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Abstract: The multi-resolution analysis (MRA) associated with quadratic phase Fourier transform
(QPFT) serves as a tool to construct orthogonal bases of the L?(R). Consequently, it assumes a pivotal
role in facilitating potential applications of QPFT. Inspired by the sampling theorem applicable to
band-limited signals in the QPFT domain, this paper formulates the development of the MRA linked
with QPFT. Subsequently, we develop a method for constructing orthogonal bases for L?(R), followed
by some examples.
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1. Introduction

The Fourier transform (FT) is a remarkable discovery in the field of mathematical sci-
ences, which has had a profound impact on many branches of science and engineering [1,2].
Over time, the domain of Fourier analysis has witnessed numerous mathematical break-
throughs, leading to significant advancements and profound implications of the classical
Fourier transform. Notable developments that stem from the conventional Fourier trans-
form include the fractional Fourier transform [3,4], linear canonical transform [5], special
affine Fourier transform [6], and the relatively recent quadratic-phase Fourier transform [7].
The quadratic-phase Fourier transform (QPFT) extends the classical Fourier transform,
incorporating quadratic phase factors into its kernel. In the QPFT, the signal’s time-domain
representation is multiplied by a quadratic phase term before computing its frequency-
domain representation. This additional quadratic phase term allows for a more flexible
analysis of signals with time-varying frequency content. The QPFT provides a unified
framework for handling transient and non-transient signals, making it particularly useful
for analyzing signals with time-varying properties. It has found applications in various
fields, including signal processing, time-frequency analysis, and communication systems.
The mathematical expression for the QPFT involves five real parameters (A, B, C, D, E) that
control characteristics of the quadratic phase term. Adjusting these parameters can tailor
the QPFT to suit specific signal processing requirements. Overall, the quadratic-phase
Fourier transform enhances the traditional Fourier transform’s capabilities, enabling a
more versatile and powerful analysis of signals in the time-frequency domain. Shah et al.
studied short-time quadratic-phase Fourier transform as well as quadratic-phase wavelet
transform (QPWT) with many applications in [8,9]. Also, the quadratic phase Fourier
wavelet transform was explored by Prasad and Sharma in [10]. Over the past decades,
various integral transforms, including the Fourier, fractional Fourier, and linear canonical
transforms, have been extensively explored in time-frequency analysis.
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On the other hand, multiresolution analysis (MRA) is a powerful mathematical frame-
work used in signal and image processing introduced by Mallat [11], particularly in the
field of wavelet analysis. It provides a systematic and hierarchical approach to analyzing
signals or images at different levels of detail or resolution. The concept of MRA is rooted
in the idea of representing a signal or an image in terms of a series of subspaces, each
capturing different levels of frequency or scale information. Madych [12] established ele-
mentary properties of MRA in L?(R") with scaling functions represented as characteristic
functions. Subsequently, Zhang [13] explored scaling functions and wavelets in standard
MRA, providing a characterization of the support of the Fourier transform of these scaling
functions. Malhotra and Vashisht [14] contributed to understanding scaling functions on
Euclidean spaces. The MRA associated with FrWT was also introduced in [15], where FrWT
analyzes signals in the time-frequency-FrFD domain. Ahmad [16] studied fractional MRA
and associated scaling functions in L?(RR). Dai et al. [17] proposed a novel fractional wavelet
transform (FRWT) and studied MRA associated with the developed FRWT, together with
the construction of the orthogonal fractional wavelets. Shah and Lone [18,19] studied
special affine MRA and the construction of orthonormal wavelets in L?(R) and studied
Shannon’s sampling theorem for the quadratic-phase Fourier transform, which serves as
a comprehensive sampling theorem applicable to a broad range of integral transforms.
Shah and Tantary [20] formulated the sampling theorem for the QPFT and developed a
novel convolution structure for efficient filtering in the quadratic-phase Fourier domain
and also gave the advantages of the proposed convolution structure and its integration
with the Wigner distribution to filter out undesired signal components. As a generalization
of FT, QPFT can represent adaptively signals in both time and FT domains. Therefore,
QPFT not only breaks through the limitation of FT in time-Fourier domain analysis but also
overcomes the limitation of FT in indicating the signal’s characteristics. QPFT successfully
inherits the advantages of MRA for FT. The MRA and the construction of orthogonal
wavelets associated with QPFT are crucial in its perspective applications. Thus, detecting
the MRA and the construction of the orthogonal wavelets related to QPFT is necessary.
Therefore, our primary concern is introducing the notion of quadratic phase MRA, which
allows a smoother construction of orthonormal bases simply and insightfully.

The main contributions of this article are as follows:

* To give an alternative proof of Shannon’s sampling theorem associated with the
quadratic phase Fourier transform.

¢ Inspired by the sampling theorem of band-limited signals in the QPFT domain,
the MRA associated with quadratic phase wavelet transform is developed.

e Discuss the construction of the orthonormal basis of L?(R) starting from a given
scaling function.

e To give examples of quadratic phase wavelets from given scaling functions.

The rest of the article follows this structure: in Section 2, we offer a comprehensive
introduction to the basics, covering the QPFT and also obtain some of its fundamental
properties that are new in the literature. Moving on to Section 3, we give an alternative
proof of the sampling theorem for the band-limited theorem in the QPFT domain. Based on
this sampling theorem, we define a novel MRA and discuss constructing an orthonormal
basis for L?(R), followed by some examples in Section 4. Finally, in Section 5, we conclude
our paper.

2. Preliminaries

In time-frequency analysis, a recent signal processing tool that has garnered attention
is the quadratic-phase Fourier transform (QPFT), introduced by Castro et al. [21]. This
transformative tool offers a unified approach to handling transient and non-transient
signals.

Definition 1. Given a parameter set A = (A, B,C, D, E) , the QPFT of f € L?(R) is denoted as
QA f and is defined by
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(@)@ = 7= [ FOKA( D)
where K (t, &) is a quadratic-phase kernel and is given by
(&) = ol (AP —BIZ+CE?+DH-EG)

and the corresponding inversion formula and Parseval’s formula for the QPFT reads

) = [ (@F)@Ka(t Dz,

and
(f,8) = [B(Q"f, Q%) Vf,g € L*(R),
where A,B,C,D,E € R,B # 0.

Some Properties Associated with the Quadratic Phase Fourier Transform

The lemma below gives some formula for the QPFT, that will be used later in this paper.

Lemma 1. Let f € L2(R), a # 0, then the following holds:

W @ r(a)@) = el EIIEED (a0 el) 2 ) ().
@ (@MAA AT e g) = 1 ACE)EED on ) (8),

la]
Proof. Using the definition of the quadratic phase Fourier transform, we have

(QMf(at)})(@)

(AP —Bt+CE?+DH-EC) g4

\/27T/f
/f z{Ag —§t§+c52+%t+}5g}dt

rIﬂI

ALy At2+D(§)—Dt}f(t)ei{At2 Bt(§)+c<§)2+Dt+E(§)}
\ﬁ|a|/

- LA} (o fala e emtir- ) (8),

£ = 1 i{c(éz—(§)2>+b‘(§—§)}(QA{ei{A(;)zAt2+D(

y ei{c<§2,(§)2) +E(g—§) }dt
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Now,

(QA{¢ (at)})(C)

\ﬁ / () pi(AR—Bte+CE24DI+EQ)
F / t) A(L)? ~BLEHCEADLAEE}
la| R\ 4
et (O
If we take ¢(t) = ¢~ {AP=A@)’+DI=D@))} then

(QA{E_Z{Atz (at) +Dt D(at) }})( ) — ie{ <§27(%> >+E(§' )} (QAf( )) (§>,

|a] a
(QA{Ei{A(”t)Z*At2+D(at)7Dt}f(at)})(g) _ |31|€i{c(§2_(§) )+E(C )} (QAf( )) <g> 1)
This finishes the proof. [J

The following lemma is an important tool in proving the Shannon’s sampling theorem
in the QPFT domain. It says that if a function f is band-limited in the quadratic phase
Fourier transform domain, then there is a function g depending on f such that it is band-
limited in the Fourier domain. Note that, from here on, we take the value B in A as
positive.

Lemma 2. Assume a signal f(t) is band limited to Q5 in quadratic phase Fourier domain with
parameter A = (A,B,C,D,E) and B > 0. Let

g = [ (@@t g, @

then g(t) is a signal band-limited in (—BQ,, BQ ) in the Fourier domain.

Proof. Given,

g = [ (Qf)(g)eBes et el

Taking the Fourier transform, we have

Gl = [ { [T @ p@e e i |
oo o o i efitw
= [T @t peiee s [ s Zalag
- [ e L[ sl
= [ (@ D@e () Vams(g - w)iz

= [ (@ )@ D Vama(Bg — )i
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/_°°<QAf><g>ei(cgﬂl%)ﬂ?é(c—w)dg
2T (Qh y (49)e (),

2T Q) (%)

Since (Q” f)(w) is band-limited to Q5, so supp(Q” f) C [-Qa, Q4l, ie

(Q*)(w) #0ae., |w| > Oy
= (QAf)(g) #0a.e.,
— (QY)(F) #0ae, lw| > By,

ie, 3} (w) =

i i

8)>QA

i.e, supp(F{g(H)}) C [-BO, BQA] Thus, (F{g(t)})(w) # 0a.e., |w| > BQ. Therefore,
g(t) is band-limited to BQ) in the Fourier domain. [

3. Sampling Theorem for Band Limited Signal in QPFT Domain

The sampling theorem, also known as the Nyquist-Shannon sampling theorem, is a
fundamental principle in signal processing and digital signal theory. It provides guidance
on how to accurately reconstruct a continuous-time analog signal from its discrete samples.
The theorem states that, to avoid aliasing and to perfectly reconstruct the original signal,
the sampling rate (i.e., the number of samples taken per second) must be at least twice the
highest frequency in the analog signal. Mathematically, if a band-limited signal contains
a range of k frequencies, it can be accurately reconstructed by taking 2k evenly spaced
samples. Taking additional samples would prove redundant, whereas fewer samples
would lead to a loss in signal quality. The sampling theorem can be expressed as follows: If
a continuous-time signal is band-limited, meaning it contains no frequencies higher than
a certain maximum frequency (known as the Nyquist frequency), then the signal can be
completely reconstructed from its samples if the sampling rate is greater than or equal to
twice the Nyquist frequency.

Inspired by the sampling theorem of band-limited signal in QPFT domain, in this
section, the MRA associated with QPFT is established in the next section. The sampling
theorem of a band-limited signal associated with QPFT is given by the following theorem.

Theorem 1. Let signal f(t) be band-limited to Q5 in QPFT-domain having parameter A =
(A,B,C,D,E),B > 0. Then, the following sampling theorem expansion for f(t) holds:

f(t) _ ei(At2+Dt) Z f(nT)eiA(”T)2+D("T)SinC (mA(:T_nD) , (3)
nez

where T is the sampling period and satisfies T = ﬁ and is called as the Nyquist rate of sampling
theorem associated with the quadratic phase Fourier transform.

Proof. We have
f(t) = \/%T '/H;{(QAf)( Yo i(AL =B +CE4 DIFER) g
- ke
{ / (QMf)(&)e(~BIEHCEHHED) dg}r ~i(AP+D1)

27T

)e—i(—Btij+C§2+E§)e—i(At2+Dt)dg
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1 —i 2
— e (Af +Dt)g(t).

- 7=

Since g(f) is band-limited to (—BQx, BQy ) in the Fourier domain, by applying the
classical Shannon’s sampling theorem, we get

gt)y=Y g(nT)sinc(BQA(t_nT)>,

nez T

where T = g~ is the sample period. Therefore,

f(t) :Le*i(AterDt) ) g(nT)sinc(BQA(t_nT)>

\/ﬁ nez T
—o (AR D) Y GHAGH DN £ T)sine (W)
nez

ie.,

ft) = p—i(AP+DY) Z f(nT)ei{A(nt)2+D(nt)}Sl-nc(BQA(t—?’lT)>'

nez Tt

This finishes the proof. [

4. Multiresolution Analysis Associated with QPFT

This section is devoted to the MRA associated with the QPFT. To introduce the defini-
tion, we first start with the following discussion, which has mainly to do with the Shannon’s
sampling theorem discussed before. It motivated us to define an MRA associated with the
QPFT. In what follows, the results also show the existence of the so-developed MRA.

When Q) = %, the set of band-limited signals in QPFT domain is denoted by VOA, ie.,

Ve = {f € P(R): (Q )W) =0, Ju] 2 0n = T},

where sampling period T = 1. Therefore, from the sampling theorem, for all f(t) € V{,
we get

JIGEDY e_i(At2+Dt)f(n)ei{A"2+D”}sinc(BQAS_n)).

nez

Since O\ = %, we have

fey=13 €_i{A(tz_”2)+D(t_n)}f(n)sinc(t —n),

nez

ie.,

f(t) =3 fFm)Paon(t),

nez

where ¢y o, (t) = e HAE ) FDE) gine(t — p).
Combining with the orthogonality of {¢ o, } nez, We can further obtain that {¢p o, =
e~ HAWE=n)+D(t=m)}ginc(+ — 1)}, ez, forms an orthonormal basis of Vi
When Q)p = %”, T = %, the set of band-limited signal in the QPFT domain is denoted

by VA ie.,

VP = {f € 2(R): (QM)(w) =0, Ju] > 0 = 2T},
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Therefore, according to sampling theorem Equation (3),

geVy = (Q*)(u) =0,|u| >E
— (QM)(u) =0, |u| > o

‘B
— g Vi,

ie., VOA - VlA. Also for T = %, Qp = %",f € VlA can be written as
F(t) =e i(AF+D) Z f( )e Ha (%)Z_D(%>}sinc<2(t -3))
Z ( ) () >+D(t_%)}sinc(2t—n)
1
; \f ( )‘Pl\ln( )
where ¢ 1,(t) = 2%e_i{A(t2_(%)2>+D(t_%)}sinc(2t —n).

. 2_(n
It can be further obtained that {¢p 1, = 21e I{AO (%) >+D(t 2)}sinc(Zt — 1) }pez
forms an orthonormal basis of VlA. For a = 2, Equation (1) can be written as

(QA{ei{A(2t)2_At2+D(2t)—Dt}f(2t)})(g) _ ;;‘{c(@(g) )+E(€ )} <QAf) (5)

This implies that f € V" if and only if ei{A(Zt)z_At2+D(2t)_Dt}f(Zt) € V{\. This is
because

fEV) < (@N@ =0l =0y=7F

= @n(§)=olf=3

= (QAf)@) =0, ¢ = %”

o 1ol ) ) (@) (5) =0 11> 5
o (@A AR D@D £} ) = 0, g) > 2T

— ei{A(Zt)2—At2+D(2t)*Df}f(Zt) e VY,

, A2 AR
ie, fe V) « (AG) -AP+DE

(2)-Di} £(24) € VA,
Generally, let Oy =282, T = lk

VA ={f € P(®): (Q (@) =0, Jul = 2T ).
Now, Vf € VA we have

n

Zf(zk) {A(tk(zk) >+D<t>}smc(2"t—n)

nez

=Y kf(zk)mn()

nez 2
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where ¢ i, (t) = deii{AGz*(zlk) >+D(t72lk) }sinc (Zkt - n). Thus, {$a kn(t) }nez forms

an orthonormal basis of VkA.
Thus, Vk € Z, we have

A~ A .
@ Ve CViy

B)  f(t) e VP s {ACYARDEI-D} £op) ¢ yA
©  MezVP® = {0} and Ugez VA = L2(R).

To put it briefly, the sampling theorem for band-limited signals in the QPFT domain
serves as the inspiration to establish an orthonormal MRA associated with QPFT.

In this section, our focus lies on introducing the concept of a quadratic phase MRA
within the space L?(R). This MRA will hold significant importance in developing the

quadratic phase orthonormal wavelet basis for L?(R). Initially, we present the formal
definition of a special affine MRA in L?(R).

Definition 2. An orthogonal MRA associated with QPFT is defined as a sequence of closed subspace
VkA,k € 7Z such that

(A VA C VA VkeL

(B)  f(t) e VP = HAQ-APDE-D} op) € VA vk e 7.

€ MV = {0} and Upez VY = L2(R). ‘

(D) There exist a function ¢ € L2(R) such that {¢a g (t) = e HAE)TDE)} gjpe(t —

1) }nez is an orthonormal basis of the subspace V>, where ¢ is called the scaling function
of the given MRA.

Lemma 3. The family {¢p 0, : 1 € Z}, given by the above, constitute an orthonormal system in

L2(R) iff

¥ I(50) (¢ +2km) = o1

keZ

Proof. We have

(QA{(PA,O,n})(g) _ /R(P(t _ n)efi{A(fZ*n2)+D(t*n)} 1 ei(Atszt€+Cg2+Dt+E§)dt

V21T
_ _ e A +D(-m)} L i(-Brerci21Ee)
/]R(P(t n)e me dt
1 a2 2 .
_ i{An*+Dn—Bnl+CZ*+EC} —it(B¢)
o /R"’“)e a,

e, (QM¢aon})(g) = AT +Dn-Bii+CE+EC (5) (BE). Now since,

(Paon Paos) = BQ M paont, Q {pn0s})
= B [ (@ 901 (@)(Qer0 1 @)
_ B/ ei(An2+anBn§+C§2+E§)efi(A12+leBl§+C§2+E§)|($¢)(Bg)|2d§
R

_ B/ ei(A(n2712)+D(n71)7B(n*l)C)|({§¢)(B§)|2d§
R
_ Bei(A(nz—l2)+D(”—l)/Re_iB(n_l)é)|(3¢)(B§)|2d§

= HAOPRED0D) [ im0 (5p)(2) e

JR
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Since {$a 0,1 }nez forms an orthonormal basis of V{*, we have
(Pa0n PA01) = 0n) VKT ER.
This implies ¢i(4(7*~1?)+D(n=1) Jre =D |(F¢) (&) %4 = 6,,). Setn — | = g then
AP0 [ ¢8| (59) (2) G = 0y10
— [ e s¢>>< )PdE =640, g€

— ¥ [ e )0 P = oy
keZ
— ¥ [ e )+ 2k0) Py = g0
keZ
— kEZ/ 1) (39) g + 2k) *dy = g0,
€
21 .
i.e.,/ e Z|(§¢)(17+2k7‘()\2d17:5q,0.
0 kEZ

Let F(u) = Yrez|(39) (57 + 2k7)[*. Then

F(u+2m) = Y |(3¢)(u + 27 + 2km) >
UEZ

= 2 1E¢) (u +2(k+ 1))

UEZ

= YL 1(30) (u+2rm)

reZ

:F(u)/

i.e., F(u) is 27t periodic. Therefore,

ie, Trez|(39) (¢ +2km)|* = 7.
Conversely, let Y ez | (F¢) (& + 2km) | %, then

(barom Pro) :ei(A(nz_zz)+D(n—z)Ae—i(n—z)g)|(3¢)(§)|zd§

. 2(k+1)7 .
_ Li(A(n?=1%)+D(n—1) —i(n—1)¢ 24
¢ )Y MR CRLGI

Pi(A(n —12)4+D(n—1) 2/ —i(n— l§'| S(P)( +2k7‘[)|2d§

keZ

— pi(AM*=12)+D(n-1) /2 e—in=1)¢ 2|(3¢)(§+2kn)|2d§
0 keZ

_ Ay pm-1) L [T i
e 27t/o e dc
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_J1, n=l1
o, n#£I

= 511,1/

i.e., the system is orthonormal. Hence the conclusion follows. O

Let {V*}rcz be an orthonormal MRA of L?(R). Since ¢p00(t) € V{* € V{, and
{®A 11 }nez forms an orthonormal basis of V;*, so there exists {/y } ,c7 such that

Pao0(t) = Y hngpan(t)

nez

= Y hav2p(at — mye A ) o0} @)

nez

Equation (4) is called the quadratic phase refinement equation. Here,

= V2 [ gnoo(t)g(2t = e A=) 400y
= \@/Rfl’(t)cp(zt e (A 0B}
Now, from Equation (4), we have

p(H)e  APTDY — (/2 V" pgp(2t — n)e‘i{A(fz—@)zFD(f‘%)}.

nez

Taking QPFT on both sides we get

/ ¢(t)€—i(At2+Dt)ei(Atz—Bt§+C§2+Dt+E§)dt

= f/ Y hap(2t — 1) i{A(tz‘(%)z)+D<t‘%>}ei(Atszté+C¢2+Dt+Eé)dt‘

neZ
This gives
/ (P Bt§+C§2+E§ 2 Z h / (P 2t— l’l i{_A(%)Z—D(%)}ei(théq’Céz‘*’Eé)dt
nez
i.e., ei(C§2+E§)/ 47( lBt{’:dt _ el(ng—‘rE(: 2 Z hn/ ¢ Zt— Tl) {A(%) +D(%)}e_i8t§dt_
R nez
Thus,
/ ¢(t)e "Bt = /2 ) hne{ (3)"+D( % 4; e~ H(BE) gt
R nez
nez
H n n .. ( BC
Y e 1A ) / L gt —me(Far
Ll V2

— Zhne{ (%) +D(§)}/R\}E(P(t)e—i(t—i-n)(%g)dt
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ie., (3¢)(BS) = Ao(%)(%@(%) where A0<7§) \[Znez hne{ (%) +D(%)_”(¥>}_

Equivalently,
($9)(6) = Ao <g) (39) (g) (5)

where Ag(§) = \[ZneZh {A% D(z)- "é}

Since {¢px 0,1 } nez is an orthonormal basis or orthonormal system of VOA, so by Lemma 3,
we have

Y I(39)(C + 2hm) = 5 ©

kezZ

Hence, we can write

1
- = LIE9)E +2km))

keZ
2
- () o (27)
keZ
2 2
_ AO((? +22k7t) (50) (g +22k7t)
keZ
¢ 2 ¢ 2
_ Z Ag (2 + 2k7r) () (2 + 2k7r)
keZ
2
+Z <2+ (2k+1)m > (S(P)(g—l—(Zk—f—l)n) ) @)
keZ
Observe that
Ao(§) = & 3 h 1A 4Dt
2 nez
Ao(@ +270) = -1 ¥ el {AG) + DG n2m)
2 nez
= L hy I{A(%)ZJ"D(%)_”‘:} —2inrm
2 nez
- L A +D(G)—nc}
2 nez
ie., Ao(¢+27m) = Ao(6)-
Also,
Ao(& +2kr) =Ag(&). ®)

Hence, from (7)

% :kg Ao(g—i—an) (3¢)<§+2kn) 2+kg A0<g+(2k+1)n> i (S¢)(g+(2k+1)n> i
= A0<g> ZEZ (3¢)<C+2kn> 2+ Ag<g+7t> zkez (S¢)<C+(2k+1) ) 2
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Now using Equation (6), we have

a\|* 1 & 211
AO(Z) .27T+‘A0(2+7T> 2 2m
&\ [ ¢ ?

Given an orthogonal MRA {V/}, <z, we define another sequence {W/* },,c7, of closed
subspaces of L?(R) by V]ﬂ\rl = VjA ® W]A, j € Z. Followed by a definition, these subspace

inherit the scaling property of {V]A }jez, namely
f(t> c I/V]A o f(zt)ei[A{(2t)27t2}+D(2t7t)] c I/Vj/}»l/j A (9)

Moreover, the subspaces W]A are mutually orthogonal with the following decomposi-
tion formula

L*(R) = ®jezWi. (10)

Note that condition (10) means that any orthonormal basis for L? (R) can be constructed
by finding out an orthonormal basis for the subspace W]-A. On the other hand, condition (9)
implies that the quadratic phase basis can be constructed as long as the orthonormal basis
for Wé\ is found. Therefore, our main concern is to construct a mother function ¢4 g in
W@ such that {¢s ox : k € Z} forms an orthonormal basis of W§'.

Suppose P 0,0(t) € WS C V{*, there exists {dj }xez such that

Pano(t) = V2 ¥ dpp(2t — k) LA () +0(5)]} (1)

keZ

Equation (11) is called quadratic phase wavelet equation. Taking QPFT on both sides,

we get
o0 = (5 o (£),
e, (59)(@) = (5) o) (§), )
where
M) = 2 Y de 1A () e (13)
nez

Since Wé\ and VOA, are orthogonal in VlA, we have

0= (Paok Pros)
= B(Q™{Paox}, Q™ {paos})- (14)
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Observe that

(QA{QDA,O,k})(g) :L/ 4)/\,0’;((t)ei(Atz_Bté"‘CCz'i‘Df-l-EC)dt

1{Ak2+Dk}e i(— Btg+C¢2+E§)dt

\/%/4’

_ o {AK?+Dk} ,i(CE2+EG) —it(BS) gy 15
\/E fyot—be o

_ i{ AK>+Dk} ,i(CE+EE) —i(t+k)BE
\/Ee e /ch(t)e dt
_ oI { AR+ DK} i(CE2EE) ,—ik(BE) L / P (£)e B0 gy
e, QM(pax) (§) = IR FDIHCELEB (5) (BE). (16)
Similarly,

QM (a01) () = AP FDIHCEHECIBEY (349 (BE). (17)

Therefore, using Equations (15) and (17) in (14), we get
0:/ ei{Ak2+Dk+C{;’2+E§—kBC}(ggb)(B(—:)e—i{Al+Dl+C§2+E§—ZB§}7(S¢,)(Bér)dér
_H{AR-P)+D(k~ 1)}/ i(k=DBS (3 (BE) (39) (BE)dE
:Eel{A(kLzz )+D(k—1) }/Re lfk)g(S;(P)( &) (39) (@) de

_ 1 itae-ry+pi-ny [ -k §
_Be /e A 2

oo (3)] «

1{A(k2 12)+D(k—1)} (m+1)7 SilI—K)E (5) ( )‘ (5)
mXEZZ [Lmn 2 ) dC
1{A(k2 2)+D(k-1)} Z/ (1) (@ +4mr) p ( +2m7‘c>A1( +2mn>
mez
(3¢)<C+2mn) dE
2
1{A(k2 12)+D(k—1)} PAI=K)E A ‘: ¢ ‘3 ‘§+2 d

_ 1 i{Aw@-2)+D(k-1)) Sil-h¢ (5 5)‘ (5 >2
~B° i m;Z[~/O Ao ()| 3 +2mm

L - k)§A0<g) ¢ ‘(S(P)(C—I—Zmrc)z

dg

dg}

2

_ 1 ifa@-r)+D(k-1)} y [/Z”Ei(z—k)g/\o<§> C)’(&P)(C +2mn> ng
B mez LJ0
o REE I 2
Jr/0 ez(z—k)(g+2n)AO<€+227t>A1<§+22 ‘(g¢)(§+ +2mn) dg}
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— L ilAR=P) D) [ / T -z (g) A (g) T |G (g 4 2m7r> e
+ /Ozn el IR (E+2m) Ay <g + 7'[) A1 (g + n) mZé;Z (3) <g + (2m + 1)71) de]

_ 1 awe-pyani-ny | [ ia-nen (€ ¢
=3¢ /0 e Ao 5 A 5 ac
270
i1-ky+2m) 5 (& ¢
+/O e A0(2+7T>A1(2+7T>d€:|
1 iame—r “ny [P - g 4 g g
_ L i{AR-12)+D(k-1)} i(1-k)¢ 9 9 9 9
e /0 e {A0(2>A1<2>+A0<2+n)/\1<2+n) dc.
Therefore,
27
i(1-k)g ¢ ¢ ¢ ¢ _
/O e {A0<2)A1<2>+A0(2+7T>A1(2+7T & = 0. (18)
From Equation (18), we conclude that

) (o)

Ao(§)A1(S) + Ao(& +m)A1 (¢ + ) = 0. (19)

This implies

Equation (19) can be written in the matrix form as
MM* = Irx»,
where M* denotes the conjugate transpose of M, I, is the identity matrix, and

M@ AoEt )
M‘{A(f(c) A?(€+7T)}

Since Ag(¢) and Ao(¢ + 7r) cannot vanish together on a set of non-zero measures due
to the orthogonal property, there exists a 27- periodic function A(¢) such that

(MO M+ ) = (MORET 7, M ORI ) 0)
Since,
A1(8) =A(§)Ao(G + 7) (21)
A1(E+ ) =A(E + m)Ao(E + 27).
Using Equation (8),

A1(§ + ) =A (G + 1) Ao (8)-
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Therefore, we have

—A(&)Ao(8) = AL+ ) Ao(S)
{ME+ ) + AME)FAo(S )=0
ME+m) +A((E) =

Therefore, A(&) is 27t- periodic, it can be expressed as

AME) = Y e,

keZ

where

(o)
2
|

Ag)e™edg
M@+ [ aeae]

A@)e e dz + / " AME+ n)eik@*”)d@’}

' c\
y

—
S|

.O\.
=l

.O\.
3

AE) lk¢d§+/ DRAE + ) lkédg}

= §l= §l= §l~ 3|~ 5|~

M@z + (-1 [T A
=5 A1= (-1 [ A
Therefore, A(&) = Yyez cke™ %6, where

k=51 = (“14} [ A@)eid

= ¢, =0Vk=2m,m € Z.

o\'
N

Therefore,

AMG) = 2 sz+1€_i(21+1)é

1eZ
_ 2 C21+1672il§e4§
1€Z
=e % 2 coryre 26
1€Z
:e—lé,),(zg),

where 7(8) = Liez carp1e” !¢, Now,
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2 nez
_ Ly o))
2 nez
Therefore,
(E+m) 1 Q_l)nhne‘i{A(%);+D(%)*HC}
2 nez
Thus, from (21)

A1(8) =ME)Ao( + 1)
=e Sy (28) Ao (& + 7).

In particular, for 7(2¢) = 1, using (13), we have

Ai(Q) = ey (20) Ao (C + 7).

This implies
1 {a(3)+D(§)-nt} _ wip—i{A(3)"+D(4)—nc}
dn — hn
\/ingz ‘ ngZ ‘
ie, Y dnel{A(%) +D(%)}e—m5 = Y (=1)"hn i{a(3) +D(%)}e (n—1)¢
nez neZ
e, Y dye AP} pinggic _ o (L, A +D()] gitn-v ke
nez nes

Integrating both sides, we get

Zd { (%) +D(%)}/ efi(nfk)é’dg: Z(—l)”meii{A(%)erD(%)}/ e*i(lfnfk)r’jdg
R R

nez nez

— ) dn AA@RE)5 Z(—l)”Ee‘i{A(% 4Dl
nez =}

== 2 dke{ (%) +D(%)} — (71)1_kme_i{A(lz;k)z+D(lf5k)}
keZ

oy = (<) e A D)+ AG) 0 ()}

. dk _ (_1)1—1(@671'{14((14)42”2>+%}‘

Therefore, equivalently, we can write the wavelet coefficients d; of Equation (11) as

—ilA A=K+ D
de = (=) Ky _ge ’{ ( ! ) 2}, keZ. (22)
The above discussion can be summarized in the following theorem.

Theorem 2. If {V}},cz is the quadratic phase MRA associated with the scaling function ¢, then
there exists a function y such that

PYa00(t)

V3 Y (ot — e TACB- ()00} 23

keZ
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k
2

i *ip(k e
where dy is given by (22) with hy = /2e I{A( ) +D(2)} Jr @(£)P(2t — k)dt, ie., the system
{$an k n €L} isan orthonormal basis of L*(R).
Example 1. It is observed in the earlier discussion that the function sinc(t) = % is a scaling func-
tion for the quadratic phase MRA {V/\}, ez, where {¢a o, (t) = e~ AP =) +D(t=1)}ginc (¢ —
1) }uez is an orthonormal basis of the subspace V{*. Hence,

1
—= n=20
2/
hn = 2 s (1 7i<ATnz+%)
sm(T)fm . on 7& 0,
which results in e
%e_l(q-'_j), n = 1
dy, = _ —Lin(An+2D)
V2(—1)""cos(B)e gin(Ans
7r(n271) , n#FlL

Thus, the quadratic phase wavelet corresponding to the scaling function sinc(t) is given by

Pa00(t) :\fzdlefi{A(tL(%)2)+D(t*%)}¢(2t -1)
+V2 Y dup(2t— n)e*"{A(fzf(%)z)+D(t7g)}
nez, n#1
V2(-1)7" Cos(%)e*it(AHD)
n(n—1)

= ¢ HAHD) (2t — 1) + /2
nez, n#1
— p—it(At+D) sin((2t —1)m)
2t—1)m

+v2 )

nez, n#1

p(2t — n)

V2(—1)7" cos(B) e~ HAD) gin((2t — n) )
m(n—1) 2t—n)m

The plots of the real and imaginary part of P o are given below for the particular choice of
the parameter A = (0,1,0,0,0) and A = (%, 1,0, %, 0)

Example 2. Let ¢(t) = x|o.1(t), where x[o1(t) is a characteristic function on [0,1). It is a matter
of simple verification that the set {¢p 0,(t) : n € Z} forms an orthonormal system. Hence it forms
an orthonormal basis of the set V{, thus is a scaling function associated with the MRA {V},.cz.
Thus,

1 _
75 | . 1 n=20
hy = %e_l{‘q(f) +D(7)}, n=1
0, otherwise
resulting in
_ 1 _
ﬁ,{ (3)’+p(3)} "
d. = 1 —ivA(3) +D(3 o
n ﬁe , n=1
0, otherwise.

Thus, the quadratic phase wavelet corresponding to the scaling function x|o1)(t) is given by

t e i#AHD) 0 <t < 3
Pa00(t) = eiARD) 1oy
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The plots of the real and imaginary parts of P o0 are given below for the particular choice of
the parameter A = (0,1,0,0,0) and A = (%, 1,0, %,0)

Remark 1. By virtue of Lemma 3 and the Definition 2 of MRA we can say that any function that
serves as a scaling function in the classical MRA will also serve as a scaling function for the MRA
given by Definition 2. But, depending on the choice of parameters A, we can have different quadratic
phase wavelets and thus different families of orthonormal bases of L(R). In particular, for the choice
of the parameter A = (0,1,0,0,0), we get the classical wavelets and the quadratic phase wavelets
for A = (%, 1,0, %,0) (see Figures 1,2, 3 and 4). The flexibility in the choice of the parameters
results in the development of some novel families of orthonormal bases of L?(R) corresponding to
the same scaling function.

1.0+

0.5~

/\\JAV/\ A N A A /\ —~
7

“dsl \ — Re(a,0,0(1)
1 — Im(wa,0,0(1)

Figure 1. Plot of the real part and imaginary parts of 5 o corresponding to A = (0,1,0,0,0).

1.0+

0.5+

— Re(yx,0,0(t))
I = Im(x,0,0(0)

Figure 2. Plot of the real part and imaginary parts of 15 oo corresponding to A = (%, 1,0, %, 0).
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1.0~
0.5
I . . . ) . . . ) . . . ) . . . ) . . . )
- 0.2 0.4 0.6 0.8 1.0
-0.5+-
I — Re(wp,0,0(1)
I Im(ws,0,0(D))
-1.0

Figure 3. Plot of the real part and imaginary parts of ¥, oo corresponding to A = (0,1,0,0,0).

1.0
I —_
05
I ) ! | | | | |
- 0.2 0.4 0.6 0.8 1.0
-05+
I — Re(wn,0,0(0)
i Im(wa,0,0(t))
-1.0

Figure 4. Plot of the real part and imaginary parts of {, oo corresponding to A = (%, 1,0, %, 0).

5. Conclusions

The MRA and the construction of orthogonal wavelets for QPFT play a vital role in
facilitating prospective applications of QPFT. In this paper, we gave an alternative proof
of the Shannon’s sampling theorem applicable to the band-limited signal in the QPFT.
Inspired by the theorem, we developed an MRA associated with QPFT. Subsequently, we
discussed the construction of the quadratic phase wavelets for a given scaling function,
followed by some of its examples.

Author Contributions: Conceptualization, B.G. and A.K.V.; methodology, B.G. and N.K,; software,
B.G.; validation, B.G., A.K.V. and RP.A_; formal analysis, B.G. and N.K,; investigation, B.G. and AK.V.;
resources, R.P.A.; writing—original draft preparation, B.G. and N.K.; writing—review and editing,
B.G. and N.K; visualization, A.K.V. and R.P.A.; supervision, A.K.V. and R.P.A ; project administration,



Axioms 2023, 12,927 20 0f 20

A K.V, funding acquisition, B.G., A.K.V. and N.K. All authors have read and agreed to the published
version of the manuscript.

Funding: This work is partly supported by UGC File No. 16-9 (June 2017)/2018(NET/CSIR), DST
SERB FILE NO. MTR/2021/000907 and CSIR File No. 09/1023(0035) /2020-EMR-I), New Delhi, India.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

MDPI  Multidisciplinary Digital Publishing Institute
DOAJ Directory of open access journals
TLA Three letter acronym

LD Linear dichroism

References

1.  Debnath, L.; Shah, F.A. Wavelet Transforms and Their Applications; Birkhduser: New York, NY, USA, 2015.

2. Debnath, L.; Shah, FA. Lecture Notes on Wavelet Transforms; Birkhduser: Boston, MA, USA, 2017.

3. Namias, V. The fractional order Fourier transform and its application to quantum mechanics. IMA J. Appl. Math. 1980, 25, 241-265.
[CrossRef]

4. Almeida, L.B. The fractional Fourier transform and time-frequency representations. IEEE Trans. Signal Process. 1994, 42, 3084-3091.
[CrossRef]

5. Xu, T.Z.; Li, B.Z. Linear Canonical Transform and Its Applications; Science Press: Beijing, China, 2013.

6. Abe, S.; Sheridan, J.T. Generalization of the fractional Fourier transformation to an arbitrary linear lossless transformation an
operator approach. J. Phys. Math. Gen. 1994, 27, 4179. [CrossRef]

7. Castro, L.P.; Haque, M.R.; Murshed, M.M.; Saitoh, S.; Tuan, N.M. Quadratic Fourier transforms. Ann. Funct. Anal. 2014, 5, 10-23.
[CrossRef]

8.  Shah, FA.; Lone, W.Z,; Tantary, A.Y. Short-time quadratic-phase Fourier transform. Optik 2021, 245, 167689. [CrossRef]

9.  Shah, FA.; Lone, W.Z. Quadratic-phase wavelet transform with applications to generalized differential equations. Math. Methods
Appl. Sci. 2022, 45, 1153-1175. [CrossRef]

10. Prasad, A.; Sharma, P.B. The quadratic-phase Fourier wavelet transform. Math. Methods Appl. Sci. 2020, 43, 1953-1969. [CrossRef]

11.  Mallat, S.G. Multiresolution approximations and wavelet orthonormal bases of L?(R). Trans. Am. Math. Soc. 1989, 315, 69-87.

12.  Madych, W.R. Some elementary properties of multiresolution analyses of L?(R"). In Wavelets: A Tutorial in Theory and Applications;
Chui, CK,, Ed.; Academic Press: Boston, MA, USA, 1992; pp. 259-277.

13.  Zhang, Z. Supports of Fourier transforms of scaling functions. Appl. Comput. Harmon. Anal. 2007, 22, 141-156. [CrossRef]

14. Malhotra, H.K.; Vashisht, L.K. On scaling functions of non-uniform multiresolution analysis in LZ(R). Int. |. Wavelets Multiresolut.
Inf. Process. 2020, 18, 1950055. [CrossRef]

15.  Shi, J.; Liu, X.,; Zhang, N. Multiresolution analysis and orthogonal wavelets associated with fractional wavelet transform. Signal
Image Video Process. 2015, 9, 211-220. [CrossRef]

16.  Ahmad, O.; Sheikh, N.A.; Shah, F.A. Fractional multiresolution analysis and associated scaling functions in L?(R). Anal. Math.
Phys. 2021, 11, 47. [CrossRef]

17. Dai, H.; Zheng, Z.; Wang, W. A new fractional wavelet transform. Commun. Nonlinear Sci. Numer. Simul. 2017, 44, 19-36.
[CrossRef]

18. Shah, FA.; Lone, W.Z. Special affine multiresolution analysis and the construction of orthonormal wavelets in L?(R). Appl. Anal.
2023, 102, 2540-2566. [CrossRef]

19. Lone, W.Z,; Shah, FA. Shift-invariant spaces and dynamical sampling in quadratic-phase Fourier domains. Optik 2022, 260, 169063.
[CrossRef]

20. Shah, FA; Tantary, A.Y. Sampling and multiplicative filtering associated with the quadratic-phase Fourier transform. Signal
Image Video Process. 2023, 17, 1745-1752. [CrossRef]

21. Castro, L.P; Minh, L.T.; Tuan, N.M. New convolutions for quadratic-phase Fourier integral operators and their applications.

Mediterr. J. Math. 2018, 15, 13. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1093/imamat/25.3.241
http://dx.doi.org/10.1109/78.330368
http://dx.doi.org/10.1088/0305-4470/27/12/023
http://dx.doi.org/10.15352/afa/1391614564
http://dx.doi.org/10.1016/j.ijleo.2021.167689
http://dx.doi.org/10.1002/mma.7842
http://dx.doi.org/10.1002/mma.6018
http://dx.doi.org/10.1016/j.acha.2006.05.007
http://dx.doi.org/10.1142/S0219691319500553
http://dx.doi.org/10.1007/s11760-013-0498-2
http://dx.doi.org/10.1007/s13324-021-00481-9
http://dx.doi.org/10.1016/j.cnsns.2016.06.034
http://dx.doi.org/10.1080/00036811.2022.2030723
http://dx.doi.org/10.1016/j.ijleo.2022.169063
http://dx.doi.org/10.1007/s11760-022-02385-y
http://dx.doi.org/10.1007/s00009-017-1063-y

	Introduction
	Preliminaries
	Sampling Theorem for Band Limited Signal in QPFT Domain
	Multiresolution Analysis Associated with QPFT
	Conclusions
	References

