1; e2). Then there consists two holomorphic
functions φ, ψ : D −→ D such that

(1− ξ)
z
(

Wσ,θ
α,β,p,q f (z)

)′
(1− ρ)Wσ,θ

α,β,p,q f (z) + ρz
(

Wσ,θ
α,β,p,q f (z)

)′ + ξ


(

Wσ,θ
α,β,p,q f (z)

)′
+ z
(

Wσ,θ
α,β,p,q f (z)

)′′
(

Wσ,θ
α,β,p,q f (z)

)′
+ ρz

(
Wσ,θ

α,β,p,q f (z)
)′′


= 1 + e1φ(z) + e2φ2(z) + · · · (26)

and

(1− ξ)
w
(

Wσ,θ
α,β,p,q f−1(w)

)′
(1− ρ)Wσ,θ

α,β,p,q f−1(w) + ρw
(

Wσ,θ
α,β,p,q f−1(w)

)′ + ξ


(

Wσ,θ
α,β,p,q f−1(w)

)′
+ w

(
Wσ,θ

α,β,p,q f−1(w)
)′′

(
Wσ,θ

α,β,p,q f−1(w)
)′

+ ρw
(

Wσ,θ
α,β,p,q f−1(w)

)′′


= 1 + e1ψ(w) + e2ψ2(w) + · · · , (27)
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where φ and ψ given by the style (7) and (8). Unification of (26) and (27), serve

(1− ξ)
z
(

Wσ,θ
α,β,p,q f (z)

)′
(1− ρ)Wσ,θ

α,β,p,q f (z) + ρz
(

Wσ,θ
α,β,p,q f (z)

)′ + ξ


(

Wσ,θ
α,β,p,q f (z)

)′
+ z
(

Wσ,θ
α,β,p,q f (z)

)′′
(

Wσ,θ
α,β,p,q f (z)

)′
+ ρz

(
Wσ,θ

α,β,p,q f (z)
)′′


= 1 + e1r1z +
[
e1r2 + e2r2

1

]
z2 + · · · (28)

and

(1− ξ)
w
(

Wσ,θ
α,β,p,q f−1(w)

)′
(1− ρ)Wσ,θ

α,β,p,q f−1(w) + ρw
(

Wσ,θ
α,β,p,q f−1(w)

)′ + ξ


(

Wσ,θ
α,β,p,q f−1(w)

)′
+ w

(
Wσ,θ

α,β,p,q f−1(w)
)′′

(
Wσ,θ

α,β,p,q f−1(w)
)′

+ ρw
(

Wσ,θ
α,β,p,q f−1(w)

)′′


= 1 + e1s1w +
[
e1s2 + e2s2

1

]
w2 + · · · . (29)

It is clear that if |φ(z)| < 1 and |ψ(w)| < 1, z, w ∈ D, we obtain∣∣rj
∣∣ ≤ 1 and

∣∣sj
∣∣ ≤ 1 (j ∈ N).

Taking into account (28) and (29), after simplifying, we find that

(ξ + 1)(1− ρ)[Ψ2(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
a2 = e1r1, (30)

2(2ξ + 1)(1− ρ)[Ψ3(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
a3 +

(2ξ + 1)(ρ2 − 1)[Ψ2(σ, α, β)]2θ
p,q

[Ψ1(σ, α, β)]2θ
p,q

a2
2 = e1r2 + e2r2

1, (31)

−
(ξ + 1)(1− ρ)[Ψ2(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q
a2 = e1s1 (32)

and

2(2ξ + 1)(1− ρ)[Ψ3(σ, α, β)]θp,q

[Ψ1(σ, α, β)]θp,q

(
2a2

2 − a3

)
+

(2ξ + 1)(ρ2 − 1)[Ψ2(σ, α, β)]2θ
p,q

[Ψ1(σ, α, β)]2θ
p,q

a2
2

= e1s2 + e2s2
1. (33)

If we implement notation (25), then (30) and (31) becomes

Υa2 = e1r1, Φa3 + χa2
2 = e1r2 + e2r2

1. (34)

This gives
Φ
e1

a3 = r2 +

(
e2

e1
− χe1

Υ2

)
r2

1, (35)

and on using the given certain result ([48], p. 10):

|r2 − µr2
1| ≤ max{1, |µ|} (36)

for every µ ∈ C, we get ∣∣∣∣Φe1

∣∣∣∣|a3| ≤ max
{

1,
∣∣∣∣ e2

e1
− χe1

Υ2

∣∣∣∣}. (37)

In the same way, (32) and (33) becomes

− Υa2 = e1s1, Φ(2a2
2 − a3) + χa2

2 = e1s2 + e2s2
1. (38)
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This gives

− Φ
e1

a3 = s2 +

(
e2

e1
− (2Φ + χ)e1

Υ2

)
s2

1. (39)

Applying (36), we obtain∣∣∣∣Φe1

∣∣∣∣|a3| ≤ max
{

1,
∣∣∣∣ e2

e1
− (2Φ + χ)e1

Υ2

∣∣∣∣}. (40)

Inequality (24) follows from (37) and (40).

If we take the generating function Lγ
n(τ) given by (3) common generalized Laguerre

polynomials as h(z), then from the equalities given(4), we get e1 = 1 + γ− τ and e2 =
τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2 . We obtain following corollary from Theorem 2.

Corollary 2. If f ∈ Σ of the style (1) be an element of the class KΣ(ξ, ρ, σ, θ, α, β, p, q; Hγ(τ, z)),
then

|a2| ≤
(ξ + 1)(1− ρ)[Ψ2(σ, α, β)]θp,q|1 + γ− τ|

[Ψ1(σ, α, β)]θp,q
=
|1 + γ− τ|

Υ

and

|a3| ≤ min

{
max

{∣∣∣∣1 + γ− τ

Φ

∣∣∣∣,
∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

Φ
− χ(1 + γ− τ)2

Υ2Φ

∣∣∣∣∣
}

,

max

{∣∣∣∣1 + γ− τ

Φ

∣∣∣∣,
∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

Φ
− (2Φ + χ)(1 + γ− τ)2

Υ2Φ

∣∣∣∣∣
}}

,

for all ξ, ρ so that 0 ≤ ξ ≤ 1 and 0 ≤ ρ < 1, where Υ, Φ, χ are introduced by (25) and Hγ(τ, z) is
given by (3).

We investigate the “Fekete-Szegö Inequalities” for the familiesWΣ(η, δ, λ, σ, θ, α, β, p, q; h)
and KΣ(ξ, ρ, σ, θ, α, β, p, q; h) in next theorems.

Theorem 3. If f ∈ Σ of the style (1) be an element of familyWΣ(η, δ, λ, σ, θ, α, β, p, q; h), then∣∣∣a3 − ζa2
2

∣∣∣ ≤ |e1|
∆

min
{

max
{

1,
∣∣∣∣ e2

e1
+

(ζ∆− ϕ)e1

Ω2

∣∣∣∣}, max
{

1,
∣∣∣∣ e2

e1
− (2∆ + ϕ− ζ∆)e1

Ω2

∣∣∣∣}},

for all ζ, η, λ, δ such that ζ ∈ R, 0 ≤ η ≤ 1, 0 ≤ λ ≤ 1 and 0 ≤ δ ≤ 1, where Ω, ∆, ϕ are given
by (6) and e1, e2, a2 and a3 as defined in Theorem 1.

Proof. We implement the impressions from the Theorem 1’s proof. From (17) and from
(18), we get

a3 − ζa2
2 =

e1

∆

(
r2 +

(
e2

e1
+

(ζ∆− ϕ)e1

Ω2

)
r2

1

)
by using the certain result |r2 − µr2

1| ≤ max{1, |µ|}, we get

|a3 − ζa2
2| ≤

|e1|
∆

max
{

1,
∣∣∣∣ e2

e1
+

(ζ∆− ϕ)e1

Ω2

∣∣∣∣}.

In the same way, from (21) and from (22), we get

a3 − ζa2
2 = − e1

∆

(
s2 +

(
e2

e1
− (2∆ + ϕ− ζ∆)e1

Ω2

)
s2

1

)
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and on using |s2 − µs2
1| ≤ max{1, |µ|}, we get

|a3 − ζa2
2| ≤

|e1|
∆

max
{

1,
∣∣∣∣ e2

e1
− (2∆ + ϕ− ζ∆)e1

Ω2

∣∣∣∣}.

Corollary 3. If f ∈ Σ of the style (1) be an element ofWΣ(η, δ, λ, σ, θ, α, β, p, q; Hγ(τ, z)), then∣∣∣a3 − ζa2
2

∣∣∣
≤ |1 + γ− τ|

∆
min

{
max

{
1,

∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

1 + γ− τ
+

(ζ∆− ϕ)(1 + γ− τ)

Ω2

∣∣∣∣∣
}

,

max

{
1,

∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

1 + γ− τ
− (2∆ + ϕ− ζ∆)(1 + γ− τ)

Ω2

∣∣∣∣∣
}}

,

for each ζ, η, λ, δ such that ζ ∈ R, 0 ≤ η ≤ 1, 0 ≤ λ ≤ 1 and 0 ≤ δ ≤ 1, where Ω, ∆, ϕ are given
by (6) and Hγ(τ, z) is presented by (3).

Theorem 4. If f ∈ Σ of the style (1) is in the family KΣ(ξ, ρ, σ, θ, α, β, p, q; h), then∣∣∣a3 − ζa2
2

∣∣∣ ≤ |e1|
Φ

min
{

max
{

1,
∣∣∣∣ e2

e1
+

(ζΦ− χ)e1

Υ2

∣∣∣∣}, max
{

1,
∣∣∣∣ e2

e1
− (2Φ + χ− ζΦ)e1

Υ2

∣∣∣∣}},

for all ζ, ξ, ρ such that ζ ∈ R, 0 ≤ ξ ≤ 1 and 0 ≤ ρ < 1, where Υ, Φ, χ are given by (25) and e1,
e2, a2 and a3 as defined in Theorem 2.

Proof. We implement the impressions from the Theorem 2’s proof. From (34) and from
(35), we get

a3 − ζa2
2 =

e1

Φ

(
r2 +

(
e2

e1
+

(ζΦ− χ)e1

Υ2

)
r2

1

)
by using the certain result |r2 − µr2

1| ≤ max{1, |µ|}, we get

|a3 − ζa2
2| ≤

|e1|
Φ

max
{

1,
∣∣∣∣ e2

e1
+

(ζΦ− χ)e1

Υ2

∣∣∣∣}.

In the same way, from (38) and from (39), we get

a3 − ζa2
2 = − e1

Φ

(
s2 +

(
e2

e1
− (2Φ + χ− ζΦ)e1

Υ2

)
s2

1

)
and on using |s2 − µs2

1| ≤ max{1, |µ|}, we get

|a3 − ζa2
2| ≤

|e1|
Φ

max
{

1,
∣∣∣∣ e2

e1
− (2Φ + χ− ζΦ)e1

Υ2

∣∣∣∣}.
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Corollary 4. If f ∈ Σ of the style (1) be an element of KΣ(ξ, ρ, σ, θ, α, β, p, q; Hγ(τ, z)), then∣∣∣a3 − ζa2
2

∣∣∣
≤ |1 + γ− τ|

Φ
min

{
max

{
1,

∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

1 + γ− τ
+

(ζΦ− χ)(1 + γ− τ)

Υ2

∣∣∣∣∣
}

,

max

{
1,

∣∣∣∣∣ τ2

2 − (γ + 2)τ + (γ+1)(γ+2)
2

1 + γ− τ
− (2Φ + χ− ζΦ)(1 + γ− τ)

Υ2

∣∣∣∣∣
}}

,

for each ζ, ξ, ρ such that ζ ∈ R, 0 ≤ ξ ≤ 1 and 0 ≤ ρ < 1, where Υ, Φ, χ are given by (25) and
Hγ(τ, z) is presented by (3).

3. Conclusions

The main aim of this study was to constitute a new classesWΣ(η, δ, λ, σ, θ, α, β, p, q; h)
and KΣ(ξ, ρ, σ, θ, α, β, p, q; h) of bi-univalent functions described through (p− q)-Wanas
operator and also utilization of the generator function for Laguerre polynomial Lγ

n(τ), pre-
sented by the equalities in (4) and the producing function Hγ(τ, z) given by (3). The initial
Taylor-Maclaurin coefficient estimates for functions of these freshly presented bi-univalent
function classes WΣ(η, δ, λ, σ, θ, α, β, p, q; h) and KΣ(ξ, ρ, σ, θ, α, β, p, q; h) were produced
and the well-known Fekete-Szegö inequalities were examined.
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36. Wanas, A.K.; Cotîrlǎ, L.-I. Initial coefficient estimates and Fekete- Szegö inequalities for new families of bi-univalent functions

governed by (p− q)-Wanas operator. Symmetry 2021, 13, 2118. [CrossRef]
37. Shah, S.A.; Noor, K.I. Study on the q-analogue of a certain family of linear operators. Turk. J. Math. 2019, 43, 2707–2714. [CrossRef]
38. Noor, K.I.; Riaz, S.; Noor, M.A. On q-Bernardi integral operator. TWMS J. Pure Appl. Math. 2017, 8, 3–11.
39. Govindaraj, M.; Sivasubramanian, S. On a class of analytic functions related to conic domains involving q-calculus. Anal. Math.

2017, 43, 475–487. [CrossRef]
40. Swamy, S.R. Inclusion properties of certain subclasses of analytic functions. Int. Math. Forum 2012, 7, 1751–1760.
41. Srivastava, H.M.; Attiya, A.A. An integral operator associated with the Hurwitz-Lerch Zeta function and differential subordination.

Integral Transform. Spec. Funct. 2007, 18, 207–216. [CrossRef]
42. Cho, N.E.; Srivastava, H.M. Argument estimates of certain analytic functions defined by a class of multiplier transformations.

Math. Comput. Model. 2003, 37, 39–49. [CrossRef]
43. Uralegaddi, B.A.; Somanatha, C. Certain classes of univalent functions. In Current Topics in Analytic Function Theory; Srivastava,

H.M., Own, S., Eds.; World Scientific: Singapore, 1992; pp. 371–374.
44. Jung, I.B.; Kim, Y.C.; Srivastava, H.M. The Hardy space of analytic functions associated with certain one-parameter families of

integral operators. J. Math. Anal. Appl. 1993, 176, 138–147. [CrossRef]
45. Bernardi, S.D. Convex and starlike univalent functions. Trans. Am. Math. Soc. 1969, 135, 429–446. [CrossRef]

http://dx.doi.org/10.3934/math.2021061
http://dx.doi.org/10.1007/s13370-022-00991-0
http://dx.doi.org/10.3934/math.2022287
http://dx.doi.org/10.3390/math8020172
http://dx.doi.org/10.1155/S0161171204108090
http://dx.doi.org/10.37193/CJM.2018.01.11
http://dx.doi.org/10.1080/17476930108815351
http://dx.doi.org/10.3934/math.2023016
http://dx.doi.org/10.2298/FIL1804313S
http://dx.doi.org/10.3390/math10040595
http://dx.doi.org/10.3390/sym14040645
http://dx.doi.org/10.1063/1.4945904
http://dx.doi.org/10.1007/s13398-019-00713-5
http://dx.doi.org/10.3390/sym13112118
http://dx.doi.org/10.3906/mat-1907-41
http://dx.doi.org/10.1007/s10476-017-0206-5
http://dx.doi.org/10.1080/10652460701208577
http://dx.doi.org/10.1016/S0895-7177(03)80004-3
http://dx.doi.org/10.1006/jmaa.1993.1204
http://dx.doi.org/10.1090/S0002-9947-1969-0232920-2


Axioms 2023, 12, 430 13 of 13

46. Alexander, J.W. Functions which map the interior of the unit circle upon simple region. Ann. Math. 1915, 17, 12–22. [CrossRef]
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