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Abstract: Co-infections with respiratory viruses were reported in hospitalized patients in several
cases. Severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) and influenza A virus (IAV) are
two respiratory viruses and are similar in terms of their seasonal occurrence, clinical manifestations,
transmission routes, and related immune responses. SARS-CoV-2 is the cause of coronavirus disease
2019 (COVID-19). In this paper, we study the dynamic behaviors of an influenza and COVID-19
co-infection model in vivo. The role of humoral (antibody) immunity in controlling the co-infection
is modeled. The model considers the interactions among uninfected epithelial cells (ECs), SARS-
CoV-2-infected ECs, IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies,
and IAV antibodies. The model is given by a system of delayed ordinary differential equations
(DODEs), which include four time delays: (i) a delay in the SARS-CoV-2 infection of ECs, (ii) a delay
in the TAV infection of ECs, (iii) a maturation delay of newly released SARS-CoV-2 virions, and (iv) a
maturation delay of newly released IAV virions. We establish the non-negativity and boundedness of
the solutions. We examine the existence and stability of all equilibria. The Lyapunov method is used
to prove the global stability of all equilibria. The theoretical results are supported by performing
numerical simulations. We discuss the effects of antiviral drugs and time delays on the dynamics
of influenza and COVID-19 co-infection. It is noted that increasing the delay length has a similar
influence to that of antiviral therapies in eradicating co-infection from the body.
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1. Introduction

Global health and economies have been severely affected since the emergence of the
severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) in December 2019. This
virus causes coronavirus disease 2019 (COVID-19), which swept the whole world with
its rapid spread. Based on an update given by the World Health Organization (WHO)
on 18 December 2022 [1], about 649 million confirmed cases and over 6.6 million deaths
were reported globally. Influenza is another infectious respiratory disease that can cause
serious morbidity and death. Influenza viruses of types A, B, C, and D infect about 20% of
the world’s population in annual epidemics, resulting in 3-5 million severe illnesses and
290,000-650,000 deaths each year [2]. Influenza A virus (IAV) usually occurs in winter and
is able to infect many species.

Epithelial cells (ECs) are the targets of both IAV and SARS-CoV-2 [3,4]. Both viruses
have similar transmission paths. In addition, they have quite similar clinical manifestations,
such as cough, myalgia, dyspnea, sore throat, headache, fever, and rhinitis [5]. Viral
shedding often occurs within five to ten days in influenza, while it takes two to five weeks
in COVID-19 [5]. Acute respiratory distress occurs more frequently in patients with COVID-
19 than in those with influenza [5]. Less than 1% of influenza cases may die, while the death
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rate among COVID-19 patients is 3-4% [5]. The precautionary measures implemented
by governments to limit the transmission of COVID-19 can play a role in reducing the
transmission of influenza [6]. Currently, there are eleven vaccines for COVID-19 [7] and
three types of influenza vaccines used worldwide [8].

One study by Zhu et al. [9] reported that 94.2% of COVID-19-infected individuals
were also co-infected with many other types of microorganisms, such as viruses, fungi,
and bacteria. Many co-infections of COVID-19 and influenza were reported in several
studies [5,9-12] (see also the review articles [13-16]). Infection with multiple competitive
respiratory viruses can cause the phenomenon of viral interference. It may happen that a
certain type of virus has the ability to suppress the development and growth of another
virus [17,18]. In [18,19], it was found that SARS-CoV-2 had a slower growth rate than that
of IAV if the two infections started at the same time. If the influenza infection started after
COVID-19, then influenza and COVID-19 co-infection could be detected. The progression
and outcome of COVID-19 are highly dependent on a patient’s immunity. The risk of
co-infection may be increased for persons who are immunocompromised [17]. In addition,
Hashemi et al. [20] conducted a study that reported that, in patients with co-infection of
influenza and COVID-19, the presence of underlying diseases, such as chronic neurological
pathologies, diabetes, asthma, and heart disease, may lead to an increase in mortality.

Mathematical models of mono-infection or co-infection of viruses are important for
understanding in-host viral infections and for developing antiviral drugs and vaccines.
Models of in-host influenza mono-infection were formulated in many works (see the re-
view papers [21-24]). Baccam et al. [25] presented a basic target-cell-limited influenza
infection model. Several extensions were made for this model by incorporating the im-
pacts of innate immunity [25,26], adaptive immunity [27,28], both innate and adaptive
immunities [3,29-32], drug therapies [33], and time delays [34].

The model presented in [25] was used to describe the in-host COVID-19 dynamics
in [35]. Li et al. [36] considered the regeneration and death of susceptible ECs. A model
that was limited to target cells and a model with the regeneration and death of susceptible
ECs were presented, respectively, in [35,36], where they were modified and extended by
taking into account the influences of immune response [37—44], drug therapies [45-47],
time delays [48], and reaction diffusion [49]. In [50], a two-state mathematical model of
within-host SARS-CoV-2-neutralizing antibody dynamics in response to vaccination was
considered. The stability of in-host COVID-19 mono-infection models was investigated
in [41-43,48,51,52].

Pinky and Dobrovolny [18] constructed a SARS-CoV-2/IAV co-infection model that
was limited to target cells. The authors mentioned that some types of respiratory viruses
may be able to inhibit the progression of SARS-CoV-2. In [18], the effect of the immune
response was not included. Moreover, the production and death of susceptible ECs were
not considered. Elaiw et al. [53,54] examined the global properties of a SARS-CoV-2/IAV
co-infection model with antibody immune response. However, a time delay was not
considered in these papers. Time delay is one of the key factors for studying innovative
insights into viral dynamics. In the process of SARS-CoV-2 and IAV infections, it takes
time for the viruses to infect susceptible ECs and then release new mature viral particles.
Therefore, it is important to include a time delay in COVID-19 and influenza co-infection
models. The aim of this article is to construct a system of delayed differential equations
(DDEs) that describe the in-host co-dynamics of influenza and COVID-19. The model
extends the model presented in [53] by incorporating four time delays: (i) a delay in the
SARS-CoV-2 infection of ECs, (ii) a delay in the IAV infection of ECs, (iii) a maturation delay
of newly released SARS-CoV-2 virions, and (iv) a maturation delay of newly released IAV
virions. We first investigate the basic properties of the DDEs; then, we find all equilibria
and examine their global stability. We illustrate the theoretical results via numerical
simulations. The effects of time delays on the dynamics of COVID-19 and influenza
co-infection are discussed.
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2. Model Formulation

This section develops a system of DDEs that describe influenza and COVID-19 co-
infection with four time delays. Let ¢ represent the time and let X(t), Y(¢), I(t), V(¢), P(t),
Z(t), and M(t) represent the concentrations of susceptible ECs, SARS-CoV-2-infected ECs,
IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies, and IAV
antibodies. The following system of DDE:s is to be studied:

ECs production  natural death ~ SARS-CoV-2 infectious transmission 1AV infectious transmission

A~ =~ —~ ——— ——
6 - oX(t) - SvX()V(t) - oeX(Hri) @)
SARS-CoV-2 infectious transmission  natural death
—
= MGy X(t-T)V(E-T) = BrY(H) @)
TAV infectious transmission natural death
—=~
— L = B X(t—3)P(t—13) —  Bil(t) 3)
SARS-CoV-2 production  patyral death  SARS-CoV-2 neutralization
—— —_——
= e 2, Y(t—1) — AV —  pvV(HZ() (4)
IAV production natural death  IAV neutralization
—— —— —
=e MUOpI(t—14) — ApP(t) — ppP(t)M(t) , ©)
proliferation SARS-CoV-2 antibodies  natural death
—— —
nzV(£)Z(t) - 7zZ(t) , (6)
proliferation IAV antibodies  natural death
—_— ——
nmP(EM(t)  — ymM(t) - 7)

Here, 7y and 713 are the delays between the entries of SARS-CoV-2 and IAV into ECs
and the start of production of immature SARS-CoV-2 and IAV virions, respectively. 7> and
74 are the maturation delays of newly released SARS-CoV-2 and IAV virions, respectively.
The probabilities of SARS-CoV-2-infected ECs and IAV-infected ECs surviving to the ages
of 71 and 13 are represented by e~*1™ and e~*3, respectively. The probabilities of released
SARS-CoV-2 and IAV virions surviving to the ages 17> and 14 are denoted by e~*2™ and
e~ 4%, respectively.

The initial states (conditions) for system (1)—(7) are given as:

X(u) =yi(u), Y(u) =¢2(u), I(u)=vs(u), V(u)=s(u),

P(u) = ¢s(u), Z(u) = ps(u), M(u) = 97(u),

Pi(u) >0, ue[-1%0],

Pi(u) € C([-77,0,R>p), i=12,...,7, 8)

where T° = max{1, T, 173, 74 }, and C is the Banach space of continuous functions mapping
the interval [—7*,0] into R>o with [|¢;|| = sup_ ., [¢;(u)| for ¢; € C. We note that
system (1)—(7), with initial conditions (8), has a unique solution [55].
3. Well-Posedness of the Solutions

Here, we investigate the non-negativity and ultimate boundedness of system (1)—(7).

Lemma 1. The solutions of system (1)—(7) with initial states (8) are non-negative and ulti-
mately bounded.
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Proof. We have that

dX dz dM
g |x=0=10 >0, = |z=0=10, ar |m=0= 0.

Hence, X(t), Z(t), M(t) > 0 for all t > 0. Moreover, for all t € [0, T*], we have:

t
Y(1) = 92(0)e P+ gve ™ [ PrO0X - 1) V(- )du 2,

t
u

V(t) = p4(0)e” JoAv+ovZ(r))dr + gve*ﬂsz/e*f (Avﬂ?vz(”))dry(u —1)du >0,

0
t

P(t) = ¢5(0)e” JoAp+opM(r))dr | 9pe_"‘4T4/e_ -[L:(APJFPPM(V))"”I(L{ —14)du > 0.
0
Hence, Y(t),I(t), V(t),P(t) > 0 for all t € [0, T*]. Through recursive argumentation, we

get Y(t),1(t), V(t),P(t) for all t > 0. Therefore, X,Y,1,V,P,Z, and M are non-negative.
The non-negativity of the system’s solution implies that:

dX(t) . 6
—— <5 — = =-.
; 6 —o0X thm sup X(t) g

Let us define
Yi(t) =e MOX(t— 1)+ Y(H).

Then,

d¥1(t)
dt

=e MUy —eTMNeX(t — 1) —e MEpX(t —T)P(t —T11) — By Y(H)
<6— e (E—Ty) — By (1)
<O—gr[e” X (t—7) +Y(t)] =6 — p1¥1(1),

where @1 = min{g, By }. This implies that

. <9 _ : < A
tlgg sup ¥1(f) < A = tILn;o sup Y(t) < Ay

2
91
Let
Yo (t) = e WBX(t—13) + I(t)
d¥s(t)
dt

= MBF— e MBX(t—13) —e WBEyX(t — 1)V (t—13) — Brl(t)
<5 —e MBX(t—13) — BrI(t)
<6 —@rle®BX(t—13) + ()] =6 — g2 ¥a(t),

where ¢, = min{g, ;}. It follows that

i < = i < .
tILI?O sup ¥ () < Ay = tlggo sup I(t) < Ap

9
2
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Let us define
¥a(t) = V(1) + P(0) + B2 2(1) + L2 M),
Nz Nm
d‘Pd:’)t(t) — e*azﬁGVY(t — Tz) — AVV(t) + e*IX4T49PI(t _ T4) . APP(t) B p‘;/]iz(t)
Z
— MM(U
M

Since Y (t) < Ay, I(t) < Ay, then

Y3() _ o, A+ 0p Ay — Ay V() — ApP(E) — X2 7(8) — LEYM pre
dt Nz M
Pv Op
<OvA; +0pAs — @3 |V(H) + P(t) + == Z() + —M(t)
Nz M

=0y A1 +0pAr — @3¥5(t)
where ¢3 = min{Ay, Ap, vz, ym}. Then, we get

< Oy A1+ 6pA;

< = As.
¢3

}Lr?o sup ¥3(t)

Since V(t) > 0,P(t) > 0,Z(t) > 0and M(t) > 0, then
. < . <
}Lr?o sup V(t) < Az, t1i>n;> sup P(t) < Az,

: Nz : M
< _— = < = .
tlgg sup Z(t) < PVA3 Ay and tlg{’lo sup M(t) < op Az = As
O

Based on Lemma 1, we can show that the domain

®={(X,Y,L,V,P,Z,M) € CLq: | XI, |YIl < Ay, |I]| < Az, IVILIP]] < As, | Z]| < As,
M| < As}

is positively invariant for model (1)—(7).

4. Equilibria
Here, we calculate the system’s equilibria and deduce the condition of their existence.
Any equilibrium point A = (X, Y, I, V, P, Z, M) satisfies:

0=26—0X—&yXV —EpXP, )
0=e MTF,XV — ByY, (10)
0=e “BEXP — By, (11)
0=e220,Y — AyV — pyVZ, (12)
0=e %Tgp] — ApP — ppPM, (13)
0=12VZ 1,2, (14)
0 = ymPM — yMM. (15)

Solving Equations (9)—(15), we get eight equilibria.
(i) Infection-free equilibrium, Ay = (X, 0,0,0,0,0,0), where Xy = 6/ 0.
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(ii) COVID-19 mono-infection equilibrium with inactive antibody response A; =
(X1,Y1,0,V4,0,0,0), where

ByAv oAy [eTMmTRRX0yiy

X\ = —m—ora s V1= ok
1 e~ T~ 0Ty Ey ! 6_“2729V§V{ ByAv
—X1 T —Q& T2
Vl _ i e XOGVCV _ 1:|
gv ByAv

Therefore, Y1 > 0 and V; > 0 when

e~ MmRR X060y Gy
ByAv

We define the basic COVID-19 mono-infection reproduction number as:

> 1.

e MmTRR X060y Cy

§R:
! ByAv

Thus, we can write:

X oMy

_ _ — 9 p -

X1
Consequently, A; exists if $81 > 1.

(iii) Influenza mono-infection equilibrium with inactive antibody response, Ay =
(X2,0, 1,0, P,,0,0), where

X, = BiAp Lo QA [eBTMEXe0pEp
T S S T e ple
p, = & | BT XobpGp —1]

" & BiAp

Therefore, I, > 0 and P, > 0 when

1|,

8—0(3'[3 —4Ty XOGPCP
BiAp

We define the basic influenza mono-infection reproduction number as:

> 1.

67“3T371X4T4X09pgp

§R =
2 BiAp
In terms of R, we write
Xo 0Ap 0
Xo =20 =8 1), P= (R, —1).
2=g b e*“4T46pijp( 2—1), P Cp( 2—1)

Therefore, A, exists if &, > 1.
(iv) COVID-19 mono-infection equilibrium with activated SARS-CoV-2-specific anti-
body response, Az = (X3,Y3,0,V3,0,Z3,0), where

B onz Ya — e "1Nogyyz

YT vz tanz 0 By@vrz +onz)
Yz Ay [e~ 00250y 170y

V3 = Z3 = -
1z pv [ ByAv(Evyz +onz)
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We note that A3 exists when

e—ﬂtlTl —thTzé‘é’VUZGV
ByAv(Svyz + onz)

Let us define the SARS-CoV-2-specific antibody response activation number for
COVID-19 mono-infection as:

e—alTl—aszé‘CVﬂZQV

3 = .
37 ByAv(Evyz + onz)

Thus, Z3 = 5% (R — 1).
(v) Influenza mono-infection equilibrium with activation of of IAV-specific antibody
response, Ay = (Xy,0, 4,0, Py, 0, My), where

Nm e BCpym
Xp=7—"——, L= p
EpYm + Qim Br(&pym + onm)
p, — IM Ap [ e BT pp0p
4 = - -

M 7 op L BiAr(Epym + 0nim)

We note that A4 exists when

67Q3T37N4T45€P;7M6P
BiAp(Epym + 0fm)

The IAV-specific antibody response activation number for influenza mono-infection is
defined as:
e—(X3T3—0£4T4é‘€P17M9P

Ry = .
4 BiAp(Epym + onm)

Thus, My = %(%4 —1).
(vi) Influenza and COVID-19 co-infection equilibrium with only the activated SARS-
CoV-2-specific antibody response, A5 = (X5, Ys, Is, V5, Ps5, Zs5,0), where

X — BiAp Yo — e 1N ZyBiApyz
5= W’ 5= —N3T3—04Ty ’
e 0pCp e OpCrBynz
L= M @vyz+onz) [e B N8GOz ] 0z
5—= —a3Taf) A - s 5— ——
e pérnz L BiAP(Gvyz +onz) Nz
p, — Sz + iz {6_"‘”3_"‘4”5‘51’91”72 - 1]
Epnz BiAp(Cvyz +onz) ’
7 Ay [eZ1n7RR0ycyBiAp
> py e B MTu0pEpBy Ay

Hence, As exists when

7

1] = A—V(élh/%z —-1).
%

1] e BTMUSEp0pY 7

= >1 and
R, BiAp(Svrz +anz)
The influenza infection reproduction number in the presence of COVID-19 infection is
stated as: et
—Aa3i3 T4ty
%5 _ e 5(:17913172 '
BiAp(Svyz +enz)
Hence,

Ap(Gvyz + onz) Cvyz +onz
I = Rs—1), Ps= V12T gy
e~ MUOplprz (Bs—1), B ¢piiz (s =1)
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and then As exists if % > 1land R5 > 1.
(vii) Influenza and COVID-19 co-infection equilibrium with only the activated IAV-
specific antibody response, Ag = (X, Yo, Is, Vs, Ps, 0, M), where

Xe= — Prtv oy Mv(rruteim) {emfwﬂ%fiv@vw - 1]
e~ TRl Ey e~ 20yiynm | ByAv(Eprm + oim) ’
e BBpymPyAy _ Cpym t+onum [ e MR TRRECy Oy
16 - _ _ 7 V6 - - 1 7
e~ =20y y Brim Sviim ByAv (Epym + onm)
™ Ap [e73B=MTUPpCp By Ay Ap
P = — M = — — 1 = — — 1 .
: ' o pp e -2 n0yCyBiAp P (/= 1)

We note that Ag exists when

—X1 T~ T
Br ) g €
Ry ByAv(Epym + 0nm)
The COVID-19 infection reproduction number in the presence of influenza infection is
stated as:
e*tX]ﬁ*DQTQ&CVeVWM
Re = .
ByAv(Epym + 0im)
Thus,

_ MAv(@pymtonm) gy _ SPYM QM gy
Yo = e~ 220y Cyim (Re 1), Vo = Sviim (R =1).

(viii) Influenza and COVID-19 co-infection equilibrium with activation of both SARS-
CoV-2 and TAV antibody responses A; = (X7, Yy, I, V7, P7, Z7, M7), where

X, = onzNm v e 118y yziim
Spymhz + Svrzim + enzim By (Epymnz + Svyzim + onzim)’
I e~BICpYMYZ V= Yz P, — ™
Bi(&pymiz + Evyznm + onznm)’ nz’ yive
Z, = )\V[ e~ MRy Oy MYz B 1}
ov | ByAv(@pymnz + Evrziim + 0nz0m)
M, = )\P[ e BB MTSELOpH M2 B 1}
pp [ BrAp(Epymnz + Svyziim + Qlziim) '

It is obvious that Ay exists when

e~ MU =RREEL Oz <1 and e~ B TMUSEpOp Mz

> 1.
ByAv (Epymmz + Cvyznm + onziim) BiAp(Epymnz + Svyziim + 0znm)

Now, we define

R, — e MUTRREy Oy miz
ByAv (Epymiz + Gvyznm + enziim)’
Re — e BTMTSEpOp Mz .
BrAp(Epymnz + Svyzim + @izim)

Here, 37 is the SARS-CoV-2-specific antibody response activation number for influenza
and COVID-19 co-infection, and Ry is the IAV-specific antibody response activation number
for influenza and COVID-19 co-infection. Hence, Z7 = 2—“;(%7 —1)and My = 2—113’ (Rg—1).
If ®7 > 1and Rg > 1, then A7 exists.
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ANy
it (1 -

+ 6“3-{3 [
9V
P

n erpr
77M9P

From what was stated above, we obtain eight threshold parameters that establish the
existence of eight equilibria:

7a1T17a2T2X 9 é efa3137a4T4X 9 é’
%123 00vov %2: 00p6p (16)
ByAv ’ BiAp ’

for = ¢ 12200y nz0y R, — ¢ B0 MUHCpMOp

3 ByAv(&vyz+anz) ’ 4 BrAp(Epym+anm) ’
Por — ¢ OB UMbz R — ¢ 12250y 0vim

5 BiAp(Gvyztonz) ’ 6 ByAv (Epymtanm) 7
Ry — e~ TR SE L0y a2 e "3 M5 pOpn Mz

= ByAv(pymiz+Evyznmtanznm)’ Tg = = BiAp(Epymnz+évyzimtanzim)

5. Global Stability

This section is devoted to the study of the global asymptotic stability of all equilibria.
We configure the Lyapunov functions by following the way that was outlined in [56,57].

Let Ax(X,Y,I,V,P,Z, M) be a Lyapunov function and let ©; be the largest invariant
subset of

O = {(X,Y,I,V,P,Z,M) : % = 0}, k=0,1,2,...,7.
We define a function f : (0,00) — [0,00) as F(u) = u—1—1Inu. We denote

(X,Y,LLV,P,Z,M) = (X(t),Y(t), I(t), V(t),P(t), Z(t), M(t)).
Theorem 1. If §; < 1and Ry < 1, then A is globally asymptotically stable (GAS).

Proof. We define

Ao = XoF i + MY 4 pMBT 4 ﬁle"‘lTl‘i“"ZTZV + &eaﬂs-ﬂump
XO 9\/ Gp
t

+PV,BY Tty 4 PP,BI DC3T3+0¢4T4M+§V/ (u)V(u)du
nz0v mOp

t—1
t t

+€p/x wdu+ Byer [ ¥(u)du+pres [ 1(u)du.

t—13 =1 t—14

Clearly, Ag > 0 for all X,Y,I,V,P,Z,M > 0, and Ay(Xy,0,0,0,0,0,0) = 0. We
calculate d{% along the solutions of model (1)—(7) as:

dAg X dy By v B P
20 (122 IX]‘L’l i D(3T3 KTt Y K3T3+0gTy
at ( X)dt+ ar e w +9V‘3 ar Tt at

+ VY e 42 prPL “3T3+"‘4T4dM +EY[XV = X(t—1)V(t—1)]
nz0v dt 77M9p

+ CP[XP — X(t —13)P(t — Tg)] + ,Byelxlrl [Y —-Y(t— Tz)] + ﬁ16a3T3[I —I(t— T4)].
Substituting from Equations (1)—(7), we obtain

}}((O) [5 — QX — CVXV — é‘pXP] + eMh [e“"m(',‘vX(t — Tl)V(t — T1) — ,ByY]

e WBEpX(t — 13)P(t — 13) — Bil]

'BY IX]TlJraZTZ [ 7“2T20VY(t — Tz) )\VV — vaZ]

+ ?ea373+a4r4 [6_‘)‘”49131(1‘ _ T4) — ApP — ppPM] PVﬁY 1Tt [WZVZ ')’ZZ]

nz0v
e PM — ypM] + Sy [XV = X(t— 1)V (t — 11)]
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+Ep[XP = X(t = 13)P(t — T3)] + Bye™ U [Y = Y(t — 1) + Bre® B[ — I(t — )] (17)

Simplifying Equation (17), we get:
Ao _ (1 _Xo _ _ ByAV mntan
T (1 X )((5 QX) + (évXo oy e v

+ (§PX0 _ Bitr a3T3+a4r4)p Mg‘lfﬁamz prPIYM R
op 120y 1m0p

Using the equilibrium condition § = ¢Xp, we obtain:

dAo _ (X —Xop)? ByAv BrAp
W - 7Q X + e*DﬂT]*leTzG (%1 71)V+m(%271)1—7
PV,BY')’Z “1T1+“2Tzz prBIrym "‘3T3+“4T4M
nz0v nmOp

Since ®; < 1and R, < 1, then %00 < Oforall X, V,P,Z, M > 0. Further, %40 = 0 when
X=Xpand V =0,P =0,Z = 0,and M = 0. The solutions of system (1)— (7) converge to
©o [55], which contains elements with V = 0 and P = 0. Hence, ‘% =0and ‘2—1; =0, and
from Equations (4) and (5), we obtain

0= ‘%/ =e¢ 2?0yY(t— 1) = Y(t) =0, forallt,
dap —a47y
():E:e Opl(t —1y) = I(t) =0, forall £.

Consequently, ©) = {Ag}, and by applying the Lyapunov-LaSalle asymptotic stability
theorem (L-LAST) [58-60], we find that Ay is GAS. O

Theorem 2. If ) > 1, Rp/Rq < 1, and R3 < 1, then Aq is GAS.

Proof. We formulate a Lyapunov function A; as:

Y) 4 e(X3T3I + IBY (X1T1+0¢2T2V F( V)

i X X171
A1—X1F<Xl)+€ YiF Y, 7

+ %eaﬂsﬂé@;p + leBYe“1T1+0¢zTZZ + PPﬁI 3T Ty ) 1

p 170y 7mOp
[ (X )V (u) t
+8v X1V / F( MG )du+CP /X(M)P(u)du
t*Tl XlVl t;Tg,

+ Bye"tY; / ( )du+ﬁ e“ﬂa/tl(u)du.

t—1 =14

We calculate dtl as:

&: (1_}(1>d)(+e“1'f1 <1 > dY+ DC3T3ﬂ
X

dt dt dt dt

BY a1ti+am Vi\dv '81 BTy £ dp

oyt Vv ) Tep dr
+ PV,BY a1T1+oc2T2d + PPﬁI FPPI jazt3tagry 27070 dM
7729\/ dt nmOp dt

XV X(t—Tl)V(t—Tl) X(t—Tl)V(t—Tl)
X1 V; — 1
Tevi 1{X1V1 X1V +n XV
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+ Cp[XP — X(t —13)P(t — 13)] + Bye"' ™ Yq Yzl - Y(tYsz) + 11‘1<Y(tYT2)):|
+ BB - I(t — 1))
From Equations (1)—(7), we get

ir (X
dr X

L emm <1 - f/l) [T G X (E= )V (E=T1) = ByY]
4 e [efocsTsépx(t —1)P(t—13) — /311]

+ /S%emﬂm (1 - “f) [e™220y Y (t— 1) — AyV — pyVZ]

> [0 — X — gvXV — {pXP]

+ ?€“3T3+“4T4 [87“4T49p1(t — T4) — )\pP — ppPM]
P

+ pv Py P TIH T [UZVZ _ ’YZZ} + 51"[;1 3T Ty [77MPM _ ’YMM]
mMvUp

1nz0v
XV X(t—m)V(t—7) —i—ln(X(t o)Vt - Tl))]

X, V; -
v 1[X1v1 X1V XV

+ CP{XP _ X(t _ Tg)P(t _ T3)] + 'Byeuclrlyl {;/ . Y(t; Tz) + ln(Y(t; TZ))]
1 1
+ B1eB[I — I(t — 14)). (18)
Simplifying Equation (18), we get

dA X Y
chl = (1 - Xl) (6 —0X) + &y XqV +&pX1P - EyX(t— 1) V(t — Tl)?l

+ €M By Y — eMTTn LEAV V —eMTByY(t - 12) % + T TRD LE)\V Vi
v

4 eleT1+0(2T2 ﬁYpV V]Z _ ea3T3+IX4T4 ,BI/\p P— quT1+0(2T2 IBYPV’YZ 7 _ eLX3T3+BC4T4 :BIPP’)/MM
Oy Op Oviz Op1im
X(t— — Y(t -
+§VX1V1 11'1( (t Tl)gg(t Tl)) +€a1r1,3yyl 11'1( (tY TZ)>'

Using the equilibrium conditions for A,
0=0X1+3vXiVi, GvXiVi =By Yy,

Y1 = easz/\th
v

we obtain
dAq o X1 X1 X(t*Tl)V(t*Tl)lﬁ
T (1 - X) (X1 —0X) +3¢vX1Vy — Cvxlvly —¢vXi\h XV Y
Y(t — 1)V X(t—m)V(t—T1 Y(t—7
_gvxlvli( Y1VZ> Lyavxiv ln< ( 1}3V( 1>> +ovXaW ln(( v 2))
+ eD(3T3+IX4T4 ﬁl)\P |:€PX19P 67063'(370(41'4 _ 1:| P + eD{1T1+lX2T2 IBYPV'YZ |:’7ZV1 _ l:| Z
bp | BiAp Oviiz |7z
_ et ﬁéﬁ;LM M. (19)

Then, collecting the terms of (19), we get
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AN (X —Xp)? X X(t—m)V(t—1)h
@\ A1) XiVi — ErXa el e XV
T e +38vX1V1 —¢v Xy 15 SvXaW XY
Y(t— V; A
_Cvxlvli( 2N +€“3T3+“4T4LI P(Ra/Ry —1)P
Y1V Op

X(t-—m)V({t—u)h X1 Y(t—1n)W
+ ¢y XaiVg |:11’1( XY +1In X +1In Y,V
Bypv(enz +8vrz) ;. (Tt PIOPYM
e~y Cy Oy R —1)Z - Optim M

= —Q(X_Xxl)z s as [F (f{l) +F (W) +F (X<t - TQX/E;_ Tlmﬂ

ﬁzﬁv(g’?z +Svrz) (R —1)Z — et Biopym 5,0
e~Mn=Mny,Cy Oy Op1m

+ A(?Rz/%l —1)P+

e TBXT40p

Since R, /Ry < 1and N3 < 1, then %41 < 0forall X,Y,V,P,Z,M > 0. Moreover,
dAl =0whenX =X;, Y=Y, V=V,P=0,2Z=0,and M = 0. The trajectories of
system (1)~(7) converge to @1, where P = 0. Thus, 42 7r = 0, and Equation (5) yields

P
0— d —"‘4T49p1(t _ 74) . I( ) =0, fotall t.

dar
Then, ®; = {A1} and A; is GAS by utilizing the L-LAST. [

Theorem 3. Let %y > 1, R /Ry < 1and Ry < 1; then, A, is GAS.

Proof. Consider

Ay = Xof <X> +eMTY 4 BB, F( ) + ISY Tt
X3 1%

.BI 3 BHUTLD, F(P> +PV:BYe4x1T1+aszz+ PP,BI V3T \ g
o P ) nzby nm0p
t

ety [ X gen [ (X000,

t—Tl t—
X1 T A3 T: I(u)
+ MM By / Y(u)du+e%BL | F I du.
2

t—1 t—

g\w u';‘

We calculate % as:

ANy _ dX T dy 23T By T T av
dt_<1 )dt+ a e dt+ o, ° at

@ N3 T3+04Ty ) dP PVﬁY e T taxn dz PPﬁI IX3T3+0(4T4 d7M
+ Gpe 1= dt + 11291/ dt + 17M9p dt
+ gv[XV — X(t — Tl)V(t — Tl)]

XP X(t—Tg)P(f—Tg) X(t—Tg,)P(l’—Tg)
—|—§pX2P2|:X2P2 — X,P, +h‘l< XP >:|

—|—[3ye“1T1[Y—Y(t—Tz)]+[316“3T312[112_ I(tI—2T4) +1n<l(t;”[‘4)>:|.
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From Equations (1)-(7), we have

% = (1 - fg) [0 — X — SvXV — ZpXP| + MM [e TGy X (t — ) V(t — 1) — ByY]

+ €7 (1 - 112) (e EpX(t — 13) P(t — 13) — Pi]]
Bl wyrytaur P2\ rp-aut
+976 3T3 04Ty 17? [e 449p[(t*T4)*)\PP*PPPM]
P
4 PVPY o, VZ—v7Z) + BPPL oo [1MPM —ymM]
1nz0v TmOp

+Ey[XV = X(t—T)V(t— 1))

XP X(t—Tg)P(f—Tg) X(t—Tg,)P(f—Tg)
+CPX2P2|:X2P2 — X,P, +ln< XP >:|
+ By Y = Y(t — )] + Bre "1, [IIZ — It I—z ) + ln< It ; T4)>} . (20)

Then, simplifying Equation (20), we get

dA X I
th - (1 - X2> (6 — 0X) + EpXaP — EpX(t — 13)P(t — r3)72 +eTBB I,

—pontanBIAP pasng ) % + rtan PIAP )

Op Op
+EpXoPyIn X(t—13)P(t —13) + T8 In I(t— 1)
XP I
ByAv Sy Xpbye “1mi—2n Bippym M
—X1T—&2 T B 1 V + —NK3T3— K4 Ty 7P2 - 1 M
e Oy ByAv e Opim \ TM
_ etX1T1+062T2 pVﬁY’YZ Z
1nz0v

Using the equilibrium conditions for A,
0 =0Xo+3pXaPy, CpXoPr =Bl

L = ™™ ﬁpz,
Op

we obtain
dA X X X(t—1)P(t—13)]I
th = < - X2> (0Xz — 0X) +35pXaPs — é‘szPZYZ —¢pXoPy ( §<)2P(21 3)
I(t — )P X(t—w)P(t—T I(t— T
—észpzi( 12134) 2 +§PX2P21n( ( 3)213( 3)) +§pX2len(< ; 4))
ByAv i1 Brep(onm + Ymép) T +aam, PVBYYZ
cmnmmgy \ T, 1)V emn w0, T DM eTREE e =2 (21)
Then, simplifying Equation (21), we get:
dA X — X,)? X I(t—1y)P
th = *Q% +3¢pXoPp — Cpxzpzyz — 51?542132(12134>2
X(t—1r)P(t—13)I A
— ZpXoDy (t=m)P(t =)l Priv (R1/Rp — 1)V

XoPI e~ MT—RT20y,
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Biep(onm +YMEP) 1on ammtan PVBYYZ
37a3T37’X4T4§P77M6P (%4 1)M T'IZGV Z

repar (%) (10 ) gy (XOZ Rl )]

= —Q(X_XX2>2 —{pXaPy {F ();) + F(I(t;;f)&) +F (X(t — T;gzl;(;l_ T?’)bﬂ

ByAv (ml/%z—l)v—f— ﬁIpP(QUM+7M§P) (%4—1)]\/[

e~ MT—Tgy, g—“3T3—1X4T4§P;7M9P

+ e

0(] T1+& T leBY’)/Z 7
120y

If /R, < 1land Ry < 1, then dﬂ% < Oforal X,I,V,P,Z,M > 0. In addition,

dAz =0when X =X, =0, P=P,V =0 M =0,and Z = 0. The trajectories of

system (1)=(7) converge to ©,, which includes solutions with V = 0, and thus, d—V = 0.

Equation (4) implies that

_dv

=== =e R0y Y(t— 1) = Y(t) =0, forall t.

Hence, ®; = {A;}, and the global stability of A, follows from applying the L-LAST. O
Theorem 4. Let %3 > 1and K5 < 1; then, A3 is GAS.
Proof. We define

Az = X3F <X3) + MY <i) +eB + &e“lfﬁmvg,f (‘Z)

51 PBBTMTD | pV:BY Mt 7 F( Z ) + PP,BI BBy p g

P 1nz0v Z3 1m0p
t
X(u)V(u)
+§VX3V3/F<X3V3 du + &p /X w)du
t—1 t—13
FetTBy Y/ ( )du+e“ﬂ3ﬁ /
t—1 t—T4

We calculate dt3 as:

@: (1_X3>dX_|_eﬂ¢1T1<1 >dY+ a3r3d1
X

dt dt dt dt

& X1 T +a2 T s av ,BI 3BT 2 dp
* oy " 1= dt to dt
4 BEr leBY alTl-‘rlszz g —4 az + PPﬁI a3r3+g(41—4 adM

7729v dt 7’]M9p dt

XV X(t—Tl)V(t—Tl) X(t—Tl)V(t—Tl)

T ovials {XsVs X3Vs *n XV
+8p[XP — X(t — 13)P(t — 13)]

+ e ByYs B; - Y(t;?jTZ) +ln<Y(t;T2)ﬂ +eBBB[I - I(t — 1))
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From Equations (1)—(7), we get

dAs Xs
= (1 X)[5QX§VXV§PXP]

+eMm (1 - ?) [e™MgyX(t—1)V(t— 1) — ByY]

+ v 3 [e_a3T3€pX(t - T3)P(t - T3) - 1811}

+ g—ée"‘m*“ﬂz (1 - “//3) [e7%220y Y (t — 1) — AyV — pyVZ]

+ ?6“31—34_“4& [e_MT‘lQpl(t — T4) — ApP — ppPM]
P

+ pV:BYea1T1+aL2T2 <1 _ 23) [TYZVZ _ ’)/ZZ] + prPI P33Ty {UMPM o 'YMM]
1z0v Z mOp

XV X(t—Tl)V(t—Tl) X(t—Tl)V(t—Tl)
+§VX3V3[X3V3 — XaVs +h’1( XV >:|
+p[XP — X(t — 3)P(t — 13)]
+ MM By Y3 B; - Y(tg ) +1n<Y(t; Tz))] +e"BB[I = I(t — )] (22)

Then, simplifying Equation (22), we get:

dA X Y
7153 = < - X3) (6 —0X) +8v X3V —CyX(t—m)V(t— T1)73
+ €M By Y5 — eMTH2n LEAV V—e"ByY(t — 1) % + eMTitT 4'816/)‘1 Vs
|4
+ ea1T1+Dc2T2 ﬁYpV V3Z _ evé1T1+0¢2T2 IBYPV’)/Z 7 — e”‘lTl‘HXZTZ ﬁYpV st
Oy Ovnz Oy
4Tt MZ3 _ T MM
Bviz Opnm
0(3T3+1X4T4 ﬁIAP gPX?)GP —N3T3—04T4 1 P X V 1 X(t - T])V(t - Tl)
e Op [ Birp ‘ TévXsValn XV

+ MM By Y3In <Y(t;72)> .
Using the equilibrium conditions for A3,

0 =0X3+CyXzV3, CyXzVz =eMMByYs,

A
Y3 = 022 GfVV3 + 22 ng3V3,

1% %4
Tz
V3 ==,
3 12z
we obtain
dAj . X3 X3
i (1 X )(QX3 QX) + 3(:{/X3V3 Cvx3V3 X
X(t—T1>V(t—T1)Y3 Y(t—Tz)V?,
SvXsVs FATAY gVX3V3Y37V
X(t—Tl)V(t—Tl) Y(t—Tz)
+ CyX3V3 h‘l( XV + ¢y X3V3In —y
+ eﬂé3T3+lX4T4 IBIAP (§R5 _ 1)1) _ elX3T3+tX4T4 ﬁIpP,YM M. (23)
fp Opnm
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Equation (23) can be written as:

dA X — X3)? X Y(t— 1)V
T: = *Q% + 3¢y X3V; — CVX3V3Y3 - (:VXSVB%
X(t—m)V({Et—1)Ys | syrytaym BIAP Biepym
—fvX 3T3tagy P70 —1)P — 3T taaTy FIFL TM
SvXsV3 XaVaY +e 0 (N5 —1) Borin M
X3 (t—1)V; Xt—m)V(it—11)Ys
vV [1n< X ) +in < Y3V +in X3V3Y
_ (X=X
X
X3 Xt—m)V(t—11)Ys Y(t—1)Vs
Cv X3V [F( X > + F< XaVsY +F Ysv
+ 6063T3+0<4T4@(%5 — 1)p M3 B TTy MM
Op Op1m

Obviously, % <OforallX,Y,V,P,M > 0 when R5 < 1. Further, % = 0when X = Xj,

Y =Y;,V=V; P=0,and M = 0. Similarly to the proofs of the previous theorems, one
can complete the proof. [

Theorem 5. If %4 > 1and Rg < 1, then Ay is GAS.

Proof. We define a function A4 as:

Ay = X4F<X) +e"‘171Y—|—e"‘3T3I4F (I) + glealT1+azT2V
4 4

1%
IBI 3BT ( ) leBY PN THa2T pPIBI B TBHAT ( M )
P F + 14 2 ZZ + 3183 4 4M F
9P Py '729v ’7M9P My
; P
+@/X w+g&&/r<‘owvm
Xy Py
t—13
t t
~|—e“1T1,By/ Y(u)du + "% Brly / ( )
t—1

We calculate dd% as:

dﬂ = (1 — ) dix 4+ M1 iiY + %8B (1 ) ; + :BYeal"r1+1x2T2 dv
t t

dt dt dt
& N3T3+04Ty = dP pV,BY 1X1T1+0(2T2 dZ
* op" - ar 1729\/ dt
+ 5}1\;’89; PBTBT4T, (] M4>d;t/1 + Y[ XV -X(t—1)V(t —1)]
XP X(t—13)P(t — 1) X(t—13)P(t — 1)
+opXaly [X4P4 Xy Py in XP

-ﬁ-e“lﬁﬁy[Y—Y(t—Tz)}—5—8“31—3,5114[114_I(tzlnl) +ln(1(f;1’4)>}

Substituting from Equations (1)—(7), we obtain

d;/l:4 <1 — })((4> [(5 —0X —GCyXV — é‘pXP] 4T [ef’“n(:vX(t _ Tl)V(t _ Tl) _ ,BYY]
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e (1 5) o mguxs - - ) - o]
ﬁl N3 T340y T, Py 04T,
_|_97€ 3T3 04Ty 1_? [e 449p1(t—T4)—)LpP—PPPM]
P
+ PV,BY a1T1+1szz [77ZVZ _ '7ZZ] PP/SI 043T3+0l41'4 (1 M4) [WMPM ’YMM}
7729V 1mOp M

+ovIXV = X(t— )V (t —71)]

XP X(t—13)P(t — 1) X(t—13)P(t — 1)
+ CpXyPy [X4P4 - XuPs + ln< XP >:|

+elxll—1ﬁy[y_y(t_,r2)]_'_80431'3‘8[14[114_I(tI—4T4) —|—ln<1(t;r4)>}- (24)

Collecting the terms of Equation (24), we get:

dA X I
= (1= 36— 0X) 4 e = £ Xt - )Pt — ) 4
_ Tty :BIAPP o €“3T3,311(t o T4)& 4 o3BT PIZP .BI)‘P Py
Gp p 9P
+ elX3T3+D(4T4 IBIPP P4M tX] T+ IBYPV’)/Z 7 — D(3T3+1X4T4 IBIPP’)/M M
0 Bv1z Op1im
- etX3T3+0(4T4 IBIPP M4P + ea3T3+lX4T4 ,BIPP,YM M
9p 9p77M
1T ta T P YV :BY)\V (:VX40V —a]'[] —XTy 1 V X P 1 X(t - T3)P(t - T3)
+e 8, [ﬁy/\v +¢pXyPyIn XP
+e“3T3,BII4ln<(tIT4)>.
Using the equilibrium conditions for Ay,
0 =0Xy+3pXyPy, CpXyPy=eBBPly,
Iy = “‘”42 Py + ™™ pPP4M4, p =M
77M
we obtain
A X P(t—
ddt4 = (1 - 4) (0Xy —0X) +38pXaPy — ‘:PX4P47 —¢pXyPy X(t - T§(>4Pit1 ©)ls
I( —T4)P4 (t—Tg,)P(t—Tg,) I(t—T4)
§PX4P4T +§PX4P4 ln XP +€pX4P4 ln f
+ o B2V g:}v (R — 1)V — ghmitam Lg‘; ;ZZ z. (25)
Then, simplifying Equation (25), we get:
dAy (X — Xy)? X4 I(t — 74)Py
ks ) S . VA XyPy — EpXyPy ot — EpXyPy——— 22
T 0 +38pX4Py —Cp aP— ¢pXyPy TiP
X(t — T?))P(t — T3)I4 X1 T+ ‘BYAV alTl-‘rleTz IBYPV,YZ

o () () ()
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= —Q(X_XX4)2 — EpXaPy {F (fg‘) +r (X(t = Ti()j;it]_ T3)I4> s (I(t ;41734)134”

+ eleTl-‘rthTz ABY/\V (§R6 _ 1)V 0(1T1+1X2T2 IBYPV,YZ 7
v vz

Since R < 1, then dt4 <Oforall X,1,V,P,Z > 0. In addition, G/,\t‘l = 0when X = X4,
I =14, P =P,V =0,and Z = 0. The proof can be completed similarly to the previous
theorems. [

Theorem 6. If§R5 >1,Rg < 1,and R /Ry > 1, then As is GAS.

Proof. We define
As = XsF <X> +eMTY5F <Y> + e“3T315F< ﬁY ety FG/ )
5 5 5

:BI 3T Ha4Ty P, F(P) +PVﬁY a1T1+tx2T2Z ( > pPABI 3T N g
9P DPs 120y mbp

vavxows [ (KO0 0y g, [ (KO0 g,

t—Tl

t—
+wmmﬁjpc£gw+W%1]F(g)w

t—1

5‘

We calculate % as:

%_ 2 diX eX1 _E dl X373 _L5 ﬂ
dt_<1 )dtjL =5 )@ te 1 dt

+ &ealTl+a2TZ (1 ) dV + ‘BI “3T3+0‘4T4 (1 ) dp

Oy df dt
+ PV,BY enTtan (1 + PP,BI P33Ty T dM
20y dt Tmlp" dt
XV X(t—Tl)V(t—Tl) X(t—’l’l)V(t—Tl)
Fovss [X5V5 X5Vs in XV
XP X(t—Tg)P(t—Tg) X(f—Tg)P(t—Tg)
epsls [X5P5 X5Ps +in XP
Y Y(f*Tz) Y(t— 1)
X117 -
+e ,ByY5 |:Y5 Y + 11’1( Y

+EBL3T3IBIIS i_l(t_nl)_'_ln I(t_T4) .
I5 I5 I
It follows from Equations (1)—(7) that

% (1—)(5)[5 0X — Gy XV —¢pXP]

Y5> [e™MTgyX(t—1)V(t—11) — ByY]

T ] —
+e ( v

+ 3T (1 — II5> [671X3T3§pX(t —13)P(t—13) — ﬁ][]

+ %eﬂtlT]JrleTz (1 B “//5) [efaszng(t — Tz) —AyV — PVVZ]
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P
+ %6“3T3+“4T4 (1 — PS) [e™*™0pI(t — 14) — ApP — ppPM]

4 pV:BYealT1+0¢2T2 1— E [UZVZ _ rYZZ] + pPlBI el’t3T3+LX4T4 [UMPM _ r)/MM]
1z0v Z 11m0p

+§VX5V5|:;§‘;5 7 X(t_?(i‘;s(t_ T1) Hn(x(t—n}x(t—q)ﬂ
+§pX5P5[;§I;5 _ X(t—?;iflzsf—’fs) Hn(x(t—rg}g(t—rg,))]

LTI HS B Y(t;5 ) +1n<Y(t;T2))]

+ea3fsﬁ115{115_ I(t1—574) _Hn(l(t;q))]‘ o

Equation (26) can be simplified as:

dA X Y:
= ( - X5) (6= 0X) +EvXsV + EpXsP — Sy X(t =)V (t 1) 3
N1 T I5 3T (XT-HJLT:BYAV
+ et 1ﬁyY5 *érpX(t*Tg,)P(f* Tg)T + e 3,3115 — et ZTV
%4
Vs ByAv Bypv
LT Y(t — o X1 T+ T V: KT+ T 7V
e By Y ( Tz)V +e o 5+e o, 2V

_ oMty ‘BI)‘PP _ 6“31—3‘31[(15 _ T4)& et BiAp Ps
op P o
_ elX]T1+£¥2T2 ﬁYpV’YZ 7 _ elJClT]JrleTz ﬁYpV ZSV + eﬂll’l’lJrleTz :BYPV’)/Z 7

Oviz Ov vz
X(t—1)V(t—T X(t—w)P(t—T
+ v XsVs ln( : 1)3V( 1)> opXshs m( | 3)213( 3)>
+eMTBy Y5 11’1<Y(t;T2)> + e I5 1n<1(t_IT4))
+ 8063T3+064T4M {Wl% — 1} M.
Opim L TMm

Using the equilibrium conditions for As,
0 =0X5+CvXsVs +CpXsPs, CvXsVs ="M ByYs,

A
CpXs5Ps = e™BBil5, Y5 = eamf)l% + 6“2T2%V5Z5,

v
15 = 8“4—[4&135 V5 = E
0p nz'
we obtain
dA X X X
ths = (1 - X5> (0X5 — 0X) + 30y X5V5 +3(pX5DP5 — (:'VXSVSYS — GPX5P5Y5
X(t—Tl)V(f—Tl)Y5 X(t—T3)P(i’—T3)I5
SvXsVs XsVaY ¢pXsPs XaPil
Y(t—Tz)V5 I(t—T4)P5 X(t—Tl)V(t—Tl)
- CVX5V5Y57V - ‘:PX5P5157P + 8y X5VsIn XV
X(t—w»)P(t—T Y(t—T
+€pX5P5h’1< ( 3}313( 3)> +§VX5V511’1<( Y 2))
 EpXaPs 1n<1(t - T4)) 4 T Bipp(SpYMYz + Svyzm + Qlzim) (Rg — 1)M. 27)
I crbpnmnz
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Then, simplifying Equation (27), we get:

dAs (X —Xs)? Xs5 Y(t—1)Vs
- ¢ x  t 38vXs5V5 + 38pXs5P5 — CVX5V5Y - CVXSVSW
Xt—m)V(t—11)Ys X(t—1w)P(t—1)l5 I(t —14)Ds
CvXs5Vs XVsY ¢pXsPs XsPsl CPX5P5157P

() () )|

- CPX5P5£ + &pX5Ps [In<§( ) +1In (X(t - T3)P(t1_ T3)I5> + 1n(1(t_mp5ﬂ

X X5 Ps I5P
4T T Biep(EpYmiz + Svyzm + Qliziim) (Rs —1)M
SpOpnmiz
(X —Xs)?
X

ol () o (B (200

B X5 (t—w)P(t—13)I5 I(t—1)Ps

6pX5P5|:F(X)+F< XoPsl +F P

4 Tt Brop(Epymmz + Evyziim + 01ziim) (Rs — 1)M.
¢rpmnz

If Rg < 1, then dt5 < Oforall X,Y,I,V,P,M > 0. Moreover, we have dé\f = 0 when

X=X5Y=Y;5V=Vs1=1I5P=P;,and M = 0. One can show that ©5 = {As}, and
then A5 is GAS. O

Theorem 7. Let ®g > 1, Ry < 1and Ry /R, > 1; then, Ag is GAS.

Proof. Consider

Ng = X6F<X) +e“1T1Y6F<Y) +€'X3T316F( > ﬁY ety F( V>
X6 Yo Ov Ve

:BI 0(3T3+1X4T4P F( ) PVBY “1Tl+“2TZZ+ PP,BI a3T3+“4T4M F( M)
9P DPe nz0v mOp Mg

o o (S o, (S50

t—1 -3
t

FeMTIBL Y, j F(Yl(/:))du—i—e”‘mﬁ]k / F(?)da.

t—T =14

We calculate % as:

%_ _ 0 dX X117 _ﬁ dl X373 _E ﬂ
dt _<1 )dt te ! ar e 1 dt

4 ﬁleﬂ‘lTl‘HXZTZ (1 ) 4 + ﬁl 1X3T3+0¢4T4 <1 >dp
0

v dt dt
+ pV'BY 061T1+0¢2Tzd 4 EPPL anBI 3BT (] M6 dM
7729V dt ;7M9p ar
XV X(t—Tl)V(f—Tl) X(t—Tl)V(t—Tl)
evXels [Xeve X6V in XV
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+EpXePs {Xi; St T;(ZI;S — %) +1n(X(t - T%(t - T3))]
g LY (0w
el ()

It follows from Equation (1)—(7) that

d
s _ (1 - ’j;) [0 — oX — EyXV — EpXP)]
+etm <1 - 1;6) e M ey X (=) V(t—T1) — ByY]

+ 3% <1 — 116> [e7®BEpX(t — 13)P(t — 13) — B1l]

Ve
+ %8“1T1+QZTZ (1 — V6> [e—lszngY(t — Tz) —AyV — vaZ]

P
+ %6“3T3+“4T4 <1 - P6> [e™™0pI(t — 14) — ApP — ppPM]

+ pvﬁyealTl-‘rthTz [ﬂZVZ _ ,.)/Zz] 4 pP‘BI 60(3T3+0¢4T4 (1 _ ]\/16) [UMPM _ ,.)/MM]

1nz0v mbp M
XV X(t—Tl)V(t—Tl) X(t—Tl)V(t—Tl)
ovXels {XsVes X6 Ve Fin XV
XP X(t*Tg)P(f*Tg) X(t*Tg,)P(f*Tg)
opXelt |:X6P6 XePs fin XP
Y Y(t—Tz) Y(i’— Tz)
X117 -
+e ﬁyY6 |:Y6 Y6 + h’1< Y
+ BB [I_M_Fln(M)} (28)
T Te I
We collect the terms of Equation (28) as follows:
dA X Y,
d7t6 = ( - X6> (6 —0X) +3vXeV +¢pXeP — Sy X(t — 1)V (t - T1)76

+ ealTlﬁyY6 — ng(i’ — Tg)P(t — T3)176 + €‘X3T3,B[I6 — 6“1T1+“2T2'Béﬂv
1%

— MR Y (t — TZ)E + e’X]TlJF“ZTZMVé _ p3THasTy wp
1% Oy Op

_ €a3T3‘B11(t _ T4)% + P33Ty ,BéAP P+ 3T HaTy ﬁépP PeM
P P

_ Pty :BIPP')’MM _ Pty IBIPP MgP + 3T T4Ty ﬁIPP'YMM

Op1im Op OpnM
4+ eMTtmn Bypvyz [WZV6 _ 1:| 7+ EyXeVe ln(X(t — T1)V(t — T1)>
Oviiz Lz XV
X(t—1)P(t— T Y(t—7T
+§PX6P61H( ( S)QP( 3)> +e"‘1T1ﬁyY6ln<( v 2)>
+€a3T3ﬁ116 ll’l(l(tlTAL))
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Using the equilibrium conditions for Ag,

0 =0Xe+CvXeVe +CpXePs, CvXeVe =" ByYs, CpXePo = e3PPI,

Av Ap pp ™
D¢2T2 Dé4T4 P N4 Ty P M P
Yo = 9V6/ I = o +e gp oMo Po= o "
we obtain
dA X, X
T: = (1 - 6) (0X6 — 0X) + 38y X6 Ve +3¢pXePs — Cv X6 Ve X6
X —1)V(t—1)Y,
- CPX6P6Y6 —¢vXeVe X(t ;()6V£Y )Y
X(t—T:;)P(t—Tg)Ié Y(t—Tz)V6
¢pXePs XePel SvXeVe YoV
I(t—T4)P6 X(t—Tl)V(t—Tl)
¢pXePs TP + ¢y XeVeIn XV
X(t—w)P(t—7 Y(t—T
+ EpXePs ln< ( 3}21)( 3)) + &y XeVe ln(( v 2)>
+ CPXGPG ln(I(t _ T4)> Ny X1 T+ T IBYPV(CPP}/MUZ + gV’yZﬂM + QUZUM) (§R7 _ 1)Z (29)
i SvOviimnz
Then, simplifying Equation (29), we get:
dAe (X —Xg)*
i - Y x
Xe X(t—m)V({E—1)Ye Y(t— 1)V
bvXeVs {F< X ) +F( XeVeY r YsV

—¢pXePs [F (}5(6) +F (X(t — Tg()j’(étl_ T3)I6> +F (I(’f;;‘i)ljé)]

4 T Bypv (Epymnz + Svrzim + onzim) (Ry —1)Z.
SvOvimnz

If ®7 <1, then ;\té <Oforall X,Y,I,V,P,Z > 0. In addition, d‘% = 0 occurs at X = X,
Y=Y, I=1,V =1V, P= P, and Z = 0. The proof can be completed similarly to the
previous theorems. [

Theorem 8. If %y > 1and Ng > 1, then Ay is GAS.

Proof. We define a function Ay as:

Ay = X7F<X> +eﬂé1T1y7F<Y> + BB, F( ) + 'BY TR F( V)
X7 Y7 I7 Oy V7

;BI N3 T340y T, <P> PV,BY P TI AT, <Z> pP:BIDcT+acT <M>
+ Blemsntanp o ) 4 DL mmtmn g, o + 3BHMTNL [
Op AP 7729V Z7 77M9P M7

t

ety [ 1 (KO g g [ (XUEE g,

t—11 t—13

cepey [ (X)aws g | (1)

t—1p t—14

We calculate * 7 as:
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dh7 _ <1_X7>dX+eD<1T1(1_Y7>dY+3063T3<1_ I7>d1

dt X ) dt Y ) dt 1) dt
Py a1T AT VoAV | B ae +ayT P7\ dP
PY 1— 272 V27 4 Ploasmtayny (27 |20
" 9ve V) dt + Gpe P ) dt
+ we“ﬂlﬂtﬂz 1_ Z7\4Z | pppi P3THaT (1 _ M7\ dM
nz8v Z ) dt  npmbp M ) dt
XV X(t—Tl)V(t—Tl) X(t—Tl)V(t—Tl)
X5V — 1
v 7[X7V7 X7 V7 +in XV
XP X(t—13)P(t — 1) X(t—13)P(t — 13)
X7 P — L
Xy 7{X7P7 X7P; +in XP
Y Y(t—Tz) Y(t—’L’z)
Q17 2
+ e ByY, {Y7 Y -+ h‘l( %

)

It follows from Equations (1)—(7) that

ary (1%
ar X

+ M1 (1 — 1;:) [e_lxlrl(:VX(f — Tl)V(f — Tl) — lByY]

) [6 — X — Gy XV — ¢pXP]

+ % (1 — II7> [6_a3r3(;’pX(t — Tg)P(i’ — T3) — ﬁ[l]

v

:BY a1 T +a T
— 1
+ —e v

oy ) [eiszZQVy(t —T) —AyV — vaZ]

+ %6“3T3+“4T4 (1 — 1;37) [67“4"{49131(1' — T4) — /\pp — ppPM}
w X1 T+ _ & _
+ 77291/8 1 7 [T]sz ’)’Zz]
Ppiﬁl X3 T3 04Ty _ & _
+ 77M9pe 1 M [UMPM ’)’MM]
XV Xt—m)V(t—m7) X(t—m)V(t—7)
vV [X7V7 X7 Vs *in XV
XP X(t—13)P(t —13) X(t—13)P(t — 13)
+opXaly {X7P7 X7P; +in XP
Y Y(t—Tz) Y(t—Tg)
X1 7] -
+eMByY, {Y7 Y + h’l( %
_|_60¢3T313117{1_M+1n(1(t_m)]' (30)
I7 I; I

We collect the terms of Equation (30) as follows:
Y7
Y

ByAv
—V
Oy

% - ( - };>(5—ex) +EvXgV + EpX7P — v X(t—m)V(t — 1)

I
+ ealrlﬁyY7 — (:;’pX(t — Tg)P(t — T3)T7 + 8“3’(3[%117 — gMT1ithaT

Y (- ) ot ot Py e PYV gy,
|4 %4

_ Tty :BI/\PP o €“3T3,311(t o T4)& + 3T T4 Ty ﬁIAP P,
0p P Op
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4 etX3T3+D¢4T4 ,BIPP P7M _ elX]T1+0(2T2 ﬁYpV’YZ 7 _ D(]T]JFIXZTZ ﬁYpV VZ

Op Oviiz Oy
4T MZ P T Ty MM 3 T+as PIOP Bipp M, P
Oviiz Op1m 0p
w3ty tagty PIOPYM X(t—m)V(t—7)
t+e Borm M7+CVX7V71H( XV
+EpX7Py ln(x(tL - Tgi(t iLc) ) + e ByYyIn (YU;TZ))

4 etX3T3ﬁII71n<I(t ; T4)>.
Using the equilibrium conditions for Az,

0 =0Xy+CyvX7;Vy 4+ EpXsP;,
CvXyVy = e ByYy CpXyP; =PIy,

Ay Ap
Y, = g2V oy Vv, + e"‘2Tz Pv V7Z7, I; = ™™= 0p Pp,+ 60‘4T4 i P7M7/

V7 = ’Lz, P; = rYM
Nz '’
we obtain
dA Xy X
7137 = (1 - ) (0X7 — 0X) + 3¢y X7 V7 + 3¢ pX7P7 — €VX7V77 —¢pX7P; X7
_ X(t-—n)V(t—n)Ys X(t—1)P(t— 1)l
SvX7V7 VY ¢pX7P; XDl
Y(t—1n)V; I(t—14)P; X(t—7m)V(t—1)
CvX7V7 YoV ¢pX7P; P + ¢y X7V7In XV
X(t—w»)P(t—T Y(t—T
+€pX7P711’1( ( 3}21)( 3)> +€VX7V711’1<( Y 2)>
+EpXyPy ln(l(tIT‘*)). (31)
Then, simplifying Equation (31), we get:
dA; (X —Xp)?
i - Y x
B & X(t—Tl)V(t—Tl)Y7 Y(t—Tz)V7
Cy X7V {F( X > +F( VoY +F v
. & X(t—Tg)P(t—T3)I7 I(t—T4)P7
¢pX7 Py [F( X) +F< b1 +F 1 )|

Clearly, = dA7 <Oforall X,Y,I,V,P > 0, where dé\; =0whenX =X, Y=Y,V =15,
=1, and P = P;. One can show that ©; = {A7}, and by using the L-LAST, we find that
A7is GAS. O

The existence and global stability conditions of the equilibria are summarized in
Table 1.
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Table 1. Existence and stability conditions of the equilibria.

Equilibrium Point Existence Conditions Global Stability Conditions
Ay = (Xp,0,0,0,0,0,0) None N <land Rp <1

Ay = (X1,Y1,0,4,0,0,0) R >1 R1>1,R/Ry <land Rz <1
Ay = (X2,0,5,0,P,0,0) Ry >1 Ro>1, R/ <Tand Py <1
A3 = (X3,Y3,0,V3,0,Z3,0) R >1 R >land Rs <1

Ay = (X4,0,14,0, Py, 0, My) Ry >1 Ry >1land R <1

As = (Xs,Ys,Is, Vs, P5, Zs,0) Rs >Tand R /Ry > 1 Rs >1,Rg < land Ry /Ry > 1
As = (Xe, Yo, Ts, Vi, Ps, 0, M) Re > 1and Ry /Ry > 1 Re > 1, Ry < land Ry /Ry > 1
A7 = (X7,Y7,17, V7, Py, Z7, M7) Ry >1and Ng > 1 N7 >1and Ng > 1

6. Numerical Simulations

We illustrate the global stability of the model’s equilibria via numerical simulations.
We use the values of the parameters presented in Table 2. In addition, we discuss the effects
of antiviral treatments and time delays on the co-infection dynamics.

Table 2. Model parameters.

Parameter  Description Value
) Production rate of susceptible ECs 05
0 Death rate constant of susceptible ECs 0.05

By Death rate constant of SARS-CoV-2-infected ECs 0.11

Bi Death rate constant of IAV-infected ECs 0.2

oy Virus—cell incider}ce rate constant between 0.2
SARS-CoV-2 particles and susceptible ECs

Ay Death rate constant of SARS-CoV-2 particles 0.2
Neutralization rate constant of SARS-CoV-2 by

pv SARS-CoV-2-specific antibodies 0.05

0p Virus—ceu incidence rate constant between 0.4
IAV particles and susceptible ECs

Ap Death rate constant of IAV particles 0.1
Neutralization rate constant of AV by

pr IAV-specific antibodies 0.04

Yz Death rate constant of SARS-CoV-2-specific antibodies 0.05

M Death rate constant of IAV-specific antibodies 0.04

2] Constant 1

2 Constant 1

o3 Constant 0.1

oy Constant 0.1

6.1. Stability of the Equilibria

Here, we fix the delay parameters as 7 = 0.1, » = 0.1, 3 = 0.2, and 7y = 0.2. In
addition, we solve system (1)—(7) with the following initial states:

IS : (X(u), Y (u), I(u), V(u), P(u), Z(u), M(u))
ISQ) = (X(u), Y (), I(u), V(1) P(u), Z (1), M(1))
ISAI) : (X(u), Y (u), I(u), V(u),P(u), Z(u), M(u))

where u € [-0.2,0].
We use the values given in Table 2 and select eight sets of values of (v,¢p,z, f1m) for
the following strategies.

(5,1,0.5,0.03,0.5,1,4),
(4,1.5,0.7,0.06,0.8,2,6),
(3,2,1,0.3,1.4,3,8),
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First strategy (Stability of Ag): (¢v,¢p,7z, 1m) = (0.001,0.001,0.01,0.02). These values
gives i*; = 0.0744 < 1 and fp = 0.1922 < 1. It is shown in Figure 1 that the trajectories
starting with initials IS(I)-IS(III) tend to the equilibrium, Ay = (10,0,0,0,0,0,0). This
supports the global stability results given in Theorem 1. In this strategy, both influenza
and COVID-19 will be cleared. In fact, making #; < 1 and %, < 1 can be achieved in one
or more of the following ways: (i) applying two antiviral drugs for blocking SARS-CoV-2
and IAV infections with drug efficacies of ey and ep, respectively, where 0 < ey < 1 and
0 < ep < 1; then, the parameters ¢y and ¢p will be reduced to (1 — ey )¢y and (1 —ep)Cp,
respectively; (ii) applying two antiviral drugs for blocking the replication of SARS-CoV-2
and IAV with drug efficacies of ey and ep, respectively, where 0 < ey <land 0 <ep < 1.
Then, the parameters 6y and 6p will be reduced to (1 — ey )8y and (1 — ep)8p, respectively.

Second strategy (Stability of A1): (Gv,ép,iz, 1m) = (0.05,0.001,0.002,0.02). This se-
lection provides #; = 3.7215 > 1, 3 = 0.1431 < 1, and Rp/R; = 0.0516 < 1. The
equilibrium A exists with A; = (2.69,3.008,0,2.72,0,0,0). Figure 2 shows that the trajecto-
ries initiated with IS(I)-IS(III) converge to A1, and this result agrees with Theorem 2. This
strategy suggests that a COVID-19 mono-infection with an inactive antibody response will
be established.

Third strategy (Stability of Ay): (Cv,Cp,iz, 1m) = (0.005,0.03,0.01,0.001). This gives
o = 5.7647 > 1, Ry = 0.2306 < 1, and 1 /Ry = 0.0646 < 1. The numerical solution
confirms that A, = (1.73,0,2.03,0,7.94,0, 0) exists. It can be observed from Figure 3 that the
solutions initiated with IS(I)-IS(III) converge to Ay, and this result agrees with Theorem 3.
This strategy suggests that an influenza mono-infection with an inactive antibody response
will be established.

Fourth strategy (Stability of A3): (&v,&p,51z, 1m) = (0.09,0.002,0.05,0.05). This yields
Rz = 2.3924 > 1 and 5 = 0.1373 < 1. Figure 4 illustrates that the solutions tend to
Az = (3.57,2.64,0,1,0,5.57,0) regardless of the initial states. This result supports the global
stability result given in Theorem 4. This strategy shows that a COVID-19 mono-infection
with an activated SARS-CoV-2-specific antibody response will be attained.

Fifth strategy (Stability of Ay4): (Cv,Gp,nz, 1m) = (0.01,0.1,0.01,0.02). The values of
R4 and R¢ are computed as Ry = 3.8432 > 1 and ¢ = 0.1489 < 1. Thus, A4 exists
with Ay = (2,0,1.96,0,2,0,7.11). The numerical solutions with initials IS(I)-IS(IIT) tend
to A4 (see Figure 5). This shows the global stability of A4 given in Theorem 5. In this
strategy, an influenza mono-infection with a stimulated IAV-specific antibody response will
be achieved.

Sixth strategy (Stability of As): (¢v,Cp.fz, 1m) = (0.09,0.01,0.9,0.001). Then, we
calculate s = 1.7469 > 1, g = 0.2112 < 1, and R /R, = 3.486 > 1. The numerical
results displayed in Figure 6 establish that A5 = (5.2,0.21,1.05,0.06,4.11,9.94,0) exists
and that it is GAS; this agrees with the result of Theorem 6. This result suggests that a co-
infection with influenza and COVID-19 with only an active SARS-CoV-2-specific antibody
response will be attained.

Seventh strategy (Stability of Ag): (Ev,Cp,1z, 1m) = (0.04,0.05,0.01,0.05). We compute
Re = 1.654 > 1, Ry = 0.5133 < 1, and RNy /N1 = 3.2272 > 1. We find that the equilibrium
Ag = (3.36,1.63,0.66,1.47,0.8,0,5.57) exists. Figure 7 draws the numerical solutions of the
DDEs with initials IS(I)-IS(III). It is shown that Ag is GAS, and this supports the result of
Theorem 7. This strategy leads to a co-infection with influenza and COVID-19 with only an
active IAV-specific antibody response.

Eighth strategy 8 (Stability of Ay): (Cv,Cp,fz,nm) = (0.09,0.09,0.5,0.5). This se-
lection gives Ry = 5.0594 > 1 and Rg = 13.0621 > 1. Figure 8 shows that A; =
(7.55,0.56,0.27,0.1,0.08,16.24, 30.16) exists and that it is GAS according to Theorem 8.
This strategy leads to the case of co-infection with influenza and COVID-19 in which both
types of antibody responses are active.
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Figure 1. Solutions of system (1)—(7) when ®; < 1and R, < 1 (first strategy).
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6.2. Effect of Antiviral Treatment on the Dynamics of Influenza and COVID-19 Co-Infection

We consider two antiviral drugs for SARS-CoV-2 and IAV with drug efficacies of ey
and ep, respectively, where 0 < ey < 1and 0 < ep < 1. Then, the parameters §y and ¢p
will be changed to (1 — ey){y and (1 — ep)¢p, respectively. Moreover, i1 and R, become
functions of ey and ep, respectively, when all other parameters are fixed:

(1—ey)e =20 X0y Cy R, (1—eple "B~ MU X,0plp

Ri(ey) = €p) =
lev) AvBy (ep) ApBr
To make R; < 1and R, < 1, the effectiveness of ey and ep has to satisfy
. . eMT +0<2T2/\V‘3Y
et <ey <1, e = max{O,l — },
v v Xoby Gy
. . 3“3T3+'X4T4/\P/31
e <ep <1, emm:max{o,l—}.
P P P XobpCp

It follows that, if er‘}‘in <ey <land eg‘m < ep <1, then Ag is GAS, and both influenza and
COVID-19 are cleared. Therefore, if real data from patients co-infected with influenza and
COVID-19 are used, the model’s parameters can be estimated and the model can be used
to determine the minimum drug efficacies required to eliminate both SARS-CoV-2 and IAV
from the body.

6.3. Effects of Time Delays on the Dynamics of Influenza and COVID-19 Co-Infection

In this subsection, we analyze the impacts of time delays with various delay parame-
ters 7;, i = 1,2,3,4. We fix the parameters ¢y = 0.13, {p = 0.1, 7z = 0.3, and 7 = 0.5. Let
us consider the following scenarios:

Sl1: Tl = 0.1, T = 0.3, 73 = 0.5, Ty = 0.8,
S2: T = 1, T = 0.9, 3 = 13, Ty = 14,
S3: 17, =12348, T =12348, 713 =14.9787, T = 14.9787,
S4: 1 =3, ™ =4, 73 = 20, 74 = 25.

From the above values, we solve the system (1)—(7) under the following initial condition:

ISAV) = (X(w),Y(w), I(u), V(x), P(i), Z(u), M(1)) = (7,0.6,0.5,0.05,0.05,7,8),
u € [-1%,0].

The numerical results are displayed in Figure 9. We note that time delays can sig-
nificantly increase the concentration of susceptible ECs and reduce the concentrations of
other factors. Since R and R, are given in (16), they depend on 7;,i = 1,2, 3,4 when all
other parameters are fixed. We observe from Table 3 that iy and ®, decrease if 7; increases;
hence, the stability of Ay will be changed.

Now, we need to calculate the critical value of the time delays that makes the system
stable around the equilibrium point Aj. Let 1o = 71 = © and 134 = T3 = T4, and we write
§R1(T12) and %2(1’34) as:

e—(“1+0¢2)712X09V€V
ByAv

e~ () B X 0,7

R1(t2) = Bitp

, o) =
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Clearly, when all other parameters are fixed, ®; and ¥, are decreasing functions
of 712 and T34, respectively. Let us calculate 7j3™ and 733" such that ¥, (sz‘m) = 1and

Ry (") =1 as:
T{’Z‘m = max< 0, 1 In Xobvéy ,
®q + ap ﬁy)\v

» 1 XobpCp
min __
Ty = max{O, Py ln( BiAp .

§}%1(7'-12) S 1, fOI‘ all T12 2 T{Izlin,

R (134) < 1, for all T34 > T4".

Consequently,

Therefore, Ag is GAS when 1, > T{E‘in and T34 > Tgﬂm. Using the values of the
parameters, we get 71p = 1.2348 and 134 = 14.9787. It follows that:

(1) If T12 Z 1.2348 and T34 Z 149787, then %1(’[12) S 1, §R2(T34) S 1, and AO is GAS.

(ii) If 71» < 1.2348 or 134 < 14.9787, then %1(’[12) >1lor §R2(T34) > 1, and A will lose
its stability.

We note that time delays can play a similar role to that of antiviral drugs. This can
guide researchers to create new treatments for influenza and COVID-19 co-infection that
work to prolong time delays.

Table 3. The variation in R and R, with respect to the delay parameters.

Delay Parameters it Ry
71 =01 1%=03 13=05and 7y =0.8 7.92 17.56
71 =05 17%=06 13=10and 7y = 11 3.93 2.45
1=1,17=091=13andy = 14, 1.77 1.34
7 =T = 12348 and 13 = 7y = 14.9787, 1.0 1.0
71=21mn=31=15and 1y =16 0.08 0.9
= 3, = 4, T3 = 20 and Ty = 25. 0.011 0.22
1 ; 15 ;
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Figure 9. Cont.
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Figure 9. Effects of delay parameters 1;, i = 1,2, 3,4, on the trajectories of system (1)—(7).

7. Conclusions

Influenza and COVID-19 co-infection cases were reported in recent works (see, e.g., [5,9-11]).
Mathematical models can be helpful for understanding the dynamics of influenza and COVID-
19 co-infection within a host. In this paper, we developed and examined a system of DDEs
to describe the in-host dynamics of influenza and COVID-19 co-infection under the effects of
humoral immunity. The model considered the interactions among susceptible ECs, SARS-CoV-2-
infected ECs, IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies, and
IAV antibodies. The model included four time delays: 71 and 13 for the delays between the entries
of SARS-CoV-2 and IAV into ECs and the start of production of immature SARS-CoV-2 and AV
virions, respectively, and 1, and 14 for the maturation delays of newly released SARS-CoV-2
and AV virions, respectively. We showed the non-negativity and ultimate boundedness of the
solutions. We deduced that the system had eight equilibria, and their existence and stability were
governed by eight threshold parameters (;, i = 1,2,...,8). We used the Lyapunov method
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to prove the global stability of the equilibria. We carried out some numerical simulations and
showed that they agreed with the theoretical results. We addressed the effects of antiviral drugs
and time delays on the co-infection dynamics. We showed that both antiviral drugs and time
delays had the same effect in eradicating co-infection from the body. This can guide scientists and
pharmaceutical companies in synthesizing new drugs that prolong time delays. Our proposed
model can be useful for determining the minimum drug doses that are required to eliminate both
SARS-CoV-2 and AV infections from the body. Moreover, the model can be used to describe the
in-host dynamics of co-infection with two or more viral strains or co-infections with SARS-CoV-2
(or IAV) and other respiratory viruses.

The model presented in this article can be extended to include several biological
aspects, such as viral mutation [61], stochastic interactions [62], and reaction diffusion [63].
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