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Abstract: On any strictly pseudoconvex CR manifold M, of CR dimension #, equipped with a
positively oriented contact form 6, we consider natural e-contractions, i.e., contractions gM of the
Levi form Gy, such that the norm of the Reeb vector field T of (M, 8) is of order O(e~!). We study
isopseudohermitian (i.e., f*® = 0) Cauchy-Riemann immersions f : M — (A, ®) between strictly
pseudoconvex CR manifolds M and A, where © is a contact form on A. For every contraction gé
of the Levi form Gg, we write the embedding equations for the immersion f : M — (A, gé). A
pseudohermitan version of the Gauss equation for an isopseudohermitian C-R immersion is obtained
by an elementary asymptotic analysis as € — 0. For every isopseudohermitian immersion f : M —
S2N+1 into a sphere S2N*1 © CN*1, we show that Webster’s pseudohermitian scalar curvature R of
(M, 0) satisfies the inequality R < 2n[(f*ge)(T,T) +n+1] + 3 {|H(f) Héf@ + ||trace, T ) (VvI—

V)| ;*g@} with equality if and only if B(f) = 0 and V' = V on H(M) ® H(M). This gives a

pseudohermitian analog to a classical result by S-S. Chern on minimal isometric immersions into

space forms.

Keywords: Levi form; contact form; Tanaka—Webster connection; pseudohermitian scalar curvature;
sublaplacian; CR immersion; isopseudohermitian immersion; sub-Riemannian structure; e-contraction;

pseudohermitan second fundamental form; pseudohermitian Gauss equation
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1. Introduction

The present paper has two main purposes: a general one, which looks at certain
problems originating in complex analysis from the point of view of pseudohermitian ge-
ometry, and a more specific purpose, which is contributing to the study of CR immersions
between strictly pseudoconvex CR manifolds, from a differential geometric viewpoint.
Pseudohermitian geometry was brought into mathematical practice by S.M. Webster [1] and
N. Tanaka [2], and the term pseudohermitian structure was coined by S.M. Webster himself
(see op. cit.). Pseudohermitian geometry soon became a popular research area, and its devel-
opment up to 2006 is reported in the monographs by S. Dragomir and G. Tomassini [3] and
by E. Barletta, S. Dragomir, and K.L. Duggal [4]. The further growth of the theory, though
confined to the topic of subelliptic harmonic maps and vector fields on pseudohermitian
manifolds, is reported in the monograph by S. Dragomir and D. Perrone [5]. The part added
to the theory of CR immersions by the present paper, which is deriving a pseudohermitian
analog to the Gauss equation (of an isometric immersion between Riemannian manifolds),
aims to contribute applications to rigidity theory. The remainder of the Introduction is
devoted to a brief parallel between rigidity within Riemannian geometry on one hand
and complex analysis on the other, and to a glimpse into the main results. The authors
benefit from the (partial) embedding (described in detail in [6] and adopted there for dif-
ferent purposes, i.e., the study of the geometry of Jacobi fields on Sasakian manifolds) of
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pseudohermitian geometry into sub-Riemannian geometry, and the main novelty from a
methodological viewpoint is the use of methods in sub-Riemannian geometry (see [7,8]).

Rigidity in differential geometry has a long history, perhaps starting with rigidity of
regular curves & : [ — R3 of curvature k(s) > 0 and torsion 7(s) (s € I): any other regular
curve & : I — R3 with the same curvature k(s) and torsion 7(s) differs from a by a rigid
motion i.e., @(s) = p [a(s)] + ¢ for some orthogonal linear map p : R> — R? and some
vector ¢ € R3. See M.P. Do Carmo [9], p- 19.

As a step further, one knows about the rigidity of real hypersurfaces in Euclidean
space R"™1 e, if f: M — R"™ 1 and f : M — R"*! are two isometric immersions of
an n-dimensional orientable Riemannian manifold M, whose second fundamental forms
coincide on M, then f = T o f for some isometry 7 : R"*! — R"*!. See Theorem 6.4 in
S. Kobayashi and K Nomizu [10], Volume II, p. 45.

A close analog to rigidity in the above sense, occurring in complex analysis of functions
of several complex variables, is that of rigidity of CR immersions, and our starting point is
S.M. Webster’s legacy; see [11]. A CR immersionisamap f : M — A of CR manifolds M and
A such that: (i) f is a C* immersion, and (ii) f is a CR map; i.e., it maps the CR structure
T10(M) onto T o(A). Let (M, T;9(M)) be a (2n + 1)-dimensional CR manifold, of CR
dimension n. M is a CR hypersurface of the sphere $?"*3 if M C §?**3 is a (codimension
two) submanifold and the inclusion ¢ : M — $*'*3 is a CR immersion. A CR hypersurface
M is rigid in S?"*3 if for any other CR hypersurface M’ C S?**3, every CR isomorphism
¢ : M — M’ extends to a CR automorphism ® € Autcg (S*"3). By a classical result of
S.M. Webster (see [11]), if n > 3, every CR hypersurface M C S?**+3 is rigid.

The proof (see [10], Volume II, pp. 45-46) of rigidity of real hypersurfaces in Euclidean
space relies on the analysis of the Gauss—-Codazzi equations for a given isometric immersion,
and the treatment of rigidity of CR hypersurfaces in $?"*3 exploits (again see [11]) in a
rather similar manner CR, or more precisely pseudohermitian, analogs to Gauss—Codazzi
equations, where the ambient and intrinsic Levi-Civita connections (at work within the
geometry of isometric immersions between Riemannian manifolds) are replaced by the
Tanaka-Webster connections. The Tanaka—Webster connection is a canonical connection
(similar to the Levi—Civita connection in Riemannian geometry, and to the Chern connection
in Hermitian geometry) occurring on any nondegenerate CR manifold, on which a contact
form has been fixed (see [1,2]). The Tanaka—Webster connection is also due to S.M. Webster
(see [1]), yet was independently discovered by N. Tanaka in a monograph (see [2]) that
remained little known to Western scientists up to the end of the 1980s. The pseudohermitian
analog to the Gauss equation in Webster’s theory (see [11]) is stated as:

_ 1
Spapr = ~bpp baz — Gy rray | 86a Spo +8p&gﬁﬁ} by M "
+ i | 8pw bop "7 + 8o by b 7 + by bY 7 87 + bou b gﬂﬁ] :

Insufficient computational details are furnished in [11], and the derivation of (1) remains
rather obscure.

A more recent tentative approach to the (CR analog to) the Gauss—Codazzi-Ricci equa-
tions was taken up by P. Ebenfelt, X-J. Huang, and D. Zaitsev (see [12]). They introduced
and made use of a CR analog to the second fundamental form (of an isometric immersion),
which is naturally associated with a given CR immersion and springs from work in complex
analysis by B. Lamel (see [13,14]). Their pseudohermitian (analog to) the Gauss equation

RA(X,Y,Z,W) = R(X,Y,Z,V) + (II(X, Z), T1(Y, V)),

X,Y,Z,V € T o(M),

for a given CR immersion f : M — A depends on a particular choice of contact forms 6 and
O, respectively, on the submanifold M and on the ambient space A, such that: (i) f*© = 6,
and (ii) f(M) is tangent to the ambient Reeb vector field T4 (the globally defined nowhere
zero tangent vector field on A, transverse to the Levi distribution, uniquely determined by
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©(T4) =1and T4 | © = 0). However, the proof of the existence of such 6 and © is purely
local and, in general, global contact forms on M and A such that f is isopseudohermitian,
and T; = 0 might not exist at all.

The class of isopseudohermitian immersions between strictly pseudoconvex CR mani-
folds enjoying the property T4 = 0 was studied independently by S. Dragomir (see [15]).
As it turns out, any CR immersion in the class is also isometric with respect to the Webster
metrics, i.e., f*ge = gp, and then a pseudohermitian (analog to the) geometry of the second
fundamental form (of an isometric immersion) may be built by closely following its Rieman-
nian counterpart, in a rather trivial manner. Despite the enthusiastic review by K. Spallek
(see [16]) and the later development (by S. Dragomir and A. Minor [17,18]) relating the
geometry of the second fundamental form (of a CR immersion in the class above) to the
Fefferman metrics of (M, 6) and (N, ©), the built theory of CR immersions is not general
enough: it does not suggest a path towards a theory of CR immersions not belonging to the
class, within which one may hope to recover Webster’s mysterious “Gauss equation” (1). It
is our purpose, within the present paper, to adopt an entirely new approach to building a
“second fundamental form” based theory of CR immersions, using methods coming from
sub-Riemannian geometry (e.g., in the sense of R.S. Strichartz [8]).

That CR geometry (partially) embeds into sub-Riemannian geometry is a rather well-
known fact: given a strictly pseudoconvex CR manifold M, endowed with a positively
oriented contact form 6, the pair (H(M), Gy), consisting of the Levi distribution H(M) =
Re{Ty (M) & Tp1 (M)} and the Levi form Gy(X,Y) = (d0)(X, JY), X,Y € H(M), is a sub-
Riemannian structure on M, and the Webster metric gy is a contraction of Gy (see [6-8,19]).

We adopt the additional assumption that the given CR immersion f : M — A
(between the strictly pseudoconvex CR manifolds M and A) is isopseudohermitian, i.e.,
f*® = 0 for some choice of contact forms § and ® on M and A, respectively, yet we
refrain from assuming that f(M) is tangent to the Reeb vector field of the ambient space
(A, ©); rather, T4 will be, relative to f(M), always oblique. f(M) may be looked at as a
submanifold in the Riemannian manifold (A, gg), yet, by our assumption Tﬁ = 0, the first
fundamental form (i.e., the pullback f*gg to M of the ambient Webster metric gg) of the
given immersion f : M — (A, ge) does not coincide with the intrinsic Webster metric gy.
Thatis, f : (M, gg) — (A, ge) is not an isometric immersion, and the well-established and
powerful apparatus based on the Gauss—Codazzi-Mainnardi-Ricci equations cannot be a
priori applied to f.

To circumnavigate this obstacle, one endows A with the Riemannian metric gé‘, the
contraction of the Levi form Gg associated with each 0 < € < 1, given by

1
g?:g@+<€2—l>®®®. 2)

Our strategy will be to regard f(M) as a submanifold of the Riemannian manifold (A, gZ')
and derive the Gauss-Weingarten and Gauss—Ricci-Codazzi equations of the immersion
f:M—= (4, gé). In the end, these will lead, as € — 07, to the seek after pseudohermi-
tian analogs to the embedding equations. To illustrate the expected results, we state the
pseudohermitian Gauss equation of a CR immersion into a sphere.

Corollary 1. Let M be a strictly pseudoconvex CR manifold, of CR dimension n, equipped with
the positively oriented contact form 6 € Py (M). Let f : M — S2+H+1 & > 1, pe a CR
immersion of M into the standard sphere S*"+tK)+1 carrying the CR structure induced by the
complex structure of C"**+1. Let ® = £ (3 — 9)|Z|? be the canonical contact form on S2(+K)+1,
If f is isopseudohermitian (i.e., f*® = 0), then
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go(RV(X,Y)Z, W) = go(Y, Z) go(X, W) — go(X, Z)ge(Yr W)

+85 (B)(X, W), B(f)(Y,2)) — g5 (B(f)(Y, W), B(f)(X,Z))
+(2A = D{Q(X, W) Q(Y, Z) — Q(Y, ) (X,2)} - ZAQ(X Y) (Z,W)
—-Q(Y,Z2) A(X, W) — Q(X, W) ( Y,Z)+Q(X,Z) A(Y, W)+ Q(Y,W) A(X,Z) ()

+(f*g@)(U(f)(XW 2)) = (f*ge) (U (Y, W), U(f)( )
—0(Y,Z) (f'ge) (U( T) 0(x (f*ge)( 2),T)
+Q(X,2) (f*ge) (U(N(Y, W), T) + (Y, W) (fge) (U( 2), T)-

forany X,Y,Z,W € H(M).

Here, RV is the curvature tensor field of the Tanaka—Webster connection V of (M, 6),
and B(f) is the pseudohermitian second fundamental form of the given immersion f : M —
§2(1+k)+1 A brief inspection of (3) reveals a strong formal analogy to the ordinary Gauss
equation in Riemannian geometry; see B-Y. Chen [20]. At the same time, all obstructions
springing from the geometric structure at hand (which is pseudohermitian, rather than
Riemannian) are inbuilt in Equation (3). For instance, Equation (3) contains the (eventually
nonzero) pseudohermitian torsion tensor field A of (M, 6). Additionally, (3) contains the
(1,2) tensor field U(f) expressing the difference between the induced connection V" and
the Tanaka—Webster connection V (the non-uniqueness of the canonical connection on
M is of course tied to the failure of f : (M, gg) — (S2"tH+1, o) to be isometric). Our
expectation is that an analysis of the pseudohermitian Gauss-Codazzi equations will lead to
rigidity theorems for isopseudohermitian CR immersions f : M — S*'*3 and, in particular,
f:M—S° (focusing on the case M = s%).

The certitude that Riemannian objects on (A, g2') (and their tangential and normal
components, relative to f(M)) will give, in the limit as ¢ — 07, the “correct” pseudo-
hermitian analogs to the (Riemannian) embedding equations is already acquired from
the following early observations: let (M, 0) be endowed with the contraction of Gy given
by ge = g0 + (6_2 —1) 6 ® 6, and let V€ and A, be respectively the gradient and Laplace—
Beltrami operators (on functions) of the Riemannian manifold (M, ge). Then,

Veu=vVou+e26(Vu)T, ueCl(M),

Acu = Ay — € T?(u), u € C2(M),

showing that V€u tends, in the limit as € — 01, to the horizontal gradient VHy (familiar in
subelliptic theory; see, e.g., [19]), while A, tends (in an appropriate Banach space topology,
where second order elliptic operators such as A form an open set, one of whose boundary
points is Ap) to the sublaplacian A, of (M, 6).

As an application of the pseudohermitian Gauss Equation (3) in Corollary 2, we shall
establish the following result.

Theorem 1. Let M be a strictly pseudoconvex CR manifold, of CR dimension n, equipped with the
contact form 6 € Py (M). Let f : M — S2"+0+1 be an isopseudohermitian immersion of (M, 0)
into the sphere j : S2"HRF1 s CHR+1 endowed with the contact form © = j*[£(9 —9)|Z|?].

Then, the pseudohermitian scalar curvature R = g“‘ﬁ R oB of (M, 0) satisfies the inequality

R<2n[(f*ge)(T,T)+n+1] + %{HH(f)Hgé + |[traceg, Ty (pn) U()

f*g@)}
with equality if and only if B(f) = 0and V' = V on H(M) ® H(M).

Here, H(f) = trace, ITy(y) B(f). Theorem 1 generalizes a classical result by S-
S. Chern (see [21]) on isometric immersions of Riemannian manifolds into a space form (to
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the case of isopseudohermitian immersions of strictly pseudoconvex CR manifolds into
a sphere).

The definitions of objects used in the present Introduction can be found in Section 2 of
the present paper.

2. Sub-Riemannian Techniques in CR Geometry

All basic notions and results used through the paper are described in detail in Section 2,
following the monograph by S. Dragomir and G. Tomassini [3]. Specifically, in Section 2.1,
we recall the necessary material in Cauchy—Riemann (CR) and pseudohermitian geometry
by essentially following monograph [3]. CR geometry is known to (partially) embed into
sub-Riemannian geometry, in the sense of R. Strichartz [8]. We therefore recall the basics
of sub-Riemannian geometry, at work in the present paper, in Section 2.2 by following
J.P. D’Angelo and J.T. Tyson (see [7]) and [6,19], and of course [8].

2.1. CR Structures and Pseudohermitian Geometry

Let M be an orientable real (21 4 1)-dimensional C® differentiable manifold, and let
T(M) be the (total space of the) tangent bundle over M.

Definition 1 ([3], pp. 3-4). A CRstructureis a complex rank n complex subbundle T; o(M) C
T(M) ® C of the complexified tangent bundle such that

T10(M)x N To1(M)x = (0), xeM,

Z,W € C®(U, Ty o(M)) = [Z, W] € C®(U, Ty o(M))

for any open set U C M. A pair (M, T;o(M)) consisting of a (2n + 1)-dimensional C®
manifold M and a CR structure T; (M) on M is a CR manifold. The integer n is the CR
dimension.

Here, Ty1(M) = Ti9(M) (an overbar denotes complex conjugation). Every real
hypersurface M C C"*! may be organized (see e.g., formula 1.12 in [3], p. 5) as a CR
manifold of CR dimension 7, with the CR structure

Tio(M)y = [Tx(M) @g C] N T'(C"™),, x€e M,
induced by the complex structure of the ambient space. Here, T’ (C™*1) denotes the
holomorphic tangent bundle over C"*1, i.e., the span of {9/9z/ : 1 <j < n+ 1} where
(21 L, Z”H) are the Cartesian complex coordinates on crtl,
Definition 2 ([3], p. 4). The real rank 2n (hyperplane) distribution
H(M) = Re{Ty,0(M) ® To1 (M) }
is the Levi (or maximally complex) distribution.
H(M) carries the complex structure

J=Im:HM)—HM), J(Z+Z)=i(Z-Z), Z e Tin(M).

Definition 3 ([3], p. 4). A C*® map f : M — A of the CR manifold (M, T; o(M)) into the
CR manifold (A, T19(A)) is a CR map if

(dxf)Tl,()(M) C Tl,O(A)f(x) , xe M.

Equivalently, a CR map f : M — A is characterized by the properties
(dxf) HIM)x € H(A)f(x), (dxf) 0 Imx = Ja, px) © (dxf),
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for any x € M; see formulas 1.10 and 1.11 in [3], p. 4.

Definition 4 ([3], p. 5). A CR isomorphism is a C* diffeomorphism and a CR map. A CR
automorphism of the CR manifold M is a CR isomorphism of M into itself.

For every CR manifold M, let Autcg (M) be the group of all CR automorphisms of M.

Definition 5 ([3], p. 5). The conormal bundle is the real line bundle R — H(M)+ — M given

b
g H(M)} = {w € T} (M) : Ker(w) D H(M),}, x € M.

As M is orientable, and H(M) is oriented by its complex structure, the quotient
bundle T(M)/H(M) is orientable. Moreover, there is a (non-canonical) vector bundle
isomorphism H(M)* ~ T(M)/H(M), hence H(M)" is orientable as well. Any orientable
real line bundle over a connected manifold is trivial (see, e.g., Remark 11.3 in [22], p. 115).
Hence, H(M)+ ~ M x R (a vector bundle isomorphism). Therefore, H(M)* admits
globally defined nowhere zero sections.

Definition 6 ([3], p. 5). A global section § € C®(H(M)=) such that 6, # 0 for every x € M
is called a pseudohermitian structure on M.

A pseudohermitian structure is a real valued differential 1-form 6 on M such that
Ker(0) = H(M) (and in particular 6, # 0 for any x € M).

Definition 7. A pair (M, 0) consisting of a CR manifold M and a pseudohermitian structure
6 on M is a pseudohermitian manifold.

Let P = P(M) be the set of all pseudohermitian structures on M.

Definition 8 ([3], pp. 5-6). Given 8 € P, the Levi form is
Go(X,Y) = (d6)(X,]Y), X, Y € HM).

Definition 9 ([3], p. 6). The CR structure T; (M) is nondegenerate if the (symmetric bilinear)
form Gy is nondegenerate for some 6 € P.

Any other pseudohermitian structure § € P is related to 6 by § = A6 for some C*
function A : M — R\ {0}. Then,

9 = dA A6+ Ade,
hence the corresponding Levi forms Gy and G, are related by Gy = A Gg. Consequently, if
Gy is nondegenerate for some 6 € P, it is nondegenerate for all. That is, nondegeneracy

is a CR invariant notion; it does not depend on the choice of pseudohermitian structure.
Strictly speaking:

Definition 10. A geometric object, or a notion, on a CR manifold M is CR invariant if it is
invariant with respect to the action of Autcg(M).

The signature of the Levi form Gy of a nondegenerate CR manifold M is a CR invariant.

Definition 11 ([3], p. 43). A differential 1-form 6 € Q'(M) is a contact form if 6 A (d6)" is a
volume form on M.

If T} o (M) is nondegenerate, then each 6 € P is a contact form; see, e.g., Proposition
1.91n [3], pp. 43-44.
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For any nondegenerate CR manifold, on which a contact form 6 € P has been fixed,
there is a unique globally defined nowhere zero tangent vector field T = Ty € X(M),
transverse to the Levi distribution, determined by the requirements

6(T)=1, T|doe=0.
See Proposition 1.2 in [3], pp. 8-9.
Definition 12. T is called the Reeb vector field of (M, 6).

Let 6 € P be a contact form on M, and let us define the (0,2) tensor field gy on M
by setting
8(X,Y) = Go(X,Y), g(X,T)=0, &(T,T)=1,

forany X,Y € H(M). gp is a semi-Riemannian metric on M; see [3], p. 9.
Definition 13 ([3], p. 9). g is called the Webster metric of (M, 6).

Definition 14 ([3], p. 6). A CR structure T; (M) is strictly pseudoconvex (and the pair
(M, Ty 9(M)) is a strictly pseudoconvex CR manifold) if the Levi form Gy is positive definite
for some 6 € P.

Let Py = P+ (M) be the set of all 6 € P such that Gy is positive definite. If M is strictly
pseudoconvex, then P, # @. Any strictly pseudoconvex CR manifold is nondegenerate. If
6 € P, then the Webster metric gg is a Riemannian metric on M.

Definition 15. A contact form 0 € P is said to be positively oriented.

Quadrics Q, = {(z, ) e C" xC : %(@ —{) = |z]*} and odd dimensional spheres

§2N+1  CN*1 are organized as CR manifolds, with the CR structures naturally induced by
the ambient complex structure. Autcg (S?" 1) consists of all fractional linear, or projective,
transformations preserving S"*1; see, e.g., [23].

Definition 16 ([3], p. 11). The Heisenberg group is the non-commutative Lie group H,, =
C" x R ~ R?"*1, with the group law

(z,t) - (w, s) = (z+w, t +5+2Im(z, w)),
z,weC", t,seR, (z,w) :(Sjszﬁ.

The Heisenberg group H, is organized as a CR manifold with the CR structure
spanned by

See formula (1.24) in [3], p. 12.

Definition 17 ([3], p. 12, and [24]). When n = 1, the first order differential operator L; is
the Lewy operator.

The mapping
fiH, = Qu, flzt)=t+ilz]?, (zt) €H,

is a CR isomorphism. Let us set
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" .
b =dt+i) {dz—2*dz"}, ©=1(3-9)Z,
a=1
with |Z|2 = YN _ZaZa, Z = (Zy, -+, ZN). Both H,, and $?N*1 are strictly pseudocon-
vex, and @y € P, (H,), ® € P, (S2N+1).

For any nondegenerate CR manifold M on which a contact form § € P has been
fixed, there is a unique linear connection V on M satisfying the following requirements: (i)
H(M) is parallel with respect to V,i.e, X € X(M) and Y € HM) = VxY € H(M); (ii)
Vgg = 0and V] = 0; and (iii) the torsion Ty of V is pure, i.e.,

ToJ+Jotr=0, Ty(Z,W)=0, Tv(Z W)=2iGe(Z, W),

forany Z, W € Ty o(M). Here, T(X) = Ty (T, X) for any X € X(M). See Theorem 1.3 in [3],
p- 25.

Definition 18 ([3], p. 26). V is the Tunaka—Webster connection of (M, 0). The vector-valued
1-form T on M is the pseudohermitian torsion of V.

As a consequence of axioms (i)—(ii) T[T1,0(M)] C Tp1(M). In particular, the pseudo-
hermitian torsion is trace-less; i.e., trace(t) = 0. Moreover, if A(X,Y) = go(X, TY), then A
is symmetric, i.e., A(X,Y) = A(Y, X); see Lemma 1.4 in [3], pp. 38—40.

Definition 19. For every C! function u : M — R, the horizontal gradient of u is
VHu =TIy Vu.

Here, Iy : T(M) — H(M) is the projection associated with the direct sum decom-
position T(M) = H(M) @& RT. Additionally, Vu is the gradient of u with respect to the
Webster metric, i.e.,

go(Vu, X) =X(u), XeX(M).

Definition 20. For every C! vector field X on M, the divergence of X is its divergence div(X)
with respect to the contact form ¥y = 0 A (d6)", i.e.,

ﬁx‘Yg = diV(X) Tg .
Here, Lx is the Lie derivative at the direction X.

Definition 21 ([3], p. 111). Let 6 € P,. The sublaplacian of (M, 0) is the second order
differential operator A given by

Apu = —div(VHu)
for every C? function u : M — R.

Ay is a formally self-adjoint, degenerate elliptic operator (formally similar to the
Laplace—Beltrami operator of a Riemannian manifold) naturally occurring on a strictly
pseudoconvex CR manifold M, on which a positively oriented contact form 6 has been
fixed. While A is not elliptic (ellipticity degenerates in the cotangent directions spanned by
6; see [25]), Ay is subelliptic of order 1/2, and hence it is hypoelliptic; see [3], pp. 114-116,
and L. Hérmander [26].

We end the section by briefly recalling a few elements of curvature theory on a
nondegenerate CR manifold M, endowed with a contact form 6. Let RV be the curvature
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tensor field of the Tanaka-Webster connection V of (M, 0). Let {T, : 1 < a < n} be a local
frame of T} o(M), defined on the open set U C M, and let Ty = T,. Then,

(Ta:A€{0,1, -, n,T, -, A} ={T, T, Ty : 1<a<n}, To=T

is a local frame of T(M) ® C on U. For all local calculations, one sets

2.5 =8(T, T5), [F] = [3,3] -
Let us consider the C* functions RcP 45 : U — C determined by
RY(Ta, Tg)Te = ReP ap T -
Definition 22. The Ricci tensor is
Ricy (X, Y) = Trace{Z — RV (Z, Y)X}.
The pseudohermitian Ricci tensor is R «p = Ricy (Tw, TE)'

Then R“B = R,ﬂﬂ; see [3], p. 50.

Definition 23. The pseudohermitian scalar curvature is R = g"‘ﬁ R.g-

A pseudohermitian analog to the holomorphic sectional curvature (of a Kdhlerian
manifold) was introduced by S.M. Webster [1] and studied in some detail by E. Barletta [27].

2.2. Sub-Riemannian Geometry

Let (M, T10(M)) be a CR manifold. LetS : x € M +— S, C Tx(M) be a C* distribution
on M.

Definition 24 ([8] p. 224 and [19] p. 124). S is bracket generating if the C*® sections in S,
together with their commutators, span Ty(M) at each point x € M.

Given v € Sy, let X € C®(S) such that Xy = v. Let Sy + [0, Sx] C Tx(M) be the
subspace spanned by
SxU{[X, Y]x : YeC®(9)}.

Next, let us inductively define the spaces Dy (v) C Ty(M) by setting
Dz(v) =S,+ [U, Sx], Dk(v) =S,+ [Dkfl , Sx], k > 3.

Definition 25 ([8,19]). A tangent vector v € Sy is a k-step bracket generator if Dy(v) = Ty (M).
The distribution S is said to satisfy the strong bracket generating hypothesis if, for arbitrary
x € M, each v € Sy is a 2-step bracket generator.

Let S be a bracket generating distribution on M.

Definition 26 ([8,19]). A sub-Riemannian metric on S is a Riemannian bundle metric on
S, i.e., a C® positive definite section Q € C®(5* ® §*). A pair (S, Q) consisting of a
bracket generating distribution S on M and a sub-Riemannian metric Q on S is called a
sub-Riemannian structure on M.

Definition 27 ([8], p. 229 and [7,19]). A piecewise Cl curve y: I — M (where I C Risan
interval) is horizontal if 7(t) € H(M),, ;) for all values of the parameter ¢ (for which 7(t)
makes sense).
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Assume M to be strictly pseudoconvex. Let 8 € P be a positively oriented contact
form on M. Then, (H(M), Gp) is a sub-Riemannian structure on M; see [19], p. 125.

Definition 28. The sub-Riemannian length of a horizontal curve y : I — M is
. 172
() = [ Goli(t), 1(1)"at.

A piecewise C! curve y : [ — M joins the points x,y € M if I = [a,b], y(a) = x, and
v(b) = y. Let Q(x,y) (respectively, Qy(x,y)) be the set of all piecewise C! (respectively
horizontal) curves joining x and y. Let d(x,y) (respectively, dy(x,y)) be the distance
between x,y € M induced by the Riemannian metric gy (respectively, the greatest lower
bound of {{(y) : v € Qu(x,¥)}). dg : M x M — [0, +00) is a distance function on M;
see [8], p. 230.

Definition 29. dp is the Carnot—Carthéodory distance function on M, induced by the sub-
Riemannian structure (H(M), Gg).

Definition 30 ([8], p. 230). A Riemannian metric g on M is said to be a contraction of the
sub-Riemannian metric Gy if the distance function p : M x M — [0, +00) associated with g
satisfies p(x, y) < dy(x, y) forany x, y € M.

As Qp(x,y) C Q(x,y) (a strict inclusion), one has d(x,y) < dy(x,y) for any x,y € M.
Hence, the Webster metric gy is a contraction of the Levi form Gy. The construction of a
contraction of Gy by the requirement that the norm of the Reeb vector T be 1, appearing as
quite natural a priori, proves to be rather restrictive later on; i.e., the Riemannian geometry
of (M, gp) turns out to be insufficiently related to the CR and pseudohermitian geometry
on (M, 0). As shown by J. Jost and C-J. Xu (see [28]), the requirement that the norm of T be
O(e™!) is far reaching (and related to the notion of homogeneous space in PDEs theory;
see [28]). In the next section, we adopt a version of the construction in [28], referred to in
the sequel as an e-contraction of Gy.

2.3. e-Contractions

Let (M, Ty 9(M)) be a strictly pseudoconvex CR manifold, and let 6 € P (M) be a
positively oriented contact form on M. Let T € X(M) be the Reeb vector field of (M, 0).
Let0 < € < 1, and let gc = ¢M be the (0,2) tensor field on M defined by

ge(T,T) =€, @

2(X,Y) =Gyg(X,Y), g(X,T)=0, (5)

forany X,Y € H(M). ge is a Riemannian metric on M and a contraction of Gy. The direct
sum decomposition
T(M) = H(M) & RT (6)

together with (4) and (5) yields
= L Nowe 7
ge=g0+(z-1)00. @
Definition 31. g is called the e-contraction of Gy.
The contraction g is built such that the g norm of T is O(e~!), a property of crucial
importance in the further asymptotic analysis as € — 0. For every 0 < € < 1, we consider

the contact form 6. = €~ '6. The Reeb vector field T € X(M) of (M, ;) is given by
Te = €T.
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Lemma 1. The Webster metric go_ and the e-contraction ge of Gg are related by

0. (X,Y) = e 1 2e(X,)Y), (8)
86.(X,T) = ge(X,T) =0, )
20.(T,T) = ge(T, T) = €2, (10)

forany X,Y € H(M). Summing up:
go. =€ lgete?(1-eHowe. (11)

In particular, none of the metrics {ge : € > 0} is a Webster metric; i.e., there is no ue € C*°(M,R)
such that e = Gexp(uc) 6-

The proof of Lemma 1 is straightforward.

Lemma 2. The Levi—Civita connection V¢ of the Riemannian manifold (M, g¢) and the Tanaka—
Webster connection V of the pseudohermitian manifold (M, 0) are related by

§Y =VxY +{Q(X,Y) - AX,Y)} T, (12)
T =1X+ é JX, (13)
. 1
ViX =ViX+ 5 ]X, (14)
V4T =0, (15)

forany X,Y € H(M).

Here, Q(X,Y) = g9(X,JY) for any X,Y € X(M). Q is a pseudohermitian analog
to the fundamental 2-form in Hermitian geometry. However, (2 = —d60 so that, unlike
the (perhaps more familiar) case of Kéhlerian geometry, (2 and its exterior powers do not
determine nontrivial de Rham cohomology classes on M.

The remainder of the section is devoted to the proof of Lemma 2. This requires a rather
involved calculation, as follows. Given a Riemannian metric g on M, it will be useful to
adopt the following:

Definition 32. The Christoffel mapping is
Ce: X(M) x X(M) x X(M) — C(M,R),
Co(X, Y, Z)=X(g(Y,2)) +Y(3(Z, X)) — Z(g(X,Y))

+8([X, Y], 2) = g([, Z], X) +g([Z, X], ¥),
forany X,Y,Z € X(M).

Let gp and V be, respectively, the Webster metric and Tanaka—Webster connection of
(M, 0). As Vgg = 0, one may apply the so-called Christoffel process; i.e., starting from

X(30(Y,Z2)) = go(VxY, Z) +go(Y, VxZ),
we produce other two identities of the sort by circular permutation of X, Y, Z,

Y (86(Z, X)) = 86(VyZ, X) +86(Z, VyX),
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Z(30(X,Y)) = g6(VzX, Y) +g8(X, VZY),

add the first two and subtract the third, and use VxY — VyX — [X,Y] = Ty(X,Y) to
recognize torsion terms. We obtain

280(VxY, Z) = X(g0(Y, 2)) + Y(g0(Z, X)) — Z(g0o(X, Y))
+80([X, Y], Z) = go([Y, Z], X) +g0([Z, X], Y) (16)
+20(Te (X, Y), Z) —go(Ty (Y, Z), X) + g0 (Tv(Z, X), Y)

forany X,Y,Z € X(M). By the purity axiom, the torsion of the Tanaka—Webster connection
satisfies
Tory =2{0 AT—Q®T}. (17)

Then, by (17),
8o (Torg (X, Y), Z) — go(Tory (Y, Z), X) + go(Tory(Z, X), Y) (18)
=2{A(X,Y)0(Z) - A(X,Z)8(Y)}
+Q(X,2)0(Y) +Q(Y,2)8(X) — Q(X,Y) 6(Z)}
forany X,Y,Z € X(M). Substitution from (18) into (16) furnishes
280(VxY, Z) = Cg,(X, Y, Z)
+2{A(X,Y)0(Z) — A(X,Z2)6(Y)} (19)
+Q(X,Z2)0(Y) +Q(Y,Z) 8(X) — Q(X,Y) 0(2)}.
Next, we may exploit (7) (relating the e-contraction g, to the Webster metric gg) to derive
Co.(X, Y, Z) = Cg,(X, Y, Z)
(& - 1) {X(() 6(2)) + Y (B(2) (X)) — Z(8(X) B(Y))
+6([X, Y]) 6(2) — (Y, Z]) 6(X) +6(1Z,X]) 6(¥)}
or, by using 2 (d6) (X, Y) = X(6(Y)) = Y(6(X)) - 6(X, Y]),

Coo(X, Y, Z) = Cop(X, Y, Z) + 2(}2 - 1) (X(6(Y)6(2)) 20
+O(X) (d0)(Y, Z) + 0(Y) (d6) (X, Z) — 0(Z) (d6) (X, ) }.

Let V¢ be the Levi-Civita connection of the Riemannian manifold (M, g). As V¢ is
symmetric and V¢g. = 0, the Christoffel process yields

28:(V&Y, Z) = Co. (X, Y, Z). 1)

Then, by substitution from (20) into (21),
1
286(VY, 2) = Cyu (X, Y, 2) +2( 55 = 1) {X(6(Y)) 8(2)

HO(X) (dO)(Y, Z) + 0(Y) (d6)(X, Z) — 0(Z) (d6)(X,Y)}

or, by replacing g, in terms of g from (7), substituting Cg, (X, Y, Z) from (19), and using
Q= —do,
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g0(VSY, Z) + (lz—) (V&Y) 0

= go(VxY, 2) + (& - 1)X(9(Y))9(z)
+A(X,Z)8(Y) — A(X,Y)6(Z)
+5{Q(X,Y)0(Z) —Q(Y, Z) 6(X) — Q(X, Z) 6(Y) }.

(22)

The rather involved relation (22) holding for any X, Y, Z € X(M) can be greatly simplified
by using the decomposition (6). For arbitrary Z € H(M), the relation (22) yields, 8(Z) = 0,

MyV$Y =Tz VxY +0(Y) X + j—z{e(x) JY +6(Y) JX} (23)

where Iy = Iy : T(M) — H(M) is the projection with respect to the decomposi-
tion (6). Again, by (22), for Z = T, we obtain

B(V&Y) =X (8(Y)) +Q(X,Y) —e* A(X,Y), (24)

which determines the component along T of VY, with respect to the decomposition (6).
At this point, we may use (23) and (24) to compute V$Y for any X, Y € X(M). For every
Ve xX(M),
V=IIgV+6(V)T, (25)
hence, by (23) and (24),
SY =TIVY +0(VY) T =

=VxY+Q(X,Y)T+0(Y)TX + é(e ONXY) - AX,Y)T, (26)

where © is the symmetric tensor productlie, a ® g = $(¢ ® p+ p®a). For X, Y € H(M),
Equation (26) becomes

SY =VxY+{Q(X, Y) - A(X, Y)} T,

and (12) is proved. The remaining relations (13)—(15) in Lemma 2 follow from (26) for: (i)
XeHM)andY =T;(ii) X=Tand Y € H(M); and (iii) X =Y = T. Q.E.D.

It will be useful to compute the covariant derivative of | with respect to V¢, where
J : H(M) — H(M) is extended as customary to a (1,1)-tensor field on M by requiring that
JT = 0. Note that the extension of | depends on the chosen contact form 6 on M.

Lemma 3. Forany X,Y € H(M)

( %])Y=—{ge(X, Y)+€2A(X,]Y)}T, 27)
( %])T=TIX+€1—2>(, (28)

(Ve X =0, (29)

(VZ])T =0. (30)

Proof. Lemma 3 follows from (12)—(15) together with V] = 0. For instance,

(VXY = V&JY — JVXY
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by (12),and JT=0and J? = —[+60® T
=Vx]Y +{Q(X, JY) - > A(X, JY)}T — JVxY
by V] =0,and Q(X,Y) = g4(X, JY)
= —{8(X,Y) +EAX, JY)} T,
yielding (27). O

2.4. Gradients and the Laplace—Beltrami Operator on (M, g¢)

For every function u € C'(M), let V€u be the gradient of u with respect to the
Riemannian metric g, i.e.,

ge(Veu, X) = X(u), X e X(M).
Let Ac be the Laplace-Beltrami operator of (M, g¢), i.e.,
Aeu = —dive (Veu), u € C*H(M).
Here, div, is the divergence operator with respect to the volume form ¥, = dvol(ge), i.e.,
Lx¥e = dive(X) Ye

for every C! vector field X tangent to M. Let (U, x') be a local coordinate system on M,
and let us set

2 9 -
ge = det [gi(€)], gij(e):ge(ﬁ, ﬁ), 1<ij<2n+1

The Riemannian volume form of (M, g¢) is locally given by
Ye = Gedx! Ao AdxTL

The volume form ¥y is parallel with respect to the Tanaka—Webster connection (i.e., V¥y =
0), hence the divergence of a C! vector field X may be computed as

div(X) = Trace{Y = vyx}. (31)
See [3], p. 112.
Lemma 4. (i) For every u € C'(M),
Veu = VHEu +e20(Vu) T. (32)
(ii) For every u € C%(M),

Aet = Ayu — € T?(u). (33)

Proof. (i) By (7), for every X € X(M),

8o(Vu, X) = X(u) = ge(Veu, X)

= go(Vu, X) + (61—2 - 1) 0(Veu)0(X).
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In particular, for arbitrary X € H(M),
[y Veu = V. (34)
Also, for X =T,
0(Veu) = e*0(Vu). (35)

Finally, by (34) and (35) and the decomposition (25),
Véu =TgVeu+0(Veu) T = VHu + 2 0(Vu) T,
and (32) in Lemma 4 is proved.
(ii) Let { X, : 1 <a < 2n} be alocal gyp-orthonormal
Go(Xa, Xp) = 0ap, 1=<a,b<2n,
frame of H(M), defined on the open subset U C M. Then, by (7),
{E]€ c1<j<2n+1}={X,;, €T : 1<a<2n}

is a local ge-orthonormal frame of T(M). Consequently, the Laplace-Beltrami operator of
(M, ge) on functions can be computed as

2n+1

de == 1 {E} (5 0) - (Vi) 0}
i=
2n
--% {Xa(Xa(w)) = (V§,Xo) () } = 2{T(T(w)) = (V5T) ()}
by (12) and (15)
2n
— ; {Xa(Xa(u)) - (Vxﬂxa)(”)}

+ Zzn {Q(Xa, X,) — 2 A(X,, Xa)} T(u) — €2 T?(u)
a=1

for every u € C?(M). Finally, (33) in Lemma 4 follows from

2n

My == Y X (X)) = (V%) () } (36)

a=1
as Q) is skew-symmetric, T | A = 0, and

2n
Y A(Xa, X,) = trace(t) = 0.

a=1
The formula (36) is a consequence of (31). O

Let O C H,, be a bounded domain, with boundary S = dQ) of class C", 1 < r < co.
Let us assume that () lies on one side of its boundary; i.e., for every (zg, tp) € S, there is
a neighborhood U C H,, and a diffeomorphism ¢ : U — B>"! such that (zg, to) = 0
and p(UNQ) = {(z,t) € B! : t > 0}. Here, BN = {x € RN : |x| < 1} is the unit ball.
Let DO, (Q2) be the space of differential operators of order ¢ with real valued continuous
coefficients

Lu= Z au(z,t) D*u, a, € C(Q, R), |af <L
laf<t
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DO, (Q) is a Banach space with the norm

IIL|| = Z sup |aa(z,1)|.

la| <k (z,t)€Q)

Let Ly(z, t, &) = Y aa(z,t)¢" be the symbol of L € DO, (Q). L is degenerate elliptic if
|a|=¢
(i) There exist (z,t) € Qand & € R¥"*! such that Ly(z, t, &) # 0 and signLy(z, t, &) is
constant on ) x Sz’lwhere sign: R — {£1}],
(i) Theset{(z t &) € Qx S?" : L(z,t, &) = 0} is nonempty.

Proposition 1. For every bounded domain Q3 C H, in the Heisenberg group, the sublaplacian

Ay € DO (Q)) is a degenerate elliptic operator of order £ = 2.

Proof. If E = H, x R is the trivial vector bundle, one may compute the symbol 02 (A;) €
Hom (7t*E, n*E) [where 7 : T*(H,) \ {0} — H, is the projection] and show that the
ellipticity of A, degenerates at the cotangent directions spanned by the canonical contact
form 6 (see E. Barletta and S. Dragomir [25]). Here we wish to give a “sub-Riemannian
proof” to the statement. Let us recall that L € DO, (Q) is elliptic in Q if Ly(z, t, &) # 0 for
any (z,t) € Qand any ¢ € R?"1\ {0}. Let EO,(Q) be the set of elliptic operators of order
k. Then, Ac € EO,(Q) for every € > 0 and, by (33),

A — By = E*|T?| =0, e—0",

hence A, € 9EO,(Q)). However, (see, e.g., N. Shimakura [29], p. 184) EO, (Q) is an open
subset of the Banach space DO, (Q2) whose boundary consists precisely of the degenerate
(second order) elliptic operators on Q. [

2.5. Curvature Properties

Let R(V) and R(V¥) be the curvature tensor fields of V (the Tanaka-Webster connec-
tion of (M, 6)) and of V¢ (the Levi-Civita connection of (M, g¢)).

Lemma 5. Let M be a strictly pseudoconvex CR manifold and 6 € P a positively oriented contact
form on M. Then, R(V¢) and R(V) are related by
R(Vé)(X,Y)Z=R(V)(X,Y)Z
-2 [(VxA)(Y,Z) - (VyA)(X,Z2)] T
+QY,Z) T X-QUX, Z)TY - AY,Z) X+ A(X,Z) ]Y (37)
+€?[A(X,Z) 1Y — A(Y, Z) TX]
—i—e%[Q(Y, 2)JX-Q(X,Z2)]Y -2Q(X,Y) ]Z],

R(VE)(X,Y)T = (VxT)Y — (VyT)X +2Q(X, TY) T, (38)
R(VE)(X,T)Y = R(V)(X,T)Y
+{E[(VTA)(X,Y) + go(TX, TY)] (39)
—5g0(X,Y) —2A(X,]Y) —Q(1X, Y)} T,
R(VE)(X,T)T = —°X — 6%]}@r 61—4X— (Vr1)X, (40)

forany X,Y,Z € H(M).
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Proof. Let X,Y,Z € H(M). Then,
(X, Y] =TIy [X,Y]+6([X,Y]) T

and
6([X,Y]) =-2(d8)(X,Y) =2Q(X,Y),

hence
(X, Y] =TI [X, Y] +2Q(X,Y)T. 41

By (12)—(15) relating V¢ to V, one conducts the following calculations:
R(VE)(X,Y)Z = VVSZ - V{VKZ — VfX,Y]Z

by substitution from (41)

= vi({vyz + [Q(Y, Z) — € A(y,z)] :r}

-~V {VxZ+ [0(X,2) - AX,2)| T}

Vi, xnZ — {0 [X,Y], 2) - 2 A(u [X,Y], 2) } T
1
—20(X,Y) [VTZ +5 ]Z}

again by (41) and VQ =0,

— R(V)(X,Y)Z — G%Q(X, Y)JZ
+ [Q(Y,z) - ezA(Y,Z)} {rx+ ;]X]

- {Q(X, Z)— e AX, Z)} |:TY + 61—2 ]Y]

+e2{(VyA)(X,Z) — (VxA)(Y,Z)} T,

thus proving (37). To prove (38), one conducts the following calculation

R(V)(X,Y)T = VST — V{V&T — VFX,Y]T
by (13) and (41)

= V%[TY—l-elz]Y} —V§/|:TX+€12]X:|
—V%H xy T —2 Q(X,Y) VST
bytoJ+Jot=0
= (Vx1)Y — (Vy7)X + % [(Vx))Y = (Vy])X],

yielding (38) by V] = 0. To prove (39), one conducts the following calculation:

R(VE)(X, T)Y = V4VEY — VEVKY — VfX/T]Y

by (14) and (12), and by [X, T] € H(M)

1
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~vi{VxY + [a(X,Y) - A(X, )| T}
~VixnY - {Q(X.T), ) - A(X,T), V)} T.
Note that, by the very definition of the pseudohermitian torsion T,
[X,T] = X — VX, X e H(M).
Then, by V] =0and VQ =0,

R(VE)(X,T)Y =RV (X, T)Y

+€1—2 QX)) - Ax, )| T
—Q(tX,Y)T+e* A(TX,Y) T+ €* (VTA) (X, V)T,
thus yielding (39). Finally, (40) follows from
R(VE)(X,T)T = V4VGT — VEVET — VfX’T]T
by VST = 0 and (13)
_ —V‘%{TX—{— ks ]X} X, T] — 2 X, T]
€ €

by V]=0andto]/+JoT=0

= 12X+ 61—4 X — (V1) X.

O

3. First Fundamental Forms

Let (M, Ty o(M)) be a strictly pseudoconvex CR manifold of CR dimension n. Through
this section, given a positive integer k > 1 and another strictly pseudoconvex CR manifold
(A, T10(A)) of CR dimension N = n + k, we study the geometry of the second fundamental
form of Cauchy-Riemann (CR) immersions f : M — A.

Definition 33. A CR immersion f : M — A is a C* immersion of f : M — A, whichisa
CR map.

Our approach to the study of CR immersions is to establish pseudohermitian analogues
to the Gauss—Weingarten formulas and to the Gauss—Ricci-Codazzi equations. Let 0 €
P4 (M) and © € P, (A) be positively oriented contact forms on M and A, respectively.

Lemma6. Let f : M — A bea CR immersion. There is a unique function A € C®(M) such that
ffeO=A0. (42)

Consequently,
f*Ge = AGy (43)

and A(x) > 0 for any x € M.
Proof. For every x € Mand X € H(M)y,

(f*@))xX = ®f(x) (dxf)X =0



Axioms 2023, 12, 329 19 of 82
because of
(dxf)H(M)x C H(A)¢(x) - (44)
Hence,
H(M), C Ker[(f*@)x} . (45)

Let {E; : 1 <a < 2n} be alocal frame of H(M), defined on an open neighborhood U C M
of x. Then,
(Ej:0<j<2n}, Eg=T,

is a local frame of T(M) on U. Let us set
A= (f"O)T € C*(M). (46)
Forevery X = d/ E; , € Tx(M) [by 6(T) = 1]
(@) X =a’(f'®) Ty = a’ A(x) = A(x) 0:(X),
yielding (42). As f is a CR map, aside from (44), one has
(dxf) o Jx = Jfiy © (dxf), x €M, (47)

where ] and J4 are the complex structures along the Levi distributions H(M) and H(A).
Also, by exterior differentiation of (42),

AANO+ Adf = f*(dO).
Hence, for any X, Y € H(M),
AGy(X,Y)=Ad0)(X,]Y)
= (f*(d©))(X, JY) = (d®)’ (£.X, f.]Y)

by (47)
— (d0) (£.X, (M) £.Y) = (Go) (£.X, £.Y),

proving (43). An upper index f denotes composition with f, e.g., (J4)f = J4 o f, where |4
is thought of as a section J* : A — T*(A) ® T(A). Finally, for every X € T,(M), X # 0 (as
dxf is a monomorphism, and Gg, () and Gy,  are positive definite),

0 < Go, f(x) ([@xf)X, ([dxf)X) = (f*Go)x(X, X) = A(x) Gg,x(X, X),
yielding A(x) > 0. O

Definition 34. The function A = A(f) = A(f; 6, ©) given by (46) is the dilation of f
relative to the choice of contact forms (6, ©).

Definition 35. A CR immersion f : M — A of (M, 0) into (A, ©) is said to be isopseudoher-
mitian if A(f; 6, ©) = 1.

Proposition 2. Let f : M — A be a CR immersion between the strictly pseudoconvex CR
manifolds M and A. Let © € P, (A). If

®f(x) o (dxf) #0, xeM,

then there is a contact form § € P (M) such that f is an isopseudohermitian immersion of (M, 0)
into (A, ©).
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Proof. Let 6 € P, (M) and let A be the dilation of the CR immersion f relative to the pair
(6, ®). Then, A(M) C (0, +0), and we may setd = Af. [

For every CR immersion f : M — A, we may look at M as an immersed submanifold
of the Riemannian manifold (A, gg). However, in general, the first fundamental form,
i.e., the pullback f*ge of the ambient Webster metric gg, of the given immersion f :
M — (A, go) does not coincide with the intrinsic Webster metric gg, not even if f is
isopseudohermitian. To circumnavigate this obstacle, we endow A with the Riemannian
metric g2, the contraction of the Levi form Gg associated with every € > 0 as in Section 2,
given by

g?zg@+(é—1)®®® (48)
and derive the Gauss—Codazzi-Ricci equations of the immersion f : M — (A, g4). Asa
consequence of (48),

g2 =G on H(A)®H(A), (49)
gA(X, T4) =0, X € H(A), (50)
g?(TA/ TA) = e_zl (51)
where Ty € X(A) is the Reeb vector field of (4, ©). Let
ge(f) = frgd (52)

be the induced metric, i.e., the first fundamental form of the given immersion f : M —
(A, g2). Then, for any X,Y € H(M),

8% Y) = () (£.X, £.)
by (49), as f. X, f.Y € C®°(f1H(M))
= GG (X, fuY) = (f*Go) (X,Y) = AGy(X,Y)
by (43). Throughout, an upper index f denotes composition with f. Summing up:
8e(f) = AGg on H(M)® H(M). (53)
For every x € M, let us decompose (dxf)Tx € Tf(,)(A) with respect to
T(A) = H(A) ®RTy, (54)
which is
(@xf)Tx =04 u Ty, p(x) (55)
for some v € H(A)f(,)and p € R. If X € H(M), then
8e(f)(X, T)x = (f*8&)(X, T)x
=82 10 ((dxf) Xz, (def)Tx) = Go, sz ((dxf) X, 0)
by (49) and (50), which can be applied because (dxf)Xx € H(A)(,). We have shown that
8e(f)(X, T)x = Go, px) ((dxf) Xx, 0) (56)

for any X € H(M), where
v =TIy, f(x) (dxf) Tx - (57)
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Let Ef(f)x be the orthogonal complement of (dyf)H(M)y in the inner product space
(H(A)f(x) , G@,f(x)) so that

H(A)p(x) = [(def)H(M):] @ Eu(f)x, x € M. (58)
Lemma 7. Ey(f) — M is a ] o-invariant real rank 2k subbundle of f 1H(A) — M.

Proof. Let V € Ey(f). Then,

GLULV, £.X) = —GL(V, I %)

by (47)]
— —GLw, f.1x) =0,

yielding ]IJ;V € Eg(f). O

Definition 36. The real vector bundle Ey(f) — M is called the Levi normal bundle of the
given CR immersion f : M — (A, ©). A section ¢ € C®(Ey/(f)) is a Levi normal field.

The tangent vector v € H(A) f(x) first appearing in the decomposition (55), may be
further decomposed, with respect to (58), as

0= (def)Yy + 0t (59)

for some Y € H(M) and some v € Eg(f)y. The Levi normal vector v and the value of Y
at x (but not Y) are uniquely determined by the decomposition (59). With (53) and (56), we
started the calculation of the first fundamental form of f : M — (A, g2). Let us substitute
from (59) into (56) and take into account (43). We obtain

2(f)(X,T) =AGy(X,Y), X e H(M). (60)

Let
tany, y : H(A) ¢(x) = H(M)x, nory,y: H(A)f) — Ea(f)x,

be the projections associated with the direct sum decomposition (58), so that
w = (dxf)tany,xw +nory, yw, w € H(A)g(,) . (61)

Then, by (59),

tang v =Yy, norg,v= ot

Moreover, by (25) and (57),
Yy = tang {HH(A),f(x) (dxf) Tx}

= tanH,x{ (dif) T — Op(x) [(dxf) Tx] TA,f<x>}
or
Y, = tanH,x{(dx ATe—A(x) T, f(x)} (62)

as, by (42),
G)f(x) [(dxf)Tx] = (f*@))x Tx = A(x) 0x(Ty) = A(x).

For further use, let us set

Xo(x) 1= (dxf)Tx — A(x) Ta f(x), x € M. (63)
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As a byproduct of the calculations leading to (62), we have X,y € H(A)(,) forany x € M;
i.e., (63) defines a section Xg in the pullback bundle f'H(A) — M

Xo=f.T— AT, e Co(f 'H(A)).
Next, by (60) and Yy = tany, x X@,y, i.e., by (62) and (63),
8e(f)(X, T)x = A(x) Go(X,Y)x = (f*Go) (X, Y)x
= G@,f(x) ((dxf)xx/ (dxf)YX)
= G@,f(x) ((de)Xx/ (dxf) tanp, x®,X)
by (61) for w = Xg »
= Go, f(x) ((dxf)Xx, X@,x —nory,x Xo,x)

as (dxf)Xx and nory, y Xg, x are Gg , ¢()-orthogonal

= Go, f(x) ((dxf) Xx, Xo,x) = —(dO) (x) (], £(x) (dxf) Xx, Xo,x)

as f is a CR map
= _(d®)f(x) ((dxf) Jx Xx, x@,x)

= ~(d0) s ((dxf) [« X, (def)Ts).

Next, note that, by taking the exterior differential of (42),
f*(d0) =d(f*©) =dANO+ Adb

so that
()X, T)x = —(dANO)(JX, T)x + A(x) (T ] d6) (JX)x

8e(f)
by Ker(6) = HM),0(T) =1,and T | d6 =0
= —(UX)(A)x.

Summing up:

8e()(X, T) = =(JX)(A), X € H(M). (64)

Together with (53), this determines the first fundamental form g (f) = f*¢2 on H(M) ®
H(M) and H(M) ® RT. By taking into account the decomposition (6), to fully determine
ge(f), we ought to compute

8e(/)(T, T)x = (f*&I)N(T, T)x = g?,f(x) ((dxf) T, (dxf)Tx)

by substitution from (55)
_ LA
= 86,50 (0 1 Tap00 0+ 1 T ()
by (50) i.e, by v € H(A)f(y) L Ta, f(x) with respect to g:f(x)
=82 ()0, 0) + 12 2(Ta, Ta) (x)

by (49) i.e., g4 = Gg on H(A) ® H(M) and by (51)i.e., §2(Ta, T4) = €2

= (%)2 + Go, f(x) (v, ©).
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On the other hand, by going back to (55),
1= Ofn) (def) Te = (F70) T = A(x) 6(T)x = A(x)

so that (55) de facto reads
(dxf>Tx =v+ A(x) TA,f(x)

or, by (63),
v=Xg x- (65)
Our calculations so far lead to
A(x)72 2
se(FT T = [P o L2 (66

Here we have set [|[v]le = Gg, (x) (v, 0)1/2. Another useful expression of the norm ||v|g
may be obtained as follows. Note first that, as a consequence of our key observation
Xo € C*(f 'H(M)),

sh(£.T, T = gL (T = AT, T) + Ago(Ta, Ta)

= gb(%e, T
or

go(f:T, T)) = A. (67)
Then, by (65),

Go, f(x) (0, v) = 8o, f(x) (¥o,x, Xo,x)
= g0, f(x) (dx/)Tx, (dxf)Tx) + A(x)? 8o, 5(x) (T, () - Ta, ()
—2A(x) 8o, f(x) ((Axf)Tx, T, f(x ))

or, by (67),

Go, f(x)(0, ©) = (f*80) (T, T)x — A(x)*. (68)
Finally, by substitution from (68) into (66),

8N T) = (5 =1) A2+ (Fg0) (T T). ©9)

The first fundamental form of f : M — (A, g2) is fully determined. Summing up, we have
established:

Proposition 3. Let us set Xg = f«T — A Tf\. Then
(i) Xe € C*(f1H(A)),
(ii) For any X € H(M)
Gh(f-X, Xo) = —(JX)(A) (70)

or equivalently
Atang X = ] VHA. (71)

In particular, if A(x) # 0 for any x € M, then

tang Xg = J VI log !A

while if A = constant (e.g., f is isopseudohermitian, i.e., A = 1), then Xg is a Levi normal vector
field on M ie., Xg € C®°(En(f)).
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(iii) The norm of vector field X¢g is

[%ollo = [(Fs0) (T, 7) - A 7.

(iv) The first fundamental form ge(f) of the immersion f : M — (A, g&) is given by

2e(f)=AGy on HM)® H(M), (72)
8e(F)(X, T) = ~(JX)(A), X € H(M), 73)
8T, T) = (5 1) A+ (fg0) (T, T). 74)

Consequently,

sl =ng+{(2) -~ A+ + (Fs0)(T. )} 600
+200g9(JVHA, -)

(75)

and, in particular,
8e(f) = AgM+200g(JVIA, -)

L (76)
+H{E (A =1) = AA+ 1) +1+ (f'g0) (T, T) } 006,

Corollary 2. Let f : M — A be an isopseudohermitian CR immersion of (M, 0) into (A, ©).
Then, the first fundamental form ge(f) = f*g2 and the Webster metric gy, respectively, the
e-contraction ¢M of Gy, are related by

self) =0+ {5 2+ (F30)(T, T)} 00, 77)
ge(f) =g +{(f'g0)(T, ) 1} 606 78)

Let E(f) = M and Ec(f) — M be, respectively, the normal bundles of the immersions
f:M— (A go)and f: M — (A, g2), so that

Tr(x)(A) = [(dxf) Tx(M)] ® E(f)x, (79)

Tr(x)(A) = [(dxf) Tx(M)] & Ec(f)x, (80)
for every x € M.

Lemma 8. The normal bundle E.(f) — M and the Levi normal bundle Eg(f) — M are related
by
Ee(f) C En(f) @ RTY. (81)

A dimension count shows that the inclusion is strict.

Proof. Let
¢ € Ecf) € f7'T(A) = [f'H(M)] & RT,

so that
E=W+puT)
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for some W € f~1H(A) and some y € C®°(M). Then, for any X € H(M)
Go(W, f.X) = g2 (W, f.X) = g& — T}, f.X)
as T L C®(f~1H(M)) D f. C®(H(M))
= gé(gl f*X) =0
because of ¢ L f, X(M) D f. C®H(M)) > f.X. Thisyields W € Egy(f). O

Let
tany : Tf(x)(A) — Ty(M), nory : Tf(x)(A) — E(f)x,

tang : Tr(x)(A) = Te(M), mnor§: Try)(A) = Ee(f)x,
be the projections associated with the decompositions (79) and (80). Next, let us set
Ty =nor(Ta) € C°(E(f)) (82)

so that
T} = fotan(Ta) + T . (83)

Lemma9. Let f : M — A be a CR immersion of strictly pseudoconvex CR manifolds, and let
6 € Py (M) and © € P4 (A) be positively oriented contact forms on M and A. Then

A*tan(Ty) = {1-0/(T3)} {AT - J VAL (84)
In particular, if f is isopseudohermitian, then
tan(T4) = {1-©/(T4)} T. (85)

Proof. As©®(Ty) =1
1=0(Ts)f = 0/ (1)

by (83)
’ — f (1. tan(T)) + ©/(75)

= (f'®) tan (T4) + ©/ (T3) = Ab[tan (Ta)] +©/(T7)

so that
Abtan (T4)] =10/ (Ty). (86)

Moreover, for any X € H(M),

Agg(X, tan(TA)) = AGQ(X, Iy tan(TA))

= (f*Ge)(X, I tan(T,)) = G (fuX, fu Il tan(Ty))
= g5 (feX, fu Il tan(Ty))
= b (£ X, fu {tan(T,) — B(tan(T4)) T})
= g5 (fuX, fotan(Ta)) — O(tan(Ta)) g5 (£ X, £.T).
As f.X is tangential, one has g/, (f.X, T+) = 0, hence, by (83),

$h(fX, futan(Ty)) = gh(f.X, Th) =0
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because f. X € C*(f"'H(A)) and H(A) L T4 with respect to go. We may conclude that

Ago(X, tan(T,)) = ~0(tan(T4)) (f*g0) (X, T). ®7)

On the other hand,
(f*80) (X, T) = g5 (£ X, £.T)

= 8b(fiX, fuT — AT£) +AgH(f:X, T))
= 8b(feX, Xo) + A®f (£.X) = GL(£.X, Xo) + A (f'©)X
= GL(f.X, f.tany Xe) + A26(X)
as X € H(M) = Ker(6)
= (f*Go) (X, tany Xo) = A Gy(X, tany Xg) = —(JX)(A)

by (70). Then, by (87),

AllgtanT4 = —0(tanT4) JVHA. (88)
Finally,
Atan(Ty) = A {Ilgtan(T4) + 60(tanT,) T}
by (88)
=0(tan(T4)){ — JVHEA+ AT}
that is, by (86)

A*tan(Ty) = {1-0/(T4)} {AT - JVHA},
and Lemma 9 is proved. O

4. Pseudohermitian Immersions

Definition 37. Let (M, T;9(M)) and (A, T;o(A)) be strictly pseudoconvex CR manifolds
of CR dimensions n and N = n+k, k > 1. Let0 € P, (M) and ® € P,(A). ACR
immersion f : M — A is said to be a pseudohermitian immersion of (M 6) into (A, ®) if

(i) f isisopseudohermitian, i.e., f*©® =6,

i) T4 =0.

Proposition 4. Let f : M — A be an isopseudohermitian immersion. The following statements
are equivalent:

(i)  f is a pseudohermitian immersion.
(i) f*ge = go

(iii)) X =0.

(iv) (f*g@)(T, T)=1.

Proof. (i) = (ii). Let f be a pseudohermitian immersion. Then, for any X,Y € H(M),

(Fg0)(X,Y) = ¢ (f:X, 1Y) = G} (fuX, £.Y)

= (f*G@) (X,Y) =Gp(X,Y) = go(X,Y).
Hence, f*ge = gp on H(M) ® H(M). Next, T; = 0 together with Lemma 9 yields

tan(Ty) =T. (89)

Then,
(Fg0)(X,T) = g5 (fuX, £.T)
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by (89)
= g{a (f«X, fxtan(Tx))
by T+ =0
= 86(f-X, T}) =0 =go(X, T).
Hence, f*go = gp on H(M) ® RT. It remains necessary that we check (ii) on RT ® RT.

fndecds (F$0)(T,T) = gh (1T, £.7)
by (89)

= ¢4 (f-tan (Ty), f. tan (T4))
by T4 =0

= gb(Th, Th) = g0(Ta, Ta)’ =1 =go(T,T)
by the very definition of the Webster metrics. Q.E.D.
(if) = (iii). Let f : M — A be a CR immersion such that (ii) holds, i.e., f*ge = go. As
f is a CR map, the assumption (ii) implies f*Gg = Gy and then, by (43), A = 1. Moreover,
2
|%ole = 86 (X0, Xo) = g6(£:T ~ T4, £T ~T))

= (f'30)(T,T) +g0(Ta, Ta) — 280 (£.T, T))

by (67)
— (T, T)=1=0

so that Xg = 0. Q.E.D.

(iii) = (iv). Let f : M — A be an isopseudohermitian immersion such that Xg =
0. Then,

|Xellf = (F*g0) (T, T) — 1 (90)
yields (iv). Q.E.D.

(iv) = (i). Let f : M — A be an isopseudohermitian immersion such that

(f'8e)(T,T) =1.

Then, by (90), Xg = Oi.e.,
TS = f, T e f.Xx(M) = T§ =0.
0

5. Gauss and Weingarten Formulas

Let f : M — A be a CR immersion of strictly pseudoconvex CR manifolds, and let
6 € P.(M)and © € Py(A). We adopt the following notations for the various linear
connections we shall work with:

D¢ Levi-Civita connection of (4, g2),

D Tanaka-Webster connection of (A, ©),
V/€ Levi-Civita connection of (M, ge(f)),
V¢ Levi-Civita connection of (M, gM),

V Tanaka-Webster connection of (M, ).
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The Gauss and Weingarten formulas for the isometric immersion f : (M, ge(f)) — (A, g2)
are:

(D)L fY = £ VLY + Be(£)(X,Y), 91)
(D°)}& = —f. asX + Di<¢, 92)

forany X,Y € X(M) and any & € C*(Ec(f)). Here, Be(f), a§ and D+« are, respectively,
the second fundamental form, the Weingarten operator (associated with the normal vector
field ¢), and the normal connection, a connection in the vector bundle E.(f) — M, of the

given isometric immersion. The symbol (De)f in (91) and (92) denotes the connection
induced by the Levi-Civita connection of (A, g2) in the pullback bundle f~1T(A) — M;
ie., (De)f is the pullback connection f~1D,. One has

VLY = tane { (D), £ Y}, Be(f) = nore { (D)4 f Y1,

agX = —tane {(De)é[(@}, Dy“& =nor { (DE)QC}

The second fundamental form B, (f) and Weingarten operator ag are related by

(82) (Be(£)(X,Y), &) = ge(F) (45X, Y). (93)

The second fundamental form Bc( f) is symmetric and, merely as a consequence of (93)],
the Weingarten operator a5 is self-adjoint with respect to ge (f)-

6. Gauss—Ricci-Codazzi Equations

Let E — M be a vector bundle and D € C(E) a connection. The curvature form
RP = R(D) is
RP(X,Y) = [Dx, Dy] - Dxy|, X, Y € X(M).

The curvature forms of the connections in the Gauss and Weingarten formulas are

D E R(D)

(D) | F1T(A) = M | R((DF))

vhe | T(M)—M | R(V/€)

D+t Ec(f)—>M | R(D*)

The Gauss-Codazzi equation for the isometric immersion f : (M, ge(f)) — (4, g2) is
(see, e.g., [20]):

R((DY)(X,Y)f.Z = L R(VI€)(X,Y)Z
—f+ aée(f)(y,z)x + fs “%e(f)(x,z)y + (DSC(BG(J()) (Y, 2) - (Di/Be(f))(XrZ)

forany X, Y, Z € X(M). Here, D$Be(f) is the Van der Waerden-Bortolotti covariant
derivative (of the second fundamental form), i.e.,

(94)

(DSBe(f))(Y, Z) = Dy*Be(f)(Y, Z) = Be(f) (VK Y, Z) = Be(f)(Y, V§°2).
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The Codazzi equation is obtained by identifying the E.(f) components of the Gauss-Codazzi
equation (94)
nore {R((D)/)(X,Y)f.Z} =

(D&Be(f)) (Y, Z) = (DyBe(f)) (X, Z).

Let us take the inner product of (94) with W € X(M) in order to identity the tangential
components of (94)

(95)

82 (RUDV) (X2, fW) = e (R(VF) (X, ¥)Z, W)

—8e(f) (a%e(f)(Y,Z)X’ W) +8e(f) (a%e(f)(X/Z)Y’ W)

and let us substitute from (93) so as to obtain (the Gauss equation of the given isometric
immersion)

(gé‘)f(R((De)f)(X,Y)f*z, f*W)
= se(f) (R(VF*)(x,1)Z, W) (96)

—(82) (Be(f) (X, W), Be(£)(Y, 2)) + (82)! (Be(£)(Y, W), Be(f)(X,2))

forany X, Y, Z, W € X(M). For any X,Y € X(M) and any ¢ € C®(Ec(f)) as a conse-
quence of the Gauss and Weingarten formulas (91) and (92),

R((D))(X,Y)E = R(D**) (X, Y)§

V{aEX — ViSaY +ag[X, Y] — S, Y +af

Dieg

+Be(f (a,:X Y) — Be(f) (X, agY)

Difg

and, taking the inner product with 7 € C*(E¢(f)), gives

(s2) (R((D<) g 1) = (4) (R(DY) (X, 1), 1)

(97)
+(82)! (Be() (a5, Y), ) = (8¢ )f(Be(f) (X, agY), )
or, by applying (93) to modify the last two terms in (97),
(82) (R((DY) (X, V)2, 1) = (82) (R(D*) (X, )2, 1) o
98

—ge(£)([ag, a5)X, Y)

(the Ricci equation for the given isometric immersion).

7. The Projections tan, and nor,

Our main purpose in the present section is to compute the projection tane : f 1T(A) —
T(M) in terms of pseudohermitian invariants. One has (at every point of M)

Ec(f) ={eefT(4) : (34 (& f.v)=0, ¥V eT(M)},
Also, for every V € T(M) by (48),

(8¢ ) @& f:V)=gL(E fV) (é—l) o/ (&) o(Vv).
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Therefore, if we set (again pointwise)

Se(f) = {f*VJrA (é f1) o(V)T, : Ve T(M)},

then
Ee(f) = SE(f>L~ (99)

As to the notation adopted in (99), if Sx C T(,)(A) is a linear subspace, then S denotes
the orthogonal complement of Sy in Ty, (A) with respect to the inner product gg (). We

shall need the linear operator L¢ : X(M) — C®(f~!T(A)) given by

LV=FfV+A (517 - 1) o(V)T,, Vex(M) (100)

The relation (100) also defines a vector bundle morphism L, : T(M) — f~!T(A), denoted
by the same symbol. Then,

E(f)={Ce f'T(A) : gh(LeV, &) =0, YV e T(M)}.
For arbitrary W € f!T(A), we take the inner product of
W = f, tane W +nore W

with £V, V € T(M), with respect to the inner product (¢)/, so as to obtain

(82) (W, V) = ge(f) (tanec W, V). (101)

Lemma 10. The function
A= (f"go)(T, T) € C*(M) (102)

is strictly positive; i.e., A(x) > 0 for any x € M.

Proof. One has
/\(x) = 80, f(x) ((dxf)Tx ’ (dxf)Tx> > 0.

If there is xg € M such that A(xg) = 0, then (dy,f) Ty, = 0, yielding Ty, = 0 (as f is an
immersion), a contradiction. [J

At this point, we employ the relations (see (48) and (75))
1
sd =g0+ (e—Z—l)@@@,

sel) =Agot {(2) ~ At 12} oe0+2005(V7A, ),
and modify (101) accordingly. We obtain
8h(W, V) + A (5 —1) & (Wye(v) = (103)
= Ago(V, tan, W) + { (%)2 “A(A 1) +A} 0(V) 6(tan. W)+

+0(V) go(J VA, tane W) + 0 (tane W) go (J VA, V).

We ought to examine a few consequences of (103). First, let us use (103) for V = X € H(M),
ie,asf(X) =0,

gL (W, £.X) = Ago(X, tanc W) + 6 (tane W) g4 (] VHA, X). (104)
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Let {X, : 1 <a < 2n} be alocal Gy-orthonormal [i.e., Gg(Xs, Xp) = 6z, 1 < a, b < 2n]
frame of H(M), defined on the open set U C M. Then,

2n

Allgtane W =AY go(Xa, tane W) X,
a=1
by (104)
2n
= Z {g{a(W, f*Xa) *ge(]VHA, Xa)}Xa

a=1

or )
ATlytane W = Y ¢h (W, £.X,) X, — JVIA (105)
a=1

everywhere in U. Second, let us use (103) for V = T;i.e.,as 0(T) = 1 and go(T,Y) = 6(Y)
forany Y € X(M),
go(W, £.T) + A (L -1) @/ (W)
(106)
{A2(&—1) + 2} o(tanc W) +go(J VA, tane W).

We shall conduct an asymptotic analysis of our equations as € — 01, so we consider
0 < € < 1 to start with. Consequently, by Lemma 10,

A(x)? (612 - 1) +A(x) >0, xeM.

For simplicity, we set
ue = 0 (tane W) € C*(M), Xe = Iy tane W € C¥(H(M)),

so that tane W = X, + ue T and Equations (105) and (106) read:
2n
AXe =Y ¢b(W, f.Xo) X, — JVHA, (107)
a=1

gb (W, £.T) + A (e% - 1) o/ (W)
- {A2 (eiz —1) +/\} ue + 8o (JVHA, Xe).

Let us multiply (108) by A and substitute A X, from (107) into the resulting equation. We
obtain

(108)

bW, AT) + 4 (5 -1) 0/
= A{A2 (5 —1) + A} ue+g5 (W, JVHA) — VAR,

Let Z(A) = {x € M : A(x) = 0} be the zero set of A. Note that (107) and (109) determine
X and u, on the open set M\ Z(A).

From now on, we confine our calculations to isopseudohermitian (i.e., A = 1) CR
immersions f : M — A. Then, (107) and (109) read

(109)

2n
Xe =Y. gL (W, £.X0) Xa, (110)
a=1

$o(W, f*T)+(é—1) e/ (W) = (;—Z—HA) e . (111)

Summing up, we have proved:
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Lemma 11. Forevery W € f~1T(A)

tane W = Y21, ol (W, £.X,) X,

(112)
+ e {© (W) + € gh(W, Xo) | T

everywhere in U, where Xg = f T — Tf;.
Finally, for the calculation of the projection nor,, we shall use
nore W =W — f,tan. W
together with (112).

8. Gauss Formula for f : (M, g.(f)) — (A, g2)
The purpose of the present section is to give an explicit form of the Gauss formula

(D), fo W = £ VSSW + Be(f)(V, W), V,W € X(M). (113)
To this end, we shall compute
V{/’GW = tane {(Dg){/f* W}, Be(f)(V,W) = nore{ (De){,f* W},
by essentially using (112) in Lemma 11. Calculations are considerably simplified by ex-

ploiting the decomposition T(M) = H(M) @ RT. Letusset V = X and W = Y with
X,Y € H(M) in the Gauss formula (113), i.e.,

(D)L £ Y = £ VLY + B () (X, Y). (114)

On the other hand, by (12)—(15), with V¢ replaced by D¢,

DY = DxY + {go(X, JaY) —€*go(X, TaY)} Ta, (115)
D$Ta = TAX + el—szx, (116)

D§, X = D, X+ é JaX, (117)

¢, Ta =0, (118)

for any X, Y € H(A). We systematically apply our findings in Section 2 to the pseudoher-
mitian manifold (A, ®) and to the Riemannian metric g (the e-contraction of the Levi
form Gg). By (115),

(D) f.Y = DL fY
b (f.X, FLfY) — e gh(r.X, hfx)y TS

Here, Df = f~1D is the pullback of the Tanaka-Webster connection D-a connection in the
pullback bundle f~'T(A) — M. We shall substitute from (119) into the left-hand side of
(114). Our ultimate goal is to relate the pseudohermitian geometry of the ambient space
(A, ©) to that of the submanifold (M, 0). Therefore, to compute the right-hand side of (114),
one needs a lemma relating the induced connection V/€, associated with the isometric
immersion f : (M, ge(f)) — (A, g&), to the Tanaka—Webster connection V of (M, 6).

(119)
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Lemma 12. Let f : M — A be an isopseudohermitian (i.e., f*® = 6) CR immersion. The
Levi-Civita connection V€ of (M, gc(f)) and the Tanaka—Webster connection N of (M, 6) are
related by

VLY = VY + {Q(X, Y) - ;EA(X, Y)} T, (120)
VLT = X + pe JX + 21%)(()\) T, (121)
VEEX = VX + e JX + 21% X(A)T, (122)
VIeT = —% VHA 4+ 2;6 T(A)T, (123)

forany X,Y € H(M). Here ue = ue(f; 0, 0) € C°(M) is given by

yezel—z—l—k)x, A= (f*ge)(T,T). (124)

Proof. We start from the well-known (see, e.g., Proposition 2.3 in [10], Volume I, p. 160)
expression of the Levi-Civita connection V/*€ in terms of the Riemannian metric g (f)

2ge(f)(Vﬁ€V, W)

= U(ge(/)(V, W) + V(8e(/)(W,V)) = W(ge(f)(L V)
+8e (/) (U, V], W) +ge(F) (W, U], V) +ge(f) (U, [W, V])
forany U, V,W € X(M). We adopt the notations in Section 2; i.e., we set
Co(U, V, W)
=U(g(V,W)) +V(g(W,V)) - W(g(UV))
+g([U V], W) +g(W,ul, V) +g(U, [W,V])

so that
28¢(f) (ViV, W) = Cqu(p) (U, V, W), (125)

By (78) in Corollary 2 (to Proposition 3),
ge(f) =g+ (A-1)0®0, (126)

where A € C®(M) is given by (102). [

Lemma 13. The Christoffel mappings Cq_(5) and C M are related by

Cou(p(U, V, W) = Cgéw(ll, vV, W)
+UA)B(V)O(W) + V(L) 8(U) (W) —W(A)O(U)O(V)
+2(A—=1) [6(W)6(V V)
+OQ(U, V) B(W) + Q(W, U) 6(V) + Q(W, V) 6(U)]

(127)

forany U, V, W € X(M).

Proof. (127) is a straightforward (yet rather involved) consequence of (126). We give a
few details, for didactic reasons, as follows. Let us substitute from (126) into Cg€ (f) and
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recognize the term C M- To bring into the picture the Tanaka-Webster connection, we
substitute the remaining Lie products from

[V,W]=VyW—-VyV-20AT7)(V,W)+2Q(V,W)T (128)

and use V6 = 0. At its turn, (128) is a mere consequence of
Ty =2{6 AT-Q®T}.
Let V€ be the Levi-Civita connection of (M, gM). Similar to (125),
2¢M(V§V, W) = Com(U, V, W). (129)
Then, (125)—(129) yield
286 (VV, W) +2(A = 1) 6(V; V) 0(W) = 24 (VE,V, W)
+UA)O(V)O(W) +V(A)B(U)O(W) —W(A)B(U)O(V)

+2(A—1) [6(W) 8(VyV)
+Q(U, V) 0(W) + Q(W, U) 8(V) + Q(W, V) 8(U)].

(130)

Let us substitute from g. = g5 + (€72 — 1) # ® 0 into (130) and use nondegeneracy of gy to
“simplify” W. We obtain

2V TV H2(h+A-2)0(VTV) T
—2Vv+2(L-1)8(VgV) T 151
+[UA) (V) +V(A)O(U)] T—6(U)6(V) VA
+2(A = 1) {[6(VuV) + QU, V)] T+0(V) JU +6(U) JV}.

Next, let us apply 6 to both sides of (131) and use 6(T) = 1 and 6 o ] = 0 in order to yield
2(L+A-1)0(V]V) = Zo(V5V)
+[UQ)O(V) + V(A o(U)] —o(U) 6(V) T(A) (132)
+2(A=1) {[6(VuV) +Q(U, V)] }.

In particular, for U = X and V = Y with X,Y € H(M), the formulas (131) and (132)
become
LY+ (L +a-2)o(vE) T
(133)
= VY +{(L-1)6(v5y) + A=) OX, )} T,
1 f.e€ _ 1 €
(Z+A-1)0(VEY) = 50(V5Y) + A =D QX V). (134)

Here, one also uses 6(VxY) = 0 because V parallelizes H(M). Let us multiply (134) by T
and subtract the resulting equation from (133). We obtain

VLY = vy + {0(VEY) - 0(VEY) T, (135)
a simplified form of (133) equivalent to

g0y V5 Y = Ty VY- (136)
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At this point, we exploit the relationship between the Levi-Civita connection V¢ and the
Tanaka—Webster connection V as established in Lemma 2. Ssee formulas (12)—(15). For
instance, by (12) and (136),

Y =VxY +{Q(X,Y) - A(X,Y)}T =

Iy VEEY = VY (137)
forany X,Y € H(M). Also, by applying 6 to both sides of (12),
0(V&Y) =Q(X,Y) — e A(X,Y) (138)

and substitution into (134) furnishes

0(VLeY) = Q(X,Y) - L A(X,Y). (139)

He

Finally, by (137) and (138),

VEY = Vxy +{ax ) - - AX )T,

Ue
which is (120). Q.E.D.

Similarly, the formulas (131) and (132) for U = X and V = T become, by (13), i.e.,
V4T =1X+e2]X € HM),

1
TEVET = tX + pe JX, 0(VEET) = 2 X,

yielding (121). Q.E.D. The proof of the remaining relations (122) and (123) is similar. O
Let us go back to (119). As ]£ o fx = f« o ] formula (119) reads
(D)L f.Y = DL Y
+H{(f"80) (X, JY) = € g5 (X, TAFY)} TS
F4C) ’ \Uxd, TyTx A

Let us substitute from (140) and (120) into the Gauss formula (114) in order to obtain:

(140)

Proposition 5. Let M and A be strictly pseudoconvex CR manifolds, and let 6 € P (M) and
@ € P (A). Let f : M — A be an isopseudohermitian immersion of (M, 0) into (A, ®). Let g2,
0 < € < 1, be the e-contraction of the Levi form Gg, and let g¢(f) = f*g&. Then

DLEY +{(F'30) (X, ]Y) — €85 (X, Thf.Y)} T)
= f.VxY + {Q(X, Y) - L AKX, Y)}f*T +Be()(X,Y), (141)

X, Y e HM),

is the Gauss formula for the isometric immersion f : (M, gc(f)) — (A, g&) along H(M) ®
H(M).

It should be noted that all terms in the Gauss formula (113), except for the second
fundamental form Be(f), were expressed in terms of pseudohermitian invariants of (M, 6)
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and (A, ®). The remaining components of (113), respectively, along H(M) ® RT, RT ®
H(M), and RT ® RT, can be derived by setting

(U, v)ye {(X,T), (T, X), (T, T)}, XeHM), (142)

into (113). We relegate the derivation of the components (142) to further work. For the time
being, we seek to further split (141) into tangential and normal parts, with respect to the

direct sum decomposition (80). This amounts to decomposing Dér( f+Y and the Reeb vector
field Tf; with respect to (80).

We start with the decomposition of Tf;. Formula (112) for W = Tf; gives, as Xg €
f~'H(A), so that Xg and TIJ; are gé—orthogonal,

2n
1
tane (Ta) = Y g5 (£ Xa, Th) Xa + el
a=1

€

and
gL (feXe, Th) = 0/ (£.X,) = 6(X,) = 0
so that:

Lemma 14. Let f : M — A be an isopseudohermitian immersion of (M, 0) into (A, ©®). The

tangential and normal components of the Reeb vector field T/, with respect to the decomposition (80),

are
LT nore (Th) =T, - S £ T, (143)
€7 Ue

tan, (Tfl) =2 "

Next, we attack the decomposition of ng f+Y with respect to (80). To this end, we
need to introduce pseudohermitian analogs to familiar objects in the theory of isometric
immersions between Riemannian manifolds, such as the induced and normal connections,
the second fundamental form, and the Weingarten operator. For any V, W € X(M) and
any ¢ € C®(E(f)), we set by definition

VW =tan{D] f.W}, B(f)(V,W) = nor{D] f.W},

agV = ftan{D{,é}, Ve = nor{D{/(f},
where
tan: fIT(A) — T(M), nor: f IT(A) — E(f),

are the natural projections.

Theorem 2. (i) V' is a linear connection on M.

(i) B(f)is C®(M,R)-bilinear.

(iii) ais C*(M,R)-bilinear.

(iv) V- isa connection in the vector bundle E(f) — M.
(v) ForanyV,W € X(M) and any & € C®(E(f)).

DYfW = fVW+B(F)(V, W), (144)
Dl g = —fua:V + Ve (145)
The proof of Theorem 2 is straightforward. We adopt the following pseudohermitian

analog to the ordinary terminology in use within the theory of isometric immersions
between Riemannian manifolds.
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Definition 38. V' is the induced connection (the connection induced by D via f). V= is the
normal Tanaka—Webster connection. B(f) and ag are, respectively, the pseudohermitian second
fundamental form and the pseudohermitian Weingarten operator (associated with the normal
vector field &) of the CR immersion f : M — (A, ©). (144) is the pseudohermitan Gauss
formula. (145) is the pseudohermitian Weingarten formula.

The induced connection V' and the (intrinsic) Tanaka—Webster connection V of
(M, 0) do not coincide, in general, unless, e.g., f : (M,0) — (A, ®) is a pseudohermitian
immersion. The ambient connection-the Tanaka—Webster connection of (A, ®)-has torsion
so that B(f), unlike its Riemannian counterpart, it is never symmetric. We expect that B( f)
is the second fundamental form of f as introduced by P. Ebenfelt, X. Huang and D. Zaitsev
(see formula 2.3 in [12], p. 636) by making use of B. Lamel’s spaces Ex(p) (actually of E1(p);
see Definition 1 in [13], p. 1). The main properties of V', B(f), and ag are collected in the
following.

Theorem 3. Let f : M — A be a CR immersion, and let 6 € P (M) and ® € P, (A).
(i) The induced connection VT has torsion, i.e.,
Torgr (V,W) = =2 (f*ge)(V, JW) T} (146)
+A{0(V)tan [t4(f« W)] —0(W) tan [t4 (f V)] }.

In particular, if gg is Sasakian, then V' T is symmetric <=> the Reeb vector field of (A, ©) if
g@-orthogonal to f(M).

(ii) The pseudohermitian second fundamental form B(f) is not symmetric, in general, i.e.,

B(f)(V,W) = B(f)(W,V) = =2(f*ge)(V, JW) Ty

(147)
+A{0(V)nor [t4(f« W)] —0(W)nor [ta(f« V)] }.
In particular, if Q@ is Sasakian, then B(f) is symmetric <= T is tangent to f(M).
(iii) The metric f*ge is parallel with respect to V' i.e., V' f*gg = 0.
(iv) Forany V, W € X(M) and & € C*(E(f))
86(BUN(V, W), 8) = (f'go)(azV, W). (148)
(v) Forany V,W € X(M)
(VEDW = tan {F4 B(F)(V, W)}, (149)
B(f)(V, JW) =nor {J} B(A)(V, W) }. (150)
(vi) Forany V € X(M)
VvTA —ap V=0, B(f)(V, T4)+ViTy =0. (151)

Proof. (i)—(ii) The torsion of D is

Torp :2{®ATA —QA@TA}



Axioms 2023, 12, 329

38 of 82

where Q4 (V, W) = go(V, JaW) for any V, W € X(A) see e.g., (17)). Then, for any
V,W € X(M)

A{B(V) T (. W) = 6(W) Ta (£ V) } = 2(f*g0) (V, TW)T}
= Dy W=Dl fe W — £.[V, W] =
by the pseudohermitian Gauss formula (144)
= fi Torgr(V,W) 4+ B(V,W) — B(W,V)

yielding, by T} = £, T} + T+, (146) and (147). QE.D.
(iii) Forany U, V, W € X(M)

0= (D) (- V. £ W)

= U((F'30)(V, W)) = g6 (DUf.V, fiW) = g6 (/. V. DfW)
again by (144)
= (Vii(f*ge)) (V, W).
QED.

(iv) By (144)
86(BUN(V, W), €) = g6 (DLW, €)
by Dfgg, = 0 and f.W L ¢ together with the pseudohermitian Weingarten formula (145)

= —gb(f:W, D}E) = (f*ge) (azV, W).
Q.ED.

(v) By (144)
FVUIW +B(F)(V, JW) = D} f. W

as f isa CR map, and by Df]£ = 0 and again (144)
= JLDLfW = £V W + L B(F)(V, W),
QE.D.
(vi) Follows from Df [, = 0, by (144) and (145). O

Formula (112) for W = D{(f*Y gives

tane (Dx fY) = Y20, g5 (Dx Y, f+Xa) Xa

(152)
+€21P€ {@f(Dérgf*Y) +e2gl (Dxf.Y, o) } T.

On the other hand, by the pseudohermitian Gauss formula (144) for (V, W) = (X,Y) with
X, Y € HM),

gh(DLAY, £.Xa) = (f'80) (VXY, Xa). (153)

Let us set
T) = tan(Tf;), Ty = nor(Tf;),
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so that
T, = £.T) + T4 (154)

everywhere on M. Then, by (154), the pseudohermitian Gauss formula (144), and Xg =
feT — T{v the functions

o/ (DL£.Y), gl (DLf.Y, %o) € C*(M,R)
can be written as
©f (DLAY) = (F'30) (VXY, T}) + b (B (X,Y), Th), (155)
gb(DXfY, Xo) = (f*30) (VY T—T})

~g5(BN)(X,Y), T}).
Finally, let us substitute from (153) and from (155) and (156) into (152). We obtain:

(156)

Lemma 15. Let f : M — A be an isopseudohermitian immersion. The tangential component of
DQ f+Y with respect to (80) is

tane (Dx fY) = 22 (f*g0) (VXY Xa) Xa
+2-{(f'ge) (VXY, T +€X(T—T])) (157)

+(1- ) gh(BU(X,Y), %)} T,

forany X,Y € H(M).

At this point, we may go back to (141), the Gauss formula for the isometric immersion
f:(M, ge(f)) = (A, g2) along H(M) ® H(M), and apply the projections tane and nor,
to both sides. We obtain, by (f*ge) (X, JY) = Q(X,Y),

tane (DL£.Y) + {Q(X,Y) - 2 gL (£.X, ThfeY) } tane(T))

(158)
= VxY+{0(XY) - L AX )} T,

nore (Dﬁf*Y) + {Q(X, Y) - ez%g*X, Tﬁf*Y) } nore(Tﬁ)

— B(f)(X, ).
Let us substitute from (143) and (157) into (158). We obtain

Y. (f'80) (VXY, Xa) X4
+a-{ (F80) (VXY, €T+ (1= )T]) + g5 (BIAX, V), A=) TH T (160)

20X ) — 2L (X, T )T =Vxy +{aX ) - L AX T,

(159)

+

Moreover, by Df(f*Y € f1H(A) = Ker(0f),

0= 0/ (DLf.Y) = gb(DLfY, T))

by the pseudohermitian Gauss formula (144)

= gL (£ VLY, T)) + &L (B(AH(X,Y), T))
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by (154)
= ('80) (VAY, TA) + 86(BUN(X,Y), T4).
Summing up, we have proved the identity

(f'g0) (VXY T}) + 85 (B()(X,Y), Tf) =0. (161)
As a consequence of (161), Equation (160) simplifies to
Y (f80) (VXY, Xa) Xa
+i{(f*g®)(V§Y/ T) - gb(f:X, T f- Y)}T (162)
= VxY+ L {(/\— 1)Q(X,Y) - A(x,Y)} T,
Identifying the H(M) and RT in (162) leads to:

Proposition 6. Let f : M — A be an isopseudohermitian immersion of (M,0) and (A,®).
The equations

Y (f'g0) (VXY, X4) X, = VxY, (163)

(f'g0) (VxY, T) + A(X,Y)

— (A=1)QX,Y)+ gL (£.X T £ Y),

are equivalent to the tangential part (158) of the Gauss formula (141) along H(M) @ H(M) for the
isometric immersion f : (M, ge(f)) — (A, g8).

(164)

A remark is in order. Let us apply @/ to both sides of the pseudohermitian Gauss
formula (144) for W = X € C®(H(M)), i.e.,

DLf.X = f.VIX+B(f)(V,X), VeX(M).

As D parallelizes H(A) and f*® = 6

0= 0/ (D £.X) = 0(VyX) + 0/ (B(f)(V, X))
showing that in general V" does not parallelize H(M) (unlike the Tanaka-Webster connec-
tion V).

Let us go back to the Gauss formula (159). We need to compute nor, (Dér( £+Y). To this

end, let us simplify (157) according to our successive finding (161), i.e.,
tane (DL £.Y) = T (F*g0) (VLY Xa) X, 6)
i (F780) (VXY T) T

Then
nore (DL £.Y) = DL£.Y — f. tanc (DL £.Y) (166)

by (165)
= DLAY — Y (F'50) (VEY, X,) fu Xo — ﬂl (f*g0) (VLY, T) f. T.

Also, let us recall that, by (143),

1
nor (T}) = T — i (167)
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Next, let us modify the Gauss formula (159) by substitution from (166) and (167). We obtain
% 1 %
DLSY = 1 (F'80) (VXY, Xa) £ Xa = - (F'80) (VAY, T) . T
a
1
+{Q(X,Y) — gl (£.X, L f Y)} {Tj; -5 f T} = Be(f)(X,Y)

He

or, by (163):

Proposition 7. Let f : M — A be an isopseudohermitian immersion of (M, 6) into (A, ©). The

normal part (159) of the Gauss formula (141) for the isometric immersion f : (M, ge(f)) — (A, g2)
along H(M) ® H(M), is equivalent to

DYfY = (f*30) (VXY T) £ T
+H{ox ) - egh(£.X £ ) H{Th - A £.T) (168)
= f VxY + Be(f)(X,Y)

forany X,Y € H(M).
Another useful form of (168) is obtained by the substitution f.T = Xg + T£ ;ie.,
DLY = L (f'80) (VEY, T) (Xo +T})
+{ox ) - gh(£.X T £ ) H{Th - 2 (Re+Th) } (169)
= fu VxY +Be(f)(X,Y).

Indeed, the left-hand side of (169) is already decomposed into a f "' H(A) component and
an ]RTf; component. Consequently, we can compute the RT{} component of B¢(f)(X,Y) by
applying ®/ to both sides of (169) and using the identities ®f (DQ £Y) =0,0f(Xg) =0,
and O/ (f. VxY) = 0], ie.,

O/ (Be(f)(X,Y)) = =4 (f'80) (VXY, T)
+(1- 2 ) {oxn —egh(fx, £ 7))

To fully determine Be(f)(X,Y), one needs to compute its f ' H(A) component as well. To
this end, we apply the projection HL(A) : fIT(A) — f~1H(M) to both sides of (169) and
use Il 4)Ta =0, ie,

(170)

[
DLAY = - (F'80) (VX Y. T) o

L {Q(X,Y) — gl (X, £ Y)}x@

€2ie
= fo VXY + T 4 Be(F)(X,Y).

or

T, 4 Be(f)(X,Y) = DLfY = £, VxY

- {b (A X, T £Y) = (f'30) (VRY, T) - 2 Q(X,Y) } Xo
forany X, Y € H(M).

171)
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A summary of the various decompositions and projections used so far is provided

below. Given an isopseudohermitian immersion f of (M, 6) into (A, ®), we adopted the
following orthogonal decompositions.

Decomposition Am;’rice)gilicrtmer
Tf(x)(A) = [(dxf)Te(M)] @ Ee(f)x o
Tjx)(A) = [(dxf) Te(M)] © E(f)x S0, /()

H(A) sy = [(dxf)H(M)y] @ Egg(f)x Go, )

The following projections correspond to the chosen decompositions:
tane : f1T(A) — T(M), nore: f1T(A) — Ec(f),

tan: f1T(A) — T(M), nor:f 'T(A) — E(f),
tany : f'H(A) — H(M), norg: f 'H(A) — Eu(f).

The following Riemannian metrics appear in previous and further calculations:

Metrics
86 gé
on A
Metrics Intrinsic g0 gé\/f
on M Extrinsic f*ee ge(f)

As a reminder, the adopted terminology gy and gg are, respectively, the Webster
metrics of (M, 8) and (A, ®), gM and ¢ are respectively the e-contractions of Gy and Gg,

f*ge and g¢(f) are, respectively, the Riemannian metric on M induced by ge via f, and the
first fundamental form of f : M — (A, g2).

The following connections (linear or in normal bundles) are of frequent use

D Tanaka—Webster connection of (A, ©)

D¢ Levi-Civita connection of (A, g2

\Y Tanaka—Webster connection of (M, 6)

A% Levi-Civita connection of (M, gM)
vie Levi-Civita connection of (M, ge(f))
Vie normal connection of f:M— (A g4)
Al linear connection of M induced by D via f
VL

normal Tanaka-Webster connection of f: M — (A, ©)

The list of Gauss-Weingarten and pseudohermitian Gauss—-Weingarten formulas is
(D) feW = Fo VYW o+ Be(F)(V, W),

(D)}& = —fealV + Vg,
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DLW = £V W +B(F)(V, W),
D{,n = —fuayV + V#iy,
V,WeX(M), &ecC®Ee(f)), neCE)).

Let Ey(f) — M be the Levi normal bundle. By Lemma 7, the Levi normal bundle is J4-
invariant. Let J* : Eg(f) — Ej,(f) be the restriction of J4 to Ex(f). The complexification
Ey(f) ® C decomposes as

En(f) ® C = E10(f) ® Eoa(f),
Eio(f) = Eigen((]J-)C, i), Eor(f) =Eio(f), i=V-1,
where (]l)(c is the C-linear extension of |- to Ey(f) ® C. Let
{Xg:1<a<2n} ={Xy, Xy : 1 <a<mn},

Xpra = JXo, 1<a<n,
be a local Gy-orthonormal, i.e., Gy(X,, Xp) = 0, 1 < a,b < 21, frame of H(M), adapted

to the complex structure J, and defined on the open set U C M. Next, let us set

T{X:i(Xa_i]X,X), 1§0€§1’l,

V2
sothat {T, : 1 <a <n} C C*®(U, T1(M)) is a local Gg-orthonormal, i.e., Gg(T, TB) =
Oup with Ty = Tg, frame of the CR structure T} o(M). Moreover, let

{¢p 1 1< p <2k} C C*(U, En(f))

be a local Gé—orthonormal, ie., Gé({,‘p , Q’q) = Jpq, frame, adapted to the complex structure
Jtie.,
JhEi =Gy, 1<j<k

Let us set as customary

gj= \16(Cj —iJhg) € CU(U Eig(f), 1< <k,

so that {¢; : 1 < j < k} is a local Gé-orthonormal, ie., Gé (Ci, Cp) = o with &y = Ty,
frame in E; o(f). The conventions as to the range of the various indices are

a/b,cl...e{ll.../zn}, a,ﬁ,r)//...e{]_,...,n},
p,q,r,...e{ll...,Zk}, UIPIK/"'E{ll"'/k}'

Lemma 16. Let f : M — A be an isopseudohermitian immersion of (M, 6) into (A, ®). The CR
structure Ty o(A) of the ambient space decomposes as

T10(A) f(x) = [(dxf)T10(M)x] ® E10(f)x (172)
forany x € M. In particular,
{Tj - 1<j<N}={fiTu,lr : 1<a<n 1<0<k}
is a local frame of f ~'Ty o(A) such that

G(fa(T]', Tz) = (Sjg, TzETg.
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Proof. Letw € [(dyxf)T10(M)x] @ Eq0(f)x so that

w=(df)Z=C—i]y ¢

for some Z € Ty g(M)yx and ¢ € Eg(f)x. Of course, Z = X — i ], X for some X € H(M),.
Then,

Go, f(x) (0, @) = Go, jx) ([dxf)(X =i [ X), E+i 5 §) =0
as (dyf)X, (dxf)Jx X € (dxf)H(M)y L &, Ji£ &, thus yielding w = 0; i.e., the sum (dyf)T1 o
(M)x + E10(f)x is direct. O

A comparison to the work by P. Ebenfelt et al. (see [12], p. 636) is at this point advisable.
Let M C C"*!and A C CN*! be real hypersurfaces, such that the induced CR structures

Tyo(M) = [T(M) @ C] N T'(C"*1),

Tio(A) = [T(A)@C] N T (CNT1),

are strictly pseudoconvex, where

T/(Cnﬂ)xzspanc{(aizu)x : Ogagn}, x et

T'(CNH)y—SpanC{(agB)y : 0§B§N}, yE(CNH.

Let f : M — A be an isopseudohermitian immersion of (M, 6) into (A, ©®). Let x € M
and letusset £ = f(x) € A. Let U C M and V C A be, respectively, open neighborhoods
of x and £ in M and A, such that U is the domain of a (local) frame {T, : 1 < a < n}
of T10(M), and V is described by a defining function p € C*(CN™1); ie., p(y) = 0 and
pz(y) = (00)(v) = (Pzy, Pz, -, Pzy) # O for every y € V. B. Lamel introduced
(see [13,14]) the sequence of subspaces E,(x) C CN*1, v € Z,, where E,(x) is the span
over C of

{TTh...T%n(pzof)(x) ] = (]1,...,]’1) ez, || Sv}.

Note that E,(x) C E,41(x) forany v € Z. Let us set

s(x) = min {N—l— 1 —dim¢ Ev(x)]

VEZy

Let vy € Z4 and 59 € Z4 N [1, N]. According to B. Lamel (see [13,14]), f : M — A'is
(vo, so)-degenerate at x € M if

s(x) = sp = codimg Ey, (x).
Also, minyep s(x) is the degeneracy of f at x. Let

T(x):SpanC{(pjof)(x), Lo(pzof)(x) : 1<a<n}

be the complex conjugate of Eq (x). Let f ~1T"(CN*1) — M be the pullback of T/ (CN*1) —
CN*lvig f: M — CN*1. Let

(P(y) ZCN+1 N T/(CN—H) 0 1 N)

w=(w,w, -, w »—)wB(

y’ @)y’

be the natural identification. For every subspace S C CN*! and every x € M, let

CN+1 T (CN+1)

EF(S)y : — Y yeCNtL,
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be the natural isomorphism. Let
CN+1

E1(x)

be the projection, and let us consider the field of forms

e s CNFL

(e,
IL, : Ty g(M)y X T1o(M)y _—,
1,0(M) 10(M)x — o) Er ()

(0, w) = F[T(x)} VW (070f)(x), v we Ty(M)y,

where V, W € C°°(T1,0(M)) are smooth extensions of v and w to the whole of M; i.e.,
Vy=vand W, = w.

Theorem 4. Let M C C"*!and A C CN*1 be strictly pseudoconvex real hypersurfaces. Let f
M — A be an isopseudohermitan immersion of (M, 0) into (A, ®), and let x € M and £ = f(x) €
A. The quotient space (f~'T'(CN*1)) /¢(%) Eq1(x) is isomorphic to Ty o(A)z / (dxf) Tro(M)s.
Hence, IT determines a field of C-bilinear symmetric forms

Iy : T1o(M)x x T1o(M)x — E10(f)x-

Let (ZO ,Zv, ... ZN ) be the Cartesian complex coordinates on CN+1 and let us set
fB=27Bof Asf: M — AisaCRmap, its components f? are CR functions, i.e.,

Te(ff) =0, 0<a <N, (173)

for every local frame T, € C®(U, T19(M)). Then,

Te(pzy © ) (%) = Pz, 7. (f(x) Te(£C) .,

B _ (B B 2% 2(CN+1 (174
fP=f, Zp=7F, uyz =70, ueCHCNM.
We shall need the local frame f"] € C®(V, Tip(A))
Ti=pzy =% — Pz, 5%+
] 0 97/ j 9Z! (175)

Uz, = <%, ueCH(CNH),

defined on the openset V = {y € A : pz (y) # 0}. Then, by (173) and (175),

(@ef)Tee = To (%) (5.

= Tun() e { T 45,09 (55) )+ T (553),
or N
fo T = ﬁzolof Tl ) Tlf+ {T“(fo) - SZ o; T“(fj)} (3;0)f‘

On the other hand, p o f = 0 on M yields, again by (173),
0=Tu(pof) = (pzy o f) Tu(f*)

pz; o f
= Tu(f%) + =
Dt(f) pZoOf

T/x(fj) =0.
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We conclude that .
fole= 5y T, (176)

It is an elementary matter that:

Lemma17. Let ® = £ (0 — 9) p. The Levi form Gi = Ge (Tj, T¢) of (A, ©) is given by

2 G Py P P
N |2 G]k - pZ] k ‘ﬁz(]) pZoZk pfl(; (pZ]ZO ,ﬁZ(]) pZoZo)
P70 (177)
= i Ti(02) = 7 2= Ti(02,)
Pz, ]pk |ﬁzo|2 J\FZy
everywhere on V.
Lemma 18. For every x € M
dimg E1(x) =n+1. (178)
Proof. Note that E;(x) is the span over C of
{(pzof)(x), Telpzof)(x) s 1<a<n}.
Let A, A* € C,1 < a < n, such that
A(pz o f)(x) + A" Tg(pz o f)(x) =0
or B
A (ﬁzo of) (x) + A% Ty(pzo of) (x) =0, (179)
A (pz; 0 f)(x) + A" Tg(pz, 0 f)(x) =0, 1<j<N. (180)
Substitution from (179) into (180) gives
X pz;(f(x
Tl (4 _ P4 5 _
A {Tﬂ,x(pzjof) b2, (F(x)) T x(PZOOf)} 0
or, by (174),
- 7.
(s - P4 N L
VUE) (Prze = 5, Paize) = O (181)
where £ = f(x) and o
V:: /\aTD(,xGTLO(M)x, )\lX:AE‘
Let us substitute p 77 from (177) into (181). We obtain
2 (kY (%
e or V() (%) .
182

A - o )
+(0,2, — ﬁpzozo)f{v(fo) + p?(;(;?) V(fk)} =0.

On the other hand, p o f = 0 everywhere on U, hence (as V is tangent to M and V(f?) = 0)

so that (182) simplifies to
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or, as Gg, ¢ is nondegenerate,

and hence

V(%) =o.
Then, by (183) and (184) and V (fF) = 0,

@)V = V(*) (505), =0

(183)

(184)

hence, as dy f is a monomorphism, V = 0 and then A* = 0,1 < a < n. Finally, by (179),

A=0 0O
Proof of Theorem 4. It suffices to show that

v,

d, : E x R
W R

Oy (w) :=w+¢(R)E1(x), we El,o(f)x,

is a monomorphism. We set

o =al, ]f a, € C®(U, C).

Letw = 1’ {s,x € E1o(f)x i€,

- NV B
w = p”ab(x) Ty ¢ = u%al(x) (PZO 571 P74 TZO)X

0= Go,z(w, (def)Tx,x) = 1 ab(x) Te(f¥), G(%).
If w € Ker(®Py), then
A R 0
w= {)‘PZB(X) + A Ty, 2 (p7, Of)} (@)x
for some A, A* € C, yielding

—17 (%) pz, (2) = Az, (%) + A Tu, (07, © f),

1 ay(x) pz, (%) = /\ﬁfj(’?) + A" sz,X(ij o f).
Let us substitute from (186) into (187). We obtain
ﬁfj(f)ﬁzk (2)

],t‘f{a{,(x) Pz, (%) + G ”]fr(x)}

(%
= )UX {Ta,x(pzj Of) — pjéw Tarx(p,\jo Of)}

(185)

(186)

(187)

(188)
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Let us substitute from (174) into (188). The right-hand side of (188) becomes
07, (%)
A 5 j ~ 5 B
{02,2,(®) - 5, P ()} V()
where V := A*T, » € T1o(M)x
= T02) V()
bz, (%) 1785
by replacing "_IA"j(pA 7,) in terms of the Levi form, from (177),
2 o\ v ( K
= Gy (D) V()
A (%)
1 NP A 5
e {sz (£) V(f*) + bz, (2) V(fo)} “(020) 5
|PZO (x)|
and (188) is modified accordingly:
- o Pz (D)7 (2)
1o { b (x) 2, (%) + —5g— ak(x) }
“0 (189)

= [P Gy (2) V(fY).

Let us contract (189) with uf a{,(x) and observe, by (185), that the right-hand side of the
resulting equation is zero, while the left-hand side is
1 . 2
T2 ‘Vp ﬂ]p(x) PZ,(X) }
pz,(%)

N ; 5
p2(D{ L I ap(x)|* +
Therefore, by (189), uf ai,(x) =0forany1 <j< N,and hencew =0. O

j=1

The C-bilinearity and symmetry of I1, follows from
VW(pzof)(x) = T wP Ty {TE(pZ of)}, mod Eq(x),

v=0"Ty, x, w:wﬁTﬁ,x, =0, wP=uwb,

together with the involutivity of Ty 1 (M).
Let By(X,Y) := norH{Dﬁf*Y} forany X,Y € C*(H(M)). We expect that

B =1L

H(f) ’Tl,O(M)®T1,O(M)
The proof is relegated to further work.

9. Relating R(V/<) to R(V)

The scope of the present section is to relate the curvature tensor field R(V/<) of
the induced connection V/¢ to the curvature tensor field R(V) of the Tanaka—Webster
connection V. To this end, we exploit the relationship (116)—(119) among V/€ and V i.e.,

VIEY = VY + |Q(X,Y) - L ax, Y|T, (190)

He

VT = tX + pe JX + 5— X(M) T, (191)

2ue
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VIEX = VX + pe JX + T X(A)T, (192)
€
f,e ]. H ].
VET =3 Vi o T(A)T, (193)
€

forany X,Y € C®(H(M)). Then, for arbitrary X,Y,Z € C*(H(M)),

R(V) (X, 1)Z = [V§, V12— V5, 2

by (190) and the decomposition [X, Y] = ITx[X, Y]+ 0([X,Y]) T

- vg’f{vyz 4 [Q(Y,Z) _1 A(Y,Z)} T}

He
—V@E{vxz + [Q(X, Z)— : A(X,Z)} T}
€
fre fe
—VHH[X’Y]Z -0([X,Y) Vi Z
by again applying (190), using the identity 6([X,Y]) = 2Q(X,Y), and taking covariant
derivatives with respect to V/€

= VxVyZ+{Q(X, VyZ) - ;A(X, VyZ)} T
€

_VyVxZ - {Q(Y, VxZ) - ; A(Y, VxZ)} T
€

—Vi, xvZ —{Q1y [X,Y], Z) - ;EA(HH[X,YL Z)} T
—20(X,Y)Viez
+[X(Q(Y,Z) - yl X(A(Y,Z)] T+ [Q(Y, Z) - yl A(Y,Z)] VIET
~[Y(Q(X,2) - yl Y(A(X, 2)] T - [Q(X,Z) - ; A(X,2)] VLT

Let us look at the term Q(I1y [X, Y], Z). Using again the decomposition of [X, Y] into
H(M) and RT components, one has

Q11 [X, Y], Z) = Q([X,Y], Z) - 8(X, Y)) (T, Z) =
asT|Q=0and [X,Y]=VxY-VyX+2Q(X,Y)T
— Q(VxY, Z) - Q(VyX, Z).
The last identity leads (by VQ = 0) to simplifications, i.e.,
Q(X, VyZ) —Q(Y, VxZ) - Q11 [X, Y], Z)
+X(QY,2) - Y(Q(X, 2)
= (VxQ)(Y,Z) — (VyQ)(X,Z) = 0.

The same arguments apply (as T | A = 0) to the pseudohermitian torsion A, hence leading
one to recognize covariant derivatives of A with respect to the Tanaka—Webster connection,

—A(X, VyZ) + A(Y, VxZ) + A(T15 [X, Y], Z)

—X(A(Y,Z) + Y(A(X, Z)
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= —(VxA) (Y,Z) + (VyA) (X,Z).

Similarly,
VHH [X,Y]Z - V[le}Z - 9([X, Y]) VTZ

=VixyZ-2Q(X,Y)VrZ
and one may recognize curvature i.e.,
VxVyZ —VyVxZ -V, xvZ
= VxVyZ - VyVxZ - VixyZ+2Q(X,Y) VrZ

=RY(X,Y)Z+20Q(X,Y) VrZ.

Then,
R(V/#)(X,Y)Z =RY(X,Y)Z
er1 [(VyA)(X,Z) — (VxA)(Y,2)] T+2Q(X,Y) V1Z —20(X,Y) V4°Z
+[O(Y,2) - Vl A(Y,2)| VT - [Q(X,Z) - ;A(X,Z)] vieT
by (191) and (192)

=RY(X,Y)Z + 1 [(VYA)(X,Z)— (VxA)(Y,Z)] T

2 Q(X,Y){ye 17+ 21{ Z(\) T}

LY, z) - ;e AY,Z)] [tX + pe JX + 2;6 X(A) T]

-[Qx,z) - ;A(X,Z)] [TY + pe JY + 2;146 Y(A)T],

which leads to (194) in Proposition 8 below. Summing up the calculations above, we may
state:

Proposition 8. Let f : M — A be an isopseudohermitian immersion of (M, 0) into (A, ®). Let
V/€ and Y be, respectively, the Levi-Civita connection of (M, ge(f)) and the Tanaka—Webster
connection of (M, 0). Then,

R(V/#)(X,Y)Z =RV (X,Y)Z

—ZQ(X,Y){ye JZ+ 2 Z(A) T} + L {(VyA)(X,Z) - (VxA)(Y,Z)} T

194
+Q(Y,Z){TX+ He IX + b X() T} - Q(X,Z){TY+ He JY + 24 Y(A) T} (199

—L A(Y,Z){TX e JX — 5 X(A)T} +k A(X,Z){TY e JY = 5h- Y(/\)T},

R(V/) (X, V)T =Q(X,Y) VA
+(Vx1)Y — (Vy1)X (195)
HH{XW) Y =YV JX} = g {X () 7Y = Y(A) X},
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R(VI#) (X, T)Y =RV(X,T)Y
+a (VIA) (X, V) T+ 51 (VxdA)Y
+X(AN)JY +1Y(A) X

e {80(X,Y) + L AX, V) } T

25 {Y(A) X — 5 X(A) Y(A) T} (196)

+3Q(X,Y) {VH/\ - i T(A)T

EA(XrY){VHA+ LT(A) :r}
_{Q(TX, Y) — i A(TX, y)} T

R(V/)(X,T)T

= —3 VxVHA = X 4 pdX + 7= T(A) TX — (VrT)X

+41‘6 X(A) VI =3 T(A) JX = 2 e JTX

,%{Q(X, VHA) = L A(X, VHA)} T

— iz (M)A T = 30X)(A) T

(197)

forany X,Y,Z € H(M).

Proof. We are left with the proofs of (195)—(197). For all X, Y € H(M), one has

R(V/4)(X,Y)T = (V5 VI = Ol T

by (191)

e 1
= vk {TY+;4€]Y+ Y(/\)T}
2ue
1
_v{f{rxwe]m ﬁX()\) T}
vl T —0(X,Y]) VT
g4 [X,Y] ’ T

by T H(M) C H(M), ] H(M) C H(M), (190)=(191) and (193),

— VyTY + {Q(X, Y) - ;A(X,TY)} T
€

€ 1
€

1
2 1e

VX - {Q(Y, X) — :A(Y,TX)} T

+

{X(r() T+ Y () VT

1
Y () JX — e VI IX + 2,2 Y(ue) X(A) T
1

T {Y(X() T+Xx(2) T}
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—THH[X,Y] - ﬂeIHH[X/Y} -

o (T4 (X, Y])(A) T

€
1
2ue

—20(X,Y){ - % VHA + T(A)T}.

As 7(T) = 0, one has
TIy[X, Y] = 1[X, Y]
— T{VxY = VyX +2Q(X,Y) T} = 7(VxY) — 7(VyX),

and one may recognize the covariant derivatives of T (with respect to V). The similar
treatment of the term J ITy[X, Y] leads to covariant derivatives of | and V] = 0, with the
corresponding simplifications. Terms such as

Q(X, 1Y) — Q(Y, 7X)

and
—A(X, 1Y) + A(Y, TX)

vanish because T is symmetric [i.e., go(X, TY) = go(7X, Y)] while J is skew symmetric, i.e.,
20(X,JY) = —go(JX,Y), and because of the purity axiom T o J 4+ J o T = 0. For instance,

Q(X, 1Y) —Q(Y, tX) = go(X, JTY) — go (Y, JTX)
=go(X, JTY+1]JY) =0.
In the end, one is left with (195). Q.E.D.
A bit of extra care should be put into the proof of (196). One has
R(V/9) (X, T)Y = VEVEY = VoY - vy

by (192) and (190), applied twice as X, Y, [X, T| € H(M),

1
_ v{f{wwrﬂe]wr 2 Y T}

—VJ;'E{VXY + {Q(X, Y) — ;A(X,Y)} T}
€
1
oy - {001,V - 2 aqx 1)}
again by (190) and (192) and by taking covariant derivatives, together with X(ue) = X(A),

— VxVrY + {Q(X, VrY) - ;A(X, va)} T
€

1
€

. 1
FX(A) Y + pe VEETY — 72 XYW T

1
2 e

+ {X(Y(/\)) T+Y(A) vf;eT}

—{T(Q(X, Y)) - yle T(A(X,Y)) + ;% T(A) A(X, Y)} T

—{Q(X, v) - Lax, Y)} VIET — VixnY

He
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as [X, T|] = X — VX by the very definition of pseudohermitian torsion together with
VT =0

—{Q(TX, Y) - Q(ViX, Y) - — A(tX, Y) + — A(VrX, Y)} T

Ue He

by recognizing the curvature of V and the covariant derivatives of ( and A

=RY(X, T)Y — (V1Q)(X,Y) T + 1 (VTA)(X,Y)T

He

—ue JVxY — Z:t(VXY) MT+XA)JY

by (190)
e {VX]Y 4 [Q(X,]Y) - ;A(X,]Y)} T}
1 1
X(Y(A)——X(A)Y(A) p T
X - L xa) v}
by (191)
1 1 1
YO {TX—i—,ue X+ 5o X(2) T} — T AT
by (193)

+{Q(X,Y) - VleA(X,Y)} {;VH/\— 21[6 T(A) T}

—{Q(TX, Y) — ;A(TX, Y)} T

by recognizing the covariant derivatives of | and dA, using VO = 0 and V] = 0, and
observing simplification of terms

=RY(X,T)Y + 1 (VTA)(X,Y) T+

VydA)Y
" 2#e(X )

FX() Y + % Y(A) JX

e { 80X 1) + - AT} T

€

{Y(/\) X —

which is (196). Q.E.D.

The proof of (197) is a similar, yet rather involved, calculation relying on (190)—(193).
We give a few details for didactic purposes, as follows:

R(V/) (X, T)T = VT - Vv T vl T
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by (193) and (191)

_ofE _1 H 1
—VX{ ZV /\+2y€T(A)T}

1
_vi;e{rx e )X+ 7 X() T}

X T e X T = - (XTI T

by (190) and (191) and computing covariant derivatives of products

e oo~ 2]
~ 7 X0 TV T+ 5 [X(T00) T+ T(2) 4e°T]

by (192) and taking covariant derivatives

—VrtX —pe JtX — (tX)(M) T

1
2ue
T (je) JX — peVEIX
1 1
+=—T XA T —
by the identity [X, T] = X — VX

{T(X(A)) T+ X(A) vf;eT}

1
2ue

—T{TX = VX} — pe J{tX - VrX} - (X, TI(A)T

by (192) and (193), and V] =0,

- 7%VXVH/\7T2X+y§X+ T(A)TX — (Vr1)X

2ue

1 o 1

e X VA= 5 T JX = 2pe JX
1 H 1 H

—2dax, vHA) - — a(x, v LT
2 Ue

g (W T =30 W) T,

which is (197). O

10. Gauss Equation for f : (M, ge(f)) — (4, g2)

In this section,we start from the Gauss equation for the isometric immersion f :
(M, ge(f)) — (A, g2), which relates the curvature R (D€) of the ambient space (4, g2) to
the curvature R (V/€) of the submanifold (M, ge(f)), and the second fundamental form

Be(f),
A (R(DS)(X,Y)fZ, fW) = ge(f) (R(VI#)(X,Y)Z, W)+ (198)

—8¢ (Be(f)(X, W), Be(f)(Y, Z)) +8& (Be(f) (Y, W), Be(f)(X, Z))

forany X,Y,Z,W € X(M). According to our philosophy, through this work, we seek to
relate the pseudohermitian geometry of the ambient space (A, ©) to that of the submanifold
(M, 0) and the pseudohermitian second fundamental form B( f). The Gauss Equation (198)
may be effectively used for the purpose because R(D¢) and R(D) are related by Lemma 5.
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The identities in Lemma 5 are stated in terms of R(V¢) and R(V) for an arbitrary strictly
pseudoconvex CR manifold M endowed with the positively oriented contact form 6 ¢
P+ (M). These are easily transposed to (A, ©). For instance, (28) prompts:

R(D¢)(X,Y)Z=RP(X, Y)Z
—e2{(DxAe)(Y,Z) — (DyAe)(X,Z)} T4
+OAY,Z) T4 X — Qa(X, Z) T4Y
—Ae(Y,Z) JaX+ Ae(X,Z) JaY
+5{0a(Y,Z2) JaX - QA(X, Z) ]aY —204(X,Y) JaZ}
+e2{Ae(X,Z) TAY — Ae (Y, Z) T4 X}

(199)

for any X, Y, Z € H(A). The fact that R(V/#) is related to R(V) formed the topic of
Section 9, while the relation between B¢ (f) and B(f) was provided in Section 8.
Let X,Y,Z,W € H(M). Then, by (199),

(s2) (R((D))(X,Y) £.Z, fW)
= (82) (RP(X,Y) .2, f.-W)
+OL (Y, £.2) (88) (Thf. X, fW) = QL (£.X, £.2) (88) (Th£.Y, fW)
+AL (£ X, £:2) (88) (FfY, fW) = AL (1Y, £:2) G2 ULFX W) (200)
+5 {0 (AY, £.2) (88) FLFX, W) = O (£.X, £.2) (s8) (4., £.W)
—20), (£.X, £.Y) (88) (1412, f10) }
+e2{ Al (£.X, £.2) (82) (ThtY, £W) = AL (LY, £.2) (88) (hf.X, £W) |

Note that

)
)

Yy (£X, ) = g5 (f:X, JLfY)
as]£0f*:f*0]

= 8b (£ X, fuY)
as X, f.JY € C*(f1H(M))
= Go(feX, f+]Y)
as f*G@ = Gg
= Gp(X,Y) = Q(X,Y),

O (X, £Y) = O(X,Y) (201)
forany X,Y € H(M). In particular,

2 (FLfX, £.Y) = —Q(X,Y). (202)
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Substitution from (201) and (202) into (200) leads to

(82) (R((DY) (X, V)f.Z, W)
= s (R (X, V)f.Z, f.W)
+Q(Y,2) gb (Th£.X, £ W) — (X, 2) gL (<h£.Y, £ W)
—8b(ThfX, £.2) O, W) + gL (ThfY, £.2) O(X, W) (203)
+e2{eb (Thf-X, £.2) gh(Thf.Y, £ W)
~gb(ThfY, £.2) gh(Thfx, £W) |
+1{Q(X,2) Q(Y, W) — Q(X, W) Q(Y, Z) +2Q(X,Y) Q(Z, W)}
for any X, Y, Z,W € H(M). Recalling (194) in Proposition 8, one has
R(V/€)(X,Y)Z =RV (X,Y)Z
20(X, Y){y€ JZ+ - 2Z(\) T}
+L{(VyA) (X, Z) = (VxA) (Y, Z)} T+ Q(Y, Z) {rx +pe JX + 24 X(A) T} (204)
—Q(X,Z) {TY +peJY + £ Y(V) T} -1 A(Y,Z){TX e JX — 5k X(A)T}
+1 A(x,z){ﬂ/ﬂle JY - 5 Y(A)T}.

Let us take the inner product g¢(f) of (204) with W € H(M). We obtain, because of
ge(f) = Gg on H(M) ® H(M) and H(M) L T with respect to ge(f),
8e(f)(R(V/)(X,Y)Z, W) = ge(f) (RY(X,Y)Z, W)
—2pe UX,Y) Go(JZ, W)
+O(Y, 2){Go(TX, W) + e Go(JX, W) }
—Q(X, Z){Go(TY, W) + pe Go(JX, W) }
L A(Y, Z){Gol(TX, W) + icGo(JX, W)}

(205)

+am A(X, 2){Go(TY, W) + Gy (JY, W) }.
At this point, we need to recall (168), i.e.,
Be(f) (X, W) = Dxfu W — oV xW
— (f*80) (VXW, T) £iT (206)
+H{OX W) - g0(£.X, T4 fW) } {T4 - 2L £.T}.
Let us replace the pair (X, W) with (Y, Z) in (206). We obtain
B(f)(Y,2) = DyfuZ — fuVyZ
— (f'80) (VY Z, T) fuT (207)

+{Q(Y,Z) —e2go(f.Y, T, f*Z)} {ij\ - ezljf*T}.



Axioms 2023, 12, 329

57 of 82

Next, let us use (206) and (207) to compute the inner product of the normal vectors
Be(f)(X, W) and Be(f)(Y,Z) with respect to g2. Specifically, we may conduct the fol-
lowing calculation

(82 (Be(f) (X, W), Be(F)(Y,Z)) =1+ 11+ I +1V (208)
where the terms I, II, I1I, and IV are given by

1= (g2) (DxfW, Dy£.Z) — (32) (DxfuW, £.VvZ)

_1
He

+{Q(Y,Z) —go(feY, Tﬁf*z)} (s2) (DXf*W, T} — e;ﬂgf;r),

(f*s0) (V¥ Z, T) (s2) (DxfuW, £.T)

= _(g?)f(f*VXW, Dyf.Z) + (gf)f(f*vxw, f+VyZ)

4o (F50) (V2. T) (82)/ (£.xW, £.7)

~{o0n2) - Ege(r, 7 £2)} (68 (£.95W, Th - 2 £7),
=~ (F'g0) (VAW, T) (s)/ (£, Dy£.2)
o (£750) (VAW, T) (52 (£T, £.942)

4= (F80) (VKW T) (F'50) (V2. T) (82 (AT, £7)

_y1€ (f*g0) (VXW, T) {Q(Y,Z) —go(fY, Tﬁf*Z)}

1
X (3?)f(f*T/ Ti; T . f*T)/

v = {0 W)~ g0(£.X, T £W) } (82)/ (Th - o £.7, Dr£i2)

~{Qew) - o (1X, T W)} (5 (Th - o T, £912)

_:e {Q(Xf W) - e?ge (. X, T f*W)} (f*ge)(VyZ, T)

1
x(s2)(Th - = [T fT)
He
+H{OX W)~ g0(£.X, T4 £W) } {Q(Y, 2) ~ &80 (£.Y, T} £.2) }
INIETE. o1
X(ge) <TA 62‘1/15 f*T, TA 62‘14€f*T)'
The calculation of the terms II, III, and IV requires the following:

Lemma 19.

i) [Tl = Ve
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.. 1
@) (g4) (f*T, ) - ezyef*T) =0,
B A—1
g | 1+e(A-1)

Here, we have set || V|| 4 = (gg‘)f(V, V)2 forany V € C®(f~1T(A)).

f 1
i

€

(iii) ‘

Proof of Lemma 19. As ge is a Riemannian metric, the function A = (f*ge) (T, T) : M —
R is everywhere positive, i.e., A(x) > 0 for any x € M. More is true, i.e.,

AMx)>1, xeM, (209)

AMxo) =1 = (dxf)Try = Ta, f(x) (210)
Indeed
$6(f-T, Th) = 86(X0 + T}, T))
as Xp € f'H(A) L TIJ; with respect to g{a

=g (Th, T)) = g0(Ta, Ta) =1,

ie.,
gb(f.T, T)) =1. (11)
Hence,
0< |[Xoll}, = 85 (Xo, Xo) = (f'g0) (T,T) ~ 285 (f.T, T4) +1
by (211)

=A-1,
yielding (209). O

To prove (210) let xp € M be a point such that A(xg) = 1. This is equivalent [by the
preceding calculation] to Xg , = 0. Q.E.D.

In particular, by (209),
1
He = 2 +A-1>0

so that statement (i) in Lemma 19 is legitimate. As a byproduct of the calculations just done,
one has
2 fr— J—
[Xollyy =A—1 (212)

that we ought to keep for further applications.

The proofs of (i)—(iii) in Lemma 19 are straightforward calculations. We give a few
details for pedagogical reasons.

O 1Ty = |[Xo + T4

2
8é
as Xp € f'H(A) L Tj; with respect to g{a
— 2 f
= %o |2 + | T}

2

8é

by (212) and the very definition of g
=A—-1+¢€2=pu. QED.

.. 1
(i) (g2) (f*T, T - i fJ) =
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1
= (gg‘)f(x@ +1h, T - e (Xo + TA)>

by g& = g®10n H(A) ® H(A) a{ld 8Ty, Ta) =€
= oy To(%o, Xo) + 5 -

ezye?
by (212)
1 1 1 1 1
- ez(l_e%) “ s (A1 = 62%<y€—€2—A+1> = 0.QED.
;g1 ? ;g1 N
iii) || T, — —— fu T = ||T’, — X T
(iii) || Ty e2y€f o ‘ AT 2y, (Xo + A) o
1 1 1 ’ e — 1 A—1
€? ( €2y€> + €42 Hx@”g@ etpie 1+e2(A—1) Q

Let us go back to the calculation of the term I. One has, by the very definition of g2,
1= 86 (Dxf-W, Drf.Z) = g6 (DxfW, f.9v2)
~L (f30) (V12 T) gb(Dx W, £.T) (213)

~ 2 {00, 2) ~ @b (1Y, T £.2) } b(Dxf.W, £.T).

Similarly, let us compute the term II. Again, by the relationship between ¢4 and gg,
relative to the decomposition T(A) = H(A) ® RTy,

11 = —g5(f-VxW, Dyf.Z) + (f*go) (VxW, VyZ)
+ic (f*80) (Vv Z, T) (f*ge) (VXW, T) (214)

- {00,2) - b (£, T4 £.2)} (F0) (VxW, )

Similar to the above, the term IIl may be calculated as follows by (i)—(ii) in Lemma 19:

W= L (fg0) (YW, T) gh(£.T, Dyf.2)
L (F30) (VEW, T) ('50) (T, Vy2) @15
+L (F'30) (VEW, T) ('30) (V12 T).

Finally, the term IV may be calculated as follows (by (ii)—(iii) in Lemma 19)

IV = — ol {Qx, W) - g (£.X, 7 £.W) |

x b (f.T, Dyf.2)
+ab-{oxw) — el (X, <L £ W)} (F730) (T, Vy2) (216)
+H{ox,w) - gL (£.X T £W) H{O(, 2) - L (£.Y, T, £.2) } x
X —A-1 .
TreZ(A-1)
We need:
Lemma 20.

0(T/) =1—|TH|3, - (217)
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Proof. We start from Tj; = fT" + T+, an orthogonal decomposition with respect to gf®.
Then,

1=0(Tx)f = 0f(T}) =0/ (£T7) + ©/(T")
= (FrO)T") +gh (T}, TH) =o(TT) +HT¢H
O

Let us go back to the Gauss Equation (198),

(82 (R((DY) (X, V)2, f W)
=g()(R(VI#)(X,Y)Z, W) (218)
—82 (Be(f) (X, W), Be(f) (Y, Z)) + g&(Be(f)(Y, W), Be(f)(X, Z))

written for any X,Y,Z,W € H(M).
Collecting the calculations above, we shall substitute into (218) in three steps as
follows.

(1) The curvature term
g (R(D)(X, V) fZ, f W)
in the left-hand side of (218) is replaced by (203).
(2) The curvature term
8(f)(R(V/*) (X, Y)Z, W)
in the right-hand side of (218) is replaced by (205).
(3) Finally, the terms
(&) (Be(f)(X, W), Be(f)(Y,Z)), (8¢) (Be(f)(Y, W), Be(f)(X, Z)),

in the right-hand side of (218) are replaced by (208) together with the expressions (213)—(216)
of the terms I, II, III, and IV.

The aim of Steps 1 and 2 is then to compute the term

(82 (RUD ) (X V)FZ, fuW) — ge(£) (R(V/#)(X,Y)Z, W)
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appearing in (198). Indeed one has
& (R((DV) (X, V) feZ, f: W)
—8e(f)(R(V/€)(X,Y)Z, W)
= sb(RP (X, V)f.Z, f.W)
FO(Y, 2) gh (ehf. X, £W) —Q(X,2) gh(Thf, £.1)
—¢L (FhfX, £.2) Q(Y, W) + gL (Th£Y, £.2) Q(X, W)
+e2{ (thf-X, £.2) b (L1, f) -

~8b(ThY, £.2) b (ThfX, £ W) }

+3{Q(X,2) Q(Y, W) - Q(X, W) Q(Y, Z) + 2Q(X, Y) Q(Z, W)}

—8e(f)(RYV(X,Y)Z, W)
21 QUX,Y) Gg(JZ, W)

—Q(Y, Z){Go(TX, W) + pe Go(JX, W) }
+Q(X, Z){Go(TY, W) + pe Go(JY, W) }
+o A(Y, Z){Go(TX, W) + peGo(JX, W) }
— s AX, Z){Go(TY, W) + peGo(JY, W) }.

Let us substitute from (213)-(216) into (208). We obtain:
(s8) (Be(F)(X, W), Be(f)(Y, 2))

— gl (Dxf.W, Dy£.Z) — b (DxfW, £.Vy2)

- (7°80) (Y12, T) b (Dxf:W, £.7)

L {a(y,2) - @£y, 7 £.2) ) sh(DxfW, £T)

€2 ye
~8bL(f:-VxW, Dyf.Z) + (f*g0) (VxW, VyZ)

L (£50) (W12, T) (1°50) (V2. )

e {0002 = @ (£, T £.2) ) (F0)(VaW, T)

€

_1
He

+;€ (f*80) (VXW, T) (f*g0) (T, V¥Z)

(f*se) (VXW, T) 84 (fT, Dyf.Z)

4 (730) (VAW T) (£°50) (V3.2, )

1
€2 e

{oxw) - gl (£.x, 7 W)}
x g (fT, Dyf.2)

(219)
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+€21‘u€ {Q(X, W) — €2gé)(f*X/ Tﬁf*w)} (f*g®) (T, VYZ)

+{Q(X, W) — gl (£.X, rj;f*w)} {Q(Y,Z) — gl (.Y, rj;f*z)}

o A=1
1+e2(A=1)"
Let us interchange X and Y in (220). We obtain:

(220)

big(g2) (Be(f)(Y, W), Be(f)(X, Z))
= gé)(Dyf*W, Dxf*Z) —gé(DYf*W/ f*vXZ)
_Hle (f*g0) (VXZ, T) gb(Dy £ W, £.T)

~ax,2) -2 gh(£.X, T £.2) ) gh(DrfW, £.T)

i
—85(fVyW, Dxf.Z) + (f*g0) (VyW, VxZ)

+L (£'50) (VA2 T) (1°50) (T3, T)

1
€2 e

+5—{0x,2) — gL (f.X, T £.2) } (Fg0) (VyW, T)

L (1°50) (VIW, T) Sh(£.T, Dx£-2)
erl6 (f*30) (V¥ W, T) (f*80) (T, VxZ)
+ L (Fg0) (T, T) ('50) (742,
1
L

{acw) - g (v, < m))
x g (.T, Dxf.Z)
o {000 W) - (1Y, 7 W)} (50) (T, Vx2)
+{Q(Y, W) — 2 gL (f.Y, f*w)} {Q(x,z) — gl (f.x, T f*Z)}

o A—1
1+e2(A=1)"
Consequently, by (220) and (221),

(221)

— (%) (Be(F)(X, W), Be(F)(Y, 2))
+(82) (B(f) (Y, W), Be(f)(X, 2))
= gL (DxfW, Dy£.Z) + gb(Dx fuW, £.Vy2)

+ L (7'g0) (V2. T) gh(Daf. W, 7

+5— {00, 2) - &gl (LY, 7) £.2) } b (DxfW, £.T)

L
€2 ue
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+85(f:VxW, Dyf.Z) = (f*g0) (VxW, VyZ)

_Hle (f'80) (V¥ Z T) (f*ge) (VxW, T)

2 He {Q(Y’Z) - ezg(fa(f*yf T,{xf*z)} (f*g®) (VxW, T)

e (F50) (VIW, T) b (£.T, Dyf:2)

1

e
1

e

+€21Ve {oxw) —egh(£.x, 7 W)}

x 86(f-T, Dxf.2)

(f*'g0) (VXW, T) (f*g0) (T, VvZ)

(f'80) (VxW, T) (f'80) (Vv Z, T)

_ezlye {00 W) - g (£.X, 74 W)} (F'g0) (T, Vr2)

~{oxw) -egh(£.x 4 £W) } o, 2) - e (£.y, 7 £.2) }

y A—1
14+e2(A-1)

+¢5(DyfW, Dxf.Z) - gh (Dyf.W, £.Vx2)

‘;416 (fge)(VIZ, T) gh (DyfuW, £.T)

_ezlye {Q(X,Z) — gL (f:X, Tﬁf*z)}gé(DYf*W’ £:T)

~8b(f- VYW, Dxf.Z) + (f*g0) (VyW, VxZ)

L (750) (V2. T) (o) (VrW, T

621;4€ {0X,2) -2 gb(£.X, T, £.2) | (Fge) (VyW, T)

_ptle (f*go) (VY W, T) gL (f.T, Dxf.Z)

+}j€ (f'ge) (VY W, T) (f'ge) (T, VxZ)

+]je (fge) (VY W, T) (f*30) (VXZ, T)
1

o {o,w)—egh £y, 7 W)}
x g (f:T, Dxf.Z)

1

s {00 =551, TS W) | (F80) (T, Vx2)

o w) - gg (£, Th W) H{OX2) - @56 (£.X, T4 £.2) }
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o A—1
1+e2(A=1)"
Finally, let us substitute from (219) and (222) into the Gauss Equation (218). We obtain
the rather involved equation:

(222)

$h(RP(X,Y)f.Z, f.W)
+Q(Y, Z) gL (Th£.X, £ W) — (X, Z) gL (Th 1Y, £)
—b (ThfX, £:2) QY W) + g (Th£.Y, £.2) Q(X, W)
+{ b (TAL-X, £.Z) gb(Thf-Y, £:W)

—gb(ThRY, £.2) 8b (hf.X, f.W) |

£ 5{0(X,2) Oy, W) ~ Q(X, W) (Y, 2) +20(X,Y) Q(Z, W)}

20 (RV(X,Y)Z, W)
+2 e QUX,Y) Go(JZ, W)
—Q(Y, Z){G(TX, W) + pe Go(JX, W) }
+Q(X, Z){Go(TY, W) + e Go(JY, W)}

+H1 A(Y, Z){Go(TX, W) + 1cGo(JX, W)}

_;A(X,Z){GQ(TY,W) + ueGo(JY, W) }

— —g/ (DxfW, Dy£.Z) + gh (Dxf W, £,V 2)

e (780) (V1Z,T) dh(DxfoW, £.7)

g {0002) @b (1Y, T £.2) | h(DxfW, £.7)
+8b(f-VXW, Dy£.Z) — (£'ge) (VxW, VyZ)
- (7'80) (VY2,T) (£'s0) (VaW, )

! {Q(Y,Z) - eZgg(f*Y, rj; f*Z)} (f*ge)(VxW, T)

€2 ue

+L(1g0) (VAW, ) b (£-T, Dy £.2)

= ('50) (AW, T) (°g0) (T, ¥12)
L (o) (7, T) (7 50) (772, T
1

+7
€2 ye

{Q(X, W) — 2 gl (£.X, rj;f*w)}
X g-CC)(f*T/ DYf*Z)
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o {000 W)~ (7%, T W) | (750) (T, V42)
—{Q(X, W) — gl (£.X, T f*W)} {Q(Y,Z) —e2gl (f.Y, T f*Z)}
A—1
“Tre(A-1)
+8b(DyfiW, Dxf.Z) - g6 (Dyf:W, £.VxZ)

- (30) (V3Z T) b (Dyf:W, £.T)

—621% {0(x,2) - g (£.X, T4 £-2) } &b (Dy £ W, £.T)
~86(f:VxW, Dxf.Z) + (f*g0) (VyW, VxZ)

4= (£780) (VXZ, T) (F'g0) (V4 W, T)
i {0002) - 2 (X, T £.2)} (30) (ViW, T)

—yle (F*g0) (VY W, T) gb (f.T, Dxf.Z)

e (750) (YW, T) (50) (T, ¥c2)

o (F50) (VW, T) (F's0) (VAZ, T)

—621y€ {o,w)—egh (.Y, 7h W)}

x 85 (fT, Dxf.Z)
i {00 W) =gl (1Y, T W)} (750) (T, V2)
+{Q(Y, W) —e2 gl (f.Y, rj;f*w)} {Q(X,Z) — e (£.x, T f*Z)}
A—1
TTenoT) (223)

This is the Gauss equation for the isometric immersion f : (M, ge(f)) — (A, g2), which
we succeeded in fully writing in terms of pseudohermitian invariants of (M, §) and (A, ®)
with coefficients that are rational functions of ¢, i.e., coefficients of the form
1 1 1 1
2 —
—, He= 5 HA-1 —, :
2 He=3 T =

To simplify (223) and examine its consequences as € — 0" will be our job for the remainder
of this section. To begin, note that simplifications occur in the term
1
+2ue UX,Y) Go(JZ, W)
—1e Y, Z) Go(JX, W) + e XX, Z) Go(JY, W),
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which is, by pe = e24A-1, merely

(A= 1){ — Q(X,2) Q(Y, W) + Q(Y, Z) Q(X, W) — 2Q(X, Y) Q(Z, W) .

$H(RP(X,Y)f.Z, f.W)
+Q(Y,2) gb (Th£.X, £W) — (X, 2) gL (<h£.Y, £ W)
—eb (ThfX, £.2) Q(Y, W) + gL (Th£Y, £.2) Q(X, W)

+2{gb(Thf X, £.2) b (ThfeY, fW)

—gb(ThfY, £.2) gh(ThfX, fW) |

—(A=1){Q(X, Z) Y, W) — Q(X, W) (Y, Z) +2Q(X,Y) Q(Z, W)}

-2 (RV(X,Y)Z, W)
—Q(Y,Z) A(X,W) + Q(X, Z) A(Y, W)
+ 1 A(Y,Z) A(X,W) — A(Y, Z) Q(X, W)

He
_;41 A(X,Z) A(Y, W) + A(X, Z) Q(Y, W)

- _gJé(DXf*W/ DYf*Z) +g/®(DXf*W, f*VyZ)

+:€ (f*ge) (VyZ, T) gg(DXf*w, fT)

+€21H {00, 2) - gL (£.Y, T, £.2) } &b (DxfW, £.T)

€

+85 (f-VxW, Dyf.Z) — (f*g0) (VxW, VyZ)

e '30) (FYZ.T) (°50) (V5. T)
! {Q(Y,Z) — gl (£, Tf‘f*Z)} (f*g0) (VxW, T)

€2 ye

+:€ (f*g0) (VIW, T) g5 (£.T, Dyf.2)

L

" (f*30) (VXW, T) (f"80) (T, VxZ)

- (F'30) (VKW T) ('50) (V2. T)
e {0 W) - 2 (1% < W)}

x b (f.T, Dyf.Z)
1

€2, {Q(X’W) —ezgé)(f*x/ Tﬁf*W)} (f*g0) (T, VyZ)

—{oxw) - gl (£.X, T4 £W) } oy, 2) - g (LY, 7h £.2) }

Therefore, the (unbounded) terms of order O(e~2) simplify, and we may take € — 07 in
the resulting equation:
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o A—1
1+e2(A—-1)

+gé (DYf*W, DXf*Z) - gj@(Dyf*W, f*VXZ)

_]/tle (f*go) (V}T(Z, T) g’é)(DYf*Wr f:T)

ezlye {0X,2) - @ b (£.X, 74 £.2) | b (Dyf.W, £.T)

—8L(f-VYW, Dx£.Z) + (f*go) (VYW, VxZ)
+;U%@W%JNF%WWWH

1

g (00X 2) = @55 (FX, Th £.2) § (F80) (TyW, T)

_Hle (f*g®) (V;W, T) gé(f*T, DXf*Z)
+}j€ (f*30) (V¥ W, T) (f*80) (T, VxZ)

e 50) (YW, T) (F'50) (VEZ, )

~ - o w) -y, < fw))

% 85 (fT, Dxf.Z)

o {000 W) - (1Y, 7 W)} (50) (T, Vx2)

+{Q(Y, W) — e gl (£.Y, T f*W)} {Q(x,z) — &L (£.X, T £.2) }
A—1
=T (224)
To produce (224), one also has to recognize pseudohermitian torsion terms in (223); e.g.,
A(X,W) = Gg(tX,W). Recall that 1/p — 0and 1/(e?pe) — 1 as € — 0T. Therefore,
(224) yields, as e — 07,
g (RP (X, Y)f.Z, W)
+Q(Y, Z) gL (Th£.X, W) — (X, Z) gL (Th £y, £W)
—eb (X, £.2) QL W) + gL (Th 1Y, £.2) Q(xX, W)
—-A-D{AX,2)QY,W) —QX,W)Q(Y,Z) +2Q(X,Y)Q(Z, W)}
-2 (RV(X,Y)Z, W)
—Q(Y,Z) A(X, W) + Q(X, Z) A(Y, W)
—AY,Z2)Q(X,W) + A(X,Z) Q(Y, W)
— ¢/ (Dxf.W, Dy£.Z) + gL (Dx f. W, £.VyZ)
+Q(Y, 2) gb (Dx W, £.T) + Q(X, W) ¢ (£.T, Dy£.2)
+85(fVxW, Dy£.Z) = (f'ge) (VxW, VyZ)
—Q(Y,Z) (f'80) (VxW, T) = Q(X, W) (f*ge) (T, VvZ)
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+(A =1 {QY,W)Q(X,Z) - Q(X,W)Q(Y, Z) } +
+85 (DvfW, DxfiZ) — b (DyfiW, f.VxZ)
~Q(X,2) gh(DyfW, £.T) — Q(Y, W) gh (f.T, Dxf.Z)
~86(f-VyW, Dx£.Z) + (f'ge) (VY W, VxZ)
+Q(X, Z) (f*ge) (VYW, T) + Q(Y, W) (f*go) (T, VxZ). (225)
Equation (225) may be further simplified. First note that the term
—(A=1){Q(X,2)QY,W) — Q(X, W) Q(Y, Z) +2Q(X,Y) Q(Z, W)}

on the left-hand side of (225) and

(A =1 {QY,W) Q(X,Z) — Q(X, W) Q(Y, Z)}
on the right-hand side of (225) simplify to

200 = D{Q(X, Z2) Q(Y, W) — Q(X, W) Q(Y, Z) + Q(X,Y) Q(Z, W)}

to be written on the right-hand side of (225). Also, for further use, let us consider the (1,2)
tensor field

U= Uu(f) =U(f, © € T"*(M)

given by
U(V,W)=V{W-VyW, V,WeZx(M), (226)

expressing the difference between the induced connection V' and the (intrinsic) Tanaka-
Webster connection V. A term of the form

86/(DXSf-W, fT)
may be written

86(Dif-W, £.T)
by the pseudohermitian Gauss formula

= L (fVIW, £.T) = (f'ge) (VXW, T),

hence pairs of terms such as

QY 2) g (Dxf.W, £.T) ~ Y, Z) (F'g0) (VxW, T)

may be written
(Y, Z) (f*80) (U(X, W), £.T).

Finally, terms of the form
L (DLf.W, Dxf.Z), b (DLAW, f.VxZ
g®( yf* , Dx f« )/ @( yf* , f+Vx )/
are computed by using the pseudohermitian Gauss formula. For instance,
86(DYf.W, DLf.2)

= (f*go) (VY W, V%Z) + b (B(f)(Y,W), B(f)(X,Z)),
$b(DyfaW, £.VxZ) = (f'30) (Vi W, VxZ).
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Under the modifications above, Equation (225) simplifies down to:

86(RP(X,Y)f.Z, f.W) — g9(RV (X, Y)Z, W)

YngeTAf*Xf* W) — QXZg(/aTAf*Yf* w)
fgf@ (ThfX, £.2) QY W) + gh (Th .Y, £.2) (X, W)
~Q(Y, Z) A(X, W) + Q(X, Z) A(Y, W)
—A(Y,2)Q ( W) + A(X,Z) Q(Y, W)
~(f"80) (VXW, V.Z) — gb(B(f)(X, W), B(f)(Y,Z))

+(f*g0) (VxW, vyz)
+Q(Y, Z) (f*g0) (U(X, W), T) + Q(X, W) (f*g0) (U(Y, Z), T)
+(fg0) (VxW, VyZ) - (f*ge) (VxW, VyZ)
+2(A = 1) {QY, W) Q(X, Z) — Q(X, W) Q(Y, Z) + QUX,Y) Q(Z, W)}
+(f"80) (VY W, VXZ) + g (B(F)(Y, W), B(f)(X,2))
~(f"g0) (VY W, VxZ)
~Q(X,Z) (f*ge) (U(Y,W), T) - Q(Y, W) (f*ge) (U(X,2), T)
—(f*g0) (VYW, VxZ) + (f*g0) (VYW, VxZ). (227)

Once again, using (226), we may write (227) as:
86(ROXY)f-Z, f.W) —go(RY (X, 1)Z, W)

+Q(Y, Z) gL (Th£.X, W) — (X, Z) gL (Th 1Y, )

)~
~gb(Thf:X, £.2) QLY W) + b (Thf-Y, £.2) QX W)
-QY,Z) A(X, W)+ Q(X,Z) A(Y, W)
—A(Y,Z)Q(X, W)+ A(X,Z) Q(Y, W)
(f g0) (U(X, W), U(Y,2)) ~ go(B( B(£)(Y,2))
z) (f's ) ) T)+Q(X,W) (f g@)(U(Y,Z)f T)
A—1) {Q(Y W) ( ) QX,W)QY,Z) +Q(X,Y)Q(Z, W)}
+(f*g0) (U(Y, W), U(X,Z)) + g5 (B()(Y, W), B(f)(X,Z))
—Q(x,2) (f* g@>< (Y, W), T) = (Y, W) (f ) (UX,2), T). (@8
We organize terms in (228) so as to emphasize the similarity to the classical Gauss equation
in the theory of isometric immersions between Riemannian manifolds:

gé (RD(X Y)fZ, fiW) = g (RY(X,Y)Z, W)

—gb (B( B(f)(Y,Z)) + b (B(f)(Y, W), B(f)(X,Z))
—(f g@)( < ,W), u(y,z)) + (fge) (U(Y, W), U(X, Z))
+Q(Y,Z) (f*g@) (LI(X, W), T)
+Q(X, W) (f'ge) (U(Y,Z), T)
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—-Q(X,Z) (f*go) (U(Y, W), T)
—Q(Y, W) (f*g@) (U(X,Z), T)
F2(A—1)[QY, W) (X, Z) — Q(X, W) Q(Y, Z) + Q(X, Y) Q(Z, W)]

~Q(Y, 2) [g5 (ThfX, fW) = AX, W)

—Q(X, W) [gg(r/{f*y, f.Z) - A(Y,Z)}

HO(X,2) [85(TAFY, foW) — A(Y,W)]

+O(Y, W) [g{a (thf.X, f.2) - A(X,Z)] (229)
forany X,Y,Z,W € H(M).

Definition 39. We shall refer to (229) as the pseudohermitian Gauss equation of the isopseu-
dohermitian immersion f : (M,0) — (A, ©).

The first two lines in (229) are entirely similar to the Gauss equation in Riemannian
geometry except of course that the Levi—Civita connections of the ambient space and sub-
manifold were replaced by the Tanaka—Webster connections, while the second fundamental
form of the given immersion was replaced by the pseudohermitian second fundamental
form. However, in the theory at hand, with respect to the theory of isometric immersions,
where the induced connection and the (intrinsic) Levi—Civita connection of the induced
metric coincide, there is a non-uniqueness of choice of connection on the submanifold
and the (1,2) tensor field U measuring the difference between the induced connection
V', and the (intrinsic) Tanaka-Webster connection V appears explicitly in (229). Also,
unlike the Riemannian case, the canonical connections used (i.e., V, VT and D) are not
symmetric, and their torsion appears explicitly in the embedding Equation (229); the last
four terms in (229) depend upon the pseudohermitian torsion tensor fields 74 and T of
the ambient space (A, ®) and the submanifold (M, 6). The term in (229) containing the
function A = (f*ge) (T, T) is prompted by our more general treatment (with respect to
the previous works [15,17,18]), including the case of pseudohermitian immersions where
A =1, but not confined to that case.

Keep in mind that (229) follows, as € — 0T, from the Gauss Equation (198) written
for X,Y,Z,W € H(M). The same technique should then prompt other (pseudohermitian)
Gauss-like equations corresponding to the cases where not all arguments X, Y, Z, W are
horizontal. Deriving the remaining Gauss-like equations [springing from the various
components of (198) with respect to the decomposition T(M) = H(M) @& RT] is relegated
to further work.

11. CR Immersions into Spheres
11.1. Mean Curvature

By a classic result of T. Takahashi (see [30]), an isometric immersion ¢ : M — S"(r)
of an m-dimensional Riemannian manifold into the sphere j : S"(r) C R"*! of radius
r > 0 is minimal if and only if AY = —(m/r?)¥, where ¥ = j o ¢ and A is the Laplace-
Beltrami operator on M. Takahashi’s theorem relies on the simple observation that given
isometric immersions f : M —+ A andj : A — R" where M and A are Riemannian
manifolds, the mean curvature vector H(f) is the tangential component in f~!T(A) of
(1/m) A(j o f). We wish to look at a similar configuration within CR geometry, starting with
an isopseudohermitian immersion f : (M,0) — (A, ®) and, hence, for every 0 < € < 1,
with the isometric immersion f : (M, ge(f)) — (A, g&). By Nash’s embedding theorem
(see [31]), thereis aninteger2n +1 < K < (2N +1)(3N +7) and a C* isometric embedding
of (A, g2) into the Euclidean space R, yet both K and the immersion A — RX depend
on €. [We conjecture that the nature of said dependence can be understood by inspecting
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the proof in [31]. See also R.E. Greene and H. Jacobowitz [32] for a simplified proof in the
real analytic case.] To circumnavigate this difficulty, we confine ourselves to A = S?N*1

and the pair of immersions (M, ge(f)) S, (S2NH1, o) <y CN+1, where the ambient

space CN*1 is thought of as carrying, in addition to the Euclidean metric go, the family of
Riemannian metrics

1
go,e;:go+(§—1)wo®wo, 0<e<l, (230)

built such that j* go . = ¢2. Then, we benefit from j*gy = g [a phenomenon known
to hold only for the sphere — in general, for a strictly pseudoconvex real hypersurface
A C CN*1, none of the Webster metrics {gug : u € C*(A, R)} is induced by the
ambient Euclidean metric g (see e.g., [3], p. 41-42)] to relate the mean curvature vectors
He(f) and He(j o f) of the isometric immersions f : (M, ge(f)) — (SN, ¢2) and

jof: (M, g(f)) = (CN*, go,e)-

Let A = $2N+1 C CN*+1 be the standard sphere, equipped with the strictly pseudocon-
vex CR structure

T1,0(52N+1)y — [Ty(52N+l) ®R (C} D T/ (CN+1) y c 52N+1 ,

y,

and the positively oriented contact form
© e P (1), ©=2(3-9)[z.

The Webster metric gg is the first fundamental form of j : S2N*1 — CN*1, the inclusion of
S2N+Linto (CN*1, g9);ie., j*g0 = go- Let X € X(CNT1) be the real tangent vector field

defined by
_i(,p 0 - O
Xo= 2(2 578 4B az)’

The Reeb vector field T4 of (S?N*!, @) is given by j. T4 = ZXE). Let wy € QY (CNH1) be
the differential 1-form

wo(X) = go(X, Xo), X € x(CNt).
Also,
1/, 0 = 09\

is a unit normal vector field on $?N*!in (CN*1, ¢) and ]g) v = Xg). We shall need the
. . . . N+1
family of Riemannian metrics { 80,¢ }0 cec1 ON C

1
80,e = 80+ (? —1) wpy @ wy -
If A = S?N*1 then j*wp = O and, hence, j*gp = ¢2. Let f : M — S?N*1 be an
isopseudohermitian immersion, i.e., a CR immersion, such that f*® = 6. Corresponding to
the isometric immersions
f j

one has the decompositions

Te(SNT) = [(d2f) Te(M)] @ Ec(f)x, x €M, (232)

Tis) (CN*1) = [(def) Te (S™N*1)] ® Ee(j)s, (233)
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Tiiop)(x) (CVT) = [dx(j o f) Te(M)] & Ee(j© f)x, (234)

where

Ee(f) Ee(j) Ee(jo f)
1 1 3

M SZN+1 M

are the normal bundles of the given isometric immersions. The decompositions (232)-(234)
imply.

Lemma 21. Forevery x € M

Ee(jo f)x = [ (d:1) Ee(f)x] @ Ee())s- (235)

The projections associated with the direct sum decompositions (232)—(234) are de-
noted by

nore, x

t €, X
Ty (M) 45 Ty(S2N 1) Ec(f)x,
T €, % N € X N
Ty (S2N+1) & Ti(e) (CN) 2 Eej)e,

0 0
tang NOT¢

Tx(M) = Tiiofy(a (CV7) =+ Ee(jo f)x.

Theorem 5. Let M be a strictly pseudoconvex CR manifold of CR dimension n equipped with the
contact form 6 € P (M). Let ® = (i/2)j* (0 — 9)|Z|* € P4 (S*N*1) be the canonical contact
form. For any isopseudohermitian immersion f : M — S*NT1of (M, 0) into (S?N*1, @),

nore,y o Tang 3 = Tang ¢ o norg/x (236)

forevery x € Mand 0 < € < 1. Consequently, the mean curvature vectors of the isometric
immersions f : (M, ge(f)) — (SPN*1, ¢y and jo f : (M, ge(f)) — (CNT1, goc) are
related by

He(f)x =Tang s He(jo f)x, x € M. (237)

Proof. The proof is organized in two steps, as follows. First, we show that Tan, ; maps
Ec(jo f)x into E¢(f)x. Indeed, for any X € Tx(M) and any V € Ec(jo f)«

(gf)f((dxf)X, Tang 3 V)

as g? =j"8g0,e
= (80,¢)(5) ((d21) (dxf)X, (dgj)Tane, V)
as V = (dg¢j)Tang, ¢ V + Nore ¢ V and
Nore,: V € Ec(j)s L (dej) Te(S™™) 2 (dzj)(dxf) X
= (gO,e)](f) (dx<] Of)X’ V) =0,

hence
Tang, ¢ Ec(jo f)x C Ee(f)x-
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At this point, (236) is equivalent to the commutativity of the diagram

T €. X
Te (CN+1) AMeg Tg (S2N+1)
nor? , | J nore x
. Tan, 3
Ee(jo f)x Ee(f)x
Let V € T¢(CN™1). Then, by (232) and (233),
Tang 3+ V = (dxf) tane, » (Tang, ¢ V) +nore x (Tane 3 V), (238)
nor? . V = (dzj) Tane, ¢ (nor? V) + Nore ¢ (norl . V). (239)

Then, by (233),
V = (d:j) Tane, s V + Nore ¢ V =

by substitution from (238)

=d,(jo f)tane x (Tang, ¢ V) + (dg j) nore x (Tang, 2 V) + Nore, ¢ V
—_——

€dx(jof) Tx(M) €(dzj) Ee(f)x €Ee(j)s
by (235) together with comparison to V = dy(j o f) tang, <V+ norgr %

tane, , (Tang, z V) = tangrx v,

(dsj)norex(Tane ¢ V) +Nore ¢ V =nor? V. (240)
Finally, (239) and (240) yield (236). Q.E.D.

Let {E; : 1 < a < 2n} be a local Gy-orthonormal frame of H(M), and let us set
Te = (1//fte) T, so that

(Ep:0<p<2n}={E, T. : 1<a<2n}, Ey=Te,

is a local ge(f)-orthonormal frame of T(M). The mean curvature vector of the isometric
immersion f of (M, ge(f)) into (S?N+1, ¢4 is given by

1
He(f) = Tl Traceg, (r) Be(f)

(locally) |

= gir1 L B ).

To prove (237), we recall the Gauss formulas

(DEYLfeY = FVEEY + Be(F)(X,Y),

(D)) j« Y = ju DXY + Be(j)(X, Y),
X, Y €xX(M), X, Yex(sN,

for the isometric immersions (231). Here, D8%¢ denotes the Levi—-Civita connection of
(C"1, g0 ). Also, V¢ = V8(f) and D¢ = Ds¢ are, respectively, the Levi—Civita con-
nections of (M, ge(f)) and (S?N*1, ¢2), as considered earlier in this paper. For every
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tangent vector field X € X(M), let X € X(S?N*1) denote a tangent vector field such that
Xf(x) = (dxf)Xx, for every x € M. Then,

) By, By), = nore { ()] 1B},

= nore, x {(D%p EP)f(x)} = NOTe, Taner,g{ (Dgo,e)igp i E"p}

P
(by Lemma 5)
= Tan, ¢ norgrx {(Dgoff)%p j Ep}

.
Let X € X(CN*1) be a tangent vector field such that }:(j(y) = (dyj)X, forany y € S2N*1.
Then,

Xjof) ) = dx(j o f) X,
hence

o . 0 80,¢ £
Be(f)(Ep, EP)x = Tan,, ¢ nor , (DEP Ep)j(ﬁ)
=T . 0 D380,e jof s E =T s B.(i E,, E
ane, ¢ nore , < ( )E,, (jof)Ep o= Tane s e(Gof)(Ep, Ep)x.

QED.

It is an open problem to relate the mean curvature vector H(j o f) to Ac () (jof),
where A, () is the Laplace-Beltrami operator of the Riemannian manifold (M, ge(f)). This
would be the first step towards a pseudohermitian analog to Takahashi’s theorem (see [30]).
We expect that the solution to the problem may be obtained along the following lines. Start
with the Gauss formula

(D) (o ). Y = (o VLY = Be(jo f)(X, V) (241)

for the isometric immersion jo f : (M, ge(f)) — (CN*1, go ), and take the trace with
respect to ge(f) of both members. Exploit the relationship between g  and the Euclidean
metric gg (see (230)) to relate the Levi—-Civita connections D&%¢ and DY = Do,

11.2. On a Theorem by S-S. Chern

Given the result of S-S. Chern (see [21]), for every minimal isometric immersion
f : M — A of an m-dimensional Riemannian manifold M into a Riemannian manifold A of
constant sectional curvature «, the scalar curvature R of M obeys to R < m(m — 1)x with
equality if and only if f is totally geodesic. The proof is to take traces twice in the Gauss
equation for f. To search for a pseudohermitian analog to S-S. Chern’s result (see op. cit.),
letf: M — §2N+1 be an isopseudohermitian immersion, and let X, Y, Z € H (52N ‘H).
Then (see [3], p. 60),

R(D)(X, Y)Z = go(Y, Z) X —go(X, Z)Y

+80(JaY, Z) JaX —go(JaX, Z) JaY =280 (JaX, Y) JaZ. (242)

Let f : M — S?N*1 be an isopseudohermitian immersion of (M, 6) into (S?N*1, ®). Then,
by (242) and f, o] =Ja 0 fs,

RP (X, Y) £ Z = (F'g0) (Y, Z) fX — (f*30)(X, Z) f. Y

+(f'ge)(JY, Z) £ ] X = (f'ge) X, Z) f]Y
-2(f'80) X, Y) £ ] Z (243)

forany X, Y, Z € H(M). Let W € H(M), and let us take the inner product of (243) with
f«W;ie,

gL (RP (X, Y) f. Z, f. W)
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=g0(Y, Z) g9(X, W) — go(X, Z) go(Y, W)
+Q(Y, 2) (X, W) — Q(X, Z) Q(Y, W) —2Q(X, Y) Q(Z, W). (244)

The pseudohermitian torsion of the sphere A = S§2N+1 vanishes; i.e., T4 = 0. Then, by
substitution from (244) into (229),

g0 (RV(X,Y)Z, W)
=80(Y, Z) go(X, W) — ga(X, Z) go(Y, W)
+85(B(f) (X, W), B ) — &b (B( <f><x,z>>
+(2A - 1){O( X,W)Q(Y,Z)—Q(Y,W z)}
—2AQ(X,Y) Q(Z, W)
—Q(Y,Z) A(X,W) — Q(X, W) A(Y, Z)
+Q(X, Z) A(Y, W) +Q(Y, W) A(X, Z)
+(f*0) (U(X, W), U(Y, 2)) — (fgo) (U(Y, W), U(X, Z))
—Q(Y,2) (f*ge) (U(X, W), T) = Q(X, W) (fge) (U(Y,Z), T)
+Q(X, Z) (f*ge) (U(Y,W), T) + Q(Y, W) (f*ge) (U(X,Z), T). (245)

The Ricci curvature of the Tanaka-Webster connection V of (M, 6) is

Z,

Ricy (V, W) = trace{U — RY (U, W)V}
forany V,W € X(M). Let {E; : 1 < a < 2n} be a local Gy-orthonormal frame of H(M),

defined on an open subset O C M, so that {E;, T : 1 < a < 2n} is a local gg-orthonormal
frame of T(M). Then,

Ricy (V, W) = Zgg( (Ea, W)V, E;) +0(RY(T, W)V).

As H(M) is parallel with respect to V, the curvature transformation RV (V, W) maps H(M)
into itself. Let us substitute X = W = E, in (245) and take the sum over 1 < a < 2n. We
obtain, as () is skew-symmetric, trace(t) =0,and To ]+ JoT =0,

Ricy(Z, Y) =221 +n—1)gs(Y, Z)
+35 (H )(Y,2))
—igé(B(f)(Y, E.), B(f)(Ea, Z))
+(f*go) (trace, iy U, U(Y, Z))
—:an (f"ge) (U(Y, Eq), U(E4, Z))

—Q(Y,Z) (f*ge) (traceg, [y p U, T)
+(f"8e) (U(Y, ]2), T) = (f*g0) (U(JY, 2), T) (246)

where

H(f) := traceg, [Ty B(f) € C*(E(f))-
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LetussetZ=T,and Y = TB in (246) and contract with g"‘g. We obtain
R=2n(2A+n-1)
+8b (H(f), 8 B(f)(T5, Ta)
_ 2n
~¢" Y sb(B(F)(T5, Ev), B)(Ey, Tu))
b=1
+(f*g®) (tracece I_IH(M) u, gﬂlB U(TBr Ttx))

_ 2n
—g“ﬁbZ (f*g0) (U(T, Ep), U(Ey, To))
=1 _
—in (f*ge) (trace, My U, T) +2i (f*go) (¢ U(T5, Tu), T), (247)

where R = g”‘B R oB is the pseudohermitian scalar curvature of (M, 6) (see e.g., [3], p- 50).
Note that for every bilinear form B on T(M)

traceg, Iy B = ¢ B(T,, Tg) + complex conjugate.
The identity (147) with 74 = Ois
B(f)(V,W) = B(f)(W,V) = 2(f*ge)(V, JW) Tx
forany V,W € X(M); hence
B(F)(Ts, Ta) = B(Ta, T5) — 2i (F'g)(Tu, T5) T4,

yielding B -
H(f) =265 B(F) (T3, To) +2i 8% (*30)(Tu, Tg) T (248)
Note that for any X, Y € H(M), as f is a CR map,

(F'g0) (X,Y) = gh (F.X, £.Y) = GL(f., £Y) = (F*Ge)(X,Y),

that is,
(f*80)(X,Y) = Go(X,Y). (249)

Hence, as f*g@ is symmetric, and by (249),

28"F (f*g0)(Tu, Ty) = traceg, iy fgo

2n 2n

= ; (f*8e)(Ea, Ea) = ;GG(Ea, E,),
that is, -
" (f*g0)(Tu, Tg) = n. (250)

Consequently, (248) simplifies to

§ B(A) (T, T2) = 5

Next, by (146) with T4 =0,

H(f)—2inTyx. (251)

U(V, W) — U(W, V) = Torgr (V, W) — Torg (V, W)

=-2(f"ge)(V, JW)Ti —2{0 AT—Q&T}(V,W), (252)
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hence
U(Tx, Tg) = U(Tg, To) +2i (f"g0)(Tu, Tp) TX—ZigaBT,
yielding
traceg, 1) —zgﬂf’é U(T, 5 T,
+2ig" (f*g0)(Ta, T5) Tf —2inT
or, by (250),

a 1
g/SlX U(TB’ Ta) — E

Substitution from (251)—(253) into (247) leads to

traceq, Iy U —inTy +inT. (253)

R =2n(A+n) + 3 [[HHIE, —in®f (H(P))

—g“ﬁzgé; )(Ty, Ey), B(F)(Ey, Tu))

+§ Htracecg g uHi*g@

—in(f*ge) (tracec, My U, T))
2n
-8 hZ (f*ge) (U(T5, Ep), U(Ep, To))

+i (f*ge)(traceg, Iy U, T) (254)
because, as H(f) € C*(E(f)),

85 (H =g (H — @/(H(f)),

(F'g0) (TA, T) = gé; (TR, £ T) = 8b(Ta, £.T)
=/ (£.T) = (fO)(T) =6(T) =1.
Let {s : 1 <0 < 2k} be alocal gé—orthonormal frame of E(f), so that B(f) = BY(f) ® &,
for some field BY( f) of scalar C*(M)-bilinear forms on T(M). Then,
B (f)(V,W) = (fge)(ag,V, W).
In particular, forany V, W, Y, Z € X(M)

2k

gL (B(F)(V, W), B(f)(Y,2)) = Y_ (f*g0)(asV, W) (f*30)(asY, Z)

=1

where a, = ag, . Consequently,

_ 2n
g l;gé(B(f)(Tgf Ey), B(F)(Ey, Ta))

2n 2k

- L ;gﬁ“ (f*80)(a:T5, Ey) (f*80) (acEy, Ta)- (255)

Next, forany V,W € X(M) and ¢ € C*(E(f))

(F*ge)(azV, W) = g5 (B(F)(V, W), &)
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= gl (BLHW, V), &) —2(Fg0)(V,JW) g5 (T4, &)
or
(f*go)(acV, W) = (f*go)(azW, V) — 2(f*g) (V, JW) O/ (). (256)

Therefore, the failure (as compared to the theory of isometric immersions) of the pseudo-
hermitian Weingarten operator a; to be self-adjoint (with respect to f*¢g) is compensated
by (256). Consequently,

(f80)(acTy, Ex) = (f*g0) (a0Ea, Ty) — 2(f*g0) (T5, JE:) ©f (&),
and (255) becomes
_ 2n
g ;8{9(30)(%’ Eq) B(f)(Eq, To))
= 18" (f*30) (acEa, To) (f*0) (acEa, Ty)
~2)0/(&0) 8 (f'g0) (acEa, To) (f*80) (T, JEa),
and, as {E; : 1 <a < 2n} is Gy-orthonormal,

—2Y 8% (f"g0)(acEa, Tu) (f"80)(T5, JEa)

2Zg“ﬁ (f*8e)(acEa, Ts) Go(Tg, JEa)

= -2 Zgaﬁ (f*se)(acEq, Ty) Ge(Tﬁr Eq)
a,ao
so that

_ 2n
g ;gf@w(f)wg, Eq) B(f)(Eq, To))

Y trace, Tl [(/*0) (arEa, ) & (go) (@oEa, -
~2i )" 8" (f*30) (s Ty, Ta)- (257)

I\)\H

Starting again from

(f*g0)(a:X, Y) = (f*go)(acY, X) —2Q(X,Y) ©/(¢)

for X =T, Y = /5’ and ¢ = ¢, one has

(f*80) (a0 T, Tg) = (f*g0) (a0 Ty, Ta) +2i 8,50/ (o)
or, by contraction with g”‘B,
8P (f80)(ac T, Tg) = 8P (f"80) (a0 Ty, Ta) +2in®f (&),

yielding
traceg, [Ty (f*se)(ar-, )

=287 (f'g0)(arT5, Ta) +2in O/ (&). (258)
Finally, the identity

(f*g0)(asX, Y) = g5 (B( ,8), X, YeH(M)
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furnishes
traceg, I (f*g0)(az -, ) = 85 (H(f), €).
Therefore, the identities (258) and (259) yield

2813“ (ffge)(as T, gé Cg _21”®f(€0)

Substitution from (260) into (257) gives

" Y b (B()(Ty, Ea), B(Ea, T))

=% ) [(f*g@)(aaEa, Eb)r—Zn ;[@f(éa)]z—in(H(f)).

Note that
2k
Y [@/( (&) Zgj(; L&) = HTAHgf
o=1

Again, by (252) for V = E,and W = T,

U(Eb/ Ttx) = u(TlX/ Eb) _ZiGG(Ebr Ttx) Tﬁ

so that B
8 LS g0) (U(Ty, Ea), U(Es, To))
=& L(f"g0) (U(T, Ea), U(T:, Ea))
~2ig" L(fg0) (U(Ty, Ea). T4) Go(Es, To)
= 5 Dtraceq, Ty (fg0) (U, Ea), (-, En)
—2ig"P ;G(U(TB, E,)) Go(Ea, Ty)

g% Y (f*80) (U(T5, Ea), U(Ea, Tu))

:;Zhnu(E,,,Ea) ~2ig"f6(U(Tg, Tu)).-

Substitution from (253) into (262) yields, by 6(T) = 1 and

6(T4) =1~ I\Tillzé/ (f*g0)(V, T4) = 6(V),

gﬁzx EugJé(B(f)(TE/ Ea)l B(Ea/ Toc))

2
- %Zu,b,rf [(f*g@) (a0 Ea, Eb)} — i6(traceg, ) U)+2n ||Tj||§f .
(€]

Finally, let us substitute from (261) and (263) into (254) so as to obtain
2
u f *8@)

f*ge)}

R=2n(A+n+1) (HH H;f;) + || traceg, Ty

_,Z{Z[fg@ (a0 Ea, Ep)]* + |U(Ea, Ep)

(259)

(260)

(261)

(262)

(263)
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—i(n—1) {@f(H(f)) + 6 (traceg, ITg () U) },
and the last term vanishes because of
O/ (B(f)(X,Y)) +0(U(X,Y))
— ¢l (B(H(X,Y), Tx) +6(VyY)
- gé(B(fxx, Y), T4) + (f*80) (VXY, T})
by the pseudohermitian Gauss equation

— L (DLAY, TH) + gL (£ VLY, £.T))

= ¢b (DLAY, Th) + gb(DLfY, £.T))
by T + f.T) = T}
= 86(DXf2Y, T)) = ©f (DfY) =0
for any X,Y € H(M), because H(A) is parallel with respect to D. We may conclude that

u /2‘*8(9)

f*ge}

R=2n(A+n+1)+ (HH H;‘ + |[traceg, TTg ()
(264)
3 %00 { o [(F80) (0 Ea, Eb))* + ||U(Es, Ey)

yielding the inequality

R<2n(A+n+1)+ (HH ||§é)—|—”’trace(;9 gy U

2
f*g@))
with equality if and only if B(f)(E,, E;) = 0and U(E,, E;) = 0. Theorem 1 is proved.

12. Final Comments and Open Problems

Proper holomorphic maps of balls ® : By — Byxt1, N > 2, and their boundary
values f : SN=1 — S2N+1 are fairly well understood from the point of view of complex
analysis of functions of several complex variables. Here, By = {Z € CN*1 : |Z| < 1}.
For instance, by a classic result of S.M. Webster (see [11]), if N > 3 and ® is C° up to
the boundary, then @ is linear fractional. While Webster’s theorem does not apply to the
case n = 2 (Alexander’s map ®(z, w) = (22 ,V2zw, wz) is indeed a counterexample;
see [33]), proper holomorphic maps @ : B, — Bj that are C3 up to the boundary were fully
classified by J.J. Faran up to spherical equivalence (see [34]). [Two maps ®, ¥ : By, — B3
are spherically equivalent if ¥ = { o ® o &~ for some ¢ € Hol(B,) and ¢ € Hol(B3).] Let
O(2,3) be the set of all proper holomorphic maps from B, into B. Let P(2,3) consist of all
® € O(2,3) such that ® extends holomorphically past the boundary of By, and let P*(2, 3)
be the corresponding quotient space, modulo spherical equivalence. Faran’s result is that

P*(2,3) = {F, Ay, A, ]I},
PpeF, &y chy, el te{01},
Dp(z,w) = (23, 3zw, w3), Dy, (z,w) = (22, 2zw, wz),
Op(z0) = (2, 2w, w?), Pi(z,w) = (0, 2, w),

for any (z,w) € B,. Let Cp be the boundary values of the class C € P*(2,3); ie., Cp
consists of all maps f : S® — S° such that j, o f = ® o j; as ® ranges over C. Here,
jn @ S2N+1 — CN+1 denotes the inclusion. When it comes to pseudohermitian geometry,
however, the properties of the maps f € C; are not well understood so far. That is, aside
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from the natural CR structures, when one endows S° and S° with the standard Riemannian
metrics (coinciding with the Webster metrics) associated with the canonical choice of contact
forms 0 = (9 —9)|z|> and ® = £(d — 9)|Z|?, the study of the geometry of the second
fundamental form of maps f € C; is an open problem. A pioneering paper in this direction
is [35], aiming to find subelliptic harmonic representatives of C;, for each of the four classes
C € P*(2,3) (see Corollary 1 in [35], p. 1470).

A classification of CR maps f : S> — A4 x iR?, where A; = {(x1, x2, x3) € R3 :
x24+x3—x3 =0, x3 >0}, was undertaken by M. Reiter and D-N. Son (see [36]), whose list,
similar to Faran’s list, consists of four algebraic maps and classifies the proper holomorphic
maps ® : B, — D (with D C C3 biholomorphically equivalent to the bounded symmetric
domainD; = {Z € C?: |Z| <1, 1-2|Z+ |ZTZ|2 > 0}; see, e.g., [37]) that extend
past the boundary of B,. It is an open problem to investigate the geometry of the second
fundamental form of the CR maps in Reiter and Son’s list. Two of the maps in the list
admit higher dimensional analogs ® : B, — e and are rigid when n > 4, in the sense of
M. Xiao and Y. Yuan [38]. A parallel between the Xiao—Yuan rigidity theory (op. cit.) and
the pseudohermitian analog to classical Riemannian rigidity (see, e.g., Theorem 6.2 in [10],
Volume II, p. 43) for CR immersions f : M — S?N*+1 will require a pseudohermitian version
of the Codazzi equation to be derived, by an elementary asymptotic analysis, as € — 0",
from the Codazzi Equation (95) for the isometric immersion f : (M, ge(f)) — (S?N+1, ¢4).
The Authors are grateful to the anonymous referee for suggesting a connection between
the present paper and the work by Y. Li et al. [39].
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