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Abstract: We consider the initial-boundary value problem of reaction-diffusion-advection that has
a solution of a front form. The statement comes from the theory of wave physics. We study the
question of the solution stabilizing to the stationary one. Proof of the stabilization theorem is based
on the concepts of upper and lower solutions and corollaries from comparison theorems. The upper
and lower solutions with large gradients are constructed as modifications of the formal moving
front asymptotic approximation in a small parameter. The main idea of the proof is to show that the
upper and lower solutions of the initial-boundary value problem get into the attraction domain of the
asymptotically stable stationary solution on a sufficiently large time interval. The study conducted in
this work gives an answer about the non-local attraction domain of the stationary solution and can
give some stationing criteria. The results are illustrated by computational examples.

Keywords: moving front; internal transition layer; reaction-diffusion-advection; asymptotic approxi-
mation; upper and lower solutions; asymptotical stability; domain of attraction

1. Introduction

Parabolic-type equations containing advective terms are often used in modern physics
and chemical kinetics models. As typical examples, some research papers can be mentioned.
Namely, in [1] the two-dimensional linear equation of this type is used for numerical
simulation of the solidification process in a latent heat thermal energy storage of a hexagonal
shape tube form. Most often, the purpose of the study is not one physical quantity but some
combination of them. In this case, systems of equations are used for modeling. In particular,
in [2] design-based numerical study is carried out to analyze magnetohydrodynamical
mixed convection heat transfer inside a water-filled semicircular cavity having cylindrical
obstacles inside. A system of four equations for pressure, temperature, and velocities along
the x- and y-axis directions is used here for modeling. In [3], the system of equations of
chemical kinetics is studied, proposed by Martiel and Goldbeter [4] for production and relay
of cAMP in D. discoideum. These are reaction-diffusion equations, with the addition of an
advection term due to an imposed external flow. The paper studies at what ratio of control
parameters account for the production and degradation of extracellular cAMP, respectively,
the boundary-induced instability occurs. In [5], the periodic wave trains are described by
means of the spatial version of the Dysthe equations for the normalized amplitude envelope
and the envelope of the self-induced velocity potential. In [6], the numerical simulations
of the solution of the reaction-diffusion-advection system of equations is used to describe
the thermalization effects on plug flow reactor fuel conversion. The work [7] shows how
systems of equations of the reaction-diffusion-advection type can describe the mechanisms
of the occurrence of anomalously large acoustic nonlinearities in non-single-phase, defective
and structurally inhomogeneous media.

It is extremely rare that it is possible to obtain the solution of such systems of equations
analytically. For example, in [8], where the solution of the form of a set of solitons for
Coupled Burger System of Fractional-Order is constructed. Much more often, such systems
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can be solved numerically. At the same time, the capabilities of modern computers do
not allow checking the reliability of the obtained numerical results for multidimensional
problems, using, for example, the mesh thickening method. Verification is carried out in
most cases through comparison with the available experimental results, as, for example,
in [5,6], where the periodic wave trains are observed by utilizing surface gravity water
wave packets, or are just based on experience. Analytical studies of the solution’s existence,
and what is more important obtaining its mathematically justified approximation are
essential to verify the numerical results. However, these studies are so complex that
they cannot cover the entire set of model tasks, especially when it comes to systems.
However, any mathematically sound result should be used in combination with numerical
solution methods, for example, to construct efficient meshes or to select initial conditions
in numerical schemes.

The stationary reaction-diffusion-advection equations occur in the modeling of pro-
cesses in the atmospheric boundary layer [9,10]. If we are talking about stationary distribu-
tion, then it is necessary to analyze the stability of the model problem solution. There are
various methods how to establish solution stability. Thus, in [3] the linear stability analysis
of the system in a moving reference frame was performed to complete the numerical study
of the convectively unstable regime. The study of the stabilization to stable stationary
solution gives an answer to the question of suitable initial conditions for the numerical cal-
culations. Some aspects of stabilization problems were considered for semilinear parabolic
equations in [11,12].

In a number of important applications cases (large sources in the case of fast reactions
or strong interactions), the solutions of parabolic equations have domains with large
gradients called internal transition layers. For example, these are propagating fronts that
arise in different areas such as chemical and biological kinetics, population dynamics,
combustion and nonlinear wave theory (see [13-15]. Various classes of such problems
are presented in [16-18]. Note that such problems include the Burgers’” and Burgers’ type
equations, that are used for modeling in gas dynamics, shallow water waves, and traffic
flow and provide fundamental examples for many important topics in nonlinear PDE
such as traveling waves, shock formation, similarity solutions, singular perturbation, and
numerical methods for parabolic and hyperbolic Equations (see [19-23] and references
therein). The numerical implementation of the problems with internal transition layers
requires a preliminary analysis of the existence conditions and stability [24-28].

Here we present a methodology for a comprehensive study of nonlinear equations
and systems, which makes it possible to obtain

1.  amathematically justified solution with an internal transition layer approximation;
2. the conditions for the existence of its stable stationary solution;
3. the domain of attraction of a stable stationary solution.

In this paper, this technique is worked out on the example of a scalar singularly per-
turbed Burgers-type equation on a segment. The question of stabilization to a stationary
stable solution has not yet been considered for the problem stated. The existing results con-
cern the solutions of the front form of singularly perturbed nonlinear parabolic equations
and systems not containing advective term [29,30]. However, the research methodology
proposed in mentioned papers is not suitable for Burgers-type equations, since it relies on
the fact that the formation of a non-stationary solution with a transition layer occurs in
a time that is asymptotically small compared to the stabilization time, in contrast to the
problem we considered here, in which these times are comparable due to the presence of
the large advective term. It should also be noted that a numerical description of the initial
functions set suitable for stabilization to the stationary solution is obviously impossible.
The proposed method for describing the domain of attraction of a stable solution (a set of
initial functions), based on the asymptotic method of differential inequalities for singularly
perturbed equations, is new and very effective. The study can be extended to the multidi-
mensional case and the case of systems of equations, but this promising problem is very
laborious. Nevertheless, even the results of the above study can already give an idea of the
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applicability conditions for more complex models and can be used in various studies, for
example, in solving coefficient inverse problems [31-33].

In this paper, we consider the initial-boundary-value problem for reaction-diffusion-
advection equation and the question of its moving front-type solution stabilizing over an
infinitely large time interval to the stationary solution with an internal layer.

The existence of a moving front solution is investigated in [34]. The existence condi-
tions of an asymptotically stable stationary solution are known from [35]. To prove the
stabilization theorem, in this paper we use the method of upper and lower solutions, which
for this class of problems is justified in [36,37]. The main idea of the proof is to show that
the upper and lower solutions of the initial-boundary-value problem on an asymptotically
large time interval fall into the stationary solution attraction domain. The upper and
lower solutions with large gradients are constructed according to the asymptotic method
of differential inequalities [16,18,34] as modifications of asymptotic approximations of the
solutions in a small parameter. The study conducted in this work gives an answer about the
non-local domain of attraction of the stationary solution. In addition, there is obtained an
estimate of the stabilization time interval, which is the criterion for the numerical solution
stationing.

The statement considered in the article is a generalization of problems from the
nonlinear theory of waves. Some formulations of model problems using Burgers-type
equations can be found in research papers [38,39]. The physical meaning of the various
nonlinear terms included in the equations is explained in [7].

2. Problem Statement

We consider the following initial-boundary-value problem for the reaction-diffusion-
advection equation:

?v 9

v v
eﬁ—g—A(v,x)a—l—B(v,x), x € (0;1), te(0,T],
0(0,t) =u, o(Lt)=ul, t >0, v(x,0) = v (x), x € [0;1]. 1)

Here T is any positive value, ¢ > 0 is a small parameter; A(v,x), B(v, x) are three times
differentiable functions with partial derivatives up to the third order continuous in the set
of variables; v € I, where I, is the valid interval of variable v, and x € [0, 1]; v;,;;(x) is a
smooth function for which the consistency conditions hold: v;,;(0) = u®, v, (1) = u'.

If there is a stationary solution u¢(x) to the problem (1), it can be defined as a solution
to a boundary value problem

d2u

87
dx?

= A(u,x)% +B(u,x), x€(0;1), u(0)=u’ u(1)=u )

with the same functions A and B and values 19!

We assume some propositions.

, as in the statement (1).

Proposition 1. Let the equation A(v, x)Z—Z + B(v, x) = 0 with the additional condition v(0) =

u0 has a solution v = ¢~ (x) on the segment [0; 1] and with additional condition v(1) = u' has a
solution v = @) (x), and the inequalities hold:

(p(*)(x) < g0(+)(x), A(qo(ﬂ(x),x) >0, A<g0(+)(x),x) <0, xe€]0;1].

The existence conditions of moving front solution to problem (1) are formulated in [34]
in the assumption that the initial function v;,,;;(x) has a front form. At each instant of time
the front is localized in some vicinity of point £(¢) € (0;1), to the left of this vicinity the
solution is close to function ¢(~)(x), and to the right to function ¢(*) (x).
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In [35], the existence conditions of Lyapunov asymptotically stable stationary solution
with internal transition layer to problem (1) are obtained. We consider the transition layer
to be localized in some vicinity of point x5 € (0,1).

The estimate of the local domain of attraction is obtained in [40].

The aim of this work is to study the stationing of the solution to problem (1) to the
stationary stable solution. To do this it is necessary to require the conditions for the existence
of a front-type solution to problem (1) set in [34] and the conditions for the existence and
stability of the stable stationary solution set in [35]. In order to formulate these conditions,
we need to study the so-called associated systems for problems (1) and (2).

2.1. Associated Systems
For a detailed description of the solution behavior nearby the transition layer we
introduce stretched variables

X — X

¢= ;8= : ®)

€ €

The differential operators of Equations (1) and (2) rewritten through stretched variables
have the form:

2 0 o 1/ dx\ o

A5 = (g~ (A0S0 @ - ) g o).
a2 d 1/ d? d
R ¢ Atl))

We consider the so-called “associated equations” for problems (1) and (2)

25 ~ 25 7
870 _ . 07 d=1i Al dl @
a¢g?
where x and W are parameters, x € (0,1) and the admissible values W will be specified
later. We shall further consider the first of these equations as the second is obtained from it
if weput W =0.
From the associated Equation (4) we come to the equivalent associated system

el o0d

=Y 9T (A(9,x) = W)® 5)

and then to the equation 0® /97 = A(7, x) — W determining the trajectories on the phase
plain (7, ®).

Each of the points ((p@) (x), 0) on the phase plane is a rest point of system (5). Let us
consider the phase trajectories

S

(0,5, W)= [ (Alsx)-Wds, ¢(x) <5< 9 (x), ©)
(p(q:) (x)
Due to the Proposition 1 the phase trajectory ®(~) (3, x, W) enters the rest point ((p(*) (x), 0)

when & — —co0, and ®(*) (5, x, W) enters the rest point ((p(ﬂ (x),O) when § — +oo0.

If at each instant of time there exists a pair of parameters (xg, Wy) for which the equality
(3, %0, Wo) = 1) (5,.x0, W) 7)

holds, the phase trajectories intersect and there exists the solution (¢) to the first Equation (4)

(or to the second Equation (4) in case Wy = 0) coming out the saddle point ((p(_) (x), 0) and
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entering the saddle point ((p(ﬂ (x), 0) . Moreover the parameters xy and Wy are related by
the equality

-1 o™ (x0)
— (o™ (x) — o)
Wotxo) = (¢ (0) — ) [T AG zo)a ®)
We denote o
' (x)
J(x) = /gﬁ g Al )

Proposition 2. Let on the interval (0;1) there exists a unique solution x of the equation J(x) = 0

and besides the inequality %(xso) < 0 holds.

Under Propositions 1 and 2 we have Wy > 0 if xg < x50 and Wy < 01if xg > xg0.

Proposition 3. Let the Cauchy problem % = Wo(x0), x0(0) = £(0) has a unique solution
xo(t) € (0;1) for0 <t < T.

Proposition 4. Let the inequalities hold: Wy < A(go(*> (xo),xo) ifxg < xg0 and Wy > A(q)(+)(x0),x0>
ifxo > Xs0.

3. Study Algorithm

We will conduct our research using the method of the upper and lower solutions [36,37].
According to [36] if there exist the upper (B(x,¢)) and lower (a(x, €)) solutions of prob-
lem (2) then there exists the solution u.(x) to problem (2) enclosed between the upper and
lower solutions: a(x,¢) < ug(x) < B(x,¢), x € [0,1].

According to [37] from the existence of the upper (B(x,t,¢)) and lower (&(x,t,¢))
solutions of problem (1) and from the inequality &(x,0,¢) < v, (x) < B(x,0,¢), x € [0,1]
the existence of the solution v,(x, t) to this problem follows for which the inequalities hold:
a(x,te) <ve(x,t) < B(x,te), x€0,1],0<t<T, where T is a positive value.

The upper and lower solutions of each of the problems (1) and (2) we will construct
according to the asymptotic method of differential inequalities [16] as modifications of
the second-order asymptotic approximations in the small parameter of these solutions,
therefore we will connote them by the subscript “2”.

According to [40] the domain ay(x,€) < v, (x) < Ba(x,€), x € [0,1] is the local
domain of attraction of stable stationary solution.

In order to prove the stabilization theorem, we will show that during an asymptotically
large but finite time interval T, the upper and lower solutions of problem (1) will be included
in the domain of stability of the stationary solution, as a result of which the limit equality
will follow:

tEToo [ve(x,t) — ue(x)| = 0.

4. Asymptotic Approximation of Moving Front Solution

According to [34] the second order asymptotic approximation V;,(x, t, ¢), of problem (1)
is constructed separately on each of the intervals [0; £(¢)] and [£(¢); 1].

J(x,t,e), (xt) € [0,%(t)]
X 1

X, t [0; T],
J(x,te), (xt) € [2(t),1] .

vi=
Vilx, t,e) =< "
n(x 8) Vn(+ [0,‘ T]

X
X
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For the purposes of this study, we need a third-order asymptotic approximation that we
construct as the expansion at exponents of &:

3
Vi () = Yo (el () + Q1T (6 £, W(H)) ). (10)
i=0
=(F)

Here the functions ;"' (x), (i = 0,3) connote the regular part to that the solution is close

away from £(t) and QEJF) (C,t,%, W) are the transition layer functions depending on the
stretched variable ¢ determined by the first expression (3). The parameters £(t) and W(t)
are related by the equality

ds
— = W(t
7 = W)
We assume the expansion
2= xo(t) +exy(t) + exa(t), (11)

where x( is the same as in Proposition 3.

The functions V3(7) and V3(+) are continuously matched at a point £(¢) at each instant
of time so that the equality holds:

VA7 (5(0),te) = Vi ((0), 1) = 2 (90 (20) + 90 (2(0)).

The main regular terms of the asymptotic approximation are determined by the

Proposition 1: a(()jF) (x) = ¢(¢) (x). The functions L'tl(jF)

problems

(x) for i > 1 are the solutions to initial

with known functions fi(;) (x) and

d¢(¢)
dx

H (x) = Ao(9F) (x), x) () + Bo(9) (x), x). (12)

The 0-th order transition layer functions Q((;F) (&, t,%, W) for each value of parameter t €
(0, T] are the solutions to problems

92 (¥) p) (F)
2 (A(p ™) + Q7 5() - win) 2 <o, 1)
Q) (0,85, W) + ¢ (2(6)) = 1 (97 (2(6)) + 9 (2(0)) ), (14)

on half-line ¢ < 0 for Q\ ™ (¢,£,2, W) and & > 0 for Q\") (&£, 2, W).
By use of the notation

(15)
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Equations (13) take the form of the first Equation (4). According to Section 2.1 we come to
the equations

07

o¢
07

93
where functions ®() (¢, £, W) := ®(¥) (4(&, £, W), £, W) are given by expressions (6). The
function 4(¢, £, W) on each of the half-lines ¢ < 0 and & > 0 is the solution to the corre-
sponding Equation (16) with the additional condition following from (14): 3(0, £, W) =
1
(o) (% () (%

5 (1) + 9 (2(1))).

Under Propositions 1 and 4 the standard estimates for the transition layer functions hold:

Z(EEW) =& 8 W), £<0,0<t<T, (16)

(& 2,W) =) (E2,W), £>0,0<t<T.

Q47 (&2, W)| < Coe "], (17)

where Cy and « are some positive constants. The analogous estimates hold for the deriva-
tives of functions Q(F) (&, t,%,W).
Next, for brevity, we introduce the notations

A(G, 1) =A(B(Z, 2(t), W), £(t)), B(Z,t)=B(5(Z,2(t), W), 2(t))

and the same notations for the derivatives of these functions.
The i-th order transition layer functions, i = 1,2, 3 for each value of parameter t €
(0, T] are the solutions to linear problems

92 (:F) 9 (:F) ~ ) (:F) A
anz = S neg W = £Ten, )

Q0,5 W) =~ (2(1)), QI (Feo, 1,5, W) =0,

where f. i(jF) (¢, t) are known functions depending on further determined terms of asymptotic
approximation with j < i, in particular

A7 =
— o)(g 5, W) (f@ t) (a& (500 + 227 (310 -a) + A -a) "
10,007 () + B + 22" 19
Problems (18) can be solved explicitly
Qi (@t 2 W) = —aﬁ*)wt»m
1O (Z,2,W) [ 7@ T L £, by, (20)

By construction, the functions fi(jF) (¢, t) have exponential estimates like (17) so for the

functions QIG) (&t,%,W),i=1,2,3 the similar estimates hold.
Function V3(x, t,€) is continuous due to the boundary conditions at { = 0 of prob-
lems (13) and (18).
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The coefficients x;(t) in the expansion (11) are determined from the following condi-
tions for the derivatives:

(-) (+)
0Qy A Qo .
o (0,t,%,W) — PR (0,t,%, W)+
dp-) oAl o det) At
+£< dx (X( )) 8@ (O,t, ’ - dx (X — aé, (O,t,X,W) =+
(=) (=) =(+) (+)
dn 2Q di 20 .
) 2 N BV ) — f.3
+£< T ((0) + == (0.6,8 W) = Zh—(3() = =52 (0, ,W)> o(e). (1
) (=) ) (+)
it Q Qo .
aking into account the equality —— o (0,t,x0, Wp) = o (0,t,x9, Wy) (see notations

(15), (16) and equality (7)) we obtain that the functions x;(t), i = 1,2 are the solutions to
linear problems

(") (xo(t)) — <P(_)(x0(t)))% _

(+) (=)
(‘”(xoa))wo(d“” = (xoft) - <xo<t>>))xi+ci<xo<t>>, 0<t<T,

dx dx
x;(0) =0, (22)

where function J(x) is determined in (9) and G;(x((t)) are known functions, in particular

do(=) do)
Gi(xo(t)) = “—(xo(t)) = L= (xo(1))
aQ!~) )
+ aé' (OltleIWO(xO))_ ag (0 t XO,W()(XO)> (23)

5. The Moving Front Upper and Lower Solutions
In [34], the following upper and lower solutions of problem (1) are constructed:

3 W 3y t, W 0<x<%x <t<
Ba(x,t, %, W,e) = [f%Jr)(xlt/x'y’s)’ <x<x(t), 0<t<T,
By (x,t,x,W,e), x(t)<x<1,0<t<T;
(24)
~ (=) < x< e
(v,t,x, W, ¢) = oc%Jr)(x,t,x,ﬂ,s), 0<x<x(t),0<t<T,
&y (x,t,x, Wee), x(t)<x<1,0<t<T,
where
B (21,2, W, ) =
Bt e (K () + 457, 2 W) +eal7 (€ 2 W)),
ol (x,t,x, W, €) = (25)

Here % and x are the points of transition layer localization, respectively, for the upper and
lower solutions.

The moving front solution can have an internal transition layer at any point of the
interval (0, 1) that is rather far (order of €| In¢|) from its endpoints. We will consider the
upper solution with an internal transition layer that at each moment ¢ € [0, T] is localized
in the neighborhood of point £4(¢) € (0, xs) and the lower solution with internal transition
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layer in the neighborhood of point £,(t) € (x5, 1), where x; is the transition layer point of
the stationary solution. For this we put

2 2
xA/g(i’) = ;)Szx‘[;i(t), an(t> = ;)glxai(t), (26)

where xpo(f) and x40(#) are the solutions to Cauchy problem from Proposition 3, respec-
tively, with the initial condition £5(0) € (0, xs) and the initial condition £,(0) € (xs,1). The
functions xg;(t), x,;(t), i = 1,2 are the solutions to Cauchy problems similar to (22), with
xo(t) replaced, respectively, by xg(t) and xu0(t).

We introduce functions %(t) = 25(t) — €20g(t), x(t) = Ra(t) +€26u(t), W = dx/dt,
W = dx/dt, and the stretched variables ¢ = (x — %) /¢, & = (x — x)/e. We will determine
the functions dg 4 (f) further. a

The variable ¢ and parameters £ and W of the functions VE,(]F) (see (10)) included in
(25) are replaced by ¢, ¥, W for the upper solution and by ¢, x, W for the lower solution.

The functions (%) (x) are the solutions to problems

()
A(go(jF)(x),x)% +HF (2)pF(x) =R, x€(0,1),
y(f)(O) =R, }l(ﬂ(l) =R, (27)

where R, R(=), RM) are positive constants, and H(F)(x) is notation (12).
The explicit expressions for u(¥) (x) are the following:

Under Proposition 1 the functions 3(¥)(x) take positive values for x € [0;1].

The functions qlg)((f, %, W), i = 0,1 in the upper solution are determined as the
solutions to problems

. | SRR LY. G R -
S W AL T - 5 @0 C e WgT =@, @9)
07 (0,5 W) = —u®(x(1), 4 (Fe0,2,W) =0

on the half-line C_ < 0 for functions with superset “(=)” and on the half-line 5 > 0 for
functions with superset “(+)” for each t € [0; T]. The functions ¢;F(¢, t) are known and
have exponential estimates like (17).

We set the same problems to determine the low solution terms ql(i) (&,x,W)),i=0,1,
changing & by & and % by x.

The functions ql@) (&, x,W) and quF) (§,x, W), i = 0,1 decrease exponentially to zero
and have estimates like (17).
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The function d(t) in the expressions for ¥ is determined as a solution to initial problem

d
(6 (xp0(t) — 0 (8 38 =

(+) (=)
(jli(xw(f)) - Wy (d({;; (x,go(t)) _ d?;x (xgo(t))>> 20+ Fﬁ(t), te (0, T],

65(0) = &°, (30)

where Fg(t) is a known function that is bounded and strictly positive (see [34]) and 50> 0.
The function dg(t) is strictly positive for t > 0.

The function d,(t) is determined from similar problem with x4 (t) replaced by x,0(t).
This function is also strictly positive for ¢t > 0.

6. Stationary Solution Asymptotic Approximation

The asymptotic approximation Uz(x, €), of the solution to problem (2) is constructed
in the way indicated in [35]. That is

(31)

st = e (17 () + Q7 (@) xe 1)

ui”) =2 e (a7 (0 + Q) (6 x)), xe0x),
Uz(x,e) = i[5

)

and QSF ) (s, x5) are transition layer functions depending on variable ¢ (see (3)).

where i1; "/ (x), i = 0,3 are regular part functions that are similar to ones in expressions (10)

The functions QﬁSF ) (s, xs) are the solutions to problems

_ (F) (F) P80 _ .
déZ A<§0 (xs) + Qso ’ xs) d‘:s =0;

Q5 (0%) + 9 (x) = (9 () + 9, QT (Fox) =0 (32

on half-line & < 0 for Qg(; ) (&s,xs) and on half-line & > 0 for QS ) (&, xs) and have the
exponential estimates like (17) where ¢ is changed by Cs.
Let us introduce the notation

o) (x) + QY (&, %), & <0,

33
(/’(+)(x5) + QS)(Cs,xs), ¢s > 0. (33)

(8s, Xs5) := {

On each half-line {; < 0 and & > 0 the function 7({s, xs) is a solution to Cauchy problem
(see Section 2.1 and Equation (16))

1(0,%) = 5 (97 (%) + 9 (), (39)

N —

di  [®)(&,x5,0), & <0,
d(:s B q)(Jr) (gs/ Xs, 0)1 gs >0,
where <I>($)(§S, x5,0) = q)(jF)(ﬁ(fjs,xs),xs,O) is determined by expression (6) with the
replacement of @ by i.

For brevity, we will further use notations A(Cs) = A(#(s, xs), xs), B(&s) = B(#(&s, xs), Xs)
and the same for derivatives of these functions.
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The transition layer functions of the i-th order(i = 1,2, 3) we determine as solutions to
linear problems

d2 (¢) - d (‘ d
- A - 9 (60917 (€, %,0) Q) = £,

QP (0,x5) = -1 (x), QP (Feo,2) =0 (35)

on half-line &; < 0 for le_ ) and on half-line ¢s > O for ng ) with known functions f S(f) (&),
in particular

A ()
fif)(f:s)=<1><3F><¢s,xs,o><aafl‘<§s>(af”(xswdflf(xs> ¢>+8A<¢s> 5) ¥

A(Zs) dx (xs) + B(&s)- (36)
The explicit solutions to these problems are

) ECS PN S (2 U]
Qi (o) = =0) g5 =

+o gs/ xs’ f f¢oo fsz : (37)

(s xs,0

For the functions QSF) (&5, x5) the exponential estimates like (17) are also valid.
We represent the value x5 as an expansion in & exponents

Xg = Xs0 + €X51 + £2x52, (38)

where the coefficients x,;, i = 0,1, 2 we determine from the condition for derivatives (21)
with W = 0, and £(t) replaced by xs.

The coefficient x4, is determined in Proposition 2 and x;;, i = 1,2 are the solutions of
equations

d
2 ()i + Gy =0, 39)
where G;; are known values, in particular
gl do() Elol aQl”
GSl - dx (xSO) - dx (xSO) + ags (O/ st) - ags (0 xSO) (40)

Equations (39) are solvable due to Proposition 2.

7. The Upper and Lower Solutions of the Stationary Problem
The upper and lower solutions of problem (2) have the form [40]:

5 0<x<x
IBSZ(X/ JZS/ 8) = 5?i) (x, 353’&‘), ~ SX S xSI
s2 (x’ x5'£>/ s<x<1;
5 0<x<
asZ(xrls/ S) = tx?i) (x/lS,g), S XS X,
L) (x,ls,€), Xs <x<1,
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where

o (%, %s,e) = U3 ' (x,¢)

..t & (l/lg:‘:) (X) + qg(T) (gsl JZs) + 8‘7£1$)(§s/ fs)>/

s:Xs

ocg)(x,gs,s) = Llf)(x,s)’g - € (yg)(x) +qg) (€. x) +£q§f)(gs,£s)), (41)

Xs = X5 — 205, Xg = Xs + €205, & = (x — %) /¢, g, = (x —x,)/¢. The variable ¢ and
parameter x; of the functions Ue(f) (see (31)) included in (41) are replaced by s, % for the
(+)

upper solution and by ¢, x, for lower solution. Functions 5™’ (x) are given by expressions

(28). The terms q(ﬁ i = 0,1 have the similar sense as analogous terms in (25) and are

S1
determined from the same problems as (29) with W = 0, yg) instead of () and %, instead

of x(t) for the upper solution and x, instead of x(t) for the lower.
The value J; in expressions Xs and x, is determined from equation

d
Y (x0) 8=, (2)

where F; is a positive value. Due to Proposition 2 the value J; is positive and can be made
large enough by choosing sufficiently large Fs > 0.
The following theorem is valid [34,40].

Theorem 1. Under Propositions 1 and 2 for sufficiently small € the solution u¢(x) of problem (2)
exists, it is locally unique as a stationary solution of problem (1) and asymptotically Lyapunov stable
with the domain of attraction at least the interval

aSZ(xlls/S) S Uinit(x) S ﬁsZ(x/ X'S/S)- (43)

8. Stabilization of the Solution of the Initial-Boundary Value Problem
The purpose of this paper is to prove the following theorem.

Theorem 2. For every smooth initial function v;,;;(x) of problem (1), that is consistent with
boundary conditions and enclosed between the upper and lower solutions given by expressions (24),
(25) the limiting equality holds:

tli_}nglo |ve(x, t) —ue(x)] =0, x€10,1],
where ve(x, t) and ug(x) are the solutions to problems (1) and (2), respectively.

The proof is based on the following assertion [37].
For any smooth initial function of problem (1) that is consistent with boundary condi-
tions and is enclosed within the interval

&Z(X/ O/K(O)rW(O)rs)) < vinit(x) < .BZ(xr O,X(O),W(O), 8)/ X € [Or 1]r
There exists the solution v (x, t) of problem (1) for which the inequalities hold:
ar(x, t,x, W,e) < ve(x,t) < ﬁz(x, t,x,W,e), x €[0,1], t € [0, T], (44)

where T is any positive value.
The proof of the Theorem 2 includes the following steps:
Step 1. First we will estimate the time interval Ty such that for t > Ty it is performed
20 (t) — x5 = O(?) and x5 — 2p(t) = O(e).
Step 2. Then we will prove that for some t (t > Tp) the inequalities are valid

‘XsZ(ers/S) S &Z(XI t/Lw’S) S ,Bz(x/ t/f/W/‘g) S BsZ(X,Xs,S), X 6 [O/ 1] (45)
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From these inequalities and estimates (44) it will follow that for the mentioned ¢
the solution v¢(x, t) of the parabolic problem will be located inside the local domain of
attraction (43) of the stable stationary solution.

Due to the asymptotic stability, this will infer the fulfillment of the limit equality from
Theorem 2.

8.1. Step 1

Let us estimate the time interval Ty sufficient for the inequality X(#) > ¥ to hold for
t > Ty. We introduce the function

A(t) := %5 — %(t) = Ag(t) + e (t) + Ay (t) + €2 (3p(t) — &s), (46)

where A;(t) 1= xg; — xg;(t), xsi, xpi(t) are the coefficients, respectively, in the sum (38) and
in the first sum (26). The function ¢ ﬁ(t) is determined from Cauchy problem (30) and the
value Js from Equation (42). From Proposition 3 and definition of .‘fﬁ(f) (see (26)) it follows
that the function Ay(t) is a solution to the problem

dA A
{_dt() _ —WO(xﬁO) = —W()(st - AO)/ (47)
Ao(O) = Xs0 — fﬂ(o)

From Proposition 2 it follows that Wy (xs) = 0, and %(xso) < 0. Consequently Ag = 0 is
0

asymptotically stable rest point of Equation (47) therefore, there exists a moment Ty such
that for t > Ty the estimate Ag(t) = O(€?) is valid. The value Ty can be obtained similarly
to that was done in [41] by passing from problem (47) to the equivalent integral equation.

The result is .

AW Inel.

To =2|—
0 ‘ dxo (%s0)
Thus, for large enough t > Ty the inequality X(¢) > X, can be carried out. It follows from
the same reasoning that the inequality x(#) < x, can also be carried out for large enough
t > Tp.

Before we turn to Step 2 let us obtain some estimates that hold when t > Tj.

8.2. The Estimates for Q-Functions

The functions Q((;F) (¢,t,x, W) are the solutions to Cauchy problems

aQ(()x)
s
with the functions ®(F)(&, z, W) determined by expressions (6) where & is replaced by &, £
by %, W by W (see Equations (16), notation (15) and boundary condition (14)).

The functions QgSF ) (s, %) are the solutions to Cauchy problems (see Equations (34),
notation (33) and the boundary conditions at ¢s = 0 of problems (32))):

= o (2 W), QP 0t%W) = :F% (q)(_)(f(t)) - §0(+)(f(f))),

aQ($) _ 1 _ _ _
Tgs = CD(¥) (CS/ fs; 0)/ Qg(:)':) (0/ XS) = $§ (gﬁ( ) (xS) - §0(+) (xs)> .
In order to obtain the relations between functions Q((;F) (¢,t,x, W) and QS)F ) (&5, %s), we
will use the theorem on the dependence of the solution to Cauchy problem on parameters.
The parameter W has the following representation:
— ,d0p

W = Wo(xgo) +eWr (xp0) + e Wa(xpo) — € = ()
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dxlgl'

where W is determined by expression (8), Wi(xﬁo) =
As Wo(xg) = 0, from Equations (22) and (39) with taking into account expressions
(23) and (40) we get Wy (xs0) = 0. Then for t > Ty we have x50 — xpo(t) = Ao(t) = O(e?),
Wo(xgo) = O(e2), Wy (xpo) = O(€?).
Now using the theorem on the dependence of the Cauchy problem solution on a
parameter we come to the equalities

Qi (&t W) = QT (& %) + 157 (& 1), (48)

where x(Cs, t) are the functions of the form

X7 @) = (CA(E) +O()) exp(—rolE]), (49)

with positive constants C and xp. Here the exponential estimates like (17) for functions
Q(()I) (¢, t, %, W) were taken into account.

From the explicit expressions (20) and (37) for functions QF) (¢, t,x, W) and QSE ) (¢, %s)
given the expressions (19), (36) and the estimates x50 — x9(t) = O(€?), Wo(xg0) = O &%),
Wi(xp0) = O(€?) valid for t > Ty we obtain the relation

Q&L W) = Q65+ (& 1), (50)
where the functions XF) (&, t) have the form like (49).

8.3. The Estimate for A(t)

Considering Equations (22), (39), and explicit expressions (23), (40) for t > T we can
obtain the Cauchy problem for the function A (#):

dTAtl = K(xgo(t))A1 + f1(t), A1(0) = x41.

For t > Tj the estimates are valid:

K(xgo(t)) = ‘%f(xso) LO(), fi(t) = Ofe).

Taking into account Proposition 2 the solution of this problem has the estimate A; (t) =
O(e).

Finally, with a large enough positive value Js in expression (46) it is fulfilling that
A(t) = x5, — x(t) < 0.

8.4. Step 2

We will prove that the right inequality in the chain (45) holds for x € [0, 1] for such
values of t that A(t) = %, — ¥(t) < 0. The left inequality in the chain can be proved by the
same reasoning and the central one follows from the known properties of the upper and
lower solutions [37,42,43].

First, let us consider the difference of functions B, and 3, on the segment &; < x <

x(t).

B (x50 ) — B (3,1, %, W, e) =

Fe(m 00 + QY (@ %) w7 () - Q@£ W) ) +0(e).
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Considering the estimates (48), (50) along with the boundary conditions at { = 0and §; =0
of problems (13), (18), (32), and (35)we come to equality:
S(— — At
B3 (0 500) = B (1,5, W) = — (0,120,021 +0(2).
Here the term ®(0, x5,0) := ®(7)(0,x5,0) = ®(+)(0, x4,0) is positive (see (6) and (7))
and so the right-hand side is positive as A(t) < 0.
Further let us consider the difference of functions s and B, on the segment (t) <

x <1.
In this segment, we have the expression

B <xxs,> B <, 5 W,e) =
EY(e) <cs, 0 — Q& W) +
€ (s (x) — <>> (g < %) — g\ (& %, W),

The functions x(¥) (x) and y(w (x) both are the solutions to problem (27) with differ-
ence just in the values of positive constants R(¥) and R. Thus, we can choose these values

in a way that for x € [0, 1] the inequalities hold yg) (x) > 2uF) (x).

By means of the representation

g w At
QP E W) = Q7@ b5 W) +00 (@, 5,028 4 o(&),
expressions (48) , (50) and the choice of functions #(¥) (x) and p gﬂF) (x) we have the inequal-
ity
g;) (x, Xs, 5) — Bé"') (x, t, J?,W, 8) > gCOe*ﬁogs _ 82C1e77?165 + 82 (]/l§+) o y(Jr)) + O(S3>,

where C; and &; (i = 0, 1) are positive constants.
The rest of the proof of the inequality
D (x,xe6) = B (3, 1,5, W,e) 20, ,0<x<1
is analogous to the proof of the upper and lower solutions ordering from [44].
The right inequality (45) on the segment 0 < x < %(t) is proved similar to how it is

done on the segment x(f) < x < 1.
Thus, both the steps of the proof of Theorem 2 are completed.

9. Examples of Solution Formation

In this section, we give two examples of equations, from the theory of wave physics,
namely for shock fronts with linear and cubic absorption [38,39].

Example 1. We consider the following problem for Burgers’ type equation with linear addition
term:

0%v oo dv
E@—g = _Ua‘f'v, X € (0,1), t>0,
v(0,t) = =15, v(1,t) =1, t>0; v(x,0) = v(x), x€]0,1]. (51)

Figure 1 shows the numerical solution to problem (51) with € = 0.02 at different moments
of time: its transformation over time from a given initial function into a solution of the
front form (black bold lines on a—g), and drawing at sufficiently large ¢ arbitrarily close
to a stationary solution with internal transition layer nearby the point x50 = 0.75 (h). At
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each moment of time, the solution is enclosed between the upper and lower solutions.
Solid bold gray lines on a—g connote functions iy (x) + Qo(¢, t, %o (t), dx%o/dt) and ug(x) +
Qo(&,t,x(t),dxy/dt) that are the major terms in the upper and lower solutions with
%o(t) = —0.71e~F +0.75, x5 (t) = 0.25¢~F + 0.75.

] j— | s 9

X9 1 x 0 X 1 x X 1 x X
e =60 D1 =70 | =100 h)t=—100-150-200-300—500
0 Xo 1 x 0 Xo 1 x 0 X, 1 x 0 Xo 1 ox

Figure 1. (a—g): the numerical solution of problem (51) (solid black bold line) and location of the
upper and lower solutions (solid gray bold lines) at different moments of time; (h) the illustration of
solution stabilization over time. Thin oblique straight lines denote the reduced equation solutions
¢(-) =x—15and ¢(*) = x.

Example 2. We consider the following problem for Burgers’ type equation with cubic addition term
using various initial functions

’v v v 4
— e =~V 1), t>0;
e T 5 vax+v, x € (0,1), t>0;
0(0,+) = —0.5, v(1,t) =05, t>0; (52)
I) v(x,0) = x —0.540.5sin(27tx), x € [0,1];
1) v(x,0) = 3x® = 3x> + x — 0.5, x € [0,1];

I11) v(x,0) = x> —2.5x* +2.5x — 0.5, x € [0,1].

The reduced equation solutions are p(~) = —(x +2)~1, p(+) = —(x —3) 1. Figure 2a-d
refers to the solution to problem (52) with an initial function I); (e-h)—with initial function
I) and (i-1)—with initial function III). In case ((52) I) stabilization of the solution to a
stationary one occurs without the formation of a moving front; in case ((52) II) the moving
front is formed to the right of the stationary solution localization point, then approaches it
with time; in problem ((52) III), the formed front moves to the stationary solution from the
left. In each case ¢ = 0.02.

The stationary solution has an internal transition layer localized nearby the point
xs0 = 0.5. Solid bold gray lines on Figure 2a—c,e—g,i—k connote the major terms of the
upper and lower solutions. The laws of motion of the upper and lower solutions are given,

respectively, by functions %(t), xo(t) that are obtained from equation % = 0.5((xg +

2)~1 + (xg — 3)~!) with initial values %y(t) = 0, x4(t) = 1 by means of the Runge-Kutta
method.



Axioms 2023, 12, 253 17 of 19
a) | =0 b) | =100 D =00 —t=250
0 Xgo I x 0 0 Xqo 1 x

h)t=—150 —500 —1000 15002000 |

—_
=

0 Xg 1 x 0 X0 1 x 0 Xgo 1 x 0 Xg

t=—150 —500 —1000—1500—2000

—
=

1 x 0 X

—_

s0 x

Figure 2. the numerical solution of problems ((52) I) (a—c); ((52) II) (e-g); ((52) III) (i-k) at various
moments of time (solid black bold line) and location of the upper and lower solutions (solid gray
bold lines); the illustration of the stabilization over time of the solution to problem ((52) I) (d); ((52) II)
(h); ((52) III) (1). Thin thin black curves denote the reduced equation solutions go(*) = —(x+2)71
and ¢(t) = —(x —3)~ 1L,

For the numerical solution of the parabolic equation, the method of lines was used.
A uniform mesh of N = 1000 nodes was introduced on the segment [0, 1]. According to
the method of lines, the solution of the parabolic equation was reduced to the solution of a
system of linear differential equations for the values of the numerical solution at the grid
nodes, the latter was carried out using the one-stage Rosenbrock scheme with complex
coefficient. During the numerical calculation, a time step of T = 0.01 was used. The original
code was created in a C++ compiler.

Note that the main foundation of this work is to obtain a theoretical result on the
stabilization of the parabolic problem solution. Numerical experiments are given here
for illustration purposes only. The result of numerical experiments fully corresponds to
what was previously proven strictly mathematically, which in itself confirms the validity of
numerical calculations.

10. Conclusions

In the paper we examined a simple but well-analyzed example. It shows that the
asymptotical method of differential inequalities can be used not only to prove the existence
and stability of solutions to boundary value problems with internal transition layers but also
to establish non-local domains of attractions of stable stationary solutions. That information
can be quite useful for numerical research, especially for multidimensional problems for
which the current study must be extended in the future.
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tration, N.N. All authors have read and agreed to the published version of the manuscript.
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