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1. Introduction, Preliminaries and Definitions

Assume that H(A) is the class of functions analyticin A = {x : x € Cand |x| < 1}
and Hic, j] is the subclass of H(A) consisting of functions of the form

Hle, j] = {]—" : F € H(A) and F(x) = c+a]-)(j +a]-+1)(f+1 +--+, (xeA ).} (1)

and HJ[1,1]=H. For Q) C C, we denote by H(Q) the class of meromorphic function in Q.
For t € N, denoted by X; the class of meromorphic function given by
1 & ,
Y= {f : F € H(A) and F(x) = p + Y ax (xeA =A\{0};te N)} ()
j=t+1
where A* is the punctured unit disc defined by
AN :={x:xe€Cand 0< |x| <1}.

In particular, we write X := X has the following form

Foo) =2+ Y an, 3)
=

which are analytic and univalent in the punctured unit disc A*
The functions F € X given by (3) and G € X given by

Glx) =~ + Y b, @)
X o
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The Hadamard or convolution product of F and G is defined as follows
1 & j
(F*G)(x) = %—kZajbjx. ®)
j=2

Let S5 and Cy be the subclasses of ¥, which are meromorphic starlike and meromor-
phic convex in A*, respectively, and defined by

Sy = {.7-":]-'€Zand %e(xigi))()) >0 (xGA*)},

and

Cy = {}‘:fe + and —S)‘{e<1+x_7]__:,,£)(§)> >0 ()(eA*)}.

Definition 1 ([1,2]). Let Fq and F; be in H(A). The function F is subordinate to JF,, or F
is superordinate to JF, if there exists a function @ analytic in A with @(0) = 0 and |@(x)| < 1
(x € A), such that F1(x) = F2(@(x)). Also, we write F1(x) < F2(x). If F, is univalent, then
F1 = Fp, ifand only if F1(0) = F(0) and F1(A) C Fa(A).

We introduce definitions and propositions for fuzzy differential subordination:

Definition 2 ([3]). Let Z be a nonempty set, then Y : Z — [0,1] is fuzzy subset and a pair
(V,Yy), such that Yy : Z — [0,1] and

V= {x €Z:0< Yy < 1} = sup(K, Yx) ©)
is fuzzy set. A function Yy is a function of the fuzzy set (), Yy).
Definition 3 ([4]). Assuming thatY : C — Ry is a function such that
Ye(x) =Y  (xeC).
Denote by
Ye(C) = {x:x € Cand 0 < [Y(x)| < 1} := Supp (C,Yc(x))-
Also, we call the following subset:
Ye(€) = {x:x € Cand 0 < [Y(x)| <1} := Ay(0,1),
the fuzzy unit disk.
Proposition 1 ([5]). (i) If (¥,Yy) = (A, YA), then we have Y = A, where Y = sup(Y,Yy)
and A = sup (A, Yp).
(ii) If (¥, Yy) € (A, YY), then we have Y C A, where Y = sup(Y,Yy) and A =
sup(A, Yp).
Let ,G € H(A). We denote
FO) ={F00:0< [Yrn F0| <1 x € A} =sup(F(A) Yrn) @)

and

G(A) = {Q(X) 0< ’YQ(A)Q(X)‘ <1 xe€ A} = sup(Q(A),Yg(A)). 8)
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Definition 4 ([5]). Let xo € Aand F,G € H(A). The function F is fuzzy subordinate to G,
written as F <y G or F(x) <y G(x), when the followig conditions are satisfied:

(i) Flxo) = G(xo)
(i1) ’Y]-'(A)]:(X)‘ < ‘YQ(A)Q(?O

, X €A

Proposition 2 ([5]). Assuming that xo € Aand F,G € H(A). If F(x) <y G(x), x € A, then

() Flo) = G
(i) F(A) S GA)and [YrnF ()| < [Yon)9(0)

P XEAN,
where F(A) and G(A) are defined by (7) and (8), respectively.
Definition 5 ([6]). For & : C® x A — C and H is an analytic function such that ®(c,0,0,0) =

H(0) = c. Assuming that p is analytic in = with p(0) = c and satisfies the second order fuzzy
differential subordination

Yyeen ¥ (200, 9" (0, 229" (03 x) )| < [Yea X)), ©)

ie.,
¥ (900, x0' (0, 23¢" (0 x) ) <v H(x).

then ¢ is a fuzzy solution of the fuzzy differential subordination.
A function q is a fuzzy dominant for the fuzzy differential subordination if

e, ¢(x) <y q(x), (€A

‘Yq,(A)(p(x)] < \Y,,(A)q(?o

for all ¢ satisfying (9). A fuzzy dominant q satisfies that

Yand00)| < [Yamatn)], e, a(x) <y a0, x €A

for all fuzzy dominant q of (9) is the fuzzy best dominant of (9).

If F,G € ¥ has the form (3) and (4), we define the integral operator N}y, : ¥ — %, with
m>0,a>0,by
Na(F=G)(x) := (F *G)(x),

and
mtX

Na(F=G)(x) := T(a)x" 1

" (log %‘)H(f Q) (Hat, (10)

Ot

where all the powers are at the principal value.
It can be easily verified that

Ny (FxG)(x) = )1—(4- i <m) ajbj)(j, X € A*. (11)

The extended operator 7, : £ — X is defined by the following convolution formula

I F(x) * Ny (F G) (x) = T XEAT

o
x(1—x)
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where the power is at the principal value, and we have

1 ) ; i 1\% :
In"F0 =2+ L (V ;+]> (m+n]1+> ajbix’, x € AT, 12)
j=2

form > 0,a« > 0,and p > 0. From (12), it is easy to verify that

x( ;fi’”f(x))/ =mIm PF() = (m+ )T F(x), x € A (13)

To investigate main results, we need the following Lemmas:

Lemma 1 ([1]). Assume that £ € % and

K(x) = %/Oxé’(t)dt (x € A%).
If
_ X&'\ .1 )
%e(l—l— 5,(X))> 5 (x € AY),
then K € C.

Lemma 2 ([7]). Consider that the convex function & satisfies £(0) = c, let A € C* such that
Re(A) > 0. If P € Hic,j] with P(0) = cand Q : (C2x A) = C, Q(P(x) +xP'(x)) =
P(x) + 1+xP'(x) is holomorphic in A; then,

Yocrn) (PO + 32200 )| < [Yen €] = POO + 107 00 <v €G0) (x € A,

implies
Ypa)P(X) < Yga)8(x) < Yen)€(X)-
ie.,
P(x) =y q(x),
where A X
q(x) = W/O tn = E(t)dt,

is convex and best dominant.

Lemma 3 ([7]). Consider q is convex function in A, let £(x) = q(x) +n9xq’(x), ¢ > 0and
jE€NIfP € H[q(0),j]and O : (C* x A) — C, Q(P(x) + xP'(x)) = P(x) + 0xP'(x) in A,
then

e (PGO) + 1P (1)) | < [Yen) 00| = POY) +9xP' () <v a(x),

then

‘YP(A)POC)’ < ‘Yq(A)q(X) , XEA

implies that
P(x) =y q(x)-
and q is the best fuzzy dominant.
Recently, El-Deeb et al. [8], Srivastava and El-Deeb [9], El-Deeb and Oros [10],

Lupas [4,7,11-13], Oros [5,6,14-17], El-Deeb and Lupas [18] and Wanas [19-21] obtained
fuzzy differential subordination results.
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In Section 2 below, we obtain several fuzzy differential subordinations for meromor-
phic functions that are associated with the operator 7, by using the method of fuzzy
differential subordination.

2. Main Results
Theorem 1. Let the convex function ¢ in A*, such that $(0) = 1.

E=p(x) +x¢'(x) xeN

For F € Y and satisfies the following fuzzy differetial subordination:

’ /
Yo(c2xa) lmxﬁ“’” F(x) = (m+ 1) T F(x) + X(X(Jrﬁ'” F (x)) )

< [Yea €0, (14)
implies
’ !
[mj,f;“"‘ﬂx) ~ o DI FD +x (x(TF W) ) | <
then
" M < [Yeans
YX( ";"rl‘]:(x))'<X(t7m F(X)) )‘ —’ E(A¥) (X)’
equivalently with
/
(T FGO) =<y e(x)-
Proof. Let ,
() = x (" F(x)) - (15)
From (12) and (15), we have
it i a+1 .
P(x)+xP'(x) = m(}ﬁr Yo () () ”jbj?(]>
j=2
_ 1y (e (e
(m—l—l)(x—l—Z( ] )( m ) aﬂwc)
j=2
i (;{ T ij(ykﬂ) <m+;i+1)aajbjxj) (16)
j=2

= mIy M F ()~ (m+ )T F(x) +X(X(Jz'”f<x>)’)/.

From (14) and (16), we obtain

7

Yx(j,ﬁ'”f(x))'(X(J;;z“’”f()())/>‘ < ’Yg(m)g(?()

which implies that

‘YQ(szA*)(P(X) +XP/(X))‘ < \ng)soo\ < ’Ys(A*)(CP(X) +X<P’(x))\-

Thus, by applying Lemma 2 with A = 1, we obtain

’YIP’(A*)IP(X)’ < ‘Y¢(*)4’(X)’ =

YX( ’ﬁ,;t}-(x))’<X(jrz’y}—(?())/)‘ < ’sz(A*)‘P(X)’
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ie.,
x(THF(0) =y o).

The proof of the theorem is completed. [J
Theorem 2. Let ¢ be the convex function in A*, such that ¢(0) = 1, and

E=p(x) +x¢'(x) xeN

Let F € Y and satisfies the following fuzzy differetial subordination:

Y iy (KR F00) | < o0 = (w77 0) <v £

th
N (B F0)| = 0] = TG v 600

Proof. Assume that
P(x) = In™ F(x)

From (12) and (18), we have

P(x) +XP'(x) = (}ﬁZ("f)("ﬁiﬂ) ﬂfbij> + <—§+Zf(”?j>(m+n’;“) ”jbjxf>
=2 =2
S +i\ (mAj+1N\"
) (e
]:

We obtain /

P(x) + xP'(x) = (XJ;Z'”J” (X)) :

We obtain

7

’Y(Mﬁ”‘f(x))' <(X‘7$’H]:(X))/> ‘ = ’YS(A*)g(X)

which implies that

Yy(c2xas) (PO +xP' (X)) | < [Yean €| < (Yo (@(X) +x¢' (X)) |-
| <] <] |

Applying Lemma 3, we obtain

[Yean POO| < [Ypan @ 00| = [Yganrio (0" F(0) | < Yoian 0

which implies that
T F(x) <y ¢(x)-

The proof of Theorem 2 is completed. O
Theorem 3. For & € H(A*) with £(0) = 1, where

xE'(x)
Ex) )

If F € Y and the following fuzzy differential subordination holds true:

1

—NRe <1 +

‘Y(Xjrg'y]:(X)),(Xjrz’y]:()()),‘ < ’YE(A*)g(X)’ — (jrz,y}-(x))/ <, E(X)

7

(17)

(18)

(19)

(20)
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th
’ ‘ijﬁ"‘f(;g) (jjj’“]—‘(@)‘ < ’Y¢(A*)<P(X)’ = Tn" F(x) <7 ¢(x)-

where the function ¢(x) defined as follows

G0 = [ ewar
==
is convex and is the best fuzzy dominant.
Proof. Let
P(x) = T F(x). (21)

It is clear that P(x) € H][1,1]. Suppose that £ € H(A*) with £(0) = 1, such that

—me<1 + xﬁ(’)((;)c)) > —% (x € AY).

From Lemma 1, we have

X
is convex and satisfies the fuzzy differetial subordination (20). Since

E(x) =) +x9'(x) (x € A").

We have
P(x) +xP'(x) = Z(J‘Jrl)(yjﬂ) <m+ﬂ]1+1> ajbjx’
j=2
- (T F )’ @)

From (22), the fuzzy differential subordination (20) is

e (PGO) + 2P (0) | < [Yea)€00)|-

By applying Lemma 3 with v = 1, we obtain

[Ye(ae B(O| < [Ygianyor)]-
Which complete the proof. [

Setting

g0 = DL (e )

in Theorem 3, we obtain the following corollary.
Corollary 1. Assume that

S(X) — 1+ (Zp_ 1)X

€ AN”
Ty WEN)
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is convex function in A* such that £(0) = 1and 0 < p < 1. The function F € Y satisfies the
following fuzzy differential subordination:

’Y(xjﬁ’”f(x))/(X‘ﬁ,y]:(m),‘ < ‘Ys(A*)g(X)‘
= (Xjﬁ'i’”f()()>/<yg()(), (23)

then the function ¢(x) is

p(x) =201+ 2 log(1+ x),

(1-p)
X
is convex and is the fuzzy best dominant.

Theorem 4. Let ¢ be convex function in A* and $(0) =1,

E(X) =)+ x¢' (x)-

/
X ' F(x) LA
Let F €Y, and ( T ) ) be in A*.If

a— / a—1 !
xIm PF) XxIm M F(x)
Y(wﬁ‘,l/”fm)/( T F (%) < Yewne@| = TE ) Y EW @)

Ini" F(x)

then

7

(Jn"il’” F(x)
) I F(X)

) < Yoo (r)

Y
T M F0)
Tn" Fo)

ie.,
I M F(x)

T () <y ¢(x)-

Proof. Assuming that
I "F(x)
" F(x)

Differentiating both sides of (25) with respect to x, we obtain

P(x) = e M[1,1]. (25)

(72 F ) (T Fw)

0 = IR P T FE(x)

Then,

T F(x) {x(ﬁ*l"‘m))/wy‘;*"‘foo] —(xTn " FG0) (I F ()

P(X) +X]P)/(X) - (jty,p]__(x))z

a—1u /
(X?:i"“féc(;()> ‘ )




Axioms 2023, 12,47

9 0f 10

References

Utilizing (26) in (24), we can obtain

7

Ly !
XIn_ " F(x)
Y a—1,1 ! ]1;%7 S ‘YS A* S(X)
(m f(x)) Tet F(x) (a")
x)
which implies that

[Ye(a) POV + 2P (0) | < [V 20| = [Yoan (000 + 20 (0) |

Thus, by applying Lemma 3 with ¢ = 1, we obtain

7

T F () ) < oo

X,

T F0)

(J,fil’” F(x)
)

Y _
<J£§ Y F)

ie.,
In "F(x)
In" F(x)
The proof of the theorem is completed. O

Y $(X)-

3. Conclusions

In our present investigation of the applications of fuzzy differential subordinations
in the geometric function theory of complex analysis, we successfully made use of the
integral operator Tt for meromorphic function. Another avenue for further research
on this subject is provided by the fact that, in the theory of differential subordinations
and differential superordinations, there are differential subordinations and differential
superordinations of the third and higher orders.
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