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Abstract: This work provides new adequate conditions for difference equations with forcing, positive
and negative terms to have non-oscillatory solutions. A few mathematical inequalities and the
properties of discrete fractional calculus serve as the fundamental foundation to our approach. To
help establish the main results, an analogous representation for the main equation, called a Volterra-
type summation equation, is constructed. Two numerical examples are provided to demonstrate
the validity of the theoretical findings; no earlier publications have been able to comment on their
solutions’ non-oscillatory behavior.

Keywords: non-oscillatory solutions; asymptotic behavior; caputo nabla fractional difference; nabla
fractional difference equations

MSC: 34K11; 34N05

1. Introduction

Fractional order differential equations (FDEs) are generalized, non-integer order dif-
ferential equations that can be obtained in time and space with a power law memory kernel
of the nonlocal relationships; they offer an effective means of describing the memory of
various substances and the characteristics of inheritance. The authors, who have shown
a great deal of interest in studying the qualitative characteristics of the solution of FDEs,
such as existence, uniqueness, oscillation, stability, and control, have provided details of
significant findings in this area; see some of the illustrious monographs [1-3] and recent
papers [4-10]. In particular, the oscillation of solutions was a subject that was taken into
account for FDEs; the review paper in [11] is available to readers.

Copyright: © 2023 by the authors.

In recent years, academics have started to pay significant attention to discrete frac-
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tional calculus. The arbitrary order difference and summation features have considerably
demonstrated their utility and validity due to their long memory nature and their flexible
capability in carrying out mathematical computations [12]. As a result, numerous studies
that investigate the qualitative traits of fractional difference equation solutions have been
published, including their oscillation properties [13-16].
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LetNy = {x,x +1,x+2,...} forany x € R. Research on the oscillation of solu-
tions of nabla fractional difference equations was started by Alzabut et al. [15] with the
following problems:

Ve 29(@) +81(@,9(@)) = (@) + &2(@, ¢(@)), @€ Nyyo, "
Voe@)| =x xeR

and
VZ+%—1*¢((D) + él(@, CP(‘D)) = g(w) + (:2("@/ 4’(@))/ (RS NU’+%711 (2)
V'"(c+»x—1)=xm, xm€R, m=0,12---,x—1,

where # > 0and s € Ny suchthat x —1 < 5 < 35 1,62 : Nyy,m1 X R — R and
{:Nyp,m1 = R

Then, Abdalla et al. [13,14] continued to study the oscillation of solutions of different
types of mixed nonlinear nabla fractional difference equations:

Vi 29(@) —b(@)g(@) + T, bi(@)|g(@)| ! = (@), @ € Nots,
v, o(@) =x x€R )
otx—2 W=0+x—1 ! !
and
Ve 1.9(@) —b(@)g(@) + T, bi(@)|p(@)" " = (@), @ € Npso1, @
V"p(oc+x—1)=xm, xm€R, m=012---,3x—1,

where b, bj ‘Negsm1 2R, j=1,2,---k; ay, ap, - - -, and ay are the ratios of odd natural
numbers with g > -+ > a; > 1> a9 > -+ > ag.

In this vein, Alzabut et al. [16] derived the conditions for the oscillation of solutions of
a forced and damped nabla fractional difference equation:

(1 @)
A (1 17)4)(@) - =x, x€R,

{(1 —p(@))VVip(@) + p(@)Vig(@) + p2(@)¢(9(@) = p1(@), @ €Ny,
where0 <y <1;:R—R;p,p1: Ny - Rand pr : N; — RT.

Motivated by the above studies, which concentrated on oscillation discussion, and for
the sake of giving an affirmative response about the behavior of non-oscillatory solutions,
in this work, we consider the higher-order forced nabla fractional difference equation with
positive and negative terms of the following form:

Viz(@) +¢(@,y(@)) = (@) +{(@)yP (@) + P(@,y(@)), @ € Neyy, ©®)

where
2(@) = V1 [d(w)(w(@))ﬁ}, @eN, nelN, @)

where 0 < x < 1, B is the ratio of two odd natural numbers, ¢ € Ny, and V,z denotes the
xth Caputo nabla fractional difference of z. Throughout this work, we need the following
conditions in the sequel.

(i ¢ d:N.— (0,00),7: N, — Rand ®, ¢ : N x R — R are real valued continuous
functions;

(i) There exist two continuous functions ®; and ®; : N. — (0, ), and positive real
numbers A and -y, where A > 7 such that

yp(@,y) > 01(@) [y, 0 < yd(@,y) < O @)y
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fory #0and @ € N..

Unlike most existing results, which often discuss the oscillation of solutions, the asymp-
totic behavior of the Equation (6)’s non-oscillatory solutions is examined in this study. Our
method is essentially based on some mathematical inequalities and the properties of dis-
crete fractional calculus. A Volterra-type summation equation is built as an analogous
representation for Equation (6) to aid in establishing the key conclusions. In order to
demonstrate the validity of the theoretical findings, we offer numerical examples.

2. Essential Preliminaries

The results in this section are adopted from the two main monographs [12,17].

Definition 1 (See [12]). For @ € R\ {...,—2,—1,0} and 6 € R such that (® +0) € R\
{...,=2,—1,0}, we define the generalized rising function by

7 I'(w+0)
- T(@)

Furthermore, ifoe{...,—2,-1,0} and 6 € R such that (® +6) € R\ {...,—2,—1,0}, then

@? =0.

Definition 2 (See [12]). Let x be a real valued function defined on N,. The first nabla difference of
K is given by
V(@) = x(@) —x(@—1), @€ Nyq.

Definition 3 (See [12]). Let x be a real valued function defined on Ny 1 and x > 0. The xth nabla
fractional sum of « based at ) is given by

V. k(@) = F(lx) i}( (@ — @1 +1)" k(@), @ €N,

where, by convention, V *x(x) = 0.

Definition 4 (See [3]). Let 0 < x < 1 and « be a real valued function defined on Ny. The xth
Caputo nabla fractional difference of x based at x is given by

Vik(@) = Vy"IVk(@), @€ N

Theorem 1. The initial value problem

Vi (@) = w(@), @ € Nopq, @®)
x(a) = o,
has the unique solution
1 @ N
k(@) = Ko + el Y (@-@+1) w(@), @eN, 9)
(x) wy=a+1

where0 < x < land w : Ny 1 — R

Lemma 1. The following properties hold well.

1. Ifrs<@ <@, thno;”™ <@
2. @ﬁ(@ +1)2 = @172
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3. If0O<rs<land ¢ >1,then

9 I
|:(Dir3:| < L’Bﬂ)ﬁ@*’ﬁﬂl @ > 7/319'
[T(1+13)]

Lemma 2. Under the assumption that b, x and p are positive constants with b > 1 and
p(x —1) 41 > 0, we obtain

[ .

Y (@ — @+ 1)PEVpro < b, @ e Ny,

(01:1

p(x—1)+1
Q= ( b ) I(p(x—1)41).

where
-1
Lemma 3. If R and S are nonnegative, % + % =1,and v > 1, then
RS < %P’V + %S”, (10)

where equality holds if and only if S = RY~1,

We denote ( : )
® A=y
m(@) = leﬁym , a1
and
A@,c) = Y 1dé(co1). (12)
@1=c+

3. Main Results

In this section, we provide sufficient conditions for which any non-oscillatory solution

of (6) satisfies
1

=

yi@) =0( [ ]

b‘gA((D,C)) as @ — oo.

Theorem 2. Under the assumptions that (i)—(ii),0 < x <1, p(x —1)+1 > 0for p > 1 and

Y (@) [wF]qAﬁq(col,c) <o, g= -, (13)
(271:C+1 p - 1
lim | i (@ — @1 + 1) (@] | < oo (14)
@0 F(x) @1=c+1 ! ' '
1 & o
lim | —— @—@ +1) " m(@)]| < oo, (15)
@—>00 r(x) 091:26+1( 1 ) ( 1)
every non-oscillatory solution of (6) satisfies
limsup y(@) < o0, (16)

@mree {(Dﬁ} %b% A(@,c)
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Proof. Let y be a non-oscillatory solution of (6), say y(@) > 0 for @ € Ny, for some
@1 € Negq. Take z(c) = ¢p. Letting F(@) = ®(@,y(®@)) — ¢(@,y(w@)), it follows from (6)
and (i)-(i7) that, for @ € N,

V' d(@)(Vy(@))]

—at o B @@+ )7 gl + @)yP@r) + Fle)]
r(x) @1=c+1
<lol 4y L @@ V@)t (@en ) e
b Y (@04 17 @)y (o) - @ @)y ()] )
r(x) @1=w1+1
F L@@t Doy e
2 Y @@+ DT @ @),

r(x) @1=w1+1

Applying Lemma 3 to [@,(@)y7 (@) — ©;(@)y*(@)] with

A Y
b==—>1, X=y"(w Y=—
’Y> ! y( )' A

we obtain

O2(@)y" (@) — O1(@)y’ (@) =

01 (@) 'W} a8)

Substituting (18) into (17) and applying Lemma 1, for @ € N, we obtain

v d(@)(Vy(@)”]
<ol + iy & (@~ + D Fa)] + r(%éﬁw @1+ 1 (@)
] (=) Y (@-@+ 1) (@) (19)

@1=w1+1

+

1 ¥

v L @) @)

@

v r(l) Y (@@ + 1) 17 (@)yP(@r).

X @1 =c+1
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In view of (14) and (15), we see from (19) that, for @ € N,

v ae) (V@) ] < Gt & @-@ ) @@, @
@1=1 +

where C,,_1 > 0is defined by

cn_1—|co|+r(1x) 5 <w1—w1+1>H|F<w1>|+r(1@ Y (@@ + 1) n(@)]

(] =c+1 @1 =c+1

1 1) e —
+M(A—7)|:M] wl:;]Jrl((D—c’(h—i-l) 1m((91)
1 &1

By the integer order variation of constants formula, it follows from (20) that

d(@)(Vy(@))?
(@ — @ +1)F
< Z(V"[ )(Vy(@ ))ﬁDw:wl—lT(k—il)
@ —y n-2 :
N m cn1+r(lx) Y (r—@+17” C(wl)yﬁ(‘ol)]
) ®1=@1+
n—2 k
p (@ — @ + 1)
< k‘/;) (V"{d(w)(vy(@)) Dw:wl . r(kil)
@ (@—r+1)"2
+ Cnfl o r(n - 1)
°© (@-r+?[ 1 & 1@y ]
AR 2 e [rm L et i@ 2y
n—2 k
- P (0—w+1)
- L (v a@vv@)]),
B
& | & (@-r+1)"2(r—a;+1)¥ !
+wlzw:1+1|]X(:Dl I(n—1) Fl(x> ]g(wl)yﬁ(wl)

—1 @ x+n—
(@—w +1 w—w+1
Z k k+1 1 ) Z ( T +1 )1
) ©1=1+1 (x+n-1)

where

Cr = ’(vk[d(w)(w@))ﬁ]) >0, k=012, ,n—2.

@w=w1—1

Note that (21) holds for n = 1. Hence, (21) holds for all # € N; and for all @ € Np,. Next,
we proceed to estimate (21) as
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(@ — wl)ﬁ(co — w1+ n)ﬁ

Ttn—1) Z(@1)yP (1)

n—1 C 1 @ —
Yot m@;@iﬂ(@ — @ +1) 1€<w1>yﬁ(w1>],

implying that

©1+0 ), (0—@+ 1)“@(@1)yﬂ(@1)] ;o (22)

@1=w1+1

d(@)(Vy(@))P < 0"

where )
"= Ck 1
0 = — >0, Op=——"—=->0.
! k;)k! 2T T(x4+n—1)
Applying Lemmas 1 and 2, and Holder’s inequality to the sum on the far right in (22),
we have
2 py
Y. (@—@ +1)" g (@)yf (@)
@01=1 +1
[

= Y [(@-@+ 1) g @)y (@)

@1=w1+1

® - 1/p o 1/q
<< ) {(w—wl+1>x-1}”b’“f’1) ( )3 b-%d(wﬂyﬁq(wl))

@1=w1+1 @1=w1+1

@ o 1/p @ 1/q
<<A Y. (@—@1+1)”(x1)b”w1> < Y. bq‘”@(é’t’l)ﬁ“@)) (23)

@1=w1+1 @1 =w1+1

@ 1/11
S(AQW)UP( )y bq‘oléq(wl)yﬁq(wl)>

1= +1

@ 1/q
_(AQ)l/pbw< )3 b_qwqu(wl)yﬁq(@)) ,

01 =001 +1

where
r(1+(1- x)p).

F2-x)

Using (23) in (22), we obtain from (22) that

d(@)(Vy(@))f < 0" h%w(@), (24)
where
® 1/q
w(@) =0, +M3< Y bq““éq(@)yﬁ”(c@l)) ,
@1=w1+1
with

Mz = ©,(AQ)V? > 0.

We rewrite (24) as

Vy(@) < (wn_lbww(w)> ﬁ, @ € Np,. (25)
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Noting that @"~1, b?, and w(w) are all increasing, summing (25) from @; + 1 to @

yields that
= n—1 % a4 1 %
@) <y@)+ Y [@f T 0P wh(@)d P (@)
@1=w1+1
1. 1 @
<y(@)+ [@ | bFwi(@) Y 4 (a)
01=w1+1

1
_ _z(c:ﬂ +wh(@) | [0 ] bF Ae,@)
[w"*l b A(@, @) _
y(@1) 5 1758
< twi(@) | @] bF A,@),
[a)’;”} "o F Aoy, @)

holds for @ € Ny, with @, > @;. Thus,

where

[@F} %b%zA(wz/@l)'

Applying one of the elementary inequalities

(y+2)7 < {Zq_l(yq +21), q>1,
Y1 +29, 0<g<l,
with y, z > 0, to (26) gives
B
y(@) < Ms+ Mew (@), @ € Ng,,

l @
[co"—l} "bb A(@, @)
where Ms and Mg > 0 are defined by

5 = {25_1M4ﬁ/ q=1,

MP, 0<g<1,

and

p-1 >1
Mg — 2k, g 2>1,
1, 0<g<l

(26)

(27)

(28)

(29)

(30)
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Recalling the definition of w(w@), from (28), we have that

p

) <o £ regenta) e
e oinoar) < E

holds for @ € Np,, where
M7 = Ms +@®1Mg >0, Mg = MzMg > 0.
Applying the inequality (27) to (31) gives that
Pa

l]/((f) < My + My i b= (r)yP(r), (32)
[a)ﬁ} PbP A(@, @) =@+l

holds for @ € Ny,, where
Mo =2"1MI >0, My=2F"1M]>0.

Denoting the left-hand side of (32) by w(w), (32) yields that

w(@) < Mg+ My ) [@F}qAﬂq(wlr(m)@q(wl)w(@l)/ (33)

@01=©1 +1
holds for @ € Np,, and this can be rewritten as

w(@) < M +My ) [@F}qAﬁq(@MDl)Cq(@l)w(@l)r (34)

@1 =wy+1
which holds for @ € Ng,, where

()] —1q
My =Mo+My ). {‘Dfl] API(@7,@1)07(@1)w(@r) > 0.

@1=w1+1

Using (13) and Gronwall’s inequality, we have the conclusion to the theorem. The proof
for an eventually negative solution is similar. So, we omit it here. Thus, the theorem
is proved. 0O

Next, we consider § = 1 and we provide sufficient conditions for which any non-
oscillatory solution of (6) is bounded.

Theorem 3. Assume that (i) — (ii), 0 < x < 1, p(x —=1)+1 > 0 for p > 1 and that (14)
and (15) hold. Furthermore, assume that there exist real numbers S > 0 and T > 1 such that

o1
< —Tw
(d(@)> < @b (35)
and -
Y b (@) <o, q=-To, (36)
(DliCJrl p - 1

hold; then, all non-oscillatory solutions of (6) are bounded.
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Proof. Let y be a non-oscillatory solution of (6), say y(@) > 0 for @ € Ny, for some
@1 € Ngy1. Proceeding as in the proof of Theorem 2, we obtain (25) when = 1. Since w is
increasing, summing (25) from @; + 1 to @ yields

@ n—11,@,
y(@) <yl@)+ Y W

@1=w1+1

[
<yl@)+ Y SpI¥w(w)
1:li71+1

@
<y(@)+Sw(t) ), pOA
@1 =w1+1

< y(@n) + Sw(t) W( L)

=1y(@1) + Sw(t (b(f(rll <b ‘91“ <b(Tl—1>)w+l]
=y(@1) + Sw(t (71) 1 <b ) <b<T11)>w]

<vlon) + 500 (57— ) (5 1)
Using the definition of w, we obtain
@

1/q
y(@) < Mz + M13< ) bqwl?’@l)ﬂ(@)) / (37)

1=w1+1

for @ € Np,, where

1 1\
My = y(@1) +®15<17(r_1) — 1) <b(T—1)) >0

1 1 \“
M13 = M3S<b(rl) — 1> (b(rl)) > 0.

Using the inequality (27) to (37), we have

and

[
y1(@) < Mys+Mis Y b 1979 (@)Y (@1), (38)
1=w1+1
for @ € Np,, where
My =21""M], >0, Ms=2"7"M], >0.

Now, using (36) and Gronwall’s inequality, we have the conclusion to the theorem. The proof
for an eventually negative solution is similar. So, we omit it here. The theorem is proved. O
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4. Examples

We conclude this paper with the following examples to illustrate our main results.
Example 1. Consider the equation

V97 (V2(€2(Vy(@))’) ) + ¢l@, y(@))

_ ~09 y(@)
=@ G (@ e

+P(w,y(@)), @eN; (39)

Here, we have z(@) = V3(e3?(Vy(@))?), n = 4,x = 0.75,c = 1, = 3, d(@) = ¢*,

n(@) = (@ — 1)m, {(@) = W/ and

@ 1 @ @-1

[ =2

Clearly, condition (i) holds. Let b = e and p = 2. Clearly, p(x — 1) +1 > 0. Additionally,
we have g = 2, and

Yo @) @ AP (@y,0) € 5 Y e < o,
@1=c+1 { ! } 82(6 - 1)2 @=2

implying that (13) holds. Considering ¢(@,y(@)) = 01 (@)|y(@)|* 'y(@) and @ (@, y(@))

=0,(@)|y(w) \7_1y(a)) with A > v, @1 (@) = 02(@) = (@ — 1)7%7, we see that (ii) holds.
To check (14), we assume

1 @ - | @ - B
Y, (@—@+ 1) ()] = Y (@—@ + 1)075-1| (@ —1)709
(0.75) o, S r(075) &=,
_ 1 ¥ 0751 09
~ T(0.75) wz;(w — @+ 1) (@~ 1)
= v1—0-75(@ _ 1)W
T(1-009) —
Fi-09+075) @Y
~T(01) -
= T085) @~V
_ T01) =5
= T(0.85)
=T(0.1),
that is,
w —
li [ _ 1)0.75-1 '
@00 [r(0.75) wlgH(‘” @1 +1)7 e(@1)|| < oo

Similarly, it is easy to verify that (15) holds. Therefore, all conditions of Theorem 2 are
satisfied. Thus, every non-oscillatory solution of (6) satisfies

lim sup |ly(cD)| < o0. (40)
@ [aﬁ} 2e% A@,1)
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Example 2. Consider the equation

V93 (V2 (@(@ + 1) (Vo(@)) ) ) + ¢(@,y(@))
= (@—1)"5 1 293(0) + (0, y(®)), @ €N, (41)

Here, we have z(@) = V?(@(@ +1)e°? (Vo(@))), c =1, x = 0.5, n = 3, d(@) =

@(@+1)e°?, e(@) = (@ —1)7%7, and {(@) = ¢?/3. Hence, condition (i) holds. Assum-
ingb=e,@ =1,and T =5, we find

wi _ ,—5w
d@)) ="

Therefore, (35) holds. Now, if we take p = 3/2, then we have g = 3, and

i b= 1°179(0y) Z e 301201 — Z e Y1 = (e 1_1) < o0,

@y=c+1

that is, (36) holds. Again, if

9(@,y(@)) = ©1(@)|y(@)]*'y(@) and D(@,y(@)) = O (@)|y(@)]""y(@)

with A > 7, @1(@) = @2(@) = (@ — 1)7%75, then it is easy to verify that condition (i)
holds. To check that (14) holds, we assume

1 3 05-1 1 0 I

r(05) Y, (@@ +1)" (@) = T(05) Y (@—@ +1)° (@ — 1)~ =075
) @p=1+1 5) o2
r(0.5) o2

=V, 05( — 1) 07
r(1-075 —o75705
T . 075 + ()).5) (@ - 177
~ 1(025)

o —0.25
~T075 )(w 1)

_ T(025) =35

= T(0.75)

—1(0.25),

that is,
2 0.5-1

Hm |- _ 5= .
&% | T(0.5) w1§+1(w DT e(@)l] < e

Similarly, it is easy to verify that (15) holds. Therefore, all conditions of Theorem 3 are
satisfied. Thus, every non-oscillatory solution of (41) is bounded.

5. Concluding Remarks

Unlike most existing results in the literature that have been dedicated to oscillation
criteria, we introduced a number of additional necessary conditions for non-oscillatory
solutions to forced nabla difference equations with positive and negative terms. The main
equation is of a general nature, and it covers many particular cases. By creating an equiva-
lent representation of the primary equation in the form of a summation equation similar to
Volterra and using some mathematical inequalities, the results are stated and proved. Some
earlier findings in the literature were enhanced by the results. In fact, we give two brand-
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new cases, the non-oscillatory behavior of whose solutions has never been discussed in
earlier studies. The existing methodology can be used in the future to produce comparable
outcomes for higher order dynamic equations with forcing, positive and negative terms.
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