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1. Introduction

In 1929, Lidstone [1] introduced a generalization of Taylor’s theorem that approximates
an entire function f in a neighborhood of two points instead of one, that is

fx) = X [FE 1) Au(x) + FEV(0) A1~ %), M

n=0
where A, (x) is the unique polynomial of degree 2n + 1 determined by the conditions

Ao(x) =% An(0) =As(1) =0 (n>1);

Ap(x) = Apa(x) (n21),

In [2], Boas and Buck show that any entire function of order less than 7t has an absolutely
convergent Lidstone series representation. Buckholtz et al. [3,4] proved that the condition

F7(0) = o(n")  (n— o)

is both necessary and sufficient for (1) to hold. Several authors, including Boas [5], Porit-
sky [6], Schoenberg [7], Whittaker [8], and Widder [9], have presented different necessary
and sufficient conditions for the representation of functions by Lidstone series (1).

Recently, this type of series was generalized by g-calculus. The quantum calculus
(g-calculus or Jackson calculus [10]) is an extension of the traditional calculus. There are
many new developments and applications of the g-calculus in many areas, such as ordinary
fractional calculus, optimal control problems, solutions of the g-difference equations, g-
integral equations, g-fractional integral inequalities, g-transform analysis, and many more
(see, e.g., [11-15]).

Ismail and Mansour [16] introduced a g-analog of Lidstone series by the form

2= 3 [P F(1)Auz) - D2 £(O)BA(2)], @

n=0
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where D, is the Jackson g-difference operator defined by

f@-fe
Dpaf(x) =4 z(1-1) 2#0
f/(O), z=0,

provided that f is differentiable at zero (see [17]). The polynomials (Ay), and (B,), are
g-analogs of the Lidstone polynomials (Ay(z)), and (A, (1 — z)),, and defined by the
generating functions
E;(zw) — Eg(—zw) &
9 q 2n
= Ap(z)w™, @)
By Eyw) ™)
E,(zw)E;(—w) — Eg(—zw)E,(w) &
q q q q n
= By (z)w", 4)
Ey(w) — Ey(—w) L5

respectively, where E;(z) is Jackson’s g-exponential function defined by

Eiz) =]+ (1—-q)"z), 0<g<1,zeC. (5)
k=0
Moreover,
Ao(z) =z, Bo(z)=z-1, (6)

and for n € N, A, (z) and B, (z) satisfy the g-difference equation
D;,lyn(z) =y,_1(z) with y,(0) =y,(1) =0. (7)

It is worth mentioning that Al-Towailb [18] has constructed another g-type Lidstone the-
orem by expanding a class of entire functions in terms of g-derivatives of even orders at
0 and g-derivatives of odd orders at 1. Moreover, in [19], we introduced the g-Lidstone
expansion in (2) for the symmetric g-difference operator J; defined by

5,f(2) = f(q2z) — f(g72z)

(see [20]). For detailed properties of the g-analogs of Lidstone series and polynomials,
readers may also refer to the literature (see [21-23]).

Our aim is to provide necessary and sufficient conditions for expanding an entire
function, f(z), in a g-Lidstone expansion of the form

f(2) = s0Ao(z) —s1Bo(2) +52A1(2) —s3B1(2) +..., ®)
where {s, }, is a complex sequence defined by
Sop = D;?I f(1), sppp1= Djﬁlf(o) (n € N). )

We also give a sufficient condition for expanding entire functions in a different arrangement
of series (8). More precisely, we will provide a sufficient condition on f so that

Y- D2 f(DA(E) ~ 1 D2 OB (2) (10

converges to f(z), uniformly on each compact subset of the plane.

This paper is organized as follows: The following section gives the essential notions
and some basic results on g-analysis. In Section 3, we derive the asymptotic of g-Lidstone
polynomials A, (z) and B, (z) for sufficiently large n. Section 4 provides a necessary and
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sufficient condition on an entire function f so that the g-Lidstone series expansion converges
to f(z) uniformly on compact subsets of the plane. Conclusions are drawn in Section 5.

2. Preliminaries

In this section, we recall some notions, definitions, and basic results in the area of
g-calculus for 0 < g < 1 which we need in our investigations (see [17,24]).

Let n € Ny (the set of non-negative integers). The g-shifted fractional (4;7), is
defined by

pi e =TT — adh) (ara) e B
(@ 9)eo j:l—[o(l q), (@q)n: (00" 7)o (a € C).

The g-numbers [n]; and g-factorial [n];! are defined as:

;g = [nlgln — 1], [1],.

Jackson’s g-trigonometric functions Sinyz and Cos,z are defined by

_ E,(iz) — Eg(—iz) & g"(2n+1)
Singz 1= —1 1 = —1)" 2(1 — 2n+1[
q 2 L G () .
Eq(iz) + Eg(—iz) & g1
Cos,z := 1 q = —1)" 2(1 — 2n,
and g-analogs of the hyperbolic functions Sinh,;z and Cosh,z are given by
Sinhy(z) := —iSing(iz), Coshg(z) := Cos;(iz). (12)

In [25], Ismail proved that the zeros of the second Jackson g-Bessel functions are real and
simple. Moreover, since the g-sine and g-cosine functions in (11) has a representation in
terms of the second Jackson g-Bessel function of order 1/2 and —1/2, respectively, cf. [17],
their zeros are real and simple. Therefore, from now on, we use {& }xcy to denote the
positive zeros of Sin,z arranged in increasing order of magnitude. Based on the results
in [25-27], El-Guindy and Mansour in [28] pointed out that the real positive zeros of Sin,z
have the asymptotic

=3

2
Gk~ Ag, A= 1q_ p

Furthermore, they introduced the following asymptotic result.

as k — oo. (13)

Lemma 1. Let a and B be real positive numbers such that « + < 2. Let A be the constant in (13)
and vy is any positive number less than a and B. Then, for g~*Cy < Ry < qP&,41,

B
‘%ﬁﬁﬂzﬁQfmwyRﬁ)M=Rmn»w

Furthermore, in [28], the authors proved that

0 1 1
ot 1 14
r; Sintly(‘:n) 2 (14)

The following lemma proves the absolute convergence of the series on (14).

Lemma 2. If () are the set of positive zeros of Sing(z), then for each n € N,

ﬁ(l —q")3, (15)

Sin’ (&,)| > 29212 2(en)(n41) =
|Sing (8n)| = 29 q G
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o)

for some positive numbers ¢, such that hm ey = 0. Moreover, Z Sin’ is an absolutely

Sin’y (Cn)

convergent series.

Proof. First, note that for any constant ¢, we have

=0.

i Sm &
_q)kgh2kel) € a2k _ q

So, we obtain

, © 2k +1 i 20k—n—1)
S ! = _1 k k(2k+1) 2k — _1 k k(2k+1) Zk' 16

From (13), we may assume that ¢, = Ag~ nten < 1, with A = a 3;2) and hm €, = 0.
Therefore,

Sin} g, = Y (—1)¢qK@+D) 20k —n—1) o —ank+2ke,

P Rk, 1
_ > 2k —n—1) 5k_pn_1)2
—(1— 2(n+1)2 —1) k 2(k—n—1)? _2k+2key
( k;) (qlq)2k+1 1 17
s 2m 2
—¢ _1)m 2m= 2(ey+1)m — 1,5,
”m:_%ﬂ)( ) @ e
where
1
b (1)L —2(n+1)2 2(en+1)(n+1)7;
n ( ) q q (qz; q>2n+2 (18)
d 2m
S, = qym_ " 2m(m+l)+2€n'
" Z_Z(;H_l)( ) (q2n+3 q)2m+1
Let p be a positive integer; then,
—(2p+2) 2p )
Sn = Z Finpn + Z Fm,n + Z Fmn,
m=—(n+1) m=—(2p+1) m=2p+1
where )
m
E. = (_1)" 2m(m+1)+2en'
o= U G, gy
Consequently,
2p —(2p+2) 00
Sl = Z Fonn| — Z | Emn| — Z | Em,n - (19)
=—(2p+1) m=—(n+1) m=2p+1

Since the estimate in (19) is independent of p, the last two sums on (19) tend to zero as
n — oo. Therefore,

2p
B : _1\m,,, 2m(m+1)
higlogf\Sﬂ Z;%Z Y. (=1)"mg .
=—(2p+1)
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However,
2p -1 2p
Z (_1)mmq2m(m+l) _ Z (_l)mmqu(m+l) + Z (_l)mmqu(m+l)
m=—(2p+1) —(2p+1) m=0
2p+1 2p
_ Z (_1)m71mq2m(m+l) + Z (_1)mmq2m(m+l)
1 m=0
2p
_ Z(_l)m<2m + l)qu(nhLl).
0
Thus,
liminf |S,| > 2 ;H)’"(zm + 1) | = ]Q“ — 4", (20)
where we used the identity due to Jacobi, see ([29], p. 500) ,
- ey HGEI i\3
Y (-1)'@2i+1)q 2 =]J1—-4) >0 (21)
i=0 i=1

So, from (18) and (17), we deduce that |Sin,’7§n| > 2T124,(1 — q4i)3tn, i.e., the series
Yoo S+ is absolutely convergent. [J
lnan

Let F denote the class of all entire functions f that satisfy
Dy1f(0) = o(G7) (1 — o),

where &y is the smallest positive zero of Sin;(z). We define a norm of F by

(D" £)(0)]
I fllF := sup —a (22)
neNy 1
It is worth noting that if f is analytic at zero, then
D71/ (0)
fU0) _ moen Do
" =q 2 [n]q! (T’Z € NO) (23)
Therefore, (F, ||f|| 7) is a normed space.
Lemma 3. If f € F, then
[f(@)] < [Ifll7 Eq(&rlz]) (z € ©),
where Ey(z) is Jackson's g-exponential function defined in (5).
Proof. From the Maclaurin series expansion and Equation (23), we have
. © ) DI £(0)
f(m)(o) m m(m—1) q 1 m
z) = z" = 2 —_—Z . (24)
e m;() m! m;oq (]!
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Then, from (22), we obtain

f(2)] =

0 Dmlf( ) m 1) (glz) ‘
w0 ST [m]g!

<\|f||f2q2 ﬁl'i) = 1fl5 Eg @),

This completes the proof. [

In the following, we introduce some essential properties for the g-Lidstone polynomials

Ay (z) and By (z) defined in (3) and (4), respectively.
Let {pn(z;q) }» be the sequence defined by

pan(z;q) = An(z),  Pm11(z:9) = —Bu(2),

and {L; }, be the sequence of linear functionals defined by

Lou(f) = D2 f(1),  Lansa(f) := D% £(0).

Then, the expansion (2) can be written in the form

Z Fpn(z:9).

By using (24), we can write L, as

LO(f) = f(l) 2 Dm 1f an (n S N)/

m=n—1

where Ly, = 0y -1 for odd n, where d;jis the Kronecker’s delta, and

(m—n)(m—n-1)
q 2
L= T mzmn
nm — [m — n]q!
0, m<n,
for even n. Consequently,
1
OSan<7', for 0 <n<m.
[m — n,!

From (28), we have

me)_{ T L ML

Therefore, by using (27), we obtain

iG=1 i1
2 Z] I+ s
1 H T Z ij Pm(zr"ﬂ (] € NO)'
Jlg: m=0

Remark 1. From (6), (7) and (25), we have

po(0) =0, p1(0) =1 and p,(0) =0 forall n > 1.

(25)

(26)

(27)

(28)

(29)

(30)
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Moreover, from (7), we conclude that D;,lpn(z;q) = pn-2(2;q). Therefore, by mathematical
induction on k, we can verify that

DX\ pu(z:4) = paa(zq) (n > 2k). (31)

This implies Ly (px) = Op ., and
D;lflpn(()) = pn—2k(0), D2k+1pn( 0) = q*lpn—Zk(O)~ (32)

3. Asymptotic Expansions for the g-Lidstone Polynomials

In this section, we use the contour integration and Darboux method (see [30]) for de-
termining the asymptotic behavior of the g-Lidstone polynomials A, (z) and B, (z) defined
in (3) and (4) for sufficiently large 7.

Consider the generating function

Sinhy (zw)

G =
0(2w) = Lo Sinh, (w)

(33)

We choose a contour I';;, as shown in Figure 1, such that Gq(z, w) is analytic in an open set
containing I';, and its interior, except for the poles inside I';;.

7"&’!L+1

o—ilpt1

Figure 1. The contour I';, in Lemma 1.

Proposition 1. Let {Cy }ren be the sequence of the positive zeros of Sing(z). Then

- L S
]{ Gy(z, w)dw = (27ti) {A (z )+2cos Z @ mlffsfﬁZ)(gk)}’ (34)

where Gy(z,w) is defined in (33), and { Ay} is the sequence of function defined by

A2m(z) = Am(z)/ A2m+1 (Z) =0.
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Proof. The function G,;(z, w) has a pole of order m + 1 at 0 and simple poles at +i(} for
k=1,2,...,n. So, by using the Cauchy residue theorem, we obtain

1

— j{n Gy(z, w)dw =

1 d™ [Sinhy(zw)
27wi Jr [ }

i 4277 | Sinhy () (0)+};Res(Gq,ii§k). (35)

=1

From Equation (3), we obtain

1 d™ [Sinhy(zw) [ A(z), m=2r;
%dzim[Sinhq(w) }( N { 0, m=2r+1. (36)
Forafixed k € {1,2,...,n},
. . w—i¢ .
Res(Gy,i¢x) = wlggﬂWSmhq(zw)
_ Sinhy(iix) | (w—igy)
(i8k)m*1 wig, Sing(w)
B iSing (Cz)
(i¢k) ™+ Sing ()
o . —i) Sing ($xz)
Similarly, Res(G,, —il) = ((ng))m | qS(mZ @) Therefore,
" L oo Sing(8kz)
];Res(Gq,j:zCk) = ZCOS(Em)k:Zl (Ck)’”HSin;(é'k)' (37)

and the result follows by substituting (36) and (37) into (35). O

The following proposition proves that the contour integration on I';, in (34) vanishes
asn — oo,

Proposition 2. Let {Cy }xen be the sequence of the positive zeros of Sing(z), and let a and B be
real positive numbers such that o« + B < 2. Then, there exists mg € N such that for g~ < Ry <

qﬁ‘:n-&-l
) Sinhg (zw)
lim

i oy dw =0 z| <1, m>mg).
=00 JT,:|w|=R, W™+ Sinh,(w) (2] > my)
Proof. It suffices to prove that

lim Eq (z20)

——————dw=0 <1).
n—oo Jr, w™+1 Sinhy (w) @ (2l <1)

From (5), if |z| < 1and |w| = Ry, then

) 2n+1 )
Eyzw)| =TT |1+ =z < TTO+"R0) TT (1+¢"Ra). (39)
k=0 k=0 k=2n+2
. . Ck —3/2
From the asymptotic (13), lim =1, where A = ;—-. Consequently, for any € > 0
k—o0 Aink q

there exists ky € N such that

(1—e)Ag* <& < (1+e)Ag~% forall k > k. (39)
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Now, setd = ( 7 ok Since R, < gP&, 1, then from (39), we obtain
2n+-1 ‘ 2n+1 ‘ 2n+-1 qkfznfz
[TO+dR) < T+ ¢) < [T O+ 5—5—)
k=0 k=0 k=0 (40)
q—(n+1)(2n+1)
< W(—qéi‘ﬂzwy
Furthermore, we can verify that
= 1
[T (+4"Ra) < (=50)e- (41)

k=2n+2
Combining the inequalities (38), (40), (41) and using (39), we conclude that

—(n+1)(2n+1) 1
|Eq(zw)| < W(—Q&Q)w(—g;‘ﬂw

-1 o n+3/2
q q"Ry, s _1.
< 52n+1 (A(l _ €)> ( l]5,q)oo( 5/‘7)00-

Therefore, from Lemma 1, if ¢ = , ¥ < min{w, B}, and

(1+fﬂ)
¢ "R}

- —R
Sinh, ()]’ [w] = Ry,

IRES

then lim;,_, &;; = 0. Therefore,

‘—Eq(zw) ‘<0c @32 (TPA (4 e\ (245 9)e(=5:0)o
w1 Sinhg (w) | = " (1—€e)(1+47) q0

and then

Eq(zw) A1+ €)*\" (=48 9)oo (— 55 )0
< m+3/2 (9 ’ 5 '
‘ ?g wn+1Sinh, (w) dw‘ 270 Ry, ( 1—e)(1+4q7) ) 46 (42)

Hence, there exists my € N such that the limit of the right-hand side of (42) as n — oo is
zero for all m > my. This yields the required result. []

Propositions 1 and 2 lead to the following expansion of the polynomials (A (z))m.
Theorem 1. Let {Cy }rew be a sequence of the positive zeros of Sing(z). Then, there exists mg € N

such that o g
An(e) = 2(—1yrt ¥ Smal&E)
k=1 G Sing (Gx)

forall m > myg, where (Am)m is the sequence of the q-Lidstone polynomials which is defined in (3).
In particular,

for |z] <1, (43)

Am(z) =2(-1)""!

Sing (¢12) 1
(:%m_'_l Sll’l;(él) +o <ér§m+1 ) (T}’l - 00) (44)

Proof. From Proposition 1, we obtain

1 _ _1\ym+1 5
— fr Gy (2, w)dw = Ay (z) +2(—1)

Sing (Gxz) '
=1 ‘:mH Sm;(ék)
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Letting n — co and using Proposition 2, we obtain (43). The proof of (44) follows directly
from (43). O

The Darboux method (see [30], pp. 309-310) states that if f(z) = }_a,2z" is a meromor-
phic function in |z| > 0, r is the distance from the origin to the nearest pole, and if there
exists a function g such that
1. gisanalyticin0 < |z| <7;

2.  f—giscontinuouson0 < |z| <r;
3. the coefficients b, in the Laurent expansion of the function ¢ have known asymptotic

behavior as n — oo;
then,

ap =by+o(r™") asn — co. (45)

Moreover, if f — g is m times continuously differentiable on the circle |z| = 7, then
ap=by+o(r™"n ") asn — oo. (46)
Ismail and Mansour [16] proved that the g-Lidstone polynomial B, (z) can be written as

22n+1

Bale) =

Byu11(2/2;9), (47)

where (B, (z;q)),, are the g-Bernoulli polynomials defined by

qu(zw)Eq( w/2)
E,(w/2) — Eg(—w/2) Z Ba(za) g, ] (48)

In [31], the authors used the Darboux method with (45) to provide the following asymptotic
behavior of the g-Bernoulli polynomials By (z; q) defined in (48) for sufficiently large n by

(—=1)"1[2n],! Cosy(2812) Cosy (1)

. — —2n
B T2 T Y ©
(=)™ [2n +1],! Sing (2812) Cosy(81) —(2n+1)
B () ) I
We can improve the o term in (49) by using (46) to obtain
o (=1)"12n],! Cos,(2812) Cosy(&1) e m
Banlai) =5 emmsmE) oG @) -
_1\n+1 :
By 11 (2:0) _ (=D H2n +1]4!Sing (281z) Cosy(81) +0(§1—(2n+1)(2n+1),m)

(1—q)(281)>1 Sing (&1)

as n — oo, where m € Ny is fixed. Consequently, from Equation (47), we obtain the n large
asymptotic of the g-Lidstone polynomial B, (z) as in the following result.

Proposition 3. The large n asymptotic of the q-Lidstone polynomials By, (z) defined in (4) is

(_1)n+l Sinq(glz) Cosq(él)
(1—q)(&1)? 1 Sing(&1)

B,(z) = +o(& " (2n)™™), (51)

where Gy is the smallest positive zero of Sing(z), and m is any non-negative integer.
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Lemma 4. If (pn)n is the sequence of polynomials defined in (25), then there exists a positive

constant M such that M
k
’quPn(O)’ < W’ (52)

where &y is the smallest positive zero of Sing(-).
Proof. According to (25) and Theorem 1, we obtain

w1 3 (_qyr Sk Sing(6iz)
LY s @y

é”“ Cosy (8z)
(&x)?n Sing (&x)

D2’ pau(z;q) = D'y An(2) = 2(~1)
DX pan(z:q) = DY An(z) = 2(-1)"" Z
Therefore, D;il P2n(2;9)|2=0 = 0, and

D21 pa () a0 | = [2(-1)"*! i(—l)fﬁzrﬂ\
k=1 (Gx)?m Smfy(ék)

2 2 1
< é:,%nfzrfl k:X:1 ‘Sil’l;(gk) ‘

From Lemma 2, the series ) ;7 ; |S | is convergent. Hence, there exists a constant

M7 > 0 such that

&)
M,

g7’271—1’ .
1

In [16], Ismail and Mansour introduced an expansion of E;(zw) as

D51 p2a(0:9)| = | D2 44 (0)] < 53)

e} e}

E;(zw) = ) B (z)w®™ + Eq(w) Y A (2)w?™.

m=0 m=0

Using the series representation of E,(zw), we can verify that

m m (2m72k)
_ (2”1) Z q 2
Bu(z) = —q'2 2! +k§] 2m —2k]q!A"(z)’
(Zm Zk)
D;—le( *5r 2m T Z — Zk ;—1Ak(0)-
Therefore, D;',”l B, (0) = 1, and from (53), we obtain
(Zm2 Zk) 1
<
‘D Bm( | MZ 2m zk] ézk r
<M i 9P 1
= g@m—r = 2f],0 &2
1 j=0 e &y
M 1
= mefr E‘i(a) (r <m)
1
Thus, there exists a constant M; > 0 such that
M;

fripansa (030)| = 1D Bul0)] < it (54)
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Hence, the lemma follows from (53) and (54). O

4. The Main Results

In this section, we provide the necessary and sufficient condition in order that the
entire function f(z) has the expansion (8).
First, we define the sequence {0, }, by

n _1\n+1
O2n :2¢ O2n+1 = ( 1) + COSq(Cl) . (55)

gt sing (&) (1—¢)5" ' Sing (&1)

From Theorem 1, Proposition 3, and the definition of p,(z;g) in (25), we obtain

. & ) .
M _ Sm@(@ﬂ)“'o((gz) ), n iseven; 5

of
! Sing(¢1z) + o(%), n is odd,
where m is a fixed positive integer. In the following, we choose m > 2.

Theorem 2. Let (s,)n be a sequence of complex numbers. Suppose that the series

Z supn(z:q) (57)
n=0

converges to f(z) for a single value zy € (0,1). Then, it converges to f(z) uniformly on compact
subsets of C. Furthermore,

sn =La(f) (n€N), (58)
where (Ly(f))n are defined as in (28), and the function f satisfies the condition

D;,lf(O) =o0(g) asn— oo. (59)

Proof. Suppose that the series (57) converges at zg. Then, from (56),

0= lim snpn(zo g) = lim PulZ0iq)

048y = Sin zg9) lim o0ysy,.
n—o0 On e 5 q(gl 0) n—oo "M

Since 0 < zg < 1, Sing(&120) # 0, and then nlgl;lo ousn = 0. By using (56) and Weierstrass
M-test, we conclude that the series

- z .
z) = 2 OnSn [P"( 9) —qu(Clz)] (60)
n=0 On
converges uniformly on compact sets. Since the series s(z) converges at zp, we have

f(20) — s(z0) = Sing(&120) Y., s

n=0

[ee] [ee]
Therefore, Y | 0ys, is convergent. This implies the uniform convergence of 2 0Sn Sing (812)
n=0 =0
on compact subsets of the complex plane. In view of (60), we obtain the serles (57) converges
uniformly on each compact subsets of C. Combining (9) with (26) we have already verified

Equation (58).
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Now, from (31) we have
(D f)(2) = 3 su(Dipa) (z:4) — Y sopealz0)
n=0 n=2k
oo (61)
— Z (0 _zksn)pn—Zk(Z;q)
n=2k ! Un—2k ,
and from (55), we obtain
On—2k _ (_1)k g%k ) (62)
Tn Sing (Z1)
By substituting (62) into (61), we obtain
2k 0 .
D% F)(z) = (=1)k—=1 oS Pnfzk(zfq)_
D@ = (gl B o) B2
So, if hy(z;q) := @ — Sing(gqz), then
n
Sil’l/ (Cl) o ) 00
(—1)f gzk DX, f(z) = ) (ousu)hn2(2:4) +Sing(612) Y (cusu)-  (63)
1 n=2k n=2k
From the asymptotic (56), we conclude that there exists a constant K > 0 such that
|hy zq|<K(§1> , for |z| <1 and n € Ny. (64)

Therefore, from (63) and (64) we have

Sing (¢1)
‘ g%k

D f(2)] < 22 (sup lausal) + [Sing (&12)] | X ()
1 g n=2k

2—G1 n>2k

Consequently, the sequence (F(z;q)); = (&% D;’f 1f(2))g is uniformly convergent on

|z| < 1. Therefore, the sequence of functions (D, -1F(z;¢) )k also convergent uniformly on
|z| < 1. Furthermore,

lim Fu(0:q) =0 = lim (D 1) (05q),
which implies the function f satisfies the condition (59) and the proof is complete.

Theorem 3. If f € F, then the series

Z fpn(z:9)

converges to f uniformly on compact subsets of C.

Proof. Since the convergence with respect to the uniform norm is uniform convergence, it
is enough to prove that

k
lim | - ;Ln(f)pn(z;q)H =

k—o0
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where ||-|| is defined in (22). From (28) and (30), we obtain

k k 00
ZO n(f)pn(z:q) = Z ZlD )pn(zq)
n= n=0 \j=n
o0 min(k,j+1)
=YD, L F0) Y Lupa(za)
j=0 n=0 (65)
k—1 j+1
= . —1f ZLnJPH z;q) +ZD]—1f ZLﬂ]p” z;q)
=
k—1
=, 0 —1f [ + ZD]—lf Z LnJPn z;q).
=

Using the Maclaurin’s expansion (24) and Equation (65), we obtain
k 1) j 2 0 j k
| = L ahiptza)| = | E o™= DL f©0) gy = L 0jfO) X Lupazia) |- (60
n=0 j=k N ik n=0

Now, set

Sk(z) == i iy 1f ), ZD] (0 Z LnJPn z;q).

D!, gk (0) 1
Ig(2)|| = sup| —-———| = sup | =D’ _, £(0)|,
jeNo| 8 j>k’€1] "
D) _17(0)
(2} = sup| | = sup | = Y. D! Lf(0) Z%qmw>
j€No ¢ meNy ' 61 Tk

Now, using the inequalities (29) and (52), we conclude that there exists a constant M > 0

such that
=1 LI I
] s 1
i 0070 L LD < M 5 00| 1
N B 7
j 0 k (=) (j—n-1) 11)(] n—1) 6]1_11 (6 )
<Msup‘—D_1f ‘Z Y ¢ N
>k j=kn=—c0 ) q
Since .
) k . . j—n o T
(G=m(=n=1) &} =) &Y
gt = 77 (69)
j;kn:ZOO [] - ”]q! m;()rzzm [T]q!
changing the order of summations yields
00 k . . j—n oo r
(j=m)(j=n—1) cj r ff
Y Yq 2 - Zq o 1 Z 1
j:knzfoo
) & (69)

= Z (r+1)g [ ]q
= Eq(§1)+4>1(§1)/
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where ¢1(t) = Y o q@ [rr]t;! . By combining Equation (66) with the above estimates (67)
and (69), we obtain

|F- ZLn Hen(a)|| < [1+ME(@) +91(60) ]sup\—D’ (0],

>k
and this complete the proof. [
Theorem 4. Let f be an entire function. Then, the g-Lidstone series expansion
f(1)Ao(z) ~ F(0)Bo(2) + (D21 f)(DAI(2) — (D2 HO)Bi(2) +...  (70)
converges to f if and only if f € F.
Proof. The proof follows immediately from Theorems 2 and 3. [

Remark 2. Theorem 4 is not applicable with the following arrangement of g-Lidstone series:

Y D2 f(1)Au(z) - Y. D2, F(0)Ba(2). 1)

n=0 n=0

Notice, in the proof of Theorem 3, we used Inequality (52) to estimate the norm of the function
k
If = ¥ LalPputzi)|
n=0

to the quantity {1 + M(E4(C1) + ¢(S1) } sup ‘— D] )0 )’ This estimation is inaccurate if

the g-Lidstone series has the form (2). Here euch of the two series is required to be convergent.
Therefore, we can not apply the result in this case.

We end the paper by providing a sufficient condition on f such that (71) converges to
f(z) uniformly on each compact subset of the plane.

Theorem 5. Let &y be the smallest positive zero of Sing(z). Suppose the series

£ DRSO = DR

— (72)
n=0 él 2 n=0 €12n

are absolutely convergent. Then
Y. D2 F(1)Ax(z) — Y D2, £(0)B,(2)
n=0 n=0
converges uniformly on each compact subset of C to an entire function f(z).
Proof. Let z € C. Then, from (44), there exists a constant M > 0 such that
2(~1)"Sing(&12)| _ M

M) gy | S )
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Therefore,

[e9)

D, £(1)
an

D, f(l)

q

o

Z‘qu )’ il
= iSing (5) n;()

Y |2 ) A < 73)

Since the series in (72) are absolutely convergent, then the series Z D " f(1)Au(z) con-
n=0

verges uruformly on compact subsets of C. Similarly, by using (51) we can verify that the

series Z Dzﬁl f(0)By(z) converges uniformly on each compact subsets of C. Now, by

using Equatlons (6), (7) and (24), we obtain

Y. DX f(1)An(z) = ) D2 f(0)Bul(2)
n=0 n=0
0 0 D2n+kf(0) 0 (74)
= Z 2 7,14”(2 — Y D", £(0)Bu(z)
n=0 k=0 [ ]q n=0 i
k(k-1) D*1F £(0)
Now the series S1 := Y " 03209 2 q[kTA" (z) can be rearranged as
m (Zm Zn) 0 m (2m+1—2n)
211 2m+1
1= mgOD A f(0 ; 2m — 2n], An(2) +m§) Py S ; 2m +1—2n],! An(2) 75)

Combining (74) and (75) and using (30), we obtain

i D2, f(1)An(z) — iODjnl F(0)Bu(z) =

0 D2 m (2m Zn) 5 o D2m+l m (2m+1 211) A
L OO X g eld) = Bal@) | + L DO L et

n= 0 n:O

- gng:fan e =)

This proves the series (71) has the limit f(z) on the plane, and we obtain the required
result. [

5. Conclusions and Future Work
We proved that the g-Lidstone series expansion

f(1)Ao(z) = f(0)Bo(z) + D7y f(1)A1(z) = D7y f(0)B1(2) + ...,
converges to the function f(z) for each complex z if and only if f € F, i.e.,
D;,lf(O) =o0(g) asn— oo,

where ¢ is the smallest positive zero of the function Sin,(z). We also provided a sufficient
condition on f so that

Y D2 F(1)An(z) — ¥ D2, £(0)Ba(2)

n=0 n=0

converges to f(z), uniformly on each compact subset of the plane.
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Another study to give a characterization of those functions on the plane given by
absolutely convergent of g-Lidstone series expansion is in progress.
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