@ axioms

Article

Solving Fractional Volterra—Fredholm Integro-Differential
Equations via A™* Iteration Method

Austine Efut Ofem >*, Aftab Hussain 3", Oboyi Joseph %, Mfon Okon Udo %, Umar Ishtiaq %0,
Hamed Al Sulami 3 and Chukwuka Fernando Chikwe *

check for
updates

Citation: Ofem, A.E.; Hussain, A.;
Joseph, O.; Udo, M.O; Ishtiaq, U.; Al
Sulami, H.; Chikwe, C.E. Solving
Fractional Volterra-Fredholm
Integro-Differential Equations via
A** Tteration Method. Axioms 2022,
11, 470. https://doi.org/10.3390/
axioms11090470

Academic Editor: Chris Goodrich

Received: 1 August 2022
Accepted: 5 September 2022
Published: 14 September 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, University of Uyo, Uyo PM. Box 1017, Nigeria

Department of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal,

Durban 4041, South Africa

Department of Mathematics, King Abdulaziz University, Jeddah P.O. Box 80203, Saudi Arabia

Department of Mathematics, University of Calabar, Calabar P.M. Box 1115, Nigeria

Department of Mathematics, Akwa Ibom State University, Ikot Akpaden, Mkpat Enin PM. Box 1167, Nigeria
Office of Research, Innovation and Commercialization, University of Management and Technology,

Lahore 54770, Pakistan

*  Correspondence: ofemaustine@gmail.com

G e W

Abstract: In this article, we develop a faster iteration method, called the A** iteration method, for
approximating the fixed points of almost contraction mappings and generalized a-nonexpansive
mappings. We establish some weak and strong convergence results of the A** iteration method
for fixed points of generalized a-nonexpansive mappings in uniformly convex Banach spaces. We
provide a numerical example to illustrate the efficiency of our new iteration method. The weak
w?-stability result of the new iteration method is also studied. As an application of our main results,
we approximate the solution of a fractional Volterra—Fredholm integro-differential equation. Our
results improve and generalize several well-known results in the current literature.

Keywords: almost contraction mapping; weak and strong convergence; weak wz-stability; Fractional
Volterra—Fredholm Integro-Differential Equations

MSC: Primary 05A30; 30C45; Secondary 11B65; 47B38

1. Introduction

The fixed-point theory is important to many applied and theoretical fields, such
as linear and variational inequality, nonlinear analysis, approximation theory, dynamic
system theory, mathematical modelling, mathematics of fractals, mathematical economics
(equilibrium problems, game theory and optimization problems), differential and integral
equations. Let J be a nonempty subset of a Banach space M, N the set of all positive integers
and R the set of all real numbers. The fixed point of a self-mapping H defined on J is a
point ¢ € J satisfying ¢ = Hg. The set of all fixed point of  is denoted by Fy = {g €
J: g = Hg}. The mapping H is said to be nonexpansive if ||Hg — Ht|| < ||g — ¢t||, for all
g,t € J and it is said to be quasi-nonexpansive if | Hg — m*|| < ||g —m*||, forall ¢ € J and
m* € Fy.

In the past few years, the fixed-point theory for nonexpansive mappings has attracted
several authors as a results of their vast applications in integral equations, differential
equations, convex optimization, control theory, signal processing, game theory, and many
more. The first result concerning the existence of fixed points of nonexpansive mappings
was given in Hilbert spaces by Browder [1]. In [2,3], Browder and Gohde independently
extended the result of Browder [1] to uniformly convex Banach spaces. In [4,5], Goebel
and Kirk further extended the result of Browder [1] to reflexive Banach spaces. Several
extensions and generalizations of the class of nonexpansive mappings have been studied
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in the past two decades. One of these important generalizations of the class of nonexpan-
sive mappings, known as Suzuki generalized nonexpansive mappings, was provided by
Suzuki [6]. This class of mappings is also known as mappings satisfying the condition (C).
In [7], Aoyama and Kohsaka introduced the class nonexpansive-type mappings known
as a-nonexpansive mappings. In [8], Pant and Shukla considered another generalized
nonexpansive-type mapping called generalized a-nonexpansive mappings. The authors
showed that this class of mappings is more general than the class of mappings satisfying
the condition (C). In [9], Pant and Pandey developed the class of Reich-Suzuki nonex-
pansive mappings and proved that this class of mappings is more general than the class
of mappings satisfying the condition (C). Furthermore, they proved some existence and
fixed-point results for such mappings.

Recently, Pandy et al. [10] combined the classes of generalized x-nonexpansive map-
pings and Reich-Suzuki nonexpansive mappings and defined a new class of mappings
as follows:

Definition 1 ([10]). Let H be a self-mapping defined on a nonempty subset J of a Banach space
M. Then, H is said to be a generalized x-Reich—Suzuki nonexpansive mapping if for all g,t € J,
there exists « € [0,1) such that

%Hg—’HgII < |lg — | implies [|Hg — Ht|| < max{W(g, ), T(g, )},
where
W(g 1) = aflg — Mg +aflt = HE[| + (1 - 2a) g — ¢,
and
T(8, 1) = allg = Ht|| +al[t = Hg || + (1 = 2a)[|g — £]].

The Banach contraction theorem, also known contraction principle, is one of the fun-
damental results in metric spaces. This theorem was established in 1922 by Banach [11] and
it works with the Picard iteration method for contraction mappings in a complete metric
space. The Banach contraction principle guarantees the existence and uniqueness of fixed
point of a given contraction mapping. It has been shown that the Picard iteration method
always converges to the fixed points of some higher classes of mappings than contraction
mappings even when there exist fixed points of such mappings. Thus, the Banach contrac-
tion principle has some drawbacks. Based on simplicity and better rate of convergence,
many iteration methods have recently been developed by many authors to overcome the
drawback in the Banach contraction principle (see [12-20] and the references therein).

For control sequences {a,, }, {by} and {cy } in (0, 1), the following iteration methods
are called Mann [21], Ishikawa [14], Noor [16], S [22], Abbas [23], Thakur [20], M [24] and
F[25].

gl S u]]/
{ Tt = (1= am)gm + amHgm, m € N. @)

gl c n]]/
Im+1 = (1 - am)gm + ayHtm,

g1€],

pm = (1 —cm)&m + cmHgm
tm = (1 - bm>gm + bmem/
8m+1 = (1 - am)gm + amHtm,

m € N. 3)
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1€J
Im+1 = (1 - am)Hgm + amHtm,

g1 €17,

Pm = (1 - Cm)gm +cmHgm,

ty = (1 - bm)Hgm + bmHPm/
8m+1 = (1 - am)Htm + amHPm/

m € N. ®)

g1 € J,

Pm = (1 - bm)gm + CmHgm/
by = H((l - am)gm + ﬂmpm)/
Sm+1 = Htm,

m € N. )

g1 €1,

pm = (1= am)gm + amHgm,
tm = HPm,

Sm+1 = Htm,

m € N. (7)

g1 € J,

pm =H((L — am)gm + amHgm),
tm = Hpm/

m+1 = Htm,

m e N. ®)

In [25], Ali et al. showed that the F iterative method (8) converges faster than some of
the above-mentioned iteration methods and several others in the literature.

Motivated by the ongoing research in this direction, we introduce a faster iteration
method, called the A** iteration method, as follows:

gl € J/

pm = H((1 — am)gm + amHgm),
tm = Hzpmr

Em+1 = Hztm/

m e N, )

where {a,, } is a sequence in (0, 1). In this paper, we prove the weak and strong convergence
theorems of the A** iteration method for approximation of the fixed points of almost
contraction mappings and generalized a-Reich-Suzuki nonexpansive mappings in Banach
spaces. We provide a numerical example to show that our new iteration method (9)
converges faster than the iteration methods (1)-(8). The stability results of (9) are also
studied. As an application, we find the solution of a fractional Volterra—Fredholm integro-
differential equation via A** iteration method.

2. Preliminaries

We give some basic definitions and lemmas that will be useful in this article.

Definition 2 ([9]). A Banach space M is said to be uniformly convex if for each e € (0,2],
there exists § > 0 such that for g,t € M with ||g|| < 1, ||t| < 1and ||g —t|| > €, implies

sz <1-
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Definition 3 ([24]). We say Banach M enjoys Opial’s condition if for any sequence {gm } in M
which converges weakly to g € M implies

limsup ||gm — g|| < limsup ||gm —¢t||, Vt € M with t # g.
m-—oo m—ro0

Definition 4 ([19]). Let J be a nonempty closed convex subset of a Banach space M and {g, } be a
bounded sequence in M. For g € M, we set

(g, {gm}) = limsup |[gm — gI|-

m—o0

The asymptotic radius of {gm} relative to J is defined by

r(J,{gm}) = inf{r(g,{gm}) : g €I}

The asymptotic center of {gm} relative to J is given as:

A Agm}) ={g€J:r(g {gn}) =7, {gm})}-

It is known generally that in a uniformly convex Banach A(J,{gm}) consists of only one
element.

Definition 5 ([10]). Let J be a nonempty closed convex subset of a Banach space M. A mapping
H : J — Jis said to be demiclosed with respect to g € M if for each sequence { gy, } which is weakly
convergent to g € J and {Hgu } converges strongly to t implies that Hg = t.

Definition 6 ([26]). A mapping H : J — I is said to satisfy condition (I) if a nondecreasing
function h : [0,00) — [0,00) exists with h(0) = 0 and for all ¢ > 0, then h(c) > 0 with
g = Hgll = h(d(g, Fy)) forall g € J, where d(g, Fyy) = infg-cp, [|g —87|-

Lemma 1 ([27]). Let M be a uniformly convex Banach space and {k, } be any sequence satisfying
0<g<ky<t<1lforallm>1. Assume that {gy} and {t,,} are any sequences of M such that

limsup [lgm|| < v,

m—r00
limsup ||tn| < y and
m—o0

m—o0

hold for some y > 0. Then, im [|gy — t || = 0.

Lemma 2 ([10]). Let M be a Banach space and J be a nonempty subset of M. Suppose the mapping
H : J — I is a generalized a-Reich—Suzuki nonexpansive. Then, for all g,t € I, the following
condition holds:

3+a
I = el < (355 ) llg — gl + g .

3. Convergence Analysis

In this section, we study weak and strong convergence results for fixed points of
generalized a-Reich-Suzuki nonexpansive mappings in the setting of uniformly convex
Banach spaces.

Theorem 1. Let J be a nonempty, closed and convex subset of a uniformly convex Banach space M.
If H : J — I is a generalized a-Reich—Suzuki nonexpansive mapping with Fry # @ and {gn } is
the A** iterative method defined by (9), then li_r>n llgm — || exists for each §* € Fp.

m—o0
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Proof. Assume g* € Fy; and g € J. Since H is a a-Reich-Suzuki nonexpansive mapping
with Fy # @, we have
IHg —Hm™|| < llg = &"| (10)

By (9), we have

IH((1 — am)gm + amHgm) — &*||

[pm —m]|

< X —am)gm + amHgm — &
< A —am)lgm = g*ll + aml|Hgm — &7 ||
< (A —aw)llgm =&l + amllgm — &" ||
= lligm =gl (11)
Using (9) and (11), we have
It =" = [1H?pm — &l
= [ H(Hpw) =&
< 1Hpm =87
< lpm = 4§
< llgm =87l (12)

Finally, from (9) and (12), we have

Igmi1— & = [Htw—g"|l

[ H(Htm) — &

[ Htm —&" |l

[tm — ™l

llgm — &*1I- (13)

VAN VANVAN

This implies that the sequence {||g» — ¢*||} is nonincreasing and bounded below.
Thus, li£1 llgm — ¢*|| exists for each g* € Fy. [
m—00

Theorem 2. Let M, J, H and {gm } be as defined in Theorem 1. Then, Fy; # @ if and only if {gm }
is bounded and_ lim \gm — Hgml-
m—00

Proof. From Theorem 1, we know that {g,, } is bounded and li_r>n exists for any g* € Fy.
m-—o0
Assume that
Jim g —m*|| = y. (14)

From (11) and (14), we have
limsup [[pm — ¢"|| < limsup [[gm —&"[| = v. (15)
m—o00 m—roo
Using (10) and (14), we have

limsup |[Hgm — &*|| < limsup [[gm — &[] = y- (16)
m—00 m—o0
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By (9), we have
Igm1 =&l = [H?tm—g*|
= [[H(Htm) — &l
S ||Htm _g*”
< ltm— g7l
= || H?pm—g"|| (17)
= [[H(Hpm) —&"|l
< | Hpm gl
< lpm—g"I-
Therefore,
y < liminf | pm — . (18)
By (15) and (18), we have
y = lm [[pm =g’
= lim [[H((1— an)gm + anHgm) — &"|
< hm[[(1 = an)gm + anHgm — 8|
= am (X —am)(gm — &) + am(Hgm — &)l
= lim (1= am)llgm —g" | +amlHgm — ")
< lim (1= am)llgm — 8"l + amllgnm — ")
< v (19
Hence,
Jim (11— an) (gn — ")+ an(Hgn =) = - (20)

Using (14), (16), (20) and Lemma 1, we obtain
Jim g — Hgm| = 0. (21)

Conversely, if {gn } is bounded and n%lin llgm — Hgm|| = 0. Letg* € A(J,{gm}), then,

by Lemma 2, we have

r(Hg* {gm}) = limsup ||gm —Hg"|

m—o0
34w . . %
< <> limsup ||gm — Hgm|| + limsup | Hgm — " ||
1—-w H—s00 m—00
= limsup ||gm — <7l
m—oo
= (8" {gm})-

This shows that Hg* € A(J, {gn}). Since the Banach space M is uniformly convex,
we know that A(J, {gm}) is a set with one element and it follows that Hg* = ¢*. Hence,
Fy 0. O

Theorem 3. Let M, J, H and {gn } be as defined in Theorem 1 such that Fy; # @. Suppose that
M posses the Opial’s condition, then the A** iteration method {gm } converges weakly to a point
in FH~
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Proof. For Fy; # @, we have established in Theorems 1 and 2 that lign llgm — ¢*|| exists
m—oo
and n%lglo |\gm — Hgm|| = 0. Now, we will prove that it is not possible for {g, } to have two

weak subsequential limits in Fy;. Suppose that g and w are two weak subsequential limits
of {gm; } and {gm, }, respectively. Then, by Theorem 2, we know that (I — H) is demiclosed
at 0—this implies that (I — 7 )q = 0. Thus, Hq = q. By a similar argument, we can show
that Hw = w. Next, we show uniqueness. Assume g # w, then, from Opial’s property,

Jim llgm —qll = Hm flgm —qll < lm {lgm, —wl| = Lim g —w]|

=i g —wll <t ligm; = qll = Yim_flgm =l

which is a contradiction, so 4 = w. Hence, {gm } converges weakly to g € F;. O

We now prove some convergence theorems.

Theorem 4. Let M, J, H and {g} be as defined in Theorem 1 such that Fy; # @. Then, the
iteration method {gm} converges to a point in Fy if and only if lim ] infd(gm, Fyy) = 0, where

d(gm, Fy) = inf{llgm — &"I| : g € Fy }-
Proof. The necessity is trivial.

Now, we prove the converse. Suppose limnl> ior;fd (gm,Fy) = 0 and g* € Fy. From
Theorem 1, nllgn llgm — ¢*|| exists, for each g*Fy. It suffices to show that {g, } is Cauchy in

J. Since liin d(gm, Fy) = 0, then for € > 0, there exists [y € N such that for all m > I,
m (o)

d(gm Fy) <

NIo N |

inf{|lgm —&"[ : 8" € Fu} <

Particularly, inf{||g;, — ¢*|| : §* € Fy} < §. Thus, there exists g* € Fy such that

" €
gt — &7l < 5-
Let [,m > lp—we obtain
lgm1 —gmll < lgm1 — & I+ llgm — &7
< g, =&+ llgi, — 8"l

2)ig1, — &'l <&

This shows that {g,,} is Cauchy in J. By the closeness J, there must be a point
v € Jsatisfying lim ¢, = v. Now, nlgr}o d(gm,Fy) = 0 implies that d(v, F) = 0, that
isveFy O

Theorem 5. Let M, H and {g } be as defined in Theorem 1 such that Fy; # @. If I is a nonempty
convex compact subset of M, then the A** iteration method { gy, }converges strongly to a point
in FH'

Proof. By Theorem 2, we have n%gn \gm — Hgml|| = 0. Since J is compact, then we know

that {g; } has a strong convergent subsequence {g;;, } with a strong limit k. Using Lemma 2,
we have

3+a
1—«n

g, — HA|| < ( )|gmi A |+ llgm, — Kl
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As i — oo, we have g, — Hk. Therefore, Hk = k, i.e.,, k € Fy. By Theorem 1,
nP_rgo llgm — k|| exists. This shows that k is a strong limit for {g,,}. O

Theorem 6. Let M, H and {gy,} be as defined in Theorem 1 such that Fy; # @. If I is a nonempty
convex compact subset of ML, then the A** iteration method { gm }converges strongly to a fixed point
in FH'

Proof. By Theorem 2, it is established that
Jim{[gm — Hgm|| = 0. (22)
From Definition 6 and (22), we obtain

0< lim f(d(gn, F)) < Hm g —Hgml =0 = Fld(gm Fr)) = 0.

m—o0

Since 1 : [0,00) — [0, ) is a nondecreasing function with /(0) = 0 and k(c) > 0, for
all ¢ > 0, we obtain
Jim_ d(gm, Fyy) = 0.

By the application of Theorem 4, the conclusion follows. [

In this section, we provide an example of a mapping which is generalized a-Reich—
Suzuki nonexpnsive, but does not satisfy condition (C). With the provided example, we
will conduct an experiment to demonstrate the efficiency of our new iterative method (2)
over some existing iterative methods.

Example 1. Let M = R with the usual norm and J = [7,10]. Define H : J — J by

Hg: g—gj’ lf g<10’
7, if ¢ =10,

forall g € J.
(1). Let g =9andt =10, then we have
1 7
Sl —Hsll =g <1=llg—tll.

However,
9
IHg —Hhl = g >1= g —hll.

Therefore, H does not satisfy condition (C).
(2). We will now show that H is a generalized a-Reich—Suzuki nonexpansive mappings with

o= % We consider the following cases:
Case I: Let g, h < 10, then

W(gt) = allg — Hgll +aflt = Ht|| + (1 - 20)[lg — ]

1 g+56\| 1 t+56\] 1
=ape (557 el (55|t
1‘7g—56’ 1‘71‘—56‘ 1

37 8 s | T3l8

3

Y]

1
sle —t = g — .
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Moreover,
T(g t) = allg = Ht|| + al[t — Hgll + (1 - 2a)[[g — ¢]
e (53 A (£59) e
> gt = |[Hg — e,
Case II: Let ¢ < 10 and t = 10, we have

W(g, t) = allg — Hgll +aflt = Ht|| + (1 - 20)[lg — ]

1 56\| 1 1
:‘g— <g+ >’+3|10—7|+3|g—10|

3 8
_ ;‘78;56’+1+§|g—10|
> S1gl = g — Hil.
Also,

T(g,) = allg ~ Hel| + allt — Hgl + (1~ 20) g — 1]
= %|g77| +;’10 (g+856)‘+;g10|
= 3ls =71+ 3| 25|+ 3ls-10
et

1
> gl = g — M|
Case III: Let ¢ = 10 and h < 10—we obtain

W(g,t) = allg — Hgll +aflt = Ht|| + (1 - 20)[lg — ]

1 1 t+56 1
—3|10—7|+3t—<8>’+3|10—t|
7t—=56] 1
=1 =110 —
+‘ 7 ’+3| 0—t|
1
> St = [[Hg — ]|
Additionally,
T(g 1) = allg —Ht|| +aft = Hg + (1 —2a) g — ]
1 t+ 56 1 1
—310—<8>‘+3|t—7|+3|10—t|
1124—t] 1 1
=375 +§|t—7|+§|10—t|
1|24 —t
> | —|+1
<378 +
1
> = |[Hg — M),

Case IV: Let g = t = 10, we obtain

W(g,t) = allg — Hgll +alt = Ht|| + (1 -20)[|g — ]| = 0 = [[Hg — Hi|.
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Also,
T(g t) = allg — Ht|| +af[t — Hgl| + (1 —2a)[|g — t]| > 0 = ||Hg — Ht]|.

In all the cases above, it clear that |Hg — Ht|| < max{W(g, h), T(g,h)} for « = %. Hence, H is
a generalized w-Reich—Suzuki nonexpansive mapping with fixed point g* = 8.

If we choose starting g1 = 7 and control sequences ay, = by, = ¢y = %, then the following
Tables 1 and 2 and Figures 1 and 2 show that the A** iteration method (9) converges faster to 8 than
the Mann (1), Ishikiwa (2), Noor (3), Abbas (4), S (5), Thakur (6), M (7) and F (8) iteration methods.

Table 1. Comparison of speed of convergence of the A** iteration method with some known itera-

tion methods.

Sm Mann Ishikawa S M A**

g1 7.0000000000  7.0000000000  7.0000000000  7.0000000000  7.0000000000
[ 77954545455  7.8858471074  7.9653925620  7.9968039773  7.9999937578
93 79581611570  7.9869691171  7.9988023252  7.9999897854  8.0000000000
4 79914420548  7.9985124870  7.9999585515  7.9999999674  8.0000000000
g5 7.9982495112  7.9998301961  7.9999985656  7.9999999999  8.0000000000
96 7.9996419455  7.9999806164  7.9999999504  8.0000000000  8.0000000000
g7 79999267616  7.9999977873  7.9999999983  8.0000000000  8.0000000000
g8 7.9999850194  7.9999997474  7.9999999999  8.0000000000  8.0000000000
89 7.9999969358  7.9999999712  8.0000000000  8.0000000000  8.0000000000
810 79999993732 7.9999999967  8.0000000000  8.0000000000  8.0000000000
g1 7.9999998718  7.9999999996  8.0000000000  8.0000000000  8.0000000000
812 7.9999999738  8.0000000000  8.0000000000  8.0000000000  8.0000000000
813 79999999946  8.0000000000  8.0000000000  8.0000000000  8.0000000000
S14 7.9999999989  8.0000000000  8.0000000000  8.0000000000  8.0000000000
815 7.9999999998  8.0000000000  8.0000000000  8.0000000000  8.0000000000
816 8.0000000000  8.0000000000  8.0000000000  8.0000000000  8.0000000000

Table 2. Comparison of speed of convergence of the A** iteration method with some known itera-

tion methods.

gm Noor Abbas Thakur F A**

g1 7.0000000000  7.0000000000  7.0000000000  7.0000000000  7.0000000000
2 7.8961189895  7.9763629320  7.9956740702  7.9996004972  7.9999937578
93 7.9892087357  7.9994412890  7.9999812863  7.9999998404  8.0000000000
g4 7.9988789926  7.9999867937  7.9999999190  7.9999999999  8.0000000000
g5 7.9998835486  7.9999996878  7.9999999996  8.0000000000  8.0000000000
96 7.9999879029  7.9999999926  8.0000000000  8.0000000000  8.0000000000
g7 7.9999987433  7.9999999998  8.0000000000  8.0000000000  8.0000000000
g8 7.9999998695  8.0000000000  8.0000000000  8.0000000000  8.0000000000
g9 7.9999999864  8.0000000000  8.0000000000  8.0000000000  8.0000000000
810 7.9999999986  8.0000000000  8.0000000000  8.0000000000  8.0000000000
811 7.9999999999  8.0000000000  8.0000000000  8.0000000000  8.0000000000
812 8.0000000000  8.0000000000  8.0000000000  8.0000000000  8.0000000000
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Figure 1. Graph corresponding to Table 1.
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Figure 2. Graph corresponding to Table 2.

4. w?-Stability Result

In this section, we prove the convergence and weak w?-stability results of A** iteration
method (9) with respect to almost contraction mappings. Before that, we will recall the
following definitions that will serve as an important tool in achieving our results.

Definition 7 ([28]). A mapping H : J — I is said to be an almost contraction if there exists
v € [0,1) and some constant L > 0, such that

[Hg = Hil| < vllg —tl + Lllg —Hgll, Vg t el (23)
Definition 8 ([29]). Two sequences {g } and {t,,} are said to be equivalent if

llgm — tm|| = 0, as m — oo.
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Definition 9 ([30]). Let H : J — J be a self-map and for arbitrary g1 € I, let {gm } be the iterative
algorithm defined by
Sm1 = f(H,8m), m>1. (24)

Assume that g — §* as m — oo, for all g* € Fy and for any sequence {wy,} C J which is
equivalent to {gm }, we have

Jim e = Him_f[wne1 = f(H,wn)|| =0 = lim wn = g7,

then we say that the iterative algorithm (10) is weak w?-stable with respect to H.
Now, we present our main results in this section as follows:

Theorem 7. Let J be a nonempty closed convex subset of a Banach space M and H : J — I be
an almost contraction mapping. If {gm} is the sequence defined by (2), then {gm} converges to a
unique fixed point of H. Moreover, { gy } is weakly w?-stable with respect to H.

Proof. First, we show that )%1_1)1&0 gm = §* € Fy. Using (9), we obtain

IH((1 = am)gm + amHgm) — & ||

YN = am)gm + amHgm — 8" ||

V(L= am)llgm — 8"l + amlHgm — &"1I)

V(L= am)llgm — 8" + amyligm — &7II)

YA =T =7)am)llgm — gl (25)

Using (9) and (25), we obtain

[pm —m"|

IANIA A

It —g* I = 1 H?pm —&°
= [[H(Hpm) —&"|l
< Hpm— &
< Pllpm— "l
< P01 =am)lgm— &l (26)
Finally, by (9) and (26), we obtain
Igmi1 =&l = [H?tm — g
= [[H(Htm) — "l
< Mt =&l
< Pltm— gl
< Y= (1 =7)am)llgn — "I (27)

Since0 <y < land0 < a, <1,wehavel — (1 — v)ay < 1. Therefore, (27) becomes

Igmr1— &1 <V llgm — 7. (28)
Inductively, we obtain
Igm+1 — &*Il < "] g0 — g*.
Since 0 < v < 1, it follows that Aylgrc}o Uy = g*.

Now, we will prove that {gy, } is weak w?-stable with respect to H.
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We assume that the sequence {w,,} € J is equivalent to sequence {g,, } defined by (9).
Let the sequence €, € R be defined by

wl S a]]/

em = [wm1 — H2hll,

where {a,,} is a sequences in (0,1).
Suppose T%l_r}r;o €n = 0. From (9) and (29), we set ty, = (1 — ay)gm + amHgm and vy, =

(1 —am)wm + amHwy,. Noting that0 <y < land 0 < a,, < 1, implies 1 — (1 — y)an, < 1,
then we have

(1 —am)gm + amHgm — (1 — am)wm + amHwn) ||

(L —am)lgm — wmll + aml|Hgm — Hwnm|

(L= am)ligm — wmll + am7||gm — wm | + amLl|gm — Hgm|l

(1= Q= 7)am)llgm — wmll + amLligm — Hgm|l

\lgm — wm || + amLl|gm — Hgml|- (30)

lltm — vm|

IN A

IN

Using (9), (29) and (30), we obtain

| Huty — Howl|

Ylwm — om|| + Ll[um — Hum||

Y[lIgm — wmll + amLligm — Hgmll] + Ll[ttm — Huum||

llgm — wml| + amLllgm — Hgml| + Lllum — Hutm||. (31)

lpm — qml

ININ A

By (9), (29) and (31), we have

tm — bl = ||H2Pm - H2qm||

I H(Hpm) — H(Haqm) ||

YN Hpm — Ham|| + LI Hpm — H(Hpw)||

R pm — Hamll + LI Hpm — H(Hpm) ||

YNpm = qmll + Lilpm — Hpm|l + LI Hpm — H(Hpm) ||

[pm = qmll + Ll pm — Hpm|| + LI Hpm — H(Hpm)||

lgm — Wi |l + amLllgm — Hgmll + Lllum — Hum|| + Llipm — Hpm|
+L{|Hpm — H(Hpm)l|- (32)

VAN VAN VAN VAR VAN

Using (9), (29) and (32), we have

[wmi1 = gmiall + lgm+1 — &7l

n 1 = H || + [ Hhn = G || + 1|1 — &7

em + [|H(Htm) = H(Hhw) || + lIgm+1 — &7l

em + Y| Htm — Hhm|| + LI Htm — H(Htm) | + [[gm+1 — &

€m + || Htm — Hhm|| + L[ Htw — H(Htm) || + gm+1 — &7 ||

€m + Ylltm — bl + Lltm — Html| + Ll Htm — H(Htw)|| + |gm+1 — &7
€m + |[tm — Bl 4 Ll[tm — Mt 4 L[ Htwm — H(Htm) || + Igm+1 — &l
€m + 1gm — Wmll + amL{|gm — Hgm|| + Lllum — Hum| + Ll pm — Hpm|
+L{[Hpm — H(Hpm)|l + Llltm — Hiw||

+LI Rt — H(Htw)[| + [|gmi1 — &7- (33)

w1 = g* <
<

VANVANR VANV
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As shown above, lim llgm — &*|| = 0. Thus, observe that
m—o0

um = Hum|| < lum — g7 + 118" — Hitm||

< lum = g7+ [I8" — umll
(L +7) [l — &7l
= I+ DN —am)gm +amHgm — " ||
< @+D[A—am)lign = &°ll + aml|Hgm — &7 ]
< @4+D)A—am)lign — &Il + amvllgm — 8" |]
= A4+7)0=0=7)am)lgn gl
< (4 7)lgn =gl =0 asm — co.
Again, by (11), we have
[ Hpm — H(Hpm)| [Hpm — &I+ 118" — H(Hpm)

Ypom — &I + 118" — Hpmll
Ypm — &1+ 728" — pull
YA +)pm — &l = 0,as m — 0.

ININ A

Similarly, we can use same approach as above to show that
| Htm — H(Htw)|| — Oas m — oo.
Additionally, observe that

< llgm =&+ 1Ig" — Hgmll
< lgm =g I+ 78" — gml
= 1+9)|lgm — &Il =0 as m — oo.

llgm — Hgmll

Using the same argument above, we can show that
Hpm — HPmH = ||fm — Hth — 0 as m — oo.

Since nllgréo llgm — ¢*|| = 0, then we know that nlllgo llgm+1 — &l = 0. Now, from the
equivalence of {g,, } and {w,, }, we also know that Jim lgm — wm|| = 0.
Thus, taking the limit of both sides of (33), we have

. || _
Jimjwy, — g*|| = 0.
This implies that A** iterative method (9) is weakly w?-stable with respect to H. [

5. Application to Fractional Volterra—Fredholm Integro-Differential Equations

Fractional differential equations remain a significant tool for modeling several prob-
lems in various field of engineering and applied sciences. It is well known that fraction
models are more reliable than the classical models. In fact, fractional differential equa-
tions can be applied in certain fields such as economics, physics, blood flow phenomena,
image processing, aerodynamics, and so on (see [31] and the references therein). Many
applications of the fractional calculus can be found in the literature [32]. Different analyt-
ical and numerical methods have been used for solving nonlinear fractional differential
equations [33]. Most of the physical processes are modeled by nonlinear fractional order
differential equations. Solving nonlinear fractional differential equations by analytical
methods is very difficult [34]. In this article, we will use our iterative method (9) to solve a
nonlinear fractional order differential equation.
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Definition 10. The fractional derivative of f(u) in the sense of Caputo is defined by

DL = ey o £ =0y, (=1 <k <m),

I'(k
where k is the order of the derivation which could be real or complex number with $tk > 0.

In this article, we consider the following nonlinear fractional Volterra—Fredholm
integro-differential equation:

u 1
DR () = cw)g(u) +r(u) + [ M, 9)Ka(g())ds + [ Ma(us)Ka(g(s))ds, (34
with initial condition '
200)=n;, i=0,1,2,--- ,m—1. (35)

where €Dk is the Caputo fractional derivative, m —1 <k <mandm € N, g: G — R,
where G = [0, 1] is the unknown continuous function, d : G - Rand M; : G x G — R, are
continuous functions. K; : R — R, i = 1,2 are Lipschitz continuous functions.

Suppose the following hypotheses are performed:

(Hy) Two constants Lk, and L, exist such that for any g1, g» € C(G,R) we have

|K1(g1(u)) — Ki(g1(u))| < L, (81 — &2
and

|Ka(g1(u)) — Ka(g1(u))] < Lk, |81 — &2/-

(H) Two functions Mj, Mj; € C(D, RT) exist, the set of all positive functions is continuous
onD = {(u,s) e RxR:0<s<u <1} such that

u u
Mj = sup [M1(u,s)|ds < co, My = sup [Ma(u,s)|ds < oo.
usef0,1] /0 usef0,1] 70

(H3) The functions ¢,7 : G — R are continuous.
(Hy)

lelle + MiLi, + ML\ _,
I'(k+1) '

A function ¢g* € (G, R) is said to be a solution of the initial value problem if it satisfies (34)

and (35). For go(u) € (G, R), finding the solution of (34) and (35) is equivalent to finding

the solution of the following integral equation [35]:

() = g0+ g [ =D et + s [ -0 (nar
S = 80T T () Jo § (k) Jo
t 1
+< /0 My (t, 7)Kq (g(1))dT + /O Mz(t,r)Kz(g(T))dT>dt, (36)
for each u € J, and go = Y7} g”(O*)ZfT};. Under the Hypotheses (Hj)—(Hs),
Hamoud et al. [35] prove that the problem (34) and (35) has a unique solution.

In the following Theorem, we approximate the solution of (34) and (35) via A**
iteration method (9).
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Theorem 8. Let M = (G,R) be a Banach space with the Chebyshev norm ||f — h||e =
maxyeg |f(y) — h(y)|- Let {gm} be the iteration method (9) for the operator H : M — M
which is define by

He() = g0+ r(lk) /Ou(u R le(t)g (Bt + r(lk) /Ou(u o

+ ( /0 "My (t, 1)K (g(1))dT + /0 M (t, T)Kz(g(T))dT> dt. 37)

If Hypotheses (H1)—(Hy) are fulfilled, then the problem (34) and (35) has a unique solution
g* € (G,R) and the A** iteration method converges to g*.

Proof. The existence of the unique solution ¢* follows from [35]. If ¢* € (G, R) is a fixed
point of H, then g* is a solution of (34) and (35). Now, we show that the A** iteration
method converges to g*. First, we will prove that the operator H, which is defined by (37),
is an almost contraction.

Using the Hypotheses (Hj)-(Hy), we have

() = Hg' (W] < g [ =0 llg() =70

1 MK (g(0) - Kalg () lde

gy ) {+3}§ IMa(t,7)|Ka(3(2)) —1<2<g*<r>>dr}‘“
”CHOO MiL 1 +M;L 2 %

<F(k+1) FRED F(kif))'g(u) —g (W)l

~ (llello + M7Lk, + M3 Ly, .
- < F(k+1) |g(u) -8 (M)|
Therefore,
. [¢]Jeo + MLk, + M3 Lk .
g — g < (HI=T AR g — ). 8)
By Hypothesis (Hy ), we have (|C|°°+Aﬁlszfl;rMELK2) < 1. fwetakey = <|C|w+1\§,ffl)+M;LK2>.

Then, for any L > 0, (38) can be written as
Hg —Hg™[| < vlg— "Il + Lllg — Hgll- (39)

This implies that H is an almost contraction mapping. Therefore, by Theorem 7, the
A** iteration method {g,, } defined by (9) converges strongly to the unique solution of the
problem (34) and (35). O

6. Conclusions

In this article, we have introduced a new iteration method called the A™* iteration
method (9). We have proven several weak and strong convergence results of our new
method involving the fixed points of generalized a-nonexpansive mappings. A novel
numerical example has been used to show that our new iteration method enjoys a better
speed of convergence than several existing iteration methods. Additionally, the convergence
results of the A** iteration method are also established for almost contraction mappings.
We have shown that the A** iteration method is weak w?-stable with respect to almost
contraction mappings. As an application of our main results, we approximated the solution
of fractional Volterra—Fredholm integro-differential equation.
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