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Abstract: This manuscript deals with a parameter estimation of a non-negative integer-valued (NNIV)
time series based on the so-called probability generating function (PGF) method. The theoretical
background of the PGF estimation technique for a very general, stationary class of NNIV time series
is described, as well as the asymptotic properties of the obtained estimates. After that, a particular
empbhasis is given to PGF estimators of independent identical distributed (IID) and integer-valued
non-negative autoregressive (INAR) series. A Monte Carlo study of the thus obtained PGF estimates,
based on a numerical integration of the appropriate objective function, is also presented. For this
purpose, numerical quadrature formulas were computed using Gegenbauer orthogonal polynomials.
Finally, the application of the PGF estimators in the dynamic analysis of some actual data is given.
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1. Introduction

Non-negative integer-valued (NNIV) time series represent one of the most important
stochastic models that have attracted the attention of numerous studies (for some more
recent ones, see, e.g., [1-7]). Due to the specific structure of an NNIV series, the proce-
dure for estimating their parameters may differ from that used for similar non-integer
stochastic models. Thus, in the case of the most famous NNIV series, the so-called integer
non-negative autoregressive (INAR) processes, various estimation techniques have been
developed. For instance, in [8], conditional least square estimators were described, while
in [9], estimators based on the conditional maximum likelihood method were discussed. On
the other hand, the authors in [10,11] considered, among others, moment-based estimation
techniques, i.e., the well-known Yule-Walker (YW) equations. Finally, some generalizations
of these methods based on the high-order statistics can be found in [12,13].

However, in order to apply any of the mentioned methods, the estimation functions
must usually be given in a finite, closed form and (most often) bounded within a certain
parameter space. Unfortunately, sometimes, such conditions cannot be met, both in the
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Therefore, an estimation technique based on probability generating functions (PGFs) can be a
useful alternative approach, since PGFs exist and are bounded for any NNIV time series, at
least on the interval [—1,1]. Another advantage of PGF estimators is that the estimation
Attribution (CC BY) license (https:// ~ procedure is close to the empirical characteristic function (ECF) method introduced in [14,15]
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the distribution of some random variable (RV) as the appropriate characteristic function
(CF). Thus, it is expected that the minimization of ‘the distance” between the PGF of some
time series (X;) and its empirical PGF gives an efficient parameter estimator. In this way,
the PGF method, similar to the ECF method for non-integer time series, could be applied to
various kinds of stationary NNIV series. For these reasons, our main goal here is to obtain
efficient PGF parameter estimates for the case of a rather general, stationary class of NNIV
time series, with applications that will also be described in the following.

Let us point out that, to the best of our knowledge, there are only few studies where
the PGF estimation procedure has been discussed so far. First, Esquivel [19] has shown the
uniform laws of large numbers and the functional limit theorem for the empirical PGFs.
Thereafter, Stojanovié et al. [20] used a more general PGF estimation procedure, based on
numerical integration techniques, in order to obtain parameter estimators of the so-called
noise-indicator integer non-negative autoregressive (NIINAR) time series model. Our main
motive here is to generalize these results, i.e., to give theoretical foundations of the PGF
estimation procedure in the most general form. According to that, as it will be seen, the PGF
estimates can be practically implemented in the estimation of some of the most important
and often used NNIV times series, as well as in modelling the dynamics of an actual data
set of the number of COVID-19 death cases.

For this purpose, in Section 2, we give some basic facts that are necessary to formulate
the PGF estimation method. Additionally, under some regulatory conditions, we investigate
the asymptotic properties and efficiency of the PGF estimators for an arbitrary stationary
NNIV time series. After that, in Section 3, we analyze some specific PGF estimates for cases
of independent identically distributed (IID) and integer-valued autoregressive (INAR) time
series. For both types of time series, Monte Carlo simulations of the PGF estimates are
computed and their asymptotic properties, such as efficiency and asymptotic normality,
are examined too. Section 4 presents an application of the PGF method in parameters and
distribution estimation of death cases in the period before and after the appearance of the
SARS-CoV2 virus infection on the territory of the Republic of Serbia. Finally, Section 5
contains some concluding remarks.

2. PGF Estimates: Definition and Asymptotic Properties

Let (X;), t € Z be a non-negative, integer-valued, and stationary time series with finite
moments and probability mass distribution (PMF)

px(x;0) :=P{X;=x}, x€Z"={0,1,2,...},

which depends on a vector of unknown parameters 6 = (64,...,6,)' € R", r > 1. Addi-
tionally, let { Xy, X, ..., X7} be some finite realization of the series (X;), of the length T. In
order to obtain the PGF estimates of , we introduce the following terms.
Letu = (uy,...,u;) € R"and XEY) = (Xt, ..., Xpyr—1), t € Zbe the overlapping blocks
of the process (X;), and
Xy
¥ (0;0) = Efuf | (1)

be the r-dimensional PGF of the random vector Xy). Due to the stationarity of series (X;), it
is obvious that the function in Equation (1) does not depend on the choice of overlapping
blocks, i.e., moment of time t. The main aim of the PGF method is to minimize “the distance’
between the theoretical PGF, given by Equation (1), and the corresponding Empirical PGF

(of order r > 1):
1 T—r+1

Xipr—
Z ui(t.__urtﬂ 1
t=1

G ()
¥ (u):= T —
As the series (X;) is stationary, it follows that ‘T’(Tr ) (u) is an unbiased estimator of ‘I’g) (u;69),
ie.,

E[¥0 (w)] = ¥{ (wey), @)
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where 6 is the true (but unknown) value of parameter 6. It is also well-known that

theoretical PGF ‘I’g(r) (u; 0) is well defined at least for all values u € [—1,1]" (see, e.g., [20]).
Thus, the objective function can be defined as

/ / (w;0) — T (u))Zdu, @3)

where du := duy - - - dur and w : R” — R is a weight function, integrable on [—1,1]". The
PGF estimates will be obtained by minimizing the objective function in Equation (3) with
respect to 6, i.e., they are solutions of the minimization equation

4 _ G
67’ = argmin 577(9), )

where ©® C R’ is a parameter space. In order to solve this equation, we use numerical
methods, i.e., procedures based on numerical integration, which is discussed in Section 3.
In the sequel, we will examine strong consistency and asymptotic normality (AN) of the
PGF estimators under some regularity conditions.

Theorem 1. Let 6y be the exact value of the parameter 6, and let 9 for an arbitrary T = 1,2,
be the solutions of Equation (4). Additionally, let us suppose that the following regularity condztzons
are fulfilled:

(A1) O isa compact set, where 6y € int(®), and 6 A( ) e int(®) for T large enough.
(Ap) At the point 6 = 6y function

)= /j/jw(u) (‘I’g(r)(u;(?) —‘Ygg)(u;Qo))zdu

has a unique minimum Sér) (6g) = 0.

sy’ (6)
00 90’
alfgg) (11,' 90) a‘I’g) (u; 90)
ol a0’
w-integrable function £ : R — R*.

(As) The covariance function vk (h; 0) := Cov [Kt(r) (), K;E-?h

; B‘Y(r) ;0
K(r / / ) (u;0) — u1 . ~u§“”1} % du. (5)

(A3z) is a regular matrix.

(Ag) is a non-zero matrix, uniformly bounded by the strictly positive

(9)} of the series

is absolutely summable when 0 = 0y, i.e.,

[e0]

Z |’)’K(h,'9())‘ < +o00.

h=—cc
At the same time, the integral in Equation (5) is non-singular and exists for each 6 € ©.

Then, g(Tr) is a strictly consistent and AN estimator for 6.

Proof. Firstly, we check the sufficient consistency conditions of the so-called extremum
estimators (for more details, see Newey and McFadden [21]). According to given assump-
tions, the series (X;) is ergodic, so that Equation (2) and the strong law of large numbers
(SLLN) give

T (w) =5 ¥ (w;0p), T o, ©)
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where “as” denotes the almost sure convergence. Furthermore, according to assumption
(A7), the function ‘-I’g)(u;e) is continuous on the compact [-1,1]" x ©, and ‘?(Tr)(u) is
continuous on the compact ®. Hence, there exist constants C;,C, > 0 such that the
inequalities

max
(u;0)e[-1,1]"xO

() (... <
Yx (u,G)’ <Cy < +oo, uerflfal),(l]f

N(Tr)(“)’ <G < +oo

hold. According to these, one obtains

S(r r) ‘ = ’/ / ‘-F(r ;0) —‘?’(Tr)(u)ydu
_/j : --/jw(u) (¥ (wo) —‘I’ﬁ?(u;eo))zdu
— ‘/11'~/11w(u)[(‘?({)(u))2 - (‘Ifgg)(u;eo)>1du

+2/_1 o /_1“)(“)'?5? (u;0) (‘Yg(r)(u;Qo) —‘T’(Tr)(u))du

< (C1—i—Cz)/jl---/jlw(u)“?(Tr)(u)—‘I’g)(u;()g)’du
120 /_1-../_100(11)\\1/;?(11,-90)—?g’)(u)]du

1 1
50 () — ¥ (u:
<GC+C) [ o [ | () - ¥ (wio)|du,

so the last inequality and Equation (6) imply

sup’S S(()r) (90)‘ 250, T— 4oo.
€@

Thus, S(Tr ) (0) uniformly converges almost surely toward S(()r> (0). According to this, as well
as the assumption (A;) and Theorem 1 in Newey and McFadden [21], it follows

0 —6) 250, T — +co,

ie., 67(; ) is strictly consistent estimator for 0.

Furthermore, let us notice that function S gf ) (0) has continuous partial derivatives of
the first and second orders with respect to any component of the vector 6. Hence, the

Taylor expansion of BS ( )/06 at 6 = 6y gives

s (@) asy(6y) . 32\7) (6o)

® o 59907 (@ —00)+0o(0—060).

Substituting 6 with é\(r), for a T large enough, under assumption (A3) and the fact that
as(T’)(ﬁ(T”)/ae =0, we have

-1
. 25 00)] a5t (80) .
%)_GOZ_[ 36907 e o —6). @
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Furthermore, the function S (Tr ) (0) can be differentiated under the integral sign, i.e.,

L= = 2/71.../71(0(11)[?){ (u,e)—%(u)}Tdu, ®)
25 (6) I V) (u;0) ¥ (u;0)
90 90" 2/_1 o /_1 w(u) 20 907
2q (1) (.
Y 0°Yy ' (u;0)
+[‘I’X (u;0) ‘I’T(u)}iag S (du. )
Now, Equations (8) and (9) give
s\ (60)] 25 (60)]
E[ g0 | O Elrggae | T2V (1
where
u, 60) 0¥y (u;69)
V= / / aer O

According to assumption (Ay), there exists an w—mtegrable function £ : R” — R such that

¥\ (u; 00) ¥ (u; 0)
a0 30’

0<||

| <L(u), uwel-1,1],
where || - || is a matrix norm on R” x R". Hence, the inequalities

0<|\V|\</ / u)du < +o0

hold, so Equation (10) and the SLLN give

s (09) 325 (00)\ as
( % 9090 — (0,2V), T — Hoo. (11)

To prove the AN property, note that using Equations (5) and (8), we can write the
gradient of S(Tr) (0) as

asgf)(g) B 2 T—r+1 (r)
0  T—r+1 2 Ki 12)

Therefore, according to assumption (As), equality E[K¢(6p)] = 0 holds and it follows

2 Iy R 1 T 0]
W- = 1 K = lim —E K
Jim Var| o 3 K00 = Jim | LK)

T—r+1T—r+1 (r ()
- fmr—r L L eV k@)

T—r+1

1
= lim ——— T — 1—h h; 6
T%T7r+1h:7;r71( r+ )vk(;600)

L h
= lim Z (1— )’)/K(h 90 Z ’)/K h 90) < +o00.
T

T—o0 e he—co
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Note that the last equality follows from Kronecker’s lemma (see, c.f. Fuller [22]). Thus, the
proven convergence and Equation (12) imply

as\) g,
# i> N(07X114W2)r T — +OO, (13)

T—r+1
where “d” denotes the convergence in distribution. Now, applying the central limit theorem
for stationary processes, as well as Equations (7), (11) and (13), one obtains

T—r+1 (6(;) - 90) N0y, VIWZVL), T = 4o,

and the statement of theorem is completely proven. O

At the end of this section, we point out that PGF estimators of the r-dimensional
parameter 6 are usually obtained using overlapping blocks of the same dimensions. This is
also consistent with some of the basic assumptions of the ECF method (for more details,
see [14]). For these reasons, below, we examine in detail the PGF estimation procedures for
the parameter order (as well as the corresponding PGFs order) r = 1 and r = 2.

3. PGF Estimations of IID and INAR Time Series

In this section, we discuss the construction of PGF estimates for two important classes
of stationary NNIV time series. First, using a very general form of the so-called power
series (PS) distributions, the estimation procedure of independent identical distributed
(IID) time series was examined. After that, using the obtained results, PGF estimators of
integer-valued autoregressive (INAR) time series are considered.

3.1. Estimation of IID Time Series

The simplest case of the stationary NNIV time series are the IID series, which we
denote as (g¢), t € Z. Similar to that in Stojanovi¢ et al. [20], and Bourguignon and
Vasconcellos [23], we say that the series (¢¢) has a PS distribution if its PMF is given

as follows: (x) 6"
a(x
pe(x;0) := P{e; = x} = DK

Here, S CZ* ={0,1,2,... } is the so-called discrete support of the RV ¢; and

x€eS. (14)

(i) a(x) > 01is a function that depends (only) on x € S;
(ii) 6 > 0is a (one-dimensional) unknown parameter;

(iii) f(0) := Yresa(x)6* is a function on 6, so that 0 < f(6) < 400 when 6 € (0,R),
R >0.

The expression given by Equation (14) represents the so-called PS distributions that,
for some special choices of a(x), f(8) and 6, allow for obtaining the most of the known
distributions (see Table 1, below). In addition, according to assumption (iii), it is obvious
that, in fact, the power series f(0) converges on the interval (—R, R). However, a common
assumption is 6 > 0, so we say that power series f () converges on (0, R). Accordingly,
the function f(0) is positive and increasing at this interval. Moreover, for an arbitrary
u € [—1,1], we denote by ‘I’gl)(u;e) = Y.(u;0) the PGF (of the first order) of RVs (¢;).
Thus, according to Equation (14), one obtains

¥, (1;0) = E[u] = f(le) L ax) (0u)" = ];((9:)) (15)

where the sum above converges when u < R/6. Note that Equation (15) allows for a simple
computation of first-order PGFs for some of the well-known NNIV distributions, which are
also given in Table 1.
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Table 1. NNIV distributions, along with their PGFs, interpreted in the form of PS distributions.

Distributions S a(x) (0,R) f(6) Y. (u; 0) R/6
1. Bernoulli {0,1} 1 (0,0) 1+0 1;:_99” °
. . n n 1+0u !
2. Binomial {0,...,n} (x) (0,00)  (1+0) ( 116 ) *°
3. Poisson {0,..., 00} % (0,00)  exp(f) exp(f(u—1)) oo
4 Geometric  {0,...,00} 1 01 176 19
. Geometric e, ) 1-0 1= 6u
o I'(x+n) 1 1-6\"
5. Neg. Binomial {0,...,c0} T(n) (0,1) (1—0)" (1 — Gu) 1/6

~—

n—1

6. Pascal {n,..., 00} (x B 1) (0,1

() ()

Furthermore, let ¥1(u) := %Zthl u®t be the appropriate first-order empirical PGF
of series (&), obtained by its realization ¢y, ...,e7. Thus, the objective function can be
written as

2
Sr(6) := /_11w(u) (‘I’g(u;Q) —‘T’T(u))zdu - %/_11“’(”) Lé(f;((f’gg) _us,)] du

L [ (557 ) (5 - o

where w : [-1,1] — R™ is the weight function. Finally, in this case, the minimization
Equation (5) reads as follows

(16)

1
T2

T

fr = arg oirbi?R St(6). (17)

As an illustration, Figure 1 shows plots of the PGFs of some typical NNIV IID time series,
along with their empirical PGFs.

Poisson Geometric
o | c |
] @ |
o | o
w | @ |
(=]
&) g
25 2 o7
> >
w
© _| o 7
o
0 |
0 | =]
o
<
< | =]
o
T T T T T T T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
u u
(a) (b)

Figure 1. Graphs of PGFs (lines) and empirical PGFs (dots) of the IID series: (a) Poisson distribution;
(b) geometric distribution. (True parameter valueis 6 = 1/2.)
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In the following, we assume that R < 400, so the set (0,R) = [0, R] will be a compact.
Thus, assuming that other regularity conditions in Theorem 1 are fulfilled, we can apply
the PGF method. For this purpose, we have taken two different types of distribution of
the series (¢;). Firstly, we assume that (¢;) is the IID series with Poisson distribution and,
later, that it has a geometric distribution. In the both cases, for estimating the parameter
6 > 0, we generated N = 500 independent Monte Carlo replications of the series (¢¢), of
the length T = 1000. Note that this is close to the length of actual series of COVID-19 death
cases, which will be considered in the following. To examine the convergence, i.e., the
quality of the PGF estimators, the appropriate estimation errors will also be investigated.

The PGF estimates are computed according to a minimization of the integral in Equation (16).
Note that it can be numerically approximated by using an N-point quadrature formula:

! " o)
Hpia) = [ cnlu)o(udn~ Qn) 1= Vi p(w)

where (u;) are the quadrature nodes and w,ij ), j=1,..., N are the corresponding weight
coefficients. In our simulation study, quadrature formulas based on Gegenbauer orthogonal
polynomials, with weights wy (1) = (1 — u2)*~1)/2 and N = 20 nodes, were used. More
specifically, we consider Gaussian quadratures based on three well-known special cases of
Gegenbauer polynomials, i.e., the appropriate weights:

(i) Chebyshev polynomials (of the first kind): wq(u) = (1 — u?)~1/2;
(ii) Legendre polynomials: wq(u) =1;
(iii) Chebyshev polynomials (of the second kind): ws(u) = (1 — u?)1/2.

The construction of all these quadrature formulas was realized using the Wolfram Mathe-
matica package “OrthogonalPolinomials”, authored by Cvetkovi¢ and Milovanovi¢ [24]. Af-
ter that, the objective function in Equation (17) is minimized by the “R” procedure “opti-
mize”, based on the Brent minimization algorithm [25] and realized by the authors’ original
codes in “R”.

Summary statistics of the PGF estimates §k, k =0,1,2, obtained with the appropriate
weights wy (1) and computed via aforementioned estimation procedure, are presented
in Table 2. More precisely, it contains the mean values (Mean), minima (Min.), maxima
(Max.), and the mean squared estimating errors (MSEE) of obtained PGF estimates of the
IID series with Poisson and geometric distribution. (These two distributions are taken as an
illustration of the application of the PGF method, that is, to describe the dynamics of actual
data in Section 4, below). The values of objective functions §Tk =S T(§k), k=0,1,2, as the
reference estimation errors, are also shown. According to presented results, it is obvious
that PGF estimates of both IID series are generally the efficient parameter estimators and
have very similar properties. Slightly lower estimation errors are observed in the case of
the Gauss-Chebyshev quadrature of the second type, i.e., the weight function w;(u). This
is expected, since it is known that this weight forces the points around the coordinate origin
and ignores those near the ends of the interval [—1, 1]. On the other hand, the somewhat
larger estimation error in the case of Gauss—-Chebyshev quadrature of the first kind is
a consequence of ‘forcing’ the ends of the interval [—1,1], where the weight is infinite.
In addition, the results of AN testing of the obtained PGF estimates are also presented
in Table 2. For this purpose, the Anderson-Darling normality test was used and its test
statistic (labelled as AD), along with the corresponding p-values, were calculated using the
procedure from the R-package “nortest”, authored by Gross [26]. According to the values
thus obtained, it is evident that the AN property is valid for all PGF estimators, which is in
accordance with the previous theoretical results, i.e., the statement of Theorem 1.
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Table 2. Estimated parameters’ values of IID series (¢;) series with Poisson and geometric distribution.
(True parameter value is 6 = 0.5.)

PGF Estimates
Statistics ~ R ~ R R ~
6o St 61 Sty 6 St,
Min. 0.4222 463 x 1078 0.4293 3.20 x 107? 0.4267 3.83x 1078
c Mean 0.5006 9.19 x 105 0.4994 447 x 107° 0.5005 2.80 x 1075
S Max. 0.5967 7.17 x 104 0.6098 400 x 1074 0.5938 2.38 x 1074
B MSEE 0.0220 - 0.0200 - 0.0196 -
A~ AD 0.3849 - 0.1965 - 0.2911 -
p-value 0.3919 - 0.8889 - 0.6076 -
Min. 0.4491 1.09 x 10~° 0.4520 3.27 x 1077 0.4467 240 x 1077
i Mean 0.5004 230 x 1074 0.5001 1.06 x 10~ 0.4996 6.17 x 1075
5 Max. 0.5535 271 x 1073 0.5353 3.62x 1073 0.5580 5.60 x 1074
g MSEE 0.0129 - 0.0121 - 0.0117 -
& AD 0.4583 - 0.2214 - 0.2490 -
p-value 0.2627 - 0.8307 - 0.7467 -

3.2. Estimation of INAR Time Series

In this part of our work, using the previous assumptions, we define the integer-valued
autoregressive process (of the first order) or, simply, INAR(1) process (X;), t € Z by the
recurrence relation

Xy =wnoX;_q+ ¢t (18)

Here, (¢;) is the IID series of RVs commonly called innovations, « € (0,1) is an unknown
parameter, and

X
xoX:=) Bjx) (19)
j=1
is the so-called binomial thinning operator (for more details, see [27]). More precisely, X is an
arbitrary NNIV RV such that, for any ¢ € Z, the RVs B; = B;(«) are mutually independent
(also independent of X) with Bernoulli’s distribution

P{B;=1} =1-P{B; =0} = a.

In that way, it is simply shown that the INAR(1) process (X;) is stationary for each a € (0,1),
with the autocorrelation function (ACF)
ox (k) == Corr[Xs, X, 4] = &F, k=0,1,2,... (20)
As an illustration, Figure 2 presents sample frequency distributions of the INAR(1)
process (X;), along with their corresponding innovations (¢;), for Poisson and geometric
distributions. Furthermore, it will be of interest to use the first-order PGF of the RV «a o X.
For that purpose, we prove the following simple statement:

Lemma 1. For an arbitrary o € (0,1) and NNIV RV X, the first-order PGF of the RV « o X reads
as follows:

Yoox(u;0) = ¥x(1+a(u—1)). (1)
Proof. According to the definition of the first-order PGF, Equation (19) and the law of total
expectation (see, e.g., Theorem 34.4 in [28]), we have
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Foox(1;0) 1= E[utX] = E[ubm1 7] = [E (w0
=E Lﬁ‘l’j(u;(x)] = E[(‘I’ (u; oc))X].

Here, ¥;(u;a) := E {uBf(“)} =1+ a(u — 1) is the first-order PGF of the RVs B;(«). Hence,
substituting this expression in Equation (22) obviously gives Equation (21). O

)

(22)

Poisson
o
o
[
s _
& © 8 8 -
Q Q
5§ 8 - £ i
3 3
o g 8 |
£ 8 4 ‘ g &
o - I ] . ] o — I ]
[ [ [ [ [ [ [ [ [ [ [ [
0 1 2 3 4 5 6 0 1 2 3 4
X €t
Geometric
o
g
o v
g |
o~ —
g 3 .
=} - =}
o o —
o . o
- — o
o _| o —
3 ‘ I =]
o — l ' 1] l . o — | ] ] .
T T T T T T T T T T T T T
5 6 e] 0 1 2 3 4 5 6 7 8
X, €t
(a) (b)

Figure 2. Plots of the sample frequency distributions of INAR(1) processes (a) and their innovations

(b) with Poisson distribution (plots above) and geometric distribution (plots below). True parameters
valuesare § = a =1/2.

Let us also note that some of the important properties of the INAR(1) process can
be found in many studies, cf. [29-36]. This kind of stochastic model was first introduced
in the pioneer work of Al-Osh and Alzaid [37]. Here, among others, the first order PGF
of the INAR(1) process was derived. In the case of PS-distributed innovations (&), we
generalized this result in the following way:

Theorem 2. Let us assume that the innovations (e;) of the INAR(1) process have the PS distribu-
tion given by Equation (14). Additionally, suppose that the function g(6) = log f(0) has a finite
derivative, uniformly bounded on a finite interval 6 € (0, R). Then, an arbitrary « € (0,1) INAR
(1) series (X;), given by Equation (19), has a PGF of the first order:

- (((-0))

Yx(u;6,a)=]]

11 70) ' *

as well as PGFs of order r > 2:

¥ (u;6,0) = ¥y (ﬁ(l+a¢ Upsq — 1) )) [T (H(1+1x (uk+/1))> (24)

k=0 k=0
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Proof. According to a definition of the PS-distributed RVs (¢;), given by Equation (14), as
well as their first-order PGEF, given by Equation (15), the mathematical expectation of the
series (&;) can be obtained as follows:

MNe(w;0)|  _ o f1(0) _
|, = e =° (6).

Based on this and the assumptions of the theorem, for some constant M > 0 and any
6 € (0,R), we have

pe(0) := Eled] =

oo

Y P{er >k} =) kP{er =k} = pe(6) < M < +oo,
k=1 k=1

where the sum above converges uniformly on 6 € (0, R). On the other hand, the sequence
1/k,k=1,2,... is monotone and bounded, so Abel’s convergence criterion implies that,
when uniformly on 6, the following is valid:

Y 1pfe > k) < +oo. 25)
k=1 k

As it is known from Alzaid and Al-Osh [38], the inequality (25) represents a necessary and
sufficient condition for the infinite-order integer moving average (INMA) representation of
the series (X;):

d o
Xe =) afoey, (26)
k=0

where the sum above converges almost surely. According to Equation (26) and the previous
Lemma, we have the following:

¥y (1;0,0) = ﬁ‘lfg(1+uck(ufl);9), (27)
k=0

and the product above converges absolutely at least for all u € [—1,1]. Hence, substituting
Equation (15) in Equation (27), we have Equation (23). In order to prove the second part of
the theorem, notice that, according to the definition (18) of the series (X;), for an arbitrary
k € N, the following holds:

k-1
d .
Xiip = ko X+ 2 «/ o €ty (28)
j=0

Substituting k = 1,...,7 — 1 into Equation (28) and after some computation similar to the
previous one, an explicit expression of the PGF in Equation (24) can be easily obtained. O

Remark 1. Note that the distribution of the INAR(1) process depends on two unknown parameters
6, a. Therefore, in order to estimate them, it is of interest to determine the two-dimensional PGF of
(Xt), which is simply obtained by replacing r = 2 in Equation (24):

‘I’g(z)(ul,uz; 0,0) = ¥x (u1(1+a(up —1));0,a)¥e(uz;0). (29)

In the following, similar to the case of IID series, the procedure for estimating the parameters of
the INAR(1) model with Poisson and geometric innovations (&) will be described. Using Poisson
distribution for series (&), as well as Equations (23) and (29), the one- and two-dimensional PGFs
of the INAR(1) process (X¢), after some simple computations, can be obtained as follows:
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exp(6)

(uq,up;0,0) = exp [6 (u1 +uy —1+

¥x(u;0,a)

)|

In a similar way, for the appropriate PGFs of the INAR(1) process with geometric innovations,

one obtains

auquy — 1
11—«
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Three-dimensional plots of the theoretical and empirical PGFs of INAR(1) processes with Poisson

and geometric innovations, respectively,

are shown in Figure 3.
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Figure 3. Three-dimensional plots of the two-dimensional PGFs (a) and empirical PGFs (b) of the

Geometric
INAR(1) series with Poisson innovations (panels above) and geometric innovations (panels below).

(a)

True parameters’ values are § = a« = 1/2.
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Therefore, notice that the PGFs of the INAR(1) process with geometric innovations are not in
closed form. However, they depend on alternating sums and can be easily approximated by finite
k-term sums. Thus, for instance, in the case of a one-dimensional PGF, the approximation error
amounts to

9k+1 (u o 1)k+1
(k+1)(1 — ak+1) (1 — g)k+

1
TS (T

u:G

Rii1(u;0,a) <

Similar to that in the previous estimation procedure, the PGF estimates (5, ®) of un-
known parameters (6, «) are computed according to a minimization of the double integral

~ 2
52 (6,a) = / /[71’1]2w(ul,uz)(‘lfg?)(ul,uz;(),a)—‘I’T(ul,uz)) dirdus,  (30)

with respect to some weight function w : [—1, 1]> — R*. Similar to earlier, the integral
in (30) can be numerically approximated by using some N-point cubature formula:

N
[(¢;w) = //[ e w(uy, up)@(uy, up)dugduy = Y w; (uyj, uz;),
Y 5

where (11, ;) are the cubature nodes, and w; are the corresponding weight coefficients.
In our simulations study, we used the same kind of (two-dimensional) weights as in the IID
case, i.e., the Gaussian qubature formulas based on Gegenbauer orthogonal polynomials,
with weights
k-1)/2
wplur, ) = (1)1 —a)

and N = 36 nodes. After that, the objective function (30) is minimized by “R” procedure for
linearly constrained minimization “constrOptim”, based on the Nelder-Mead optimization
method [39].

As the initial values of this estimation procedure, we used the Yule-Walker (YW)
estimates, obtained by solving the equations

px =X, px(1) =p(1).

Here,

Ux = E[Xt] = 1‘11806, px(l) = COI‘I‘[Xt,XH_ﬂ =

are, respectively, the mean and first autocorrelation of the INAR(1) series (X;), while
_ -2

T Iyl XX, — X7
Ty X7 - X2T

- 1 & .
Xri==Y X;, p(1):
Tt:1

are their sample estimators. Thus, in the case of Poisson distributed innovations (¢¢), the
YW estimators are obtained as follows:

i=p(1), 6=(1-a)Xr

Similarly, for geometric distributed innovations (¢;), the YW estimates are

L - (1-®)Xy
R T

Summary statistics of the PGF estimates (B, @), obtained using the aforementioned
numerical estimation procedure with the appropriate weights wi(uy,up),k=0,1,2, are
presented in the following Table 3. Similar to in the IID case, two different types of
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innovations (&), with Poisson and geometric distributions, were used. Thus, in both cases,
the unknown parameters (6, ) were estimated through the set of N = 500 independent
Monte Carlo simulations of the innovation series (¢;) and INAR(1) process (X;) of the
length T = 1000.

In the same way as before, Table 3 contains the mean values (Mean), minima (Min.),
maxima (Max.), as well as the mean squared estimating errors (MSEE) and the objective
function S (TZ) for all obtained PGF estimates. Notice that the thus obtained PGF estimators
have very similar properties as in the one-dimensional case, with somewhat higher esti-
mation errors, which is expected. Namely, they are computed using a two-step procedure,
using the YW estimated values as the initial ones.

Table 3. Estimated parameter values of the INAR(1) process (X;) with Poisson and geometric
innovations. (True parameters’ values are § = o = 1/2).

PGF Estimates
Statistics
8o %o s 6, 1 5P 6, R s&)
Min. 03845 03606 212x107° 0.3653 03352 548 x 107 0.3710 03365  1.65x107°
< Mean 05003 04986  8.08 x 104 0.5002 05006 1.73 x 10~* 0.5015 04951 736 x107°
S Max. 06711 05971  7.12x 1073 0.6948 0.6292 1.32x 1073 0.7049 0.6251  5.13x 1074
‘2 MSEE  0.0329  0.0350 - 0.0364 0.0337 - 0.0381 0.0321 -
~ AD 0.7468  0.3089 - 0.7272  0.4153 - 0.8609 0.4724 -
p-value 0.0515  0.5574 - 0.0576  0.3326 - 0.0269*  0.2427 -
Min. 03962 03592  3.96 x 107° 0.3673 03129 7.98 x 1076 0.3965 03199 2.75x10°°
g Mean 05002 04974  731x107* 04981 04977 223 x10°* 0.4986 05005 898 x10~°
T Max. 06071 06646  9.02 x 1073 0.5960 0.6037 157 x 1073 0.6033 0.6747 739 x 1074
% MSEE  0.0291  0.0521 - 0.0265 0.0446 - 0.0271 0.0425 -
3 AD 0.6155  0.8198 - 0.3150 0.5174 - 0.4126 0.7898 -
p-value 0.1088  0.0340 * - 0.5426  0.1882 - 0.3375 0.0403 * -
*p < 0.05.

Similar to earlier, the summarized values of AD test statistics, along with the appropri-
ate p-values, are also shown in Table 3. It can be seen that the AN property is confirmed in
almost all cases, that is, for most of the PGF estimators of the parameters (0,a), as well as
the corresponding weight functions wy (u1, 12). We assume, in the same way as it is shown
in Stojanovi¢ et al. [40], that the variations that occur in some simulations, at the significant
level of 0.01 < p < 0.05, are also reasonable as a consequence of this specific, two-stage
estimation procedure.

4. Application of the PGF Estimates

In this section, we indicate some possibilities of the practical application of PGF
estimators in stochastic modeling of real data. Additionally, our motivation is also to point
out the different dynamics of time series of death cases in the time period before and
after the emergence of the SARS-CoV2 virus. We emphasize that much attention has been
paid to the COVID-19 disease, from the beginning of the pandemic until today. For these
reasons, various theoretical models were proposed for research of this still current issue.
Rigorous mathematical ones, usually based on solving coupled partial equations, have
been proposed, e.g., in [41-43]. Some other authors [44—46] used both deterministic and
stochastic approaches to predict the various effects caused by the COVID-19 pandemic. A
particular interesting approach is given in [47,48] where the NNIV time series were used
for modelling the dynamic of some the COVID-19 count data. In this regard, here, we
explore some more possibilities in modeling the dynamics of such data.

More precisely, we observed two real data sets, one of which refers to the period before
and the other after the appearance of the SARS-CoV2 virus infection on the territory of
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the Republic of Serbia. The first time series, labelled as Series A, contains the number of
daily mortality in Ni$, the third largest city in the Republic of Serbia, in the period from 1
January 2017 until 31 December 2019. The second one (Series B) contains the daily number
of deaths per day in the Republic of Serbia, from 20 March 2020 (the date of the first death
caused by the disease COVID-19) to 1 December 2022. Dynamics of the observed time
series, lengths T = 1095 and T = 990, respectively, are shown on the left plots in Figure 4.
On the other hand, the right plots in Figure 4 show the autocorrelation functions (ACFs) of
these time series. In the case of Series A, it is obvious that there is a very weak correlation,
so it can be seen as an IID time series. On the contrary, with Series B, it is evident that there
is a positive and significant but exponentially decreasing correlation, depending on the
lagk =0,1,2,.... Therefore, in accordance with the previous theoretical results, primarily
Equation (20), it could be expected that the INAR(1) process is an adequate stochastic model
for describing the dynamics of the number of deaths caused by the COVID-19 disease.
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Figure 4. (a) Dynamics of the number of deaths before and after the onset of the disease COVID-19 in
Serbia. (b) The corresponding ACFs of the observed time series.

Some confirmation of these observations can also be seen in Table 4, where its upper
part shows the basic descriptive statistical analysis of the both time series. In the case of
Series A, the existence of an equal-dispersion property can be recognized through 'close’
values of its sample mean and variance. Thus, this series can be modeled with a Poisson
distribution. On the other hand, with Series B, there is a wide range and variability of
observed data. Additionally, it can be seen that frequencies of ‘smaller’ numerical values
are emphasized (its mode equals 1). Therefore, it could be assumed that, in the INAR(1)
model, innovations with a Poisson distribution (and a ‘small” parameter 0) can be taken, as
well as with a geometric distribution. In accordance with the mentioned facts, we modeled
the dynamics of the Series B by using the INAR(1) process (X;) with geometric distributed
innovations (¢;). Finally, the lower part of Table 4 shows some of the estimated values
for the ACFs of both observed time series. Obviously, the obtained autocorrelation values
of Series A are not statistically significant, so it can be considered as an IID time series.



Axioms 2023,12,112

16 of 20

Conversely, the estimated ACF values of Series B indicate the possibility of modeling the
dynamics of this time series using the INAR(1) process.

Table 4. Summary statistics of the total number of deaths per day before and after the appearance of
the COVID-19 disease in the Republic of Serbia.

Statistics Series A Series B
Sample size 1095 990
Minimum 0 0
Mode 6 1

1st Quartile 4 3
Median 6 9
Mean 5.758 17.58
3rd Quartile 7 27
Maximum 24 79
St. deviation 2.428 18.48
Variance 5.895 341.6
Skewness 1.797 1.159
Kurtosis 10.803 3.161
ACE(1) 0.085 0.987
ACEF(10) 0.020 0.911
ACEF(20) —0.024 0.754
ACEF(50) 0.049 0.254
ACF(100) —0.020 0.078

In the upper part of Table 5, the estimated values of parameter 6 > 0 for Series A, as
well as estimates (0, «) of the INAR(1) process for Series B, are shown. As in the previous
simulation study, PGF estimates for IID Series A were obtained using an unconstrained
Brent’s optimization procedure. On the other hand, for Series B, PGF estimates were
computed using the two-step estimation procedure described in the previous section, that
is, by linearly constrained optimization and YW estimates as initial parameter values.
In both cases, as before, weight functions wy(u1,u2), k = 0,1,2 based on Gegenbauer
orthogonal polynomials were used.

It can be easily seen that in the case of Series A, estimated parameter 6 is ‘between
to sample mean and variance, which is expected. For Series B, the estimated values of
the parameter 6 are relatively ‘small’. This is obviously a consequence of the emphasized
frequencies of smaller integer values of the observed time series (which can also be seen in
the following Figure 5). Conversely, the estimated values of the parameter « are close to 1.
This can also be explained by the previously described properties of this time series, which
has a significantly high estimated value of the first correlation.

Furthermore, we analyzed the fitting efficiency for both time series, when all weights
are applied. For this purpose, we generated 500 independent simulations for the IID Series
A, as well as the INAR(1) model for Series B, for all estimated parameters’ values. In
order to check the efficiency of proposed models, we computed two typical goodness-of-fit
statistics: the mean squared estimation error (MSEE) and the Akaike information criterion
(AIC). The mean values of these statistics are shown in the middle part of Table 5. It is
noticeable that, in all the mentioned cases, the PGF estimates have similar efficiency because
the MSEE and AIC statistics have relatively close and small estimated values.

7
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Table 5. Estimated values of parameters, along with error and predictive statistics of the actual data.

L. Series A Series B
Parameters/Statistics
wo w1 w2 wo w1 w?
0 5.8069 5.8218 5.8176 0.1812 0.1808 0.1810
o - - - 0.9872 0.9865 0.9871
s 1.06 x107>  1.06x107° 7.16x107° 648 x107° 346x107° 1.92x1073
MSEE 0.0726 0.0789 0.0771 0.0221 0.0288 0.0233
AIC 4.5992 4.6023 4.6016 5.3035 5.3041 5.3042
DM —0.3641 0.1039 0.0974 0.5855 0.7797 0.6456
p-value 0.3579 0.5414 0.5388 0.7208 0.7821 0.7406
Series A Series B
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Figure 5. Frequency distribution of the actual and fitted data, obtained by (a) IID Poisson process;
(b) INAR(1) process with geometric innovations.

Finally, an analysis of the forecast accuracy of models obtained with PGF estimates
was also checked. For this purpose, we used the one-tailed Diebold-Mariano test [49] for
prediction accuracy. The null hypothesis is that the fitted time series have the same accuracy
as the actual data, while the alternative is that the series obtained by the PGF estimation
procedure are less accurate. The test statistic (denoted as DM), as well as the corresponding
p-values, were calculated using the R-package “forecast”, authored by Hyndman [50]. In
the case of Series A, the data set from 1 January 2020 to 20 March 2020 was used, as a
forecast horizon of length & = 80. For Series B, the forecast horizon from 1 December
2022 to 9 January 2023 was used, the length of which is equal to I = 40. As a result,
it is noticeable that the realized values of the DM statistics, shown in the lower part of
Table 5, indicate that all models fitted by PGF estimators have the same forecast accuracy
as empirical data, i.e., the null hypothesis is valid. Some of these aforementioned facts
can be also seen in Figure 5, where the empirical frequencies distribution, along with the
appropriate distributions of IID and INAR(1) processes, are shown.

5. Conclusions

In this paper, an estimation method based on probability generating functions (PGFs)
is proposed. For this purpose, the stochastic properties of this method were analyzed, as
well as its application in estimating the parameters of some typical stationary time series.
Notice that the PGF method, with certain modifications, may be suitable for estimating and
fitting time series of a similar, or some other kind to those considered here. These can be,
for instance, INAR processes with negative binomial thinning [51,52], integer generalized
autoregressive (IN-GARCH) processes [53], or the so-called self-exciting processes [54].
Moreover, the application of the PGF estimates is also particularly interesting in the case
of some non-linear time series, when the usual estimation methods cannot be used. We
point out again that, in Stojanovi¢ et al. [20], the PGF method was applied in parameter
estimation of the so-called noise-indicator INAR process. Consequently, the application of
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the PGF estimators presented here can be a starting point for some future research related
to these estimators. Therefore, notice that, in the case of Series B, the estimated values of
the parameter « indicate that the hypothesis Hy : « = 1 is potentially valid. This could
indicate a possible non-stationarity in the dynamics of the observed time series and could
be the subject of some further research.
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