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Abstract: In this paper, we consider a random entire function of the form f(z,w) = ¥,/ % &x(w1) %
&n(wa) fuz", where (e,) is a sequence of independent Steinhaus random variables, () is the a
sequence of independent standard complex Gaussian random variables, and a sequence of numbers
fn € Cis such that nETfoo 3/ |fu]l = 0and #{n: f, # 0} = +co. We investigate asymptotic estimates
of the probability Py(r) = P{w: f(z,w) has no zeros inside rD} as r — +co outside of some set E

of finite logarithmic measure, i.e., |, En| dInr < +co. The obtained asymptotic estimates for the

1,+00)
probability of the absence of zeros for entire Gaussian functions are in a certain sense the best possible

result. Furthermore, we give an answer to an open question of A. Nishry for such random functions.

Keywords: Gaussian entire functions; Steinhaus entire functions; zeros distribution of random entire
functions

MSC: 30B20; 30D35; 30E15

1. Introduction: Notations and Preliminaries

One of the problems of random functions is investigation of value distribution of
such functions and also the asymptotic properties of the probability of the absence of
zeros in a disc (“hole probability”). These problems were considered in the papers of
J. E. Littlewood and A. C. Offord [1-6]; M. Sodin and B. Tsirelson [7-9]; Yu. Peres and
B. Virag [10]; P. V. Filevych and M. P. Mahola [11-13]; M. Sodin [14,15]; F. Nazarov, M. Sodin,
and A. Volberg [16,17]; M. Krishnapur [18]; A. Nishry [19-25]; and many others [26].

So, in [9] they considered a random entire function of the form

Zk

Vi

where {{;(w)} are independent complex valued random variables defined on the Steinhaus
probability space (Q, A, P), thatis Q) = [0,1], P is the Lebesgue measure on R and A is the
o-algebra of Lebesgue measurable subsets of ().

We denote by N (0, 1) the class of sequences of independent random complex-valued
variables () with standard Gaussian distribution in the complex plane, i.e., this is the
distribution with the density function of the form

aw) = 3 &lw) M
k=0

1
pe (z) = %eflz‘z, ze€C, keZs.

Let (cn), cn = cn(w), be the zeros of of the function ¥(z, w) of form (1). For r > 0 let us

denote ny(r,w) = Y 1 as the counting function of zeros of the function (z, w) in the disk
en|<r

rD:= {z: |z| < r}. Then [9] for any ¢ € (0,1/4] and all r > 1 the following inequality holds

P{w; ‘n(:,zw) — 1‘2 5}§ exp(—c(é)r4),
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where the constant ¢(d) depends only on d. Furthermore, in [9] it was investigated the
probability of absence of zeros of the function ¢ (z, w),

Py(r) = P{w: ny(r,w) =0}, po(r) =1In" Py(r),

where In™ x := — min{In x;0}. In particular, it was proved in [9] that there exist constants
c1,¢2 > 0 such that

exp(—cir*) < Py(r) < exp(—cort) (r>1).
Furthermore, in [9] the authors put the following question: Does the limit exist?

lim w ?
r— 400 r

We find the answer to this question in [20]. For the function ¢(z, w) it was proved that

. InTPy(r) ¢
i 2

Let K C C be some compact such that 0 ¢ K. In [19], it was proved that if all of
¢n(w): &n(w) C K, there exists rg(K) < +oo such that ¢(z, w) must vanish somewhere in
the disc roD.

For the function of the form (1) one can fix the disc of radius r and ask for the
asymptotic behaviour of P{w: ny(r,w) > m} as m — +oco. So in [18] it was proved; that
for any r > 0, we obtain

InP{w: ny(r,w) > m} = —%mzlnm(l +0(1)) (m— 4o0).

Very large deviations of zeros of function (1) were also considered in [17]. There we
find such a relation

1 .
ln(—ln(P{w: |n¢(r,w)—r2|>r"‘})> 20—-1, 3=sax<l
lim =¢3—-2, 1<a<2;
r—oco Inr
2u, o> 2.

In the papers [21,23] an Gaussian entire functions of the following general form

+0c0
w) = ;)éjn(w)fﬂ”,

were considered, where fy # 0, 1%17111 Y1fal =0, (En(w2)) € Nc(0,1) is a sequence of the
n o

independent standard Gaussian random Varlables For ¢ > 0 there exists [21,23] a set of
finite logarithmic measure E C (1, 4o0) ( f £ 7 < +o0) such that

q(r) — g2 (r) < po(r) < q(r) +q"/**(r) )

forallr € (1,+o0) \ E, where q(r) =2 Z In* (| fu|r"). Remark [22], that there is a Gaussian
entire function f(z,w) and a set E of 1nf1n1te Lebesgue’s measure such that
po(r) >2q(r) —c\/q(r), r € E, C >0,

that is, the finiteness of the Lebesgue measure of the exceptional set in the above statement
is a necessary condition.
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Similar results for Gaussian analytic functions in the unit disc can be found
in [10,15,18,23,27].

Furthermore, in [23] (p. 119) they formulated the following question: Is the error term
in inequality (2) optimal for a regular sequence of coefficients { f,}? In this paper, we obtain
instead of inequalities (2) the following asymptotic estimates

im (o) () e In(po(r) —q(r) _ 1
ogrlIoo Ing(r) 'rigéoo Ing(r) <5 (3)
r¢E r
In(po(r) —a(r) _, @)

r—-+oo InN(r)
r¢E

in the case of general coefficients f,, € C (n € Z4.), fy # 0, such that LIT VIful =0,
n (o]
#{n: fu # 0} = 4oco. However, this inequality is proved for the functions of the form

—+o00

flz,w) = Z en(w1)Gn(w2) fuz". )

n=0

Here, ¢,,(w1) = eifn(wr) (6n) is a sequence of the independent random variables uniformly
distributed on [—7, ), (&x(w2)) € Nc(0,1). We prove that there exists a set E of finite
logarithmic measure such that inequalities (3) hold.

An earlier version of the main statement of this paper (Theorem 5) is available in our
preprint [28] and was obtained for random entire functions of the form

f(zw) = i)ww)fnz". ©)

However, the proof in the preprint [28] contains gaps in reasoning.

2. Notations
Forr > 0, § € R denote

N ={n: fy =0}, N;s(r) = {n: In(|fulr") > —6n},
Nj(r) = #N;(r), N(r) =No(r), N(r) = No(r),
m)= ¥ n m)=m() = ¥

neN;(r) neN(r)
ni(r) = max{|fulr": n € 24}, vs(r) = max{n: p(r) = |fulr"},
+00
Mg (r) = max{|f(2)|: 2| <r}, M(r) = ;}\fﬂzr%

Remark, 4(r) = 2 5% In* (|fulr") = 2 Eenr) In((ful™).

3. Auxiliary Statements

Lemma 1 (Borel-Nevanlinna, [29] (p. 90)). Let u(r) be a nondecreasing continuous function
on [rg; +o0) and ll)rf u(r) = 4oo, and ¢(u) be a continuous nonincreasing positive function

r oo
defined on [ug; +o00) and (1) ug = u(rg); (2) grf ¢(u) =0;(3) futoo ¢(u)du < +oo.
u (o]
Then, the set
E={r>rp:u(r+ou(r))) <u(r)+1}.

has a finite measure.

We need the following elementary corollary of this lemma.
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Lemma 2. There exists a set E C (1; 4o00) of finite logarithmic measure such that

(re®) exp{—2y/Inm(r)} < em(r) < m(re=®)exp{24/Inm(r)}

forallr € (1;+c0) \ E, where 6 = m

Lemma 3. Let ¢ > 0. There is a set E C (1;+00) of finite logarithmic measure such that

N(r) < q'"2(r)exp{(1 +¢)/Inq(r)} )
forallr € (1;+00) \ E.
Proof. Remark that (see also [20])

N_s(r) = #{n: |falr" > eén} = #{n: |fn|(re_‘5)” >1} = N(re‘é).

IfN(r) = {n:1<k <N(r)}, where ny < ngy1 (1 <k <N(r)—1), thenn, > k—1
(1<k<N(r))and

w2 5 k= N0 ONG , M)

k=0

for all r > ry, where rg such that N(rp) > 4. So, by Lemma 2 we obtain

W wlan = T nlA: T -

neN(r) neN_s(r) neN_s(r)
_ =
= om(re”°) > Zlnm( r)exp{—241/Inm(r)}.

for r € (rg; +c0) \ E. Then,
Ing(r) > 1+1Inm(r) —24/Inm(r) — Inlnm(r)

and for r € (ry; +0c0) \ E, where r; is large enough, we obtain Inm(r) < 2Ing(r). Therefore,
forany e > 0

q(r) > em(r) exp{—24/Inm(r) — Inlnm(r)} >
N?(r)
e

exp{—2\/(1 +e)Ing(r) —In((1+¢)Ing(r))} >

> N2(r) exp{—(2 4+ 2¢)4/Inq(r)}

>e

as r — 400 outside some set of finite logarithmic measure. O

The exponent 1/2 in the inequality (7) can not be replaced by a smaller number.

Lemma 4. There exist a random entire function of form (5) and a set E C (1;400) of finite
logarithmic measure such that
1/2
N > T
In>"q(r)

forallr € (1;+c0) \ E.
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Proof. We will consider the following entire function
too

72
P

The function y(n) = In f, = —%In(%) is concave function and the sequence (f,) is log-
2

concave ([21,27]). Since m!e™ > m™ (m > 1), one has
2m
’
= exp{?}, In M¢(r) >

“+oco _2m —+o00
+ L

r
Mg(r) > 1+ ZW>1
m=1 m=
By Wiman—Valiron’s theorem there exists a set E; of finite logarithmic measure such

that M¢(r) < p( ) Inl/2+e ps(r) forallr € (1;+00) \ Eq. Thus, for all ¥ € (1;+c0) \ Ey we

>i(£

v
obtain Inpif(r) +Inlnps(r) > In Mg(r) > r?/e, In pr(r) > 12 /2e and finally
2
oy —lnfv>> r, r — +oo.

2
<Inpg(r) =Infy +ve(r)Inr, ve(r)
Therefore, outside some set E of finite logarithmic measure we obtain ([21])
5 In?pup(r) (Inlnpeg(r))?

r
Inr

2e
r
In®r

g(r) <2(N(r)+1) lnyf(r) <In? yf(r)(lnlnyf(r))2 =In
<1Ind rVJ%(T) In? vp(r) < vj%(r) In® ve(r) < N2(r)In®° N(r) < N2(r) In° q(r).

Hence,

O

By E{ we denote the mathematical expectation of a random variable ¢. Furthermore,
we will use the following lemma.
Lemma 5. Let (17,(w)) be a sequence of independent non-negative identically distributed random

variables, such that En, < +o0 and E(Win) < 400, n € Zy. Then
* * 1
P{w: (AN*(w)) (V1 > N*(w)) [E < p(w) < n] }: 1.

—+o00

Proof. Let F;(t) = Fy,(t) be the distribution function of the random variable 7, n € Z.
Denote By, = {w: |m(w)| > m}, m € Z.. Then
—+00
H=Y Yy / dF, () =

—+o00 —+o00
Y P{w: [gu(w)| > m} = Y} / dF,,
m=1 =145 m=1S=I ) e s,541)
40 s +
=LYy [ daym=Ys [ aR <
s=Lm=11; cls,s4+1) =1 |fefs,s+1)

+o00
<Y [ IHdR, 0 <Elyl < +e.

Szl\t|€[s,s+1)
Therefore, Y1, P(B;;) < +00. So, by the Borel-Cantelli lemma with probability that

is equal to 1 only finite quantity of the events B, can occur. That A; exists such that

P(A1) = P{w: (N (@) (v > Ni (@) [Im(w)| < n] }=1.



Axioms 2023, 12, 255 6 of 14

Since E(ﬁ) < 00, we similarly obtain for the random variable m

S

P(A2) = P{w: (3N} ())(¥n > Nj (w)) [M <n)}=

= P{w: (IN3 () (vn > N3 (@) |a ()] = %]}

1.
Finally,
P(A1 1 Az) = P{w: (IN*(w)) (¥ > N*(w)) [i < Imlw)| < }=1.
O

4. Upper and Lower Bounds for po(r)

Theorem 1. Let € > 0 and f(z,w) be random entire function of the form (5) with fy # 0. There
exists a set E C (1; 400) of finite logarithmic measure such that

po(r) <q(r) + N(r)exp{(2 +¢)/InN(r)} ®)
forallr € (1;+c0) \ E.

Proof. Similarly as in [20], for fixed r we consider the event A = ﬂ?zlAi, where

1/3 ex n r
4= {w: o) > 2eN ;{ﬁz./l N( }}

Ay = {w: (Vn e N(r)\ {0}) {|§n(w2)\ < W;]Z/B(r)} }'

= {w: (9 € (1) \ (V) 0 {OD) [Jen(@2)] < s ]

1
2InN(r)

As = {w: (¥n £ No(r) UNTU{0}) [[6u(wn)| < n]}, 6 =

If A occurs, then for r ¢ E we obtain

Zen w1)En(ws) fur™|> 2eNY3(r) exp{24/In N(r)} —

|fn|’” | ful 7" Z —né
—_— — — ne >
wenf(y FalP"N23(r) v N 2/3(7) HEN(F)UN

+o0
> 2eNY3(r) exp{24/In N(r)} — / xe %%dx >
ne/\f N2/3( ) 1

> 2eNY3(r) exp{24/In N(r)} — NV/3(r) — eN'3(r) exp{21/InN(r)} = 8In> N(r) > 0

as r — +o00, because

leo(w1)8o(wa2) fol —

Thee —ox _e 2 _
/1 xe Fdx = (5—2((5—1—1)<(5—2 8In N(r).

So, we proved that first term dominants the sum of all the other terms inside rD, i.e.,

—+o00
2 en(w1)Gn(w2) fur"

n=1

leo(w1)Co(w2) fo| > 9
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If A occurs then the function f(z, w) has no zeros inside *D. Now we find a lower bound
for the probability of the event A.

462N2/3 exp{4/InN(r
() =ew{ - N
1 1

Pz L agmanre = AL o

neN (r neN (r
x exp{—N(r) ln(N4/3(r))} = exp{—q(r) — %N(r) InN(r) — N(r) an},

P(4s)> T[] 2N41/3(r)>exp{—N(re‘s)1n(2N4/3(r))}>

neN (red)

> exp{ —eN(r) exp{2y/N(n)} In(@2N*2(r))},

P(A4) = P{w: (Vn & Ns(r) UN" U{OD[|Cn(w2)] < n]} >

>1— 2 e*”2>%,ra+oo(r§éE).
ngéNs(r)UN'U{0}

From the definition of In™ x and independence of events A i ] € {1,2,3,4} we deduce

In" P(A) =) In~ P(A;).
n=1

Therefore, it follows from A C {w: n(r,w) = 0} that for any ¢ > 0 and for every
r € [rp, +o0) \ E we obtain
po(r) <In™ P(A) <

2 2/3
<In24 2N r)e|>}p|£4vl“N DE o)+ 2N() InN(r) +
0

+eN(r) exp{2y/N(r)} In(2N*/3(r)) < q(r) + N(r) exp{(2+¢€)1/N(r)}.

N(r)In2+

O

A random entire function of the form
Q(z,wr) Z ¢l0n “’1 (10)

where fy # 0and independent random variables 6, (w1 ) are uniformly distributed on [—7t, 77),
was considered in [13]. For such functions there were proved the following statements.

Theorem 2 ([11]). Let g(z, w1 ) be a random entire function of the form (10). Then, for r > ry and
all wy we obtain

1
Ng(r,wq) < % +InMg(r),

where
Ng(”/ (Ul) =

! /2n1n| (re™, wy)|da — In | fo|
27 Jo glre™, wy ol

Theorem 3 ([13]). There is an absolute constant C > 0 such that for a function g(z, w1) of the
form (10) Py-almost surely we have

In9Me(r) < Ng(r,wi) 4+ Cln Ng(r,w), ro(wr) <7 < Fo0. (11)
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Let P = P; x P, be a direct product of the probability measures P; and P, defined on
(O x O, A; x Ay). Here, A; x Aj; is the minimal o-algebra, which contains all A; x Aj
suchthat A; € Ajand A, € Aj. Lete,(wp) = e(@1),(6,)isa sequence of the independent
random variables uniformly distributed on [—7, 71) on (Q1, Ay, Py), &n(w2) € N (0,1) on
(, Ay, P>), where (), Ay, Py), (), Ap, P») are two probability spaces.

Corollary 1. Let ({,(wy)) be a sequence of independent identically distributed random variables
such that for any n € Z the density function of the distribution of the random variable n = {,, has the
form py(z) = q(|z[) and E|yj| < o0, E(|117—|) < 4-00. There exist an absolute constant C > 0 and a

set B € A: P(B) = 1 such that for the functions f(z,w) = Y% en(w1)qn(w2) faz", fo # 0 and
forallw € Band all v € [ro(w); +00) we obtain

1 21 .
ﬂ/o In|[f(re", w)|da —In | foeo(w1)lo(w2)| >

> InM(r,w2) — (C+ 1) InInMs (7, w2).

Remark that, if density function of 7, (w1) has the following form p;, (z) = q(|z]),n € N,
then arg {,(w;) are uniformly distributed on [—7, 7). Really, for any a, § € [—m, 7T):
« < B we obtain

7 +00 +o00
Pi(wy: Cn(w1) € C) = /dgo / rg(r)dr =21 / rg(r)dr =1,
-7 0 0
B +o00 B
Py(wy: argln(wr) € (v, B)) = /dq) / rq(r)dr = 'ana.
P 0

Note that random variables &, (w;) satisfies this condition (here pg (z) = g(|z|) =
%e"z‘z, z € C, k € Z+ we have the following statement for the functions of the form (5).

Corollary 2. There exist an absolute constant C > 0 and a set B € A: P(B) = 1 such that for
the functions of the form (5) and for all w € B and all r € [ro(w); +00) we obtain

1 27 .
E/o In | f(re®, w)|d6 — In | foeo (w1)Eo(wn)| > InMs(r,w2) — (C+ 1) InInMs (7, w2).

Proof of Corollary 1. It follows from Theorem 2 that In Ng(r,w;) < 1+ InlnM¢(r) and
by Theorem 3 we have w;

Ng(r,wi) > In9M(r) — CInNg(r,wi) > InMe(r) — (C+ 1) Inln M (r),
for ro(wy) < r < +oo. Therefore,
Pi{w: (Fro(w1))(Vr > ro(w1)) [Ng(r,wi) > InMe(r) — (C+1) Inln M (r)]} = 1.
Consider a random function f(z, w1, wy) of the form (5). Define

Af = {(wy, w2): (Fro(wr, ws))(Vr > ro(wy, w2))
[N¢(r, w1, w2) > In9Mg(r,wa) — (C+ 1) InlnDMp(r, ws)]},

where
—+o0

—+o0
M (r,w2) = Y len(w1)P[0n(wa) PlanPr? = ) |Cn(w2) [Plan ?r?".

n=0 n=0
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Consider the events

F={ws: (Y € N) [Gu(ws) £ 0}, H={w2: T {/Ifullcn(w2)| =0},

Then by Lemma 5 for #,, = |{»|, one has P,(H) = 1. Since E(é) < 400, the probability of
the event F

—+o00
1> Py (F) >1— Y Po{wsr: {u(wr) =0} =1.
n=0

Denote G = F N H. So, P»(G) = 1. Then, for fixed w) € G

Py(Af(wd)):=Pi{wr: (Fro(wr, @) (Vr > ro(wr, w)))
[Ng(r, wy, wy) > In (7, wd) — (C+ 1) InIn ¢ (r, W]} =1.

It remains to use Fubini’s theorem

O

Theorem 4. Let f be a random entire function of the form (5) such that fo # 0. Then Pi-almost
surely there is ro(w) > 0 such that for all v € (ro(w); +00) we obtain

po(r) = q(r) + N(r) InN(r) — 4N(r).

Proof of Theorem 4. By Jensen’s formula we reliably obtain

0= [ M= L [ in|f(re?, w)ldo ~ n | foln)io(wn)],
In | foeo(w1)Go(w2)| = 5~ / In |f(re®, w)|d6.

Therefore,

27
Plw: n(r,w) = 0} < P{w: In|foeo(wn)Zo(wn)| = 5 / In|f(re?, w)|do }.

We fix r > ro(w) and define

= cu: 7 / In|f(re",w)|d6 >
> In9Me(r,wz) — (C+ 1) InInMs(r,wz) +1n ]foso(wl)go(wzﬂ},
Gi(r) = {w: In|foeo(w1)Zo(w2)| = Iny(w2)},

Go(r) = {w: 1 /Oznln |f(re, w)|do < ln'y(wz)},

27T

where r¢(w) is from Corollary 2 and 7y(w;) > 1. By this corollary we obtain that P(A) = 1.
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Then, for r > ro(w)

GUING) = {w: o [ Inlf(re®, @)1d0 > Iny(wa) > Infoco(wn)dowa)!},

T JO
GOING) € {w: g [ (e, )10 £ In foeo(on)dofen)] |
GiNUG) = Gi1Ga > {w: g [ Inlf(re®,)1d0 = In  focofeor)Go(w2)] }
So, for r > rp(w)
P{w: n(r,w) =0} < P(G;UG,) < P(Gy) + P(Gy), r — ~+ov. (12)

Put y(wz) = C1 - [fo| - |Go(w2)|, C1 > 1. Then we may calculate the probability of the
event Gq

P(G1) = P{w: In|foeo(wn)Zo(w2)| > InCy +In | foeo(wn)Zo(wn)| } =

— P{w: InC, < 0}: 0
and estimate the probability of the event Gy as r > ro(w)

P(Gy) = P(GaNA)+P(GoNA) <P(GaNA)+P(A) =P(GaNA) =

= P{w: In M (7, w3) — (C + 1) InIn M4 (r, wp)+
1 2r .
Hinlfozo(wn)do(@n)] < 5= [ Inlf (e, w)ld0 < Iny(r,0) =
= P{w: My (r,wz) = (C+1) Inn My (r,w02) +In | foeo(wn)Zo(w2)| <
<InC; +In |f0€o(w1)§o(w2)|}=
= P{w: In M (r,wz) = (C+ 1) InIn M (r,w2) < 1nc1}§
< P{w: InMs(r,wz) < 21nC1}: P{w: M (r,wz) < C%}:

< P{w: Z & (w2) || fu|Pr?" < C%}, r — +oo. (13)
neN(r)

The distribution function of the random variable |, (w2)|
Fie, (x) =1~ exp{—x?}, Fep(x) = Fe,(Vx) =1 —exp{—x},

X X
E,2ifueron (¥) = Fig, 2 (W): 1-exp{ - [Fa2r2n }

forn ¢ N" and x € Ry. Then for the random vector 77(wz) = (|&1(wp)larr), ...,
|8;, (w2)|a; k), ji € N(r), the density function

x N(r)

1 o expd— %y, xRy,
PU(X) = { neN() [fulr® P{ [ful?r® } i

0, X ¢ RJX(”.



Axioms 2023, 12, 255

11 0f 14

So, for r > ro(w) we obtain

Pw: L [enlwa)Plfalr < Ch}=Plw: n(ws) e W(r)} =

_ LN __n
H i /W(r) /nel;/l(r) eXP{ | fulPr2m }dxl AN S

- neN(r) |ful
< exp(—4(r)) - measy,) W(r), (14)

where

W(r) = {x € Rﬁ(r): Y, < Cf}.

neN(r)
For C > 0 by elementary calculation we obtain

Ci’l

n
measn{x eERY: ) x < C}: —
i—1 '

From this equality and Stirling’s formula

n! = \/ﬁ(g)n-exp{—e—"}, 6, €10,1], n €N,

12n
it follows that the volume of the set B(r)

1
12N(r)

In (measN(,)W(r)> < —% In(27) — %ln N(r) — N(r)InN(r) + +
+N(r) +4N(r)InC; < =N(r)(InN(r) =1 —4InCy).

Let us choose C; = 2. From (14) it follows po(r) > q(r) + N(r)InN(r) — 4N(r), for
r>ro(w). O

Using Lemma 3 from Theorems 1 and 4 we deduce such a statement.

Theorem 5. Let ¢ > 0, and f be a random entire function of the form (5) such that fy # 0. Then
P-almost surely there exist a nonrandom set E of finite logarithmic measure and ro(w) > 0 such
that for all v € (ro(w), +00) \ E we obtain

(1=e)N(r)InN(r) < po(r) — q(r) < N(r) exp{(2 +€),/InN(r)}, (15)

in particular,

i Dpo(r) —q(r) e In(po(r) —4(r)) _ 1
RN VORENES S VORI "
r¢E r

and

Proof. It follows from Theorems 1 and 4 inequality (15). Furthermore, from (15) we deduce
forr € (rp(w); +o0) \ E

—In2+InN(r) + Inln N(r) < In(po(r) —q(r)) < InN(r)+3/InN(r)
InN(r) - InN(r) - InN(r) ’

lim (o) —q(r) _ 4
r—+oo InN(r) '
r¢E




12 of 14

Axioms 2023, 12, 255
By Lemma 3 we obtain
E*T ln(POI(T)(;)Q(r)) _ @ ln(P(I)(VIL(_;(”)) i N((”)) _ @ N((”) S%
&%) —+00 (o0]
rréE ng rréE n r q\r rréE qlr
Since N(r) and ¢(r) are non-negative functions
In(po() =) _ () —a()) NO) _ NGO
r—-+o0 InN(r) q(r) S q(7)
r¢E r¢E

im Ing(r)

r——+00
r¢E

O
5. Examples on Sharpness of Inequalities (16)
Theorem 6. There is a random entire function of form (5) for which fo # 0, a nonrandom set E of
w

finite logarithmic measure and P-almost surely ro(w) > 0— such that for all ¥ > ro(w) we obtain
i, 10000 _ 1
o nq(r
Proof. Consider the entire function
+oo 7
flz) =1+ Z PR
=1 (2)?

InN(7) _1
=5

Ing(r)

For this function and r € (rp(w); +o0) \ E we have
< N(r) < 1/q(r)exp{(1+¢)y/Ing(r)}, r_>+oo

In®g(r
By Theorem 5 we have for r € (rp(w); +o0) \ E
In2+InN(r) +Inln N(r) < In(po(r) —q(r)) < InN(r) +3y/InN(r
Ing(r) — Ing(n) 11117( )
In(po(r) ~q(r)) _ . IN() 1
ke Ing(r) 2

lim
ke Ing(r)

Theorem 7. There is a random entire function of form (5) for which fo # 0, a nonrandom set E of
> 0— such that for all v > ry(w)

O
finite logarithmic measure and P—almost surely ry(w)
i, 100D
r i nqg
Z?l

Ok

+ )

Proof. Consider the entire functions
=1
neN*

_1+Z ,

where N* = {n: n = [¢*] + 1 for some k € Z }. Here [¢*] means the integral part of the

[
n\1
72
2

real number ek. We denote
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Ny(r) = {n € Ze: In(falt") > 0} \ {0}, Niy(r) = {n € ™ In([fuls") > 0},
) =2 L U a0 =2 ¥ 1el0) f=(5) men

HGNf() neN, (r)

Remark that the sequence {(1/2)"/2} is log-concave and

Ne(r) ={1,...,N¢(r)}.

Then by the definition of NJ,(r) we obtain Nj,(r) < 2In N¢(r), r — +oco.Forr € (ro; +00) \ E
we obtain

Ny(r) <2InNg¢(r) < 21n(1nyf(r)ln2(lnyf(r))) <A4Inlnp(r).

Remark that min{n € N": n > v,(r )} < [ vp(r)]+1 < (e+1)Iny,(r). Let us fix r > 0.
Consider the functiony(t) = In(a(t)r') = — 4 In({) + tIn7, for which a(n) = f,. The graph
of the function y(t) passes through the points (0;0) and (v, (r), In uy(r)). It follows from log-
concavity of the function y(#) that the point (v¢(r),In ji(r)) belongs to the triangle with the
Vertices (1(r).In iy (1)), (e + 1)y (1), I (7)) anc ({2 + 1) (r), (e + 1) I puy(r)). Then,

Inpg(r) < (e D Ingi(r), aa(r) = 20y (1) = — Inpeg ().

For the function /1(z) and r € (rg; +o0) \ E we obtain

- In(41nl
0< lim 1“(7"01(” W) _ i llnNh(r) < lim wzo.
e Ingy(r) re g () = e Iy Inpeg(r)

O

6. Discussion

Open Problem. Let ¢ € (0,1/2). Note, that for random entire function of the form (6)
Py(r) = P{w: ny(r,w) = 0}, po(r) = In" Py(r), we have ([23])

po(r) = q(r) + O((q(r))"/**¢), r — +eo, r ¢ E.

Here, E is a non-random exceptional set of finite logarithmic measure. Is the error term in
the previous inequality optimal?

Conjecture. Let ¢ > 0, and f be a random entire function of the form (6) such that
fo # 0. Then, P-almost surely there is a nonrandom set E of finite logarithmic measure and
ro(w) > 0—such that for all ¥ € (rg(w), +00) \ E we obtain

(1-&)N()InN(r) < po(r) — (r) < N(r) exp{(2+)y/InN(r)},

in particular,

o< i MO0~ 0() = In(por) —q(r) _ 1
roteo Ing(r) r—-co Ing(r) 2
r¢E r¢E
nd In(po(r) — 9())
. In(po(r) —q(r)) _
r%g;oo In N(7) =1
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