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Abstract

:

This study outlines the necessary and sufficient criteria for swarm stability asymptotically, meaning consensus in a class of fractional-order multi-agent systems (FOMAS) with interval uncertainties for both fractional orders 0 < α < 1 and 1 < α < 2. The constraints are determined by the graph topology, agent dynamics, and neighbor interactions. It is demonstrated that the fractional-order interval multi-agent system achieves consensus if and only if there are some Hermitian matrices that satisfy a particular kind of complex Lyapunov inequality for all of the system vertex matrices. This is done by using the existence condition of the Hermitian matrices in a Lyapunov inequality. To do this, at first it is shown under which conditions a multi-agent system with unstable agents can still achieve consensus. Then, using a lemma and a theory, the Lyapunov inequality regarding the negativity of the maximum eigenvalue of an augmented matrix of a FOMAS is used to find some Hermitian matrices by checking only a limited number of system vertex matrices. As a result, the necessary and sufficient conditions to reach consensus in a FOMAS in the presence of internal uncertainties are obtained according to the Lyapunov inequalities. Using the main theory of the current paper, instead of countless matrices, only a limited number of vertex matrices need to be used in Lyapunov inequalities to find some Hermitian matrices. As a confirmation of the notion, some instances from numerical simulation are also provided at the end of the paper.
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1. Introduction


Currently, several control-engineering academics have been interested in fractional-order systems. It is demonstrated that fractional-order equations may more accurately capture the exact model of the majority of dynamic systems [1,2,3,4,5]. On the other hand, it has been recognized during the past several years that certain living creatures have a propensity for swarming activity. These multi-agent systems include, for instance, herds of animals, schools of fish, flocks of birds, and bacterial colonies. The configuration distinction between multi-agent systems and isolated dynamic systems makes their stability unique [6,7,8].



In addition, when the model of agents is in fractional-order form, researchers appreciate the relevance of studying behavior analysis and control of FOMASs and the distributed coordination of networked fractional-order systems, which have a range of technical applications [9,10,11]. Refs. [12,13] as pioneering works initially began researching the distributed control issue in FOMASs. However, for now, it is among the most popular subjects in the multi-agent systems space.



In [14], using fractional-order iterative learning control, the consensus problem in leader–follower multi-agent fractional-order systems with time delays is investigated. The concept of inverse-optimal consensus is addressed in [15]. Single-integral dynamics are taken into consideration in this study for both continuous and discrete-time FOMASs, and the ultimate consensus solution is derived. Furthermore, by employing the optimum state-feedback gain matrices, consensus is firmly established [15]. Some necessary and sufficient conditions to reach consensus are derived in the context of a particular example of interconnected positive fractional-order multi-agent systems connected through a directed graph [16]. In terms of linear-matrix inequalities, sufficient criteria of non-fragile consensus have been attained for fractional-order nonlinear MASs. [17]. In this reference, state-time delay is also considered for agents and it is also shown that the presented methodology can be used to some other kinds of FOMASs [17]. Finite-time consensus for nonlinear FOMASs is studied in [18], where the order of agents is incommensurate and graph topology can also be switched.



Event-triggered strategies were used in [19] in order to achieve exponential leader–follower consensus in FOMASs as defined by the Mittag–Leffler stability formula. In addition, in [20] a similar strategy based on an event trigger is used to achieve consensus in a FOMAS with intermittent agent communication in a finite time.



The majority of the necessary and sufficient requirements for reaching consensus described in the literature relies on certain presumptions. For example, the assumption in [21] that any agent’s motion is towards the convex hull produced by its neighbors is rather restrictive. This premise is violated by many swarm systems that may attain consensus. The authors in [22,23] even supposed that the dynamics of the agents should be stable. Ref. [24] recently proposed necessary and sufficient requirements for achieving consensus even when the dynamic matrix of agents is unstable.



Recently, the concept of a parametric interval has been used to explain the parametric variations in fractional-order uncertain dynamical systems [25,26]. The interval ranges of the eigenvalues were established using a matrix perturbation theory in [26] and the conservatism was decreased using the Lyapunov inequality in [25]. The findings in [25,26] only offer sufficient circumstances, though. The reliable stability of fractional-order linear-interval systems has already been demonstrated via necessary and sufficient criteria [27]. However, in their model, they only took into account real matrices with fractional 1 ≤ α < 2.



This study proposes a necessary and sufficient criterion to achieve consensus in FOMAS with interval uncertainties, even if the dynamic matrices of agents have complex coefficients.



The structure of this article is as follows: FOMAS and definitions of asymptotic swarm stability (consensus) are addressed in Section 2. Swarm robust asymptotic stability and the primary findings of this study are described in Section 3, and simulation results are utilized to support the suggested technique in Section 4. Section 5 then provides a conclusion.




2. FOMAS with Interval Uncertainties


The FOMAS system discussed in this paper consists of the fractional-order dynamic agents with linear-time invariant models that are connected via a directed graph. In the literature, this model is also referred to as a fractional-order linear-time invariant swarm system [2,3]. It is important to note that “asymptotic swarm stability” is another term for “consensus,” which is often used in the context of swarm systems.



The dynamics of the N agents in the model of these systems are given by pseudo state space models [2,3,4] with dimension d. In the rest, the state vector of ith agent is shown by    x i  =    [   x  i 1   , …  x  i d    ]   T  ∈  ℝ d   . The communication between agents is modeled via an N order weighted directed graph G in which each agent is a vertex of the graph. In addition, the weight of graph G between the ith and jth agents is represented by    w  i j   ≥ 0  , the value of which is used to assess the intensity and strength of the information transfer between two agents. A graph G is represented by its adjacency matrix W as follows


  G : W =  [       w  11      ⋯     w  1 N        ⋮   ⋱   ⋮       w  N 1      ⋯     w  N N        ]  .  








which is symmetric if G is not directed; else, it is asymmetric. Now we are ready to express the fractional-order dynamic model of each agent in the FOMAS as follows:


   D t α   x i  = A  x i  + F   ∑   j = 1  N   w  i j    (   x j  −  x i   )    i ∈  {  1 , 2 , … N  }   



(1)




where   A ∈  R  d × d    ,    F ∈  R  d × d    , and the notation    D t α    stand for the Caputo fractional derivative, which is defined as follows [5,11]


   D t α  f  ( t )  =  1  Γ  (  α − [ α ]  )      ∫  0 t     f   ( [ α ] )     ( τ )       (  t − τ  )    α − [ α ] + 1     d τ ,   0 < α ∉ Z  











It is important to note that the FOMAS expressed in Equation (1) is a fractionalized version of the integer-order swarm systems in [24], which was first introduced as a fractional-order swarm system (FOMAS) in [2].



It should be noted that there are other definitions for fractional-order derivatives, including Riemann–Liouville and Grünwald–Letnikov. However, the reason why we used Caputo’s definition to express the fractional-order derivative is that it is only by using Caputo’s definition that the initial conditions of the fractional-order system are the same as the initial conditions of its integer-order counterpart. This is why the Caputo’s derivative is more useful in the definition of fractional-order format of real dynamic systems.



In this paper, it is assumed that matrices A and F are interval uncertain parameter-wise. Consequently, matrices A and F are defined in the forms   A   ∈  A I  =  [   a  i j  I   ]    and   F   ∈  F I  =  [   f  i j  I   ]   , respectively, where    a  i j  I    and    f  i j  I    are lower and upper bounded, i.e.,    a  i j  I  = [     a  i j    ¯  ,    a  i j    ¯   ]   and    f  i j  I  =  [     f  i j    ¯  ,    f  i j    ¯   ]   , respectively.



The dynamic of each agent is shown by matrix A in the swarm-system model of Equation (1). As a result, if an agent does not have any neighbors, its dynamics will be characterized by    x α  = A x  . In addition, F represents the interaction dynamics between two neighboring agents, which is intuitively related to attraction/repulsion coupling. If F is Hurwitz, this relationship might be considered attractive.



In order to distinguish the concept of stability among multi-agent systems from the Lyapunov stability of isolated systems, which often refers to cohesiveness, the idea of stability needs to be reinterpreted in terms of the relative movements among agents [2,3,4,5,6].



Definition 1.

(Asymptotic swarm stability) [11]: Take into consideration that FOMAS consists of N agents and    x 1  , …  x N  ∈  R d    as the agent pseudo states. If the system achieves consensus, that is, for   ∀ ε > 0   ∃ T > 0   s.t. when   t > T   ,   ‖  x i   ( t )  −  x j   ( t )  ‖ < ε      ∀ i , j ∈  {  1 , 2 , … N  }    , it is therefore referred to as being full-state consensus or, in other words, asymptotically swarm stable.





If the agents’ pseudo state vector is specified as   x = [  x 1 T  , …  x N T   ] T   , then the FOMAS dynamic in Equation (1) can be rewritten as


   D t α  x =  (   I N  ⊗ A − L ⊗ F  )  x  



(2)




where   L = L  ( G )    is the graph G’s Laplacian matrix, and  ⊗  stands for the Kronecker product operator. The characteristics of the Laplacian matrix are covered in Lemma 1 as follows.



Lemma 1.

[14]: The Laplacian matrix L of a directed graph with N vertices has exactly a single zero eigenvalue    λ 1  = 0   with the related eigenvector   ϕ =    [  1   1   , … , 1  ]   T    if G includes a spanning tree. In addition, the remained eigenvalues    λ 2  , …  λ N    are all located in the right half plane.



Suppose that J stands for the Jordan canonical form of L and that its eigenvalues are    λ 1  = 0   ,  λ 2  , …  λ N  ∈ ℂ   .Hence, J has the following form:







  J =  [     0   ∗   0   …   0     0     λ 2     ∗   ⋱   0     ⋮   ⋱   ⋱   ⋱   ⋮     0   0   ⋱   ⋱   ∗     0   0   …   0     λ N       ]  ,  








where  ∗  may either be 1 or 0. It is evident that matrix T is discovered in a way that   T L  T  − 1   = J  . By assumption    x ˜  =  (  T ⊗  I d   )  x  , Equation (2) is transformed into


   D t α   x ˜  =  (   I N  ⊗ A − J ⊗ F  )   x ˜   



(3)







The structure    (   I N  ⊗ A − J ⊗ F  )    is in the form


   (   I N  ⊗ A − J ⊗ F  )  =  [     A   ×   0   …   0     0    A −  λ 2  F    ×   ⋱   0     ⋮   ⋱   ⋱   ⋱   ⋮     0   0   ⋱   ⋱   ×     0   0   …   0    A −  λ N  F      ]   



(4)




where each × is a    R  d × d     block that may either be −F or 0 [5,11].




3. Swarm Robust Asymptotic Stability (Robust Consensus)


This section’s primary goal is to provide the necessary and sufficient conditions in order to achieve the consensus in FOMASs with interval uncertainty. To this end, some preliminaries are needed.



Definition 2.

Matrix   A ∈    ℂ  n × n     is said to be  α  -Hurwitz if and only if    |  a r g  ( λ )   |  > α  π 2    is met for all of the eigenvalues (λ) of the matrix A.





Theorem 1.

[28]: An FO-LTI system represented by pseudo state-space form    D t α  x  ( t )  = A x  ( t )    is asymptotically stable if and only if matrix A is  α  -Hurwitz.





This theorem may be used to simply expand the stability conditions given for integer swarm systems in [21] to the fractional swarm system introduced in Equation (1).



Theorem 2.

[24]: Considering the FOMAS described in Equation (1), when    λ 1  = 0   ,  λ 2  , …  λ N  ∈ ℂ   are the eigenvalues of Laplacian matrix L(G). Then, even if A is not Hurwitz, the system achieves consensus if and only if both of the following conditions are satisfied.





1. In the graph topology G, a spanning tree is present.



2. The matrices   A −  λ i  F      (   λ i  ≠ 0  )    are all  α -Hurwitz.



Let us define new interval matrices as follows:


    A ^  k  = A −  λ k  F   k = 2 , . . N  



(5)







Then, according to Lemma 1 that   R e  (   λ k   )  > 0 ,   k = 2 , … N  , the vertex matrices of     A ^  k    can be defined as


    A ^  k v  =  {   [    a ^   i j    ]  :   a ^   i j   ∈  {   p  i j   ,  q  i j    }   }     



(6)




where   k = 2 , … N   and matrices   P =  [   p  i j    ]    and   Q =  [   q  i j    ]    are defined as


        P   = {  [   p  i j    ]  : R e  {   p  i j    }  =    a  i j    ¯  − R e  (   λ k   )     f  i j    ¯    ,   I m {   p  i j    }      =  {      I m  (   λ k   )     f  i j    ¯    ,   f o r   I m  (   λ k   )  > 0       I m  (   λ k   )     f  i j    ¯    ,   f o r   I m  (   λ k   )  < 0         }           Q =   {  [   q  i j    ]  : R e  {   q  i j    }  =    a  i j    ¯  − R e  (   λ k   )     f  i j    ¯    ,   I m {   q  i j    }      =  {      I m  (   λ k   )     f  i j    ¯    ,   f o r   I m  (   λ k   )  > 0       I m  (   λ k   )     f  i j    ¯    ,   f o r   I m  (   λ k   )  < 0         }        











Theorem 3.

[29]: Suppose that the matrix   T  n × n    is a Hermitian interval matrix where  T ∈ H  [  P , Q  ]   such that  T =  [   t  k l    ]  , P =  [   p  k l    ]  , Q =  [   q  k l    ]   , and H[P,Q] denote the set of Hermitian interval matrices satisfying  R e  {   p  k l    }  ≤ R e  {   t  k l    }  ≤ R e  {   q  k l    }   , and  I m  {   p  k l    }  ≤ I m  {   t  k l    }  ≤ I m  {   q  k l    }   for  k = 1 , … n  ,  l = k , … n  . If  V  [  P , Q  ]   denotes the set of all Hermitian vertex matrices T such that   t  k l   =  q  k l    or   t  k l   =  P  k l    , then    m a x   T ∈ H  [  P , Q  ]     (  e i g  ( T )   )   is obtained at one of the   2   n 2     vertex matrices in  V  [  P , Q  ]   .





Remark 1.

In [29], it was proven that     m a x   T ∈ H  [  P , Q  ]     (  e i g  ( T )   )    is obtained at a special subset of   V  [  P , Q  ]  ,   which consists of only    2     n 2  + n − 2  2      vertex matrices (for more information about this special subset, see Section 2 of [29]).





Lemma 2.

[27,30](Lyapunov Inequality): Let   A ∈  ℂ  n × n     be a given complex matrix and let   D = { s ∈ ℂ   :    |  a r g  ( s )   |  > α  π 2  }   denote a given open region of the complex plane. Matrix A has all its eigenvalues in region D if and only if





For  0 < α < 1   there are two matrices    Q 1  =  Q 1    *  > 0   and    Q 2  =  Q 2    *  > 0   such that


   λ ¯   (  β ( A  Q 2  +  Q 1   A *   )  +  β *   (  A  Q 1  +  Q 2   A *   )  ) < 0    



(7)




where   β =  e  i  (  1 − α  )   π 2     .



For  1 < α < 2   there is a matrix   P =  P *  > 0   such that


   λ ¯   (  β P A +  β *   A *  P  )  < 0    



(8)




where   =  e  i  (  2 − α  )   π 2     .



Now we express the following theorem in light of Lemma 2 and Theorems 2 and 3:



Theorem 4.

An interval FOMAS system with a non-Hurwitz matrix A in the form of Equation (1) is swarm robust asymptotic stable (achieving consensus) if and only if the graph G includes a spanning tree and for all vertex matrices within the vertex set defined in Equation (6):





Case 1.

when   1 < α < 2   , there exists a positive definite Hermitian matrix   P =  P *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β P   A ^  k  +  β *    A ^  k    *  P  )  < 0     for all of the individual     A ^  k    matrices in the vertex set; i.e.,     A ^  k  ∈   A ^  k v       f o r   k = 2 , … N     where   β =  e   (  2 − α  )   π 2  i       ,





Case 2.

when   0 < α < 1   , there exist two matrices    Q  k 1   =  Q  k 1     *  > 0   ∈  ℂ  n × n     and    Q  k 2   =  Q  k 2     *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β (   A ^  k v   Q  k 2   +  Q  k 1      A ^   k   v *     )  +  β *   (    A ^  k v   Q  k 1   +  Q  k 2      A ^   k   v *     )  ) < 0   f o r   k = 2 , … N     where   β =  e   (  1 − α  )   π 2  i     .





Proof.



(Sufficient): Assume that for all    2     n 2  + n − 2  2      matrices of    2   n 2      vertex matrices within the vertex set defined in Equation (6) the conditions of the theorem are satisfied. Now, we will prove that the interval FOMAS is asymptoticly robust stable.



Case 1.

when   1 < α < 2   : Based on Lemma 2, since    λ ¯  (  β (   A ^  k v   Q  k 2   +  β *   Q  k 1      A ^   k   v *     ) < 0   is valid for one of the vertex matrices of      A ^   k  v    , all its eigenvalues are located in  α  -Hurwitz region. For convenience, let us replace   β   A ^  k v  =  A ′    . Then,   β   A ^  k v    is an interval complex matrix. Now, consider    P k  = I   . Then condition    λ ¯  ( β  P k    A ^  k v  +  β *     A ^   k   v *     P k  ) < 0     becomes    λ ¯   (     A ′  +   A ′  H   )  < 0 ,   where     A ′  H    is the complex conjugate matrix transposed of A′. Given that    A ′  +   A ′  H    is an interval Hermitian matrix, the eigenvalues of    A ′  +   A ′  H    are all real, and therefore we can draw the conclusion that the system is robustly asymptotic stable if the maximum eigenvalue of    A ′  +   A ′  H    is negative. Based on Theorem 3, a maximum eigenvalue of    A ′  +   A ′  H    is obtained at one of its vertex matrices, so eigenvalues of all the matrices   A −  λ i  F   are located in the  α  -Hurwitz region, and when in the graph topology G a spanning tree is present, if there exists positive definite Hermitian matrices    P k  =  P k    *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β  P k    A ^  k v  +  β *     A ^   k   v *     P k   )  < 0   k = 2 , … N   holds for all     A ^  k  ∈   A ^  k v    , then the interval FO-LTI system achieves consensus using Theorem 2.





Case 2.

when   0 < α < 1 :     by replacing    Q  k 1   =  Q  k 2   = I   and   β (   A ^  k v  +    A ^   k   v *    ) =  A ′    , condition    λ ¯   (  β (   A ^  k v   Q  k 2   +  Q  k 1      A ^   k   v *     )  +  β *   (    A ^  k v   Q  k 1   +  Q  k 2      A ^   k   v *     )  ) < 0     becomes    λ ¯   (     A ′  +   A ′  H   )  < 0   and the proof is similar to the previous case.





(Necessary): Assume that the FOMAS system is swarm robust asymptotic stable (achieves consensus) and a spanning tree is included in the graph topology G. Therefore, the system in Equation (1) achieves consensus (or is swarm robust asymptotic stable) if eigenvalues of all the matrices   A −  λ i  F      (   λ i  ≠ 0  )    are located in the  α -Hurwitz region. Based on Lemma 2 for all    2     n 2  + n − 2  2      matrices of    2   n 2      vertex matrices within the vertex set defined in Equation (6), its equivalent to existence positive definite Hermitian matrices    P k  =  P k    *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β  P k    A ^  k v  +  β *     A ^   k   v *     P k   )  < 0   for case 1 when   1 < α < 2   and there exist two matrices    Q  k 1   =  Q  k 1     *  > 0   ∈  ℂ  n × n     and    Q  k 2   =  Q  k 2     *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β (   A ^  k v   Q  k 2   +  Q  k 1      A ^   k   v *     )  +  β *   (    A ^  k v   Q  k 1   +  Q  k 2      A ^   k   v *     )  ) < 0   in case 2 when   0 < α < 1  . □



We can dampen necessary and sufficient conditions in Theorem 4 to a more conservative condition in which we should only solve one Lyapunov inequality instead of N + 1 (for   k = 2 , … N   )   inequalities. It should also be noted that there are other similar techniques that have been used in the study of robust network stability, for example [31].



The vertex matrices can be defined as follows:


         A ˜   v  = {  [    a ˜   i j    ]  : R e  {    a ˜   i j    }  ∈  {  m i n  (     a  i j    ¯  − R e (   λ k   )    f  i j    ¯   )    ,      m a x (     a  i j    ¯  − R e  (   λ k   )     f  i j    ¯   ) } ,   I m  {    a ˜   i j    }  ∈ { m i n ( I m  (   λ k   )   f  i j   )       m a x  (  I m  (   λ k   )   f  i j    )   }  ,   k = 2 , … . . k     



(9)







The sufficient condition of robust consensus in the interval FOMAS is expressed in Theorem 5 as follows:



Theorem 5.

The interval swarm FOMAS achieves robust consensus if in the graph topology G a spanning tree is included and for all    2     n 2  + n − 2  2      matrices of    2   n 2      vertex matrices within the vertex set defined in Equation (9):





Case 1.

when   1 < α < 2   , there exists a positive definite Hermitian matrix   P =  P *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β P    A ^   v  +  β *     A ^     v *    P  )  < 0   where   β =  e  i  (  2 − α  )   π 2      





Case 2.

when   0 < α < 1   , there exist two matrices    Q 1  =  Q 1    *  > 0   ∈  ℂ  n × n     and    Q 2  =  Q 2    *  > 0   ∈  ℂ  n × n     such that    λ ¯   (  β (   A ^  v   Q 2  +  Q 1     A ^     v *     )  +  β *   (    A ^  v   Q 1  +  Q 2     A ^     v *     )  ) < 0   where   β =  e  i  (  1 − α  )   π 2      .





Proof. 

The interval matrices of vertex set defined in Equation (9) includes all interval matrices of the vertex set defined in Equation (6). Therefore, if the graph topology G has a spanning tree and for all    2     n 2  + n − 2  2      matrices of    2   n 2      vertex matrices within the vertex set defined in Equation (9) the condition of theorem 5 for Case 1 and Case 2 is satisfied, similar to the proof presented in Theorem 3, the eigenvalues of all the matrices   A −  λ i  F   located in the  α -Hurwitz region and the interval FOMAS system are robust and stable asymptotically. □





Remark 2.

It is worth mentioning that ifthe dynamic matrices of the agents have complex coefficients, meaning that the elements of the matrices A and F are complex, there is no change in the form of interval or vertex matrices in the format of Equations (5) and (6). Therefore, we can say that the methodology of this paper is also valid for FOMAS in which the dynamic matrices of agents have complex coefficients.






4. Simulation Results


In this section some numerical examples are presented as simulation results in order to show the validity and effectiveness of the proposed theorems.



Example 1



For the first example, a triangular formation of three high-speed airplanes when flying in rainy or snowy weather, as in Figure 1, and communicated using graph    G a   , as in Figure 2, was considered. The aim in this case was to achieve consensus on the orientation of these airplanes in two dimensions. This example was first introduced in [5] as a fractional-order multi-agent system.



Due to the communications among airplanes, the orientation of each one depends on the differences between its own orientation and that of others. Therefore, the following fractional-order multi-agent model can describe the orientation of each airplane:


   x i    α  = A  x i  + F   ∑   j = 1  3   w  i j    (   x j  −  x i   )  ,   i ∈  {  1 , 2 , 3  }   



(10)







Graph    G a    shown in Figure 1 is concerned with


  W =  [     0    1.2    0     0   0    0.4      0   0   0     ]  ;  











The graph’s Laplacian matrix has the following eigenvalues:


  λ  (   G a   )  =  {  0   1.2   0.4  }   








where   α = 0.8    , which makes   β =  e   (  1 − α  )   π 2  i   = 0.95 + 0.31 i   and   A ∈  A I  =  [    A  ¯  ,  A ¯   ]    and   F ∈  F I  =  [    F  ¯  ,  F ¯   ]    with


       A _  =  [      − 0.1     0.7       − 5.2     1.8      ]    ,    A ¯  =  [      0.4     1.1       4.8     2.1      ]         F _  =  [      5.2     − 9.2       18     5.2      ]  ,    F ¯  =  [     6    − 9       18.5     5.9      ]       











The interval matrices of all matrices in the form of Equation (5) are    A ^  ∈   A ^  I  =  [     A ^   ¯  ,   A ^  ¯   ]    with


     A ^   ¯  =  [      − 7.3     4.3       − 27.4     − 5.28      ]      A ^  ¯  =  [      − 1.68     12.14       − 2.4     0.02      ]   











It is easy to check that all eigenvalues of vertex matrices in Equation (6) lay in the stable region. In addition, the existence of    Q 1  =  Q 1    *  > 0   and    Q 2  =  Q 2    *  > 0   can be checked by the LMI formulation or Lyapunov matrix equation, and one can find that    Q 1  =  Q 1    *    and    Q 2  =  Q 2    *    exists, such that the inequality in Equation (7) holds for all    A ^  ∈   A ^  v   , which establishes the robust asymptotic stability of the fractional-order interval swarm system (10).



Figure 3 demonstrates the three agent trajectories in the Plane phase. The agents converged, and they achieved consensus.



Figure 4 displays the average distance between agents, indicating the relative movements, which is   h =  1 3    ∑   k = 1  2    ∑   i = k + 1  3       (   x 1    k   ( t )  −  x 1    i   ( t )   )   2  +    (   x 2    k   ( t )  −  x 2    i   ( t )   )   2     . It is evident that the relative movements were Lyapunov asymptotically stable, which serves as another demonstration of the agents’ convergence and the robust consensus of the interval FOMAS (10).



Example 2



We then considered system (10) in the previous example where   α = 1.2    , which makes   β =  e   (  2 − α  )   π 2  i   = 0.31 + 0.95 i   and   A ∈  A I  =  [    A  ¯  ,   A ¯    ]    and   F ∈  F I  =  [    F  ¯  ,   F ¯    ]    with


        A ¯   =  [      0.3     0.7       − 5.2     1.8      ]  ,   A ¯   =  [      0.4    3      4.8     2.1      ]         F _  =  [      5.2     − 10       18     19.5      ]  ,    F ¯  =  [      10     − 9       18.5     20      ]       











The trajectories of the agents are shown in Figure 5, and Figure 6 shows the average distance between agents. The agents converged and system was robust swarm asymptotically stable.



Example 3



We then considered Example 1 with graph Gb of five agents shown in Figure 7, which is concerned with


  w =  [         0      0.75          0          0.6      0                   0     0          0.3          0     0                         0     0         0         0     0                   0     0         0         0      0.3                     0.5       0.45          0         0     0                 ]  ;  











The eigenvalues of the Laplacian matrix for the graph are


  λ  (   G a   )  =  {  0   1.2   0.3   0.7 ± 0.3742 i  }   











We have   α = 0.8  , which makes   β =  e   (  1 − α  )   π 2  i   = 0.95 + 0.31 i   and   A ∈  A I  =  [    A  ¯  ,  A ¯   ]    and   F ∈  F I  =  [    F  ¯  ,  F ¯   ]   , where   A _  ,   A ¯  ,   F _   and   F ¯   are the same as for Example 1. The interval matrices of all matrices in the form of Equation (9) are    A ^  ∈   A ^  I  =  [     A ^   ¯  ,   A ^  ¯   ]  ,   with


        A ^   ¯  =  [      − 5.84 − 2.24 i     3.4 − 3.44 i       − 27.4 − 6.92 i     − 5.28 − 2.21 i      ]  ;        A ^  ¯  =  [      − 1.16 + 2.24 i     12.14 + 3.44 i       − 0.6 + 6.92 i     0.54 + 2.21 i      ]  ;      











That means that   R e  {     A ^   ¯   }  ≤ R e  {     A ^   }  ≤ R e  {      A ^  ¯   }    and   I m  {     A ^   ¯   }  ≤ I m  {     A ^   }  ≤ I m  {      A ^  ¯   }   . We can easily check that all eigenvalues of vertex matrices lay in the stable region. The existence of    Q 1  =  Q 1    *  > 0   and    Q 2  =  Q 2    *  > 0   can be evaluated using the LMI formulation. Figure 7 shows the trajectories of the agents in the x–y plane. As is evident, although each agent was not stable, the whole FOMAS achieved consensus.



Figure 8 is showing the trajectory of agents in X-Y plane and Figure 9 shows the average distance between agents, which is calculated according to the formulation   h =  1 5    ∑   k = 1  4    ∑   i = k + 1  5       (   x 1    k   ( t )  −  x 1    i   ( t )   )   2  +    (   x 2    k   ( t )  −  x 2    i   ( t )   )   2     . It is evident that the relative movements were Lyapunov asymptotically stable, which again prove that the agents converged and the interval FOMAS in Equation (10) along with the graph in Figure 7 reached robust consensus. As can be seen from Figure 8 and Figure 9, the dynamic of each agent was not stable. However, the average distance among the agents converged to zero, which means consensus.




5. Discussion


If we want to briefly discuss the idea presented in this paper, it should be said that if the dynamic matrices of agents in a FOMAS are stable, they all tend to zero and consensus is achieved. However, this consensus is due to the fact that the state variables of the agents are zero, and as a result, it is an obvious consensus regardless of the communication between agents.



However, if the dynamics of the agents are unstable, that is, the agents take a divergent path over time, it is still possible to converge together, which is discussed in Theorem 2. Unstable agents can still reach consensus if first, the graph between the agents has a spanning tree (conceptually, this means that all the agents should be related to each other) and second, the matrices   A −  λ i  F      (   λ i  ≠ 0  )    are all  α -Hurwitz.



Now, the problem is what should be done when the dynamics of individual agents, i.e., matrix A, and the interactive dynamics of agents, i.e., matrix F, have internal uncertainties. To achieve consensus according to Theorem 1, it is necessary to check the stability of the infinite matrix, which is not possible. In this paper, the idea is that it is not necessary to check the stability of countless matrices.



In Theorem 4, it is shown that if the dynamic matrix of agents has internal uncertainties, the consensus condition is that first, the graph between the agents has a spanning tree, and second, instead of countless matrices, only a limited number of vertex matrices need to be used in Lyapunov inequalities in Theorem 4 to find some Hermitian matrices   P =  P *  > 0   ∈  ℂ  n × n     for   1 < α < 2   and    Q  k 1   =  Q  k 1     *  > 0   ∈  ℂ  n × n     and    Q  k 2   =  Q  k 2     *  > 0   ∈  ℂ  n × n     for   0 < α < 1  .



In Examples 1 to 3, as can be seen, despite the fact that the agents were all unstable and the dynamics of the agents had internal uncertainties, because the conditions of Theorem 4 were satisfied for them, consensus was achieved and the average distance among the agents converged to zero.




6. Conclusions


The consensus problem of high-order fractional-order multi-agent systems with interval uncertainties is addressed in this paper for both fractional orders   0 < α < 1   and   1 < α < 2  . In order to achieve consensus, this article provided a precise robust stability requirement for interval FOMAS. It is established that the fractional-order interval linear multi-agent system achieves consensus if and only if there are Hermitian matrices such that some specific types of complex Lyapunov inequalities are met for all of the system vertex matrices using the existence condition of the Hermitian. The efficiency of the suggested strategy is proven by the simulation results.



Developing the dynamic model of agents in FOMAS in nonlinear form instead of a linear one; considering other types of uncertainties, such as non-parametric uncertainties instead of internal uncertainties; examining the conditions for reaching consensus in the presence of faults and defects, external disturbances, unmolded dynamics, or unknown inputs; and finally, the design of the input controller to achieve consensus in the presence of various uncertainties in FOMAS can be considered as future works for the current research.







Author Contributions


All authors contributed to the study conception and design. Material preparation, data collection, and analysis were performed by A.A., M.R., M.N.S. and A.K. The manuscript’s initial draft was prepared by M.R. and M.N.S., as well as feedback from all writers on earlier drafts of the article. All authors have read and agreed to the published version of the manuscript.




Funding


The research did not receive funding.




Institutional Review Board Statement


Not applicable.




Informed Consent Statement


Informed consent was obtained from all individual participants included in the study.




Data Availability Statement


The related data are presented within the manuscript.




Conflicts of Interest


The authors declare that they have no conflict of interest.




References


	



Paducel, I.; Safirescu, C.O.; Dulf, E.-H. Fractional Order Controller Design for Wind Turbines. Appl. Sci. 2022, 12, 8400. [Google Scholar] [CrossRef]

	



Naderi Soorki, M.; Tavazoei, M.S. Fractional-order linear time invariant swarm systems: Asymptotic swarm stability and time response analysis. Cent. Eur. J. Phys. 2013, 11, 845–854. [Google Scholar]

	



Naderi Soorki, M.; Tavazoei, M.S. Constrained swarm stabilization of fractional order linear time invariant swarm systems. IEEE/CAA J. Autom. Sin. 2016, 3, 320–331. [Google Scholar]

	



Naderi Soorki, M.; Moghaddam, T.V.; Emamifard, A. A New Fast Finite Time Fractional Order Adaptive Sliding-Mode Control for a Quadrotor. In Proceedings of the 2021 7th International Conference on Control, Instrumentation and Automation (ICCIA), Tabriz, Iran, 23–24 February 2021; pp. 1–5. [Google Scholar]

	



Naderi Soorki, M.; Tavazoei, M.S. Adaptive robust control of fractional-order swarm systems in the presence of model uncertainties and external disturbances. IET Control Theory Appl. 2018, 12, 961–969. [Google Scholar] [CrossRef]

	



Wang, P.; Wen, G.; Huang, T.; Yu, W.; Lv, Y. Consensus of Lur’e Multi-Agent Systems with Directed Switching Topology. IEEE Trans. Circuits Syst. II Express Briefs 2022, 69, 474–478. [Google Scholar] [CrossRef]

	



Shang, Y. Interval consensus of switched multiagent systems. Int. J. Syst. Sci. 2022, 53, 351–362. [Google Scholar] [CrossRef]

	



Luo, S.; Xu, J.; Liang, X. Mean-Square Consensus of Heterogeneous Multi-Agent Systems with Time-Varying Communication Delays and Intermittent Observations. IEEE Trans. Circuits Syst. II Express Briefs 2022, 69, 184–188. [Google Scholar] [CrossRef]

	



Xiao, M.; Tao, B.; Zheng, W.X.; Jiang, G. Fractional-Order PID Controller Synthesis for Bifurcation of Fractional-Order Small-World Networks. IEEE Trans. Syst. Man Cybern. Syst. 2021, 51, 4334–4346. [Google Scholar] [CrossRef]

	



Li, Z.; Gao, L.; Chen, W.; Xu, Y. Distributed adaptive cooperative tracking of uncertain nonlinear fractional-order multi-agent systems. IEEE/CAA J. Autom. Sin. 2020, 7, 292–300. [Google Scholar] [CrossRef]

	



Naderi Soorki, M.; Tavazoei, M.S. Adaptive consensus tracking for fractional-order linear time invariant swarm systems. ASME J. Comput. Nonlinear Dyn. 2014, 9, 031012. [Google Scholar] [CrossRef]

	



Cao, Y.; Li, Y.; Ren, W.; Chen, Y.Q. Distributed Coordination of Networked Fractional-Order Systems. IEEE Trans. Syst. Man Cybern. Part B (Cybern.) 2010, 40, 362–370. [Google Scholar]

	



Cao, Y.; Ren, W. Distributed Formation Control for Fractional Order Systems: Dynamic Interaction and Absolute/Relative Damping. Syst. Control Lett. 2010, 59, 233–240. [Google Scholar] [CrossRef]

	



Lv, S.; Pan, M.; Li, X.; Cai, W.; Lan, T.; Li, B. Consensus Control of Fractional-Order Multi-Agent Systems with Time Delays via Fractional-Order Iterative Learning Control. IEEE Access 2019, 7, 159731–159742. [Google Scholar] [CrossRef]

	



An, C.; Su, H.; Chen, S. Inverse-Optimal Consensus Control of Fractional-Order Multiagent Systems. IEEE Trans. Syst. Man Cybern. Syst. 2021, 52, 5320–5331. [Google Scholar] [CrossRef]

	



Liu, J.J.R.; Lam, J.; Kwok, K.-W. Positive Consensus of Fractional-Order Multiagent Systems Over Directed Graphs. IEEE Trans. Neural Netw. Learn. Syst. 2022, 1–7. [Google Scholar] [CrossRef] [PubMed]

	



Li, X.; Chen, L.; Chen, Y.; Guo, W.; Xu, C. Non-fragile consensus for uncertain fractional-order nonlinear multi-agent systems with state time delay. In Proceedings of the 2021 33rd Chinese Control and Decision Conference (CCDC), Kunming, China, 22–24 May 2021; pp. 2845–2850. [Google Scholar]

	



Gong, P.; Han, Q.-L.; Lan, W. Finite-Time Consensus Tracking for Incommensurate Fractional-Order Nonlinear Multiagent Systems with Directed Switching Topologies. IEEE Trans. Cybern. 2022, 52, 65–76. [Google Scholar] [CrossRef] [PubMed]

	



Zhang, H.; Gao, Z.; Wang, Y.; Cai, Y. Leader-Following Exponential Consensus of Fractional-Order Descriptor Multiagent Systems with Distributed Event-Triggered Strategy. IEEE Trans. Syst. Man Cybern. Syst. 2021, 52, 3967–3979. [Google Scholar] [CrossRef]

	



Gao, Z.; Zhang, H.; Cai, Y.; Mu, Y. Finite-Time Event-Triggered Output Consensus of Heterogeneous Fractional-Order Multiagent Systems With Intermittent Communication. IEEE Trans. Cybern. 2021, 1–13, early access. [Google Scholar] [CrossRef]

	



Moreau, L. Stability of multiagent systems with time-dependent communication links. IEEE Trans. Autom. Control 2010, 50, 169–182. [Google Scholar] [CrossRef]

	



Xiao, F.; Wang, L. Consensus problems for high-dimensional multiagent systems. IET Control Theory Appl. 2008, 1, 830–837. [Google Scholar] [CrossRef]

	



Li, Z.; Duan, Z.; Chen, G.; Huang, L. Consensus of multi-agent systems and synchronization of complex networks: A unified viewpoint. IEEE Trans. Circuits Syst. I 2010, 57, 213–224. [Google Scholar]

	



Cai, N.; Xi, J.-X.; Zhong, Y.-S. Swarm stability of high-order linear time-invariant swarm systems. IET Control Theory Appl. 2009, 5, 402–408. [Google Scholar] [CrossRef]

	



Ahn, H.-S.; Chen, Y.; Podlubny, I. Robust stability test of a class of linear time-invariant interval fractional-order system using Lyapunov inequality. Appl. Math. Comput. 2007, 187, 27–34. [Google Scholar] [CrossRef]

	



Chen, Y.; Ahn, H.-S.; Podlubny, I. Robust stability check of fractional order linear time invariant systems with interval uncertainties. In Proceedings of the IEEE International Conference Mechatronics and Automation, Niagara Falls, ON, Canada, 29 July–1 August 2005; pp. 210–215. [Google Scholar]

	



Ahna, H.-S.; Chen, Y. Necessary and sufficient stability condition of fractional-order interval linear systems. Automatica 2008, 44, 2985–2988. [Google Scholar] [CrossRef]

	



Naifar, O.; Ben Makhlouf, A. Fractional Order Systems-Control Theory and Applications; Springer: Cham, Switzerland, 2022. [Google Scholar]

	



Hertz, D. The Extreme Eigenvalues and Stability of Hermitian Interval Matrices. IEEE Trans. Circuits Syst. 1992, 39, 463–466. [Google Scholar] [CrossRef]

	



Jiao, Z.; Zhong, Y. Robust stability for fractional-order systems with structured and unstructured uncertainties. Comput. Math. Appl. 2011, 64, 3258–3266. [Google Scholar] [CrossRef]

	



Shang, Y. Resilient interval consensus in robust networks. Int. J. Robust Nonlinear Control 2020, 30, 7783–7790. [Google Scholar] [CrossRef]








[image: Axioms 12 00065 g001 550] 





Figure 1. Consensus on the orientation of three airplanes with triangle formation in Example 1 [5]. 






Figure 1. Consensus on the orientation of three airplanes with triangle formation in Example 1 [5].
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Figure 2. Graph    G a    with the spanning tree in Example 1. 
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Figure 3. Trajectories of agents in Example 1, which are the orientations of a triangle formation of airplanes in a maneuver. 
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Figure 4. Average distance between agents in Example 1. 
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Figure 5. Trajectories of agents in Example 2. 
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Figure 6. Average distance between agents in Example 2. 
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Figure 7. Graph    G a  ,   which includes a spanning tree. 
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Figure 8. Trajectories of agents in Equation (10) and achieving consensus in Example 3. 
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Figure 9. Average distance among agents in Equation (10) in Example 3. 






Figure 9. Average distance among agents in Equation (10) in Example 3.



[image: Axioms 12 00065 g009]













	
	
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or products referred to in the content.











© 2023 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






media/file13.jpg





media/file4.png





nav.xhtml


  axioms-12-00065


  
    		
      axioms-12-00065
    


  




  





media/file18.png
average distance between agents (fractional)

time(s)





media/file16.png
trajectory of agents (fractional)

[ I I

20

OA
(&)

-10 -5





media/file2.png





media/file5.jpg
trajectory of agents (fractional)

20

15

10

0+

2






media/file3.jpg





media/file1.jpg





media/file7.jpg
average distance between agents (fractional)

time(s)





media/file10.png
trajectory of agents (fractional)

I | | |






media/file12.png
average distance between agents (fractional)

time(s)





media/file9.jpg
trajectory of agents (ractional)

10

12





media/file0.png





media/file14.png





media/file8.png
awrage distance between agents (fractional)

3.5 4.5

2.5
time(s)





media/file11.jpg
average distance between agents (fractional)






media/file6.png
20

15

10

-10

trajectory of agents (fractional)

i

i






media/file15.jpg
20

trajectory of agents (fractional)

10






media/file17.jpg
average distance between agents (ractional)

time(s)





